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Statistical Arbitrage: An Approach from <o
Econophysics
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Abstract The statistical arbitrage strategy emerged in the mid-80s, developed
by a group of scientists associated with Morgan Stanley’s investment bank. This
approach entails the choice of a pair of financial assets that have traditionally shown
parallel movements. A profit can be achieved by establishing a long-short position
on this pair when they move apart, resulting in gains upon their subsequent return
to an average when closing the position. In this chapter, we are going to conduct a
study on the application of this methodology by applying methods from the field of
econophysics. To do this, we will examine the Hurst exponent method, which is one
of the approaches that best fits to measure the mean reversion of financial series.
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16.1 Introduction

Statistical arbitrage is a financial strategy used to capitalize on market imbalances.
This approach is rooted in the idea that past patterns will recur in the future, in
contrast to fundamental investment strategies that aim to predict how economic
factors influence stock prices.

In statistical arbitrage, the strategy involves taking long positions in assets
with higher expected returns and short positions in assets with lower expected
returns. This is done with the belief that these discrepancies are unrelated to
overall market performance, making statistical arbitrage a market-neutral tactic.
In essence, statistical arbitrage is a data-driven method designed to profit from
market inefficiencies characterized by long-term deviations in stock prices observed
in the past. Litterman (2004) outlines the philosophy of Goldman Sachs Asset
Management, which assumes that even though markets may not be in equilibrium,
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they tend to gravitate towards balance over time, and traders seek to maximize gains
from deviations from this equilibrium.

Concerning statistical arbitrage strategy, the most well-known application is
undoubtedly Pairs Trading. This method identifies assets with similar historical
price behaviors and aims to profit from short-term deviations from their long-
term equilibrium (Lin and Tan, 2023). The pioneer in investigating this strategy
was Nunzio Tartaglia’s quantitative group at Morgan Stanley during the 1980s,
and it remains an important statistical arbitrage technique used by hedge funds.
Tartaglia’s group found that certain assets exhibited correlations in their daily price
movements, enabling them to create strategies to exploit market inefficiencies.
Although the group initially achieved success in 1987, they faced challenges in
1989 and eventually disbanded. Nonetheless, the Pairs Trading strategy has gained
popularity among individual traders, institutional investors, and hedge funds (Lo
and MacKinlay, 1988; Khandani and Lo, 2011; Lo and MacKinlay, 1997; Gatev
et al., 2006; Guidolin et al., 2009).

Pairs Trading is a strategy that identifies potential profit opportunities by
statistically analyzing two assets simultaneously. What’s particularly significant
about Pairs Trading is its ability to remain market-neutral, which means it can
generate profits regardless of whether the market is in a bearish or bullish phase.
In a bear market, it involves taking short positions, while in a bull market, long
positions are taken (Elliott and Bradrania, 2018). It’s important to note that statistical
arbitrage strategies are not considered true arbitrage strategies because they only
yield a positive expected return within a finite time frame, rather than a guaranteed
one. These strategies often involve executing numerous independent trades, each
with a positive expected return, which helps mitigate overall strategy risk (Caldeira
and Moura, 2013).

Market neutrality, as suggested by Khandani and Lo (2011), is attained by
dividing stock returns into different quantiles and engaging in “winners versus
losers” trading in a manner that is neutral concerning overall market exposure. In
a more parametric approach, Poterba and Summers (1988) explore mean reversion
through autoregressive models within the context of global stock markets. Zebedee
and Kasch-Haroutounian (2009) focus on assessing the impact of pair trading at
the microstructure level within the airline industry. Avellaneda and Lee (2010)
incorporate principal component analysis or sector-based ETFs in their statistical
arbitrage strategy. In all these scenarios, they model the residuals or unique
components of a pairs portfolio as processes that revert to their mean.

One noteworthy application of this approach revolves around devising prof-
itable trading strategies based on time series methods. This involves using a
family of statistical arbitrage strategies that aim to exploit short-term instances
of overvaluation and undervaluation among financial assets (Chen et al., 2019;
Elliott et al., 2005). These situations are identified by examining the relative price
adjustments between assets, rather than attempting to estimate an absolute value. If
two assets exhibit similar characteristics, it is expected that their prices will follow
a comparable pattern. Therefore, when an investor identifies two assets with akin
characteristics, they can model the combination of their prices as a stable process
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with a consistent average (Krauss et al., 2017). A significant deviation from this
average indicates a mispricing between the two assets, where one is undervalued,
the other is overvalued, or both scenarios are at play. In such instances, an investor
would purchase the undervalued asset and take a short position on the overvalued
one. Profit is realized when the mispricing between the assets corrects. The core
assumption behind pair trading methods is the market’s ability to rectify these
mispricings.

The other critical aspect of Pairs Trading relates to deviations in the relative price
of assets. To profit from these trades, these deviations should demonstrate a tendency
to revert to a mean. However, mean reversion necessitates an underlying mechanism;
pair trading wouldn’t function if asset prices were genuinely random. The Law of
One Price (LOP) asserts that assets with identical payoffs in all potential scenarios
should have the same present value. Consequently, the price difference between
closely substitutable assets should have a consistent, long-term equilibrium over
time. Hendry and Juselius (2001) utilize this concept to illustrate that short-term
deviations from these equivalent price conditions can create short-lived arbitrage
opportunities based on the duration of the price deviation.

Implementing a Pairs Trading strategy presents two primary challenges. The
first challenge involves identifying assets whose prices move in close correlation.
The second challenge is developing a trading strategy that dictates when and in
which asset to assume a long or short position. Traditional pair trading methods
have typically relied on identifying trading pairs based on correlation and other
non-parametric decision rules.

The primary emphasis of the leading studies focuses on adopting varied selection
methods. A pivotal moment within the academic community was marked by the
work of Gatev et al. (2006). This study introduces two distinct timeframes: the first
for pairing assets and the second for actual trading. All asset pairs are categorized
based on the total of squared differences (SSD) of normalized price series during
the initial pairing phase. The subsequent months during the trading phase observe
the best pairs identified with the lowest SSD value. A straightforward strategy
based on distance is suggested: when the logarithmic price difference for a pair
of assets significantly diverges from its average, it initiates a long position in the
undervalued asset and a short position in the overvalued asset equally, forming
a balanced portfolio of two assets. These positions are sustained until the price
difference reverts to its average or until the end of the trading period.

Elliott et al. (2005) propose a Gaussian Markov chain model that reverts to the
mean for the spread observed within Gaussian noise. Afterward, the model’s pre-
dictions are compared to subsequent observations of the spread to make appropriate
investment decisions. This approach has the potential to create wealth from any
amount in financial markets that are perceived to be in a state of imbalance.

Vidyamurthy (2004) introduces the concept of cointegration for pair selection,
a notion later implemented by Caldeira and Moura (2013). This study delves
into the assessment of risk and returns of a portfolio composed of numerous pair
transactions, all chosen based on cointegration.
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Do et al. (2006) propose the modeling of the stochastic difference between two
stocks, specifically the stochastic variance between the logarithms of their prices,
within the context of a theoretical asset pricing model in equilibrium.

In addressing the challenge of multivariate Pairs trading, Huck (2009, 2010),
employs a combined approach of machine learning and blended forecasting. This
method is founded on future performance predictions using neural network models
to attain anticipated variances.

Jacobs and Weber (2015) identify two potential drivers behind the profitability
of pairs trading strategies: firstly, investors’ potential overreactions to company-
specific influences (termed the ‘high attention hypothesis’); secondly, the gradual
dissemination of common market impact information across select values (known
as the ‘limited attention hypothesis’). Their research findings predominantly support
the concept of limited attention. This phenomenon becomes more pronounced,
particularly in markets featuring a substantial array of tradable financial instruments,
creating an ‘information overload’ leading to diminished visibility of individual
pairs and further constraining the spread of common impact information. The
limited attention hypothesis serves as empirical justification for techniques in
multivariate pairs trading and statistical arbitrage, as advocated by Avellaneda and
Lee (2010), Krauss and Stiibinger (2017), Mrcela et al. (2017), Zhao et al. (2018,
2019), which focus on collections of values rather than individual pairs.

De Moura et al. (2016) sought to explain a pairs trading strategy by depicting
cointegration and distance in a linear space model. Within this framework, the
stochastic processes of cointegration and distance are represented based on mean
reversion, acting as an imperceptible process within the linear space structure.
Application of this approach in both the American and Brazilian stock markets
resulted in superior returns compared to the overall market performance.

Hashemi et al. (2016) employ the ELECTRE-III technique to arrange all values
based on the disparities among projected differences. From this classification
method, the definitive portfolio is arranged. This entails opting for the highest-
ranked values for a long position and the lower-ranked values for a short position.
Both the long and short positions are initiated in identical measures, establishing a
dollar-neutral investment portfolio.

Tadi et al. (2018) implemented a pair trading strategy with sets of stocks in
the metallic minerals mining sector, analyzing 2015 price data. They contrasted
the effectiveness of the pair trading strategy against a buy-and-hold approach,
employing the pairs strategy as a subsequent examination. The findings suggested
that, provided there is an optimally calibrated short-selling system, the pair trading
strategy delivers superior returns compared to the buy-and-hold tactic.

Stiibinger and Bredthauer (2017) analyzed the effectiveness of various pair
trading strategies on the New York Stock Exchange spanning the years 1998 to 2015.
The data they used had a high frequency and were scrutinized at a minute-by-minute
level. Their findings highlighted that the most successful pair strategy yielded an
annual return of 0.5050 with a Sharpe ratio of 8.14, encompassing transaction costs.
Their study indicates that despite the declining profitability of pair trading strategies
over time, they still present a viable choice for entering trading scenarios.
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Clegg and Krauss (2018) explored the profitability associated with integrating
the concept of partial cointegration within the pair trading system. They measured
the parameters linked to partial cointegration through linear space representation
and derived approximate coefficients using maximum likelihood estimation. Their
results showcased that the strategy’s profitability hovered around 12% per annum,
accounting for transaction costs. This performance surpassed both the distance-
based approach and market returns.

Elliott and Bradrania (2018) devised a dynamic model tailored for discrete
pair trading. They considered several concealed states using the Markov switching
approach within the distance process. Findings illustrate that the selection of the
number of states influences the estimation of the model’s parameters.

Zhao et al. (2018, 2019) introduced a technique to optimize the array of
differences, assuming multivariate cointegration. Their objective was to identify
those demonstrating stronger tendencies to revert to the mean and possessing higher
variance to amplify profit potential. However, within the multivariate cointegration
framework, the assumption is that price series (or logarithmic prices) maintain a
stable linear relationship. This assumption delivers refined mathematical attributes
but confines the admissible structures of multivariate movement.

Lu et al. (2022) devised a two-phase strategy for optimizing pair trading that
incorporated a pair strategy to identify structural changes using machine learning
techniques. The initial phase encompassed a hybrid model that utilized features from
both frequency and time domains to detect structural changes, while the second
phase implemented pair trading, identifying significant risks such as structural
changes and market closures by employing a novel reinforcement learning model.

Kim et al. (2022) introduced HDRL-Trader, a hybrid deep reinforcement learning
technique for pair trading. This method utilizes two separate reinforcement learning
networks: one to determine trading actions and another to establish stop-loss
limits. Additionally, HDRL-Trader integrates inventive methods like dimensionality
reduction, clustering, regression, behavior replication, prioritized experience play-
back, and dynamic delay within its structure. The performance of HDRL-Trader is
compared against state-of-the-art reinforcement learning approaches for pair trading
(P-DDQN, PTDQN, and P-Trader).

Han et al. (2023) devised a pair trading approach using unsupervised learning
that identified pairs by amalgamating corporate features (foundational details)
with pricing data. These company characteristics were leveraged to spot pairs and
significantly boost the effectiveness of the pair trading strategy.

Keshavarz Haddad and Talebi (2023) contended that market professionals and
speculators seek to capitalize on market disparities using arbitrage strategies. While
some traders use financial and fundamental stock information, others profit from
risk-hedging tactics and swing trading. Pair trading, a subset of statistical arbitrage,
offers relatively secure risk-free gains. This study aimed to create a hypothetical
portfolio of stock pairs exhibiting a notable price relationship on the Toronto Stock
Exchange (TSX). Assessing strategies between January 2017 to June 2020, they
compared the profitability of distance methods, cointegration, and Copula models.
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The study revealed that Copula trading yielded the most substantial profits. Despite
the complexities during the COVID-19 period, these strategies remained resilient.

Sari¢ et al. (2023) presented a new portfolio construction method based on
preference relation graphs, which can resolve contradictory signals from pair trading
across multiple sets of securities. The proposed approach allows for the joint
exploitation of arbitrage opportunities among a large number of assets. Experimen-
tal results using three decades of historical returns from approximately 500 stocks in
the S&P 500 index show that portfolios based on preference relations yield robust
returns even with high transaction costs, and their performance improves with an
increasing number of assets considered.

Brunetti and De Luca (2023) conducted an assessment of the effectiveness of
the index options market by employing a statistical arbitrage approach, utilizing
information sourced from five index options markets within the Euro Area.

This chapter, we are going to study the new field of study called econophysics
applying it to the statistical arbitrage strategy. After this introduction, in Sect. 16.2,
we are going to define the main selection methods that have been used so far in
the statistical arbitrage strategy. Section 16.3 will be dedicated to the application
of econophysics in the Pairs Trading strategy through the methods of the Hurst
exponent and the HP approach. In Sect.16.4, we define the methodology to
implement the statistical arbitrage strategy, and finally, in Sect. 16.5, we will define
the main conclusions of this chapter.

16.2 Pair Selection Methodology

This section explains in detail the main methods defined in pairs trading strategies
to select pairs of securities to form a portfolio.

16.2.1 Distance Approach

This method was pioneered by Gatev et al. (2006) and has been one of the most
widely used in the scientific literature (Andrade et al., 2005; Engelberg et al., 2009;
Perlin, 2009; Do and Faff, 2010; Bowen et al., 2010; Do and Faff, 2012). This
methodology defines co-movement of two assets as the squared distance of the
normalised price series.

Through this approach, the smaller the distance between the prices of two stocks,
the greater the co-movement.

Once the price of these shares has been normalised, considering two assets A and
B, we could calculate their distance through the following expression:

d 5 = |1Pa — Ppl|? (16.1)
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Those pairs with the shortest distance will be selected and subsequently moni-
tored during the performance period.

Although this approach is very simple, it varies from study to study and its results
are very difficult to compare.

From a statistical point of view, the distance method is equivalent to the
maximum correlation criterion (Liew and Wu, 2013).

Among the criticisms that have been made of this method, it is worth mentioning
the paradox that exists between the criterion of choosing pairs in the formation
period and the objective of generating high returns in the performance period. The
paradox lies in the fact that those pairs of stocks that are closest (those with the
shortest distance) are chosen and are expected to be the ones most likely to deviate
from the mean in the future and subsequently converge (Do and Faff, 2010). These
authors propose to take into account the number of times the distance between the
normalised stock prices crosses the mean to select the pairs (Do and Faff, 2012).

16.2.2 Correlation Method

Of the different methods that exist to measure correlation, in this case, we are going
to define Pearson’s correlation coefficient and Spearman’s correlation coefficient,
since they are the most widely used in the different studies applied in finance.

16.2.2.1 Pearsons Correlation Coefficient

This method consists of selecting those pairs that are highly correlated, i.e., that
have a coefficient close to 1.

The different potential pairs should be analysed and the correlation coefficient
between each of them calculated.

Preston (2005) argued that stocks or indices that are good candidates for selection
for the Pairs Trading strategy should have some measurable relationship. Ideally,
they should have a positive correlation.

In the following, we will explain how the Correlation approach works as applied
to the Pairs Trading strategy.

First, we will calculate Pearson’s correlation coefficient:

Cov(AB)

PAB = ——— (16.2)
OpA *O0OB

where:

* pa,B is the Pearson correlation coefficient for A and B shares.

e Cov(AB), is the covariance between the returns of stocks A and B.
e o4 is the standard deviation of the return on stock A.

e op is the standard deviation of the return of stock B.
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Once the pair of stocks with the highest correlation has been obtained, Wong
(2010) proposes drawing up a new series of data obtained from a ratio of the prices
of both stocks, which for reasons of simplification divides the higher value by the
lower value to obtain results greater than unity. This ratio represents the average
behaviour between the prices of both stocks and, therefore, upward or downward
deviations from this value may represent investment opportunities.

16.2.2.2 Spearman Correlation Coefficient

This coefficient was proposed by Charles Spearman and is a non-parametric,
distribution-free rank measure of the strength of the association between two
variables. The Spearman correlation coefficient, often called Spearman’s rank cor-
relation, quantifies the association between two variables. In contrast to Pearson’s
correlation coefficient, which examines the linear connection between two variables,
the Spearman correlation coefficient is employed to assess the ranking relationship
or the extent of monotonicity in the link between the two variables.

This method attempts to describe the relationship of two variables in an
arbitrary monotonic function without making any assumptions about the frequency
distribution of the variables (Hauke and Kossowski, 2011).

For a sample of size n, the random variables A;, B; are converted into ranks rga,,
rgp; and r(s) is considered, calculated from:

cov(rga,rgp)
Iy = IOVgA,VgB = ﬁ (163)
rga * Orgp

where:

Prga,rgp 1 Pearsons correlation coefficient of the range variables.
* cov(rga, rgp) describes the covariance of range variables.
* 0yg, and o, reflects the standard deviations of the range variables.

16.2.3 Cointegration Approach

The concept of cointegration was pioneered by Engle and Granger in their work
(Engle and Granger, 1987). It’s a statistical technique that captures various forms
of co-movement dynamics. In this context, we are not referring to the co-movement
of returns but rather the co-movement of stock prices (Alexander et al., 2002a).
Some studies have suggested that correlation and cointegration methodologies
complement each other. Cointegration focuses on the relationship between time
series themselves, while correlation primarily deals with the relationship between
the derivatives or changes in the series (Alexander et al., 2002b).
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The cointegration method stands as one of the most commonly employed
techniques in studies related to Pairs Trading. Burgess (1999) was among the first
authors to apply this method, utilizing data from the FTSE 100 index. In the realm
of Pairs Trading strategy research, one of the most frequently referenced works is
the theoretical study conducted by Vidyamurthy (2004).

We can state that the Cointegration method is a statistical relationship in which
two integrated series of order d can be linearly combined to create a third integrated
series of order d — b, where b > 0. The most general and widespread case occurs
whend = b = 1 (Do et al., 2006).

If we consider P/ and PP the prices of stocks A and B, respectively, if both
prices are individually non-stationary, there is a parameter y such that the following
equation makes it a stationary process:

Pr—yxPP=p+e (16.4)

where:

* u is the mean of the Cointegration model
* ¢ is the residual
* y is the cointegration coefficient

The regression parameters will be estimated using the Ordinary Least Squares
(OLS) method. To verify that the two stocks are cointegrated, we must verify
whether the residual ¢, is stationary or not, for this we will use the Augmented
Dickey Fuller test.

Thus, the strategy for trading with this method consists of calculating a level of
deviation from the positive and negative mean and, once reached, buying or selling
positions can be taken on the portfolio of A and B shares. A given level of deviation
can be defined based on the historical behaviour of the series that maximises the
result.

16.2.4 Other Methods

Other methods have been used to analyse the Paris Trading strategy, which have
been used less frequently or have only recently been developed.

Elliott et al. (2005) develop a novel Gaussian Markov chain-based mean-
reverting mean-reversion approach for the observed spread with Gaussian noise.
The obtained values are compared with the posterior observations of the spread
to decide on appropriate investment decisions. This approach can be applied to
generate wealth in out-of-equilibrium financial markets.

The copula method applied to the statistical arbitrage strategy consists of
searching for the optimal copula between the returns of two assets and identifying
the different positions between pairs of securities. For this purpose, marginal



322 J. P. Ramos-Requena et al.

distributions, the copula function and conditional probability distribution functions
should be used (Liew and Wu, 2013).

Compared to classical methods, this method provides richer information, such as
the form and nature of the dependence between pairs of assets (Ferreira, 2008). This
is because copulas measure dependencies of upper and lower tails of different scope,
in an environment that considers linear and nonlinear relationships. Copulas have
the property that they are treated invariant under strictly monotonic transformations
of the random variables, thats is, the same copula will be obtained regardless of
whether we use price series or price logarithm series (Hu, 2006).

Regarding the way to calculate copulas to select pairs, different methods have
been used to calculate them. Liew and Wu (2013) and Ferreira (2008) employ
parametric distribution functions, on the other hand, Stander et al. (2013) discuss
parametric and non-parametric approaches to obtain the marginal distributions. In
the case of Xie et al. (2015), he develops a new method using the copula modeling
technique. This approach allows estimating separately the marginal distributions
of asset returns and their joint dependence structure. This provides a more robust
estimate of the joint distribution of stock returns. They compare the results obtained
through this approach against the distance method, in which they conclude that
greater benefits are obtained with the distance method.

Stiibinger et al. (2018) develop a multivariate pair trading strategy based on
vine copulas, which is a very flexible method for modeling linear and nonlinear
multivariate dependence. Da Silva et al. (2018) propose a mixed model based on
copulas with the objective of obtaining linear and nonlinear associations and, at the
same time, covering a wider range of possible dependence structures. Their main
objective is to evaluate and develop a more complex strategy, taking advantage
of any anomaly in the market to discover a relationship or pattern, with a higher
profitability.

With technological progress, models applying machine learning have been
introduced to identify non-linear structures in financial markets. In the field of the
application of this methodology in the field of statistical strategy we can highlight
Huck (2009, 2010) applying Elman neural network ensembles and ELECTRE 111, a
multi-criteria decision method, to statistical arbitrage strategy; Takeuchi and Lee
(2013) develop an improved momentum strategy for US CRSP stocks, for this
they use deep neural networks, to rank the probability of outperforming the cross-
sectional mean return of all stocks during a trend month; Moritz and Zimmermann
(2014) employ random forests for US CRSP stocks to implement the statistical
arbitrage strategy based on deep conditional portfolio classes; Dixon et al. (2015)
apply a similar strategy to Takeuchi and Lee (2013) applied to intraday data, with
5-minute pooled returns.

Krauss et al. (2017) develop and apply deep neural networks (DNN), gradient
boosted trees (GBT), random forests (RAF) in the field of statistical arbitrage
strategy and analyse the effectiveness of deep neural networks (DNN), gradient
boosted trees (GBT), random forests (RAF) and various sets of these methods in
the context of statistical arbitrage applied to the S&P 500 market. Fischer (2018)
use short term memory networks (LSTM) which allows sequence learning to be
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generated, this method is not typically used for time series forecasting, although
they are valid for this domain. Fischer et al. (2019) apply machine learning for
a statistical arbitrage strategy in the cryptocurrency market by training a random
forest on the returns of 40 cryptocurrencies, with the objective of predicting whether
a cryptocurrency will outperform the median cross-sectional of the 40 coins in the
next 120 minutes. Chan (2023) studies the performance of the Pairs Trading strategy
through neural network techniques applied to the oil and gas industry.

16.3 Application of Econophysics in Pairs Trading Strategy

Econophysics is a relatively young and continually developing field. One of its
notable contributions to finance is the fractal market hypothesis, which challenges
the conventional efficient market hypothesis. This fractal market hypothesis has
paved the way for the emergence of fresh research and models (L6pez-Garcia and
Ramos-Requena, 2019).

Econophysics is a relatively recent area of investigation that employs principles
and techniques from statistical physics to comprehend and address economic issues,
particularly those characterized by stochastic elements and nonlinear dynamics.

This emerging field of inquiry originated from the curiosity of physicists to
provide mathematical explanations for phenomena in the social sciences. It is
believed that this field started taking shape in the 1990s at the Santa Fe Institute
in New Mexico, a center specializing in the examination of complex systems. While
the term “econophysics” is of more recent origin, having been coined by the scientist
Eugene Standley at Boston University (Stanley et al., 1999).

Econophysics aims to bridge the gap between economics and observable realities
by establishing connections with theoretical models. While economics encompasses
a wide array of issues, econophysicists notably concentrate their efforts, particularly
in finance, where they delve into the dynamics of market prices. The swift rise
of econophysics in these studies can be attributed to the abundant financial data
available from the 1980s onward, enabling the application of various mathematical
models from physics, like examining memory within the financial market.

This section primarily focuses on exploring market long-term memory and
consequently identifying mean reversion by employing the Hurst exponent method.
The examination of memory processes has become prevalent across diverse fields
of knowledge in recent years, spanning from hydrogeology to meteorology and
extending to the study of internet traffic patterns and even heart rate patterns (Hurst,
1951; Mandelbrot and Wallis, 1969; Movahed and Hermanis, 2008; Peng et al.,
1992).

In the realm of social sciences, especially in economics, the investigation of
memory processes piqued researchers’ interest in the 1970s (Mandelbrot, 1971,
1972). Mandelbrot (1997) spearheaded the incorporation of the Hurst exponent into
the analysis of financial time series.
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Over the past few decades, the analysis of memory processes has expanded from
macroeconomics to finance, where it has gained significant traction. The finance
sector’s interest in memory process analysis stems from its potential as a valid
means to test the Efficient Market Hypothesis. However, it’s important to note that
drawing conclusions from this approach (Sanchez-Granero et al., 2012), involves
considerations beyond its seemingly straightforward premise.

Next, we will develop the two methods that have utilized the Hurst exponent as
a means of selecting pairs in the statistical arbitrage strategy.

16.3.1 Hurst Exponent

The concept of the Hurst exponent can be traced back to 1951 (Hurst, 1951)
when the hydrologist Harold Edwin Hurst proposed a methodology for optimizing
the storage capacity of a reservoir intended to regulate the natural inflows of
the Nile River. This approach considered cyclical trends in flow, droughts, and,
by extension, floods. Hurst’s method is founded on the notion that many natural
phenomena exhibit behavior that can be characterized as a biased random process,
where there is a form of memory between observations. This approach can be
described as a measure of the independence of a series and serves as a tool for
identifying fractal behavior. Hurst’s observations revealed that most of the natural
phenomena he studied follow a biased random process, with long-term memory
between observations. In other words, what occurs in one period will influence
future events (Delgado and Delgado, 2011).

The Hurst exponent, sometimes referred to as the Hurst dependence index, long-
term dependence index, or long-term memory index, is a metric that quantifies the
relative inclination of a time series to revert to its mean or exhibit clustering in
a particular direction (Kleinow, 2002). When the Hurst exponent (H) falls within
the range of 0.5 to 1, it signifies that the time series exhibits positive long-term
autocorrelation. In practical terms, this means that a high value in the series is more
likely to be followed by another high value, and over a period of time, values tend to
stay on the high side. On the other hand, if the Hurst exponent is within the range of
0 to 0.5, it indicates that the series experiences long-term alternation between high
and low values. In this scenario, a single high value is likely to be succeeded by a
low value, and the series tends to oscillate between high and low values over time.
It’s worth noting that a value of H = 0.5 characterizes a Brownian motion, which
suggests a random and unpredictable series with no long-term autocorrelation or
directional bias.

In the field of economics, the study of memory processes has expanded over
recent decades. It initially emerged in macroeconomics, as seen in works by Diebold
and Rudebusch (1989), Hassler (1994), Hassler and Wolters (1995), and Conniffe
and Spencer (2000). However, it has gained significant traction in finance, where it
has found the most widespread acceptance. The financial sector’s interest in memory
processes is largely driven by their potential to serve as a relatively straightforward
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means to test the Efficient Market Hypothesis. In essence, the significance of
memory processes in financial markets lies in their ability to challenge the Efficient
Market Hypothesis. If a particular security exhibits long-term memory, it suggests
cyclical behavior and deviates from a purely random process, directly undermining
the efficiency hypothesis. Nonetheless, it’s important to note, as indicated in
research such as Sanchez et al. (2015), that drawing such conclusions is not as
straightforward as some authors may suggest, as there are other aspects that require
consideration.

In the field of statistical arbitrage, the pioneers in using this methodology to
select pairs are Ramos-Requena et al. (2017). Since one of the main characteristics
of statistical arbitrage is mean reversion, to fulfil this property they select those pairs
with a H < 0.5, that is, those pairs with an antipersistent relationship. To select
the pairs they use the Generalised Hurst Exponent (GHE), the Generalised Hurst
Exponent (Barabasi and Vicsek, 1991), since they indicate that it is the simplest
method of calculation and allows them to obtain more reliable results.

The GHE is one of the most popular methods for calculating the Hurst exponent.
It is a generalisation of the classical approach provided by Hurst (1951) and
relates to the scaling behaviour of some statistical properties of a time series. It is
considered a powerful tool to detect multifractality by scaling moments of order g of
the distribution of increments. This scaling property is determined by an exponent
H which is usually connected to the long-term statistical dependence of the time
series.

In particular, it has been verified that these statistical properties of the time series
scale with both the observation period (7") and the resolution of the time window.
For this purpose, the following statistic is considered:

<X+ -XO|1 >
K,(r) = SIX0l > (16.5)

where < tau can vary between 1 and t,,4,. So that 7,4, is generally chosen as a
quarter of the length of the series and < - > describes the sample average over the
time window.

Therefore, the GHE is defined from the scaling behaviour of the statistic K, ()
given by the power law:

Ky(7) o T1H@. (16.6)

The GHE is determined by calculating an average of a set of values derived from
the expression found in Eq. (16.6). These values are computed for various values of
7, as detailed in studies such as Di Matteo and Aste (2005), Barunik and Kristoufek
(2010).

T—-t

X(t+71)— X1
Kq(z)=Z| (ZT_T)IH(”' (16.7)

t=1
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For a time series X () of length 7, which also varies as predicted by (16.6).
We should note that all the information about the scaling properties of the series is
contained in the exponent H (¢) which makes the GHE-based analysis quite simple.

Since the development by Ramos-Requena et al. (2017), different studies have
been applied to analyse the statistical arbitrage strategy by applying the Hurst
Exponent approach. Bui and Slepaczuk (2022) seek an alternative approach to pair
selection by applying the Generalised Hurst exponent, taking 103 stocks of the
Nasdaq 100 stock price index, comparing it with the cointegration and correlation
methods. They conclude that it is an efficient market, and the results obtained
are superior to the methods compared. Sanchez-Granero et al. (2020) employ this
approach with the main objective of whether Latin American stock markets are
efficient. To do so, they employ the statistical arbitrage strategy, concluding that this
strategy is profitable in emerging markets, although this is not the case in emerging
markets, demonstrating the weak form of efficiency. Balladares et al. (2021) extend
the study by Sanchez-Granero et al. (2020) by taking stock prices of the 50 largest
capitalization companies from 39 countries, demonstrating that the strategy works
in emerging markets and when periods of high volatility occur. In addition, they
analyse the pairs in terms of the value (H) of the Hurst exponent, given that the
lower this value, the higher the return obtained. Currently, investors are valuing
socially responsible financial investment positively, Montoya-Cruz et al. (2020)
apply the Hurst Exponent selection method in the Pairs Trading strategy using
FTSE4GOOD and FTS100 index securities, in this case, there are no significant
differences between socially responsible and non-socially responsible portfolios.
Ramos-Requena et al. (2021) study the Pairs trading strategy by selecting pairs
based on stocks with a low degree of co-movement. They conclude that positive
results can be achieved in bull markets and periods of low uncertainty.

16.3.2 HP Approach

As previously discussed, one of the distinguishing features of the statistical arbitrage
strategy is the strong correlation between the pairs of securities comprising the
portfolio. As a result, many studies employ correlation or cointegration methods
when selecting pairs for the portfolio.

Ramos-Requena et al. (2020a) introduced a novel approach called HP, which
aims to assess the co-movement between two time series. They utilize the Hurst
exponent of the product series to gauge the degree of correlation between pairs of
securities. Their study demonstrates that this innovative method is more effective
at identifying relationships between assets compared to traditional correlation
methods. The results indicate that HP outperforms the traditional correlation method
in detecting asset relationships.

To begin, we establish the logarithmic return of a stock as follows:

Pn

n—1

rn = log( )
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where:

* p, is the price of the asset in period n and
e pn—1 the price of the same asset in the previous period (n — 1)

Alternatively, we could calculate the series product as:

rsp =Y (r; —F)(si — 5)

i=1
where:

e 7 is the mean of the serie ;.
¢ s is the mean of the serie s;.

In the case of daily yields, there is no difference, as the averages are very close
to 0.

We could calculate the degree of correlation between two stocks through the
Hurst exponent H of the product series rs,, depending on the value of H, it will tell
us the following:

¢ If the value H is close to 0.5 the assets will have a low correlation.
¢ If the value H is close to 1 will mean that the assets have a high correlation.

We will call H P the Hurst exponent of the product series.

Since in a Pair Trading strategy we are looking for the two assets to have a high
degree of co-movement, we can look for a pair of assets with a high H value (close
to 1).

16.4 Methodology

The method for developing the statistical arbitrage strategy would consist of two
parts. First, we would select the pairs using one of the methods defined in Sect. 16.2.
Firstly, the share prices must be normalised, for which the methods defined in
Ramos-Requena et al. (2020a, 2020b) can be used, which we will define below.
Once normalised, we will apply the pair selection method, in most studies this phase
usually takes 250 days. Once the pairs are selected, we will then apply the trading
strategy, as explained in this section, this phase usually lasts about 120 days.

In the following, we will describe the different ways of calculating the b factor
as defined by (Ramos-Requena et al., 2020b):

* Equal Weight (EW): Gatev et al. (2006) defined this method in their work on
Pairs Trading, making it the most common procedure used to date. It consists of
assuming that b = 1, i.e. the same amount is going to be invested in share A as
in share B.
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» Volatility: Developed by Ramos-Requena et al. (2017) is based on the idea that
both components have the same volatility. Thus, if the volatility of r4 is std(ra)
and the volatility of rp is std(rp), if we want r4 and brp to have the same
volatility, then b = std(rs)/std(rp).

e Based on the minimum distance of the logarithms of the prices: In this case we
propose to minimise the function f(b) = )", |pa(t) —bpp(1)| to find the scaling
factor b, such that p4 and bpp have the minimum distance.

* Based on the correlation of returns: This method is based on the assumption that
if the returns are correlated, then r4 is approximately equal to brp, where b is
obtained through the linear regression r4 = brp.

e Based on price cointegration: It is based on the assumption that if prices
(presented in logarithms) are cointegrated, then p,4 is approximately equal to
bpp. Then b would be calculated through the linear regression p4 = bpp.

* Based on the smallest Hurst exponent of the pair: Since the pair series is defined
as s(b)(t) = pa(t) — bpp(t), this methodology is based on finding the scaling
factor b, such that the pair series s(b) has the smallest Hurst exponent. This
implies that this series will be as antipersistent as possible. In this way we will
look for a value of b that minimises the function f(b) = H (s(b)) where H (s(b))
is the Hurst exponent for the s(b) pair series.

Once we have selected the pair, we will describe the trading strategy we will
carry out.

If s is the series of the pair, m is the moving average of s and sigma is the
standard deviation of m — s then:

e When s > m + sigma: we sell the pair. We close the position when s < m or
s >m++n-sigma.

e When s < m — sigma: we buy the pair. Close the position when s > m or
s <m—n-sigma.

The value of n that multiplies sigma can vary, as shown by Fernandez-Pérez et al.
(2020), presenting a comparison of how results may vary depending on different
values of n.

16.5 Conclusions

The area of econophysics is continuously developing. One of the noteworthy
advancements in finance emerging from this field is the notion of the fractal market,
challenging the conventional efficient market theory.

Financial markets deviate considerably from the behavior implied by the effi-
cient market hypothesis, causing its forecasts to diverge from actual occurrences.
Consequently, it is suggested that traditional analytical methods need adjustments
to refine the results of predictive models. According to the fractal market hypothesis,
prices demonstrate fractal characteristics, advocating for the application of fractal
geometry in a more realistic approach to market analysis.
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In this chapter, we have studied the application of this field in the realm of
statistical arbitrage strategy. To do so, the approach based on the Hurst exponent has
been employed. Among the various methodologies, the Generalized Hurst Exponent
(GHE) has been used, given its simplicity of application. Additionally, the Hurst
exponent has been applied to measure the degree of correlation of financial series
products.

As demonstrated by Ramos-Requena et al. (2017, 2020a), this methodology is
vastly superior and yields better results, measured through cumulative logarithmic
returns, Sharpe ratio, Maximum Drawdown, compared to the different approaches
used to date.

Furthermore, we have verified that employing the Hurst exponent method can
serve to calculate the b factor that enables the normalization of the logarithmic price
of stocks, as shown by Ramos-Requena et al. (2020b). It is a valuable tool, especially
when the selection method known as the Hurst exponent is used.

Statistical arbitrage strategy is a relatively recent methodology and is highly
attractive in the scientific domain. Its significant evolution over recent years has been
observed in various domains such as asset markets, options and futures markets,
cryptocurrency, and forex markets, etc.

We believe that continuing to apply different methodologies from the field of
econophysics could render it more attractive in the future. Even current methods,
such as cointegration and copulas, could be implemented using the Hurst exponent
for their application.

The distance method outlined in this Sect. 16.2.1 has been employed thus far.
Additionally, various methodologies designed for time series clustering may be
applicable, such as the distance between ARIMA procedures (Piccolo, 1990), the
GARCH distance (Otranto, 2008; Caiado and Crato, 2010), and more recently, those
based on the Hurst exponent (Lahmiri, 2016; Cerqueti and Mattera, 2023), which
may be relevant to the statistical arbitrage strategy.

Moreover, within the statistical arbitrage strategy, the well-known Pairs Trading
strategy could be applied not only to two pairs of values but to three or more pairs
of values to verify if applying this methodology remains profitable.
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