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ABSTRACT. A discrete theory for implicit nonholonomic Lagrangian systems
undergoing elastic collisions is developed. It is based on the discrete Lagrange—
d’Alembert—Pontryagin variational principle and the dynamical equations thus
obtained are the discrete nonholonomic implicit Euler-Lagrange equations to-
gether with the discrete conditions for the elastic impact. To illustrate the
theory, variational integrators with collisions are built for several examples,
including a bouncing ellipse and a nonholonomic spherical pendulum evolving
inside a cylinder.

1. Introduction. The Lagrange-Dirac formulation of mechanics introduced in [29,
30] constitutes a unifying framework for implicit systems with nonholonomic con-
straints. The variational approach is based on the Lagrange—d’Alembert—Pontryagin
principle, an extension of the Hamilton principle to account for degenerate (implicit)
systems and nonholonomic constrains. The versatility of this framework has made
it suitable to perform reduction by symmetries [11, 32] and interconnection [13, 23],
as well as to extend it to the infinite-dimensional setting [10, 26]. In addition, in
[24, 25] it was extended to systems with elastic collisions by following the approach
in [9] for unconstrained systems. By regarding external forces as control inputs,
implicit port-controlled Lagrangian systems were introduced in [31]. From that
perspective, the space of inputs is thus a subbundle of the cotangent bundle of the
configuration space of the system.
On the other hand, the literature of numerical schemes for systems with impacts
distinguishes two strategies to handle the discontinuities:
1. Event-driven methods, which detect the exact moment of impacts. The con-
tinuous evolution is simulated by standard ODE solvers. When a collision
is detected, an impact law is applied to instantly update the velocities and
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resume the continuous simulation. This approach is suitable when the time
between impacts is long enough, e.g., when Zeno behavior does not appear.

2. Time-stepping methods, also known as event-capturing methods, which use
a fixed time-step to run the simulation and capture the effect of the impacts
across the entire step instead of finding the exact impact times. These schemes
can handle frequent impacts and grazing contacts.

Our method is based on the approach by Fetecau et al. [9] for unconstrained
systems, which provides an event-driven method, and it is suitable for (possibly
degenerate) mechanical systems with nonholonomic constraints. As it arises from
discretizing a continuous theory, the corresponding integrators respect the physical
properties of the mechanical systems, such as symplecticity and conservation of mo-
menta, both in the continuous evolution and during impacts. On the other hand, the
Moreau—Jean [14, 20] and the nonsmooth RATTLE [3] schemes are event-capturing
methods. The Moreau—Jean scheme was originally developed in the framework of
measure differential inclusions (MDIs) and it is suitable for elastic and inelastic
collisions, friction and constraints. More recently, it has been shown that it comes
from a discrete variational principle [4, 5] known as the principle of virtual action
and, thus, it inherits the benefits of variational methods. Lastly, the nonsmooth
RATTLE is an extension of the classical RATTLE algorithm [1], which is symplec-
tic and suitable for systems with bilateral constraints, to account for systems with
impacts.

The discretization of continuous theories is a ubiquitous tool in geometric me-
chanics to build variational integrators [19]. The discretization of the Lagrange-
Dirac mechanics was carried out in [15, 16] (see also [6, 22] for alternative ap-
proaches), leading to discrete interconnection [21] and reduction [27].

The aim of this work is to build a discrete analog of the Lagrangian theory for
implicit nonholonomic systems with elastic collisions introduced in [24, 25], thus ob-
taining variational integrators for such systems. In order to solve the collision, the
impact time is computed as t = t; + ah, where h is the time-step, ¢; is the previous
discrete time and « € (0, 1) is a variational variable of the discrete problem that has
to be determined. Once the discrete Hamilton—d’Alembert—Pontryagin variational
principle is established, the discrete equations follow from the discrete Lagrange—
d’Alembert—Pontryagin principle, and are illustrated by simulating a bouncing el-
lipse and a nonholonomic spherical pendulum evolving inside a cylinder. Although
it is not presented here, we aim to extend our work to include control inputs follow-
ing the approach in [31]. Namely, external forces are regarded as inputs and added
to the system. In addition, the controller may be computed by minimizing some
cost functional, yielding optimal control equations [7].

2. Preliminaries. Nonholonomic systems are mechanical systems subject to con-
straints on velocities that are not derivable from position constraints. These systems
typically arise in applications involving rolling contact or sliding. While traditional
Lagrangian mechanics is often formulated on the tangent bundle 7'Q, nonholo-
nomic implicit Lagrangian systems, also known as Lagrange-Dirac systems, utilize
the Pontryagin bundle TQ & T*Q.

In this section, we briefly recall the extension of the continuous Lagrange—Dirac
theory to a nonsmooth context given in [24, 25]. This generalization accounts for
elastic collisions when the configuration manifold has boundary.
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Furthermore, we recall the approach of [15, 16] for discretizing implicit non-
holonomic Lagrangian systems (without collisions). This scheme is based on the
discrete Lagrange—d’Alembert—Pontryagin variational principle and utilizes retrac-
tions to discretize the Lagrangian as well as the constrain distribution.

2.1. Implicit nonholonomic Lagrangian systems with collisions. Let ) be
a smooth manifold with boundary Q. Linear nonholonomic constraints are defined
by a regular, nonintegrable distribution Ag C T'Q), whose annihilator is denoted by
AL CTQ.

Given an interval [rp, 71| C and 7 € (79, 71), the path space with a unique collision
at 7 is defined as Q(Q,7) = T x Q(7). Here, T consists of smooth reparameter-
izations ar € C*([r,1]) with o/, > 0, and Q(7) consists of piecewise C? paths
ag € C%[m, ], Q) with only one singularity at 7 such that ag(7) € 9Q.

The tangent bundle of Q(7) is denoted by TQ(7) and, for each ag € Q(7F)
consists of piecewise C? paths v,,, € C%([79, 71}, TQ) that project to cg with only
one singularity at 7 such that vy, (7) € Ty, (3)0Q. Furthermore, Agz) C TQ(7)
consists of tangent paths that take values on the constraint distribution Agq.

The topological dual bundle of T'Q(7) is to large to formulate mechanics as
Q(7) is an infinite-dimensional manifold. Hence, we restrict ourselves to the vector
bundle T*Q(7) whose elements are mo, = FL o vy, € C%([r0,7],T*Q), where
FL : TQ — T*Q is the Legendre transform of L (which does not need to be an
isomorphism as L may be degenerate).

The dynamics are derived using the Hamilton—d’Alembert—Pontryagin principle
on the Pontryagin bundle. The corresponding action functional,

S:Q(Q,7) xg) (TQ(T) & T*Q(7)) = R,

is defined as

S(07, 0, Vag: Tag) = / (00 (6)) + Palt) - (dalt) — va()] dt,

to
where we denoted t; = ap(r;) for i = 0,1, ¢o = ag © a;l, Vo = Vag © a;l and
Pa = Tag © a}l. In a local trivialization TQ|y ~ U x V, we write (vq,Da) =~
(¢,v,p) € C([to, 1], U x (V@ V*)).
The Hamilton—d’Alembert—Pontryagin variational principle, which consists of free
variations with values on the constraint distribution that vanish at the endpoints,
gives the Lagrange—d’Alembert—Pontryagin equations:

. oL . oL »
p—afq(q,v)éAQ(Q), p=5-(gv), v=4€Aq(g),

on [to,ﬂ U (f, tl], where t = ar(7), together with the conditions for the elastic
impact:

p(t") = p(t7) € (T,0Q) + A% (a(®)
E (q(t7),v(t7),p(t7)) = E (a(t*),v(t"), p(t")),

v(t") = q(t") € Ag (a(D))

where tT and ¢~ denote the states immediately after and before the collision, re-
spectively. In the previous expression, the energy of the system F : TQ®T*Q — R
is given by E(q,v,p) = p-v— L(g,v). On the continuous regime, it follows from the
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Lagrange-d’Alembert-Pontryagin equations that it is preserved, i.e., E(g, v, p) = 0.
The previous equations are written in a local trivialization of the tangent bundle.
See [25, §3.2] for a global version of the results.

2.2. Retractions and discretization maps. A retraction (cf. [16, Definition
9.1]) on a smooth manifold @ is a map R : TQ — Q such that

1. R4(04) = q for each ¢ € Q, where R, = R|r,q : T,Q — Q and 0, is the origin
of T,Q, and
2. To, Ry = idr,q via the identification Tp, (T,Q) ~ T,Q.
Given a retraction R : T'Q — @, we define the following map:
R:TQ = QxQ, vy R(vg) = (q,Ry(vy))-

Note that ﬁ(OQ) = 0gx @, Where we denote Og = {0, € T,Q | ¢ € Q} and dgxg =
{(¢,9) € @ x Q| g € Q}. The fact that Ty, R, = idr,q ensures that R, : T,Q — Q
is invertible around 0, € 7,Q for each ¢ € ). Consequently, R is also invertible
around Og, i.e., there exist Uy, C T'Q neighborhood of 0g and Us,,, C Q@ x Q
neighborhood of the diagonal dgx ¢, such that 7~€\qu :Upy — Usg,, is invertible.
The corresponding inverse defines a discretization map (cf., for example, [2])

_p-1 .
\Ifd = R|Z/’0Q : ufstQ —>UOQ.

Typically, the discretization map also depends on a small parameter h € R™ known
as the time-step. This parameter models the size of the discrete intervals (cf. §3.1
below) In the following, we will make this dependence explicit, thus writing

Uy:QxQxRT = TQ.
Note that, for brevity, we write Us,, , = @ x @, understanding that ¥, is only
locally defined.

Given a (possibly degenerate) continuous Lagrangian L : TQ — R, the corre-
sponding discrete Lagrangian is defined as

Ld:LOWd:QXQXR+—>R.

2.3. Discrete nonholonomic constraints. Let Ag C T'Q) be a (possibly non-
holonomic) constraint distribution on a smooth manifold @, and AZ CT*Q be its
annihilator. By denoting m = dim Q —dim A, there exist w* € Q(Q), 1 < p < m,
such that

AL (q) = spanf{wl € T;Q |1 < p < m}, q€ Q.

In order to discretize the constraint distribution, we utilize a retraction R : TQ — Q
as in §2.2 with the corresponding discretization map ¥y : Q x Q x Rt — TQ (for
simplicity, we assume that Us, ., = Q x Q and Uy, = T'Q). Specifically, for each
1 < p < m, we introduce the discrete maps (cf. [8, §3])

wh, QX QXRY =R, (g,47,h) =, (¢,47,h) = Wi (alg,q", h)),

Wi QX QXRY SR, (¢7,¢,h) = Wl _(q7,q,h) = —wi (Walg, g, h)).
Note that, the first argument of the forward-in-time map w/;  isregarded as the base
point, whereas the base point is given by the second argument for the backwards-

in-time map w!,_. Therefore, for each h € R*, the discrete constraint distributions
are defined as

ALF(h) ={(g,¢7) € Q x Q| Wi (g,47, ) =0, 1 < p<m},
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AL () ={(¢,0) €QxQ|w)_(¢7,q,h) =0, 1< p<m}.

2.4. Variational formulation of discrete Dirac mechanics. Let @ be a vector
space, Q* be its dual space, Ly : @ x Q@ x RT — R be a discrete Lagrangian and
Ao C TQ be a (possibly nonholonomic) constraint distribution. Let N € Z*1 be
the number of steps and h € R™ be the time-step. As usual, there are two possible
choices for the discrete action functional arising from the two different types of
generating function that can be used to discretize (cf. [16, Definition 8.2]:

(i) A sequence {(qx,q; ,pk) € Q X Q@ x Q* | 0 < k < N} is stationary or critical

for the (4)-discrete Lagrange—d’Alembert—Pontryagin action if

N—-1
5> [Lalgr, @ h) + prr - (qe1 — )] =0,
k=0

together with the constraint (gx,qr+1) € AdQ+(h), 0 <k <N -1, for free
variations such that dgo = dgny = 0 and dqx € Ag(gr), 1 <k <N —1.

(ii) A sequence {(q, ,qr,pr) € Q@ X Q@ x Q* | 0 < k < N} is stationary or critical
for the (—)-discrete Lagrange—d’Alembert—Pontryagin action principle if
N-1
0¥ [La(@yyqs @rv1>h) — - (@6 — @eyq)] = 0,
k=0
together with the constraint (qr41,qx) € AdQ_(h), 0 <k <N -1, for free
variations such that dgo = dgny = 0 and dqx, € Ag(qr), 1 <k <N —1.

Remark 2.1 (Intrinsic expressions). The discrete actions introduced above can be
made sense intrinsically. Namely, for a general smooth manifold @, let U C @ be a
local coordinate chart, i.e., Y ~ R™. Locally, a cotangent vector p, € T*Q|y reads
pg =~ (¢,p) € U x (R™)*. Hence, given a discretization map ¥4 : Q X Q@ x Rt — TQ,
we may write

2

§ [Ld(%, a h)+ <Pq:7‘1’d(q,j,qk+17 h)>} -0,
0

for each sequence {(qk,pq;) EQxT*Q|0<k<N}and h € R". Note that it is
well defined as \I/d(q,j, qr+1,h) € Tq;Q by construction.

b
i

These identifications are valid globally when @ is a vector space. The (—)-case
is analogous by considering (pq; ,qr:) €THQ x Q.

In order to write the discrete dynamical equations, D;Lgq : Q x @ x Rt — Q*
denotes the i-th partial derivative of the discrete Lagrangian for ¢ = 1, 2.

Theorem 2.2. 1. A sequence {(qi, g} ,pr) € @xQxQ* | 0 < k < N} is station-
ary for the (+)-discrete Lagrange—d’Alembert—Pontryagin action if it satisfies
the (+)-discrete nonholonomic implicit Euler-Lagrange equations (also called
(4)-discrete Lagrange-Dirac equations):

pr+1 = DaLa(qr, qi , ),

Ak+1 = q;{,

Pk + DiLa(qr, @i, h) € Ay(ar), Kk #0,
(ar, @) € AL (h), k#0,

0<k<N-1 (1)
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2. A sequence {(q; ,qx,Pr) € @ X Q@ x Q* | 0 < k < N} is stationary for the
(—)-discrete Lagrange—d’Alembert—Pontryagin action if it satisfies the (—)-
discrete nonholonomic implicit Euler-Lagrange equations (also called (—)-
discrete Lagrange—d’Alembert—Pontryagin equations):

Pk = —D1La(q 1, Qk+1, h),

0 = Q1 0<k<N-1. (2
Pe+1 — DoLa(qy 15 @rt1,h) € AJ(qk+1), Kk #0, - = - (@
(q};+1a Qk-i-l) € A(é)_ (h)? k 7& 07

3. Discrete nonholonomic implicit Lagrangian systems with collisions.
Let @ be a smooth manifold. The admissible set is some submanifold S C @
with boundary 05 such that dim @ = dim S. In the following, @ will be assumed
to be a vector space. Therefore, the tangent and cotangent bundles are given by
TQ = Q x Q and T*Q = @Q x Q*, respectively. For each point on the boundary
of the admissible set, ¢ € 05, there exists a vector subspace V; C @ such that
1,08 = {q} x V4 and T;0S = {q} x V. Hence, the tangent and cotangent bundles
of 95 are given by T9S = | | 55 Vg and T70S = | | 55 V- The natural inclusion
15 : 05 — S induces canonical morphisms

Tis : TOS — TQlos = 0S x @, 15 : T*Qlas = 0S x Q* — T*0S.

3.1. Discrete configuration and phase spaces. Let [tinit, tin] C R be an inter-
val and N € Z%t be the number of steps. The discrete interval is

{tk:t1n1t+kh|0§k§N}a

where h = (tgn — tinit) /N is the time-step. Note that tg = tint and tx = tg,. We
only consider one collision at a fixed step ¢ € {0, ..., N —1} (which is assumed to be
known) occurring at a fixed time ¢ = t; + ah for some o € (0,1) (which is assumed
to be unknown). In other words, it is known that the collision takes place within
the interval (t;,%;,1), but the exact impact time € (¢;,¢;11) is unknown and has to
be computed from the variational equations. In practice, the fact that the collision
takes place at the i-th interval follows from checking the impact condition at each
step (cf. Algorithm 1 below).

Remark 3.1 (Multiple collisions). Although the theoretical results are presented
for a single impact for simplicity, the proposed numerical scheme works when the
system undergoes several collisions (see Algorithm 1). Specifically, the integrator
simulates the continuous system and, at each time step, checks if the impact con-
dition is met, i.e., if the current state is outside the admissible set. In that case,
the current state is deleted and the impact time is computed according to Theorem
3.4. After that, the continuous simulation continues until a new impact is detected
or the final time is reached.

On the other hand, multiple impacts may occur at a single time-step. This can
be handled by decreasing the size of the time-step. If the solution does not undergo
Zeno behavior (cf. [25, Remark 3.1]), by compactness it is always possible to pick
h > 0 small enough such that only one collision occurs at each time-step. This
method has the inconvenience that, in general, such & > 0 is not known a priori.

Alternatively, our method can be modified to directly address multiple collisions
by dividing the impact step (cf. [9, §4.1]). Specifically, let us denote #; = t; + a1 h
the first impact time, which would be obtained as of now, i.e., solving (7) and (8) in
Algorithm 1. If there is another impact in (£, #;41), then (9) and (10) would provide
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a non-admissible solution. Let us denote the second impact time by to = £ +aq h for
some ag € (0,1 — 7). The conservation of the discrete energy and momentum will
then give a set of equations analogous to (7) and (8) at 5, thus providing (az, Go =
qa(t2), ) € (0,1 —ay) x 98 x Q and (G ,p2 = pa(t2)) € S x Q*, respectively.
Iteratively, (9) and (10) would be solved. If they provide an admissible solution,
then the algorithm would continue with the continuous equations (6). Otherwise,
the next impact would take place at time ts = to + ash for some as € (0,1 — ag),
and it would be solved analogously.

Given a € (0, 1), the discrete interval with a unique collision is defined as
I(i,&) = {to, ..., tisti + &Ry tig1, ..., N}
In the same vein, the discrete path space is
Qq(S,i,a) = (0,1) x Qu(S,1i,a),

where

Qa(S,i, &) = {qq: I(i,&) = S| qa(ty) €int S, 0 <k < N, qu(t; + ah) € dS},

(3)
with int S = S — 95 denoting the interior of S. Note that Q4(S,4,&) ~ (0,1) x
(int S)N+L x 9S. Given g4 € Qq4(S, i, &), for brevity we denote g, = ga(tx) for each
0 <k < N and § = qq(t; + &h). Analogously, let us introduce the discrete path
spaces where the admissible set is disregarded,
Qu(i,&) ={qa: I(i,&) > Q},  Qy(i,&) ={pa:I(i,a) - Q"}.

Again, given py € Q3(i, &), for brevity we denote py = pa(ti), 0 < k < N, and

D = pa(t; + ah).
Given a (possibly nonholonomic) constrain distribution Ag C T'Q, the con-
strained path spaces are defined as (recall §2.3)

AL (G, 6, h) = {(qa,4F) € Qa(S,4,&) x Qa(i, &) | (qr.ar), (4,G7) € ASF(h), 0 < k < N},
ALY (1,6, h) = {(g7 . 94) € Qali, &) x Qa(S,i,a) | (a5, ar), (G, d) € AL (h), 0 <k < N}

In order to work with variations of a discrete path and address the discrete
constraints, we need to consider the corresponding tangent spaces.

(+)-case: For each (qq,q;) € Qu(S,4,a) x Qq(i, &), we define
Tganat(Qa(S,4, ) x Qa(i, &) = {(6qa,bq7) : I(i,a) = Q x Q | 6G € V3}.

(—)-case: For each (q;,qq) € Qq(i, &) x Qq(S,14,a), we define

Qu(i, &) x Qq(S,i,&)) = {(6qy,6qq) : I(i,&) = Q x Q | §G € V}.

Lastly, we define the path spaces of constrained variations as subspaces of the
previous spaces:

(+)-case: For each (qa,q)) € AL", we define
A (6,6) (g2 47) ={ (000, 047) € Ty g (Qu(5.1,6) x Quli,@)) |
oqr € Aq(qr), 0 <k <N, 6§ € Aq(q)}-

T(q;,qd)(

(—)-case: For each (q7,q4) € A%, we define

AT, @)y, 4a) ={(8az ,0qa) € Ty, 1) (Qali, @) x Qu(S,4,@)) |
dqr € Ag(qr), 0 <k <N, §G€ Ag(q)},
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3.2. Discrete nonholonomic implicit Euler—Lagrange equations with col-
lisions. Let Lg: Q x Q x RT — R be a discrete (possibly degenerate) Lagrangian,
where @ is a vector space. Note that the following expressions can be made sense
in a general manifold as explained in Remark 2.1.

The two possible choices for the discrete action functional are given by:

(i) The (4)-discrete Lagrange—Pontryagin action,
Sa+ : (0,1) x Qa(S,4, &) x Qq(i,&)) x Qy(i, &) — R,

is defined as

=z
L

Sat(, qa, 4 ,pa) = [La(ar @ h) + prst - (@1 — @)] + La(as, ¢ b)) (4)

+ ==
S \ﬁ‘gM

(G- ")+ La(G,q%, (1 — a)h) + piy1 - (g1 — GF).
(ii) The (—)-discrete Lagrange—Pontryagin action,
Sa— : (0,1) x Qq(i, &) x Qq(S, 4, &) x Q4(i, &) — R,

is defined as

2
L

Sa—(a, 95,94, pa) = [La(Gy1r ka1 h) — pr - (ar — @rpy)] + La(G, G, ah) (5)

Eake
Sl
RS

=i (¢ =G )+ Lalqiy1,Giv1, L= a)h) =5 (G — q;41)-

Remark 3.2. Here & is only an auxiliary parameter used to define the path spaces,
whereas « is the actual collision time variable determined by the variational equa-
tions, i.e., the impact takes place at t = t; + ah.

The following definition introduces the discrete Hamilton—d’Alembert—Pontryagin
principle.

Definition 3.3. (i) A discrete path
cat = (0,04, 47, pa) € (0,1) x A" (6,6, h) x Q5(i, )

is stationary (or critical) for the (+)-discrete Lagrange—d’Alembert—Pontryagin
action if it satisfies
dSay(ca+)(dcat) =0,
for each dcgy = (3o, 6qa, 07, 0pa) € Ta(0,1) x ALL(i,@)(qa, qF ) x Q4(i, &)
vanishing at the endpoints dgy = dgny = 0.
(ii) A discrete path

ca— = (@,v4,qa,pa) € (0,1) x AL (i, a,h) x Q}(i, &)

is stationary or critical for the (—)-discrete Lagrange—d’Alembert—Pontryagin
action if it satisfies

d Sd, (cd,)(écd,)

for each §cg— = (Ja,dq;,0qa,0pa) € Ta(0,1) x A%g(i,@)(va, qa) x Qj(i, @)
vanishing at the endpoints dgy = dgny = 0.
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The condition (g4, dq]) € A%‘g(i,&)(qd, q;) implies that dg, € Ag(gx), 0 < k <
N, and §G € Ag(q), and analogously for (g, 6qq) € A%g(i,&)(qy , qa). These con-
ditions are imposed after taking variations inside the summation. We are ready to
compute the discrete nonholonomic implicit Euler-Lagrange equations with elastic
collisions. Recall that elastic means that the energy and momenta of the system
are preserved.

Theorem 3.4. Consider the following discrete paths:

Cd+ = (aaqd7q;7pd) € (07 1) X Ag+(i,6é, h) X Qz(’t,@),
ca— = (., qy . qa,pa) € (0,1) x A% (i, &, h) x Q}(i, &).

Then, the following statements hold:

(i) cas is stationary for Sqi if and only if it satisfies the (+)-discrete nonholo-
nomic implicit Fuler—Lagrange equations (1) for k # i, together with the (+)-
discrete conditions for the elastic impact:

D1 La(gi, 4; s oh) + pi € Ay (i),

(Qiaq;r) € Adc;(h)v

i=q;,

g€ os,

DSLd(qi7 QZL7 O[h) = D3Ld(da (j+, (1 - O[)h),
(15)5(D1La(G, ", (1 — a)h) +p) € (15); (A3(q)) ,
(G,G7) € AL (),

ﬁ = D2Ld(qia q»j_a Oéh),

piv1 = D2Lq(q, G, (1 — a)h),

qi+1 = q+7

where D3Lg : Q x Q@ x RT — R denotes the partial derivative of the discrete
Lagrangian with respect to the third argument.

(ii) cq— 1is stationary for Sq— if and only if it satisfies the (—)-discrete nonholo-
nomic implicit Euler-Lagrange equations (2) for k # i, together with the (—)-
discrete conditions for the elastic impact:

(15)5(=D2La(q, 4, ah) + p) € (15); (A3(q)) »
(@) € AL (h),

qi = 577

G e os,

D3Ld(q_7 Qa Oéh) = D3Ld(qz'_+17 qi+1, (1 - O{)h),
—D2La(q; 11 Gi+1, (1 — @)h) + piv1 € AL (git1),
(410 9i01) € AG (R),

DPi = _DlLd((j_7Q7 ah‘)v

ﬁ = _DlLd(qi_+17Qi+la (1 - Oé)h),

q

= Qit1-
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Proof. By computing the variation of the (+)-discrete action functional and rear-
ranging terms, we obtain:

6Sa+(ca+)(dcdy)
N—2

= Z (D Ld(‘]k—&-laqz__;.ph)erk—&-l)'5Qk+1

k#i—1
N-1

+ Z DaLa(qr, ¢ 1) = prt) - 6q
k=0

+ (D1 La(qi, qf , h) + pi) - 8q; + (DaLa(qi, g, h) — p) - g
+ (15)5(D1La(q,q", (1 — a)h) + p) - 6§ + (D2La(G, ¢, (1 — a)h) — piy1) - 6G"
N—-1

Z Pk+1 * Qk+1 - q,j) +6p - ((1 - q;r) + 5pi+1 : (qi+1 - @Jr)
i;i
+ h (DsLg(qi, q;r, ah) — D3Lq(4,q", (1 — a)h)) éa.

The equations follow from da € T,(0,1) ~ R, dgr € Ag(gr), 1 < k < N —1,
6q 8¢t € Q, dpy, 0p € Q*, 0 < k < N, and 6 € Agp(g) N V5. The conditions
G €98, (qr.q}) € AdQ+(h) and (¢,G7) € Ag“(h) are by construction. Lastly, note
that V2 NV; = {0}, whence

(Ao(q) NVg)" NVF = (A%(0) + V7)) NV5 = A%(a) NV; = (15)5(A%())-
The (—)-discrete case follows from an analog computation. O

As usual, the (+)-discrete equations are utilized to perform forward in time sim-
ulations, whereas the (—)-discrete equations are appropriate to simulate backwards
in time. By utilizing Lagrange multipliers and the definition of Ag, this theorem
may be implemented as described in Algorithm 1. The backwards in time imple-
mentation is analogous. The algorithm checks at each iteration the admissibility
of the solution. Whenever the new state is not admissible, it is removed and the
conditions for the elastic impact are solved.

The map 5, which is the pullback of the inclusion 15 : S — S, may be regarded
as the projection of the restriction of the cotangent bundle of @ to the boundary to
the cotangent bundle of the boundary 9S. In the second equation of (8), it forces
the left-hand side to belong to the normal subspace, i.e., the annihilator of T'05.
Alternatively, one may introduce an extra Lagrange multiplier which physically
corresponds to the impulse generated by the contact reaction forces. Such multiplier
would be subject to a non-negativity constraint to ensure that the reaction force
points inwards. This additional unknown together with the sign constraint, would
make the algorithm less efficient when solving the impact equations.

4. Examples. In this section, we illustrate the theoretical results presented above
by describing and simulating several examples. The pseudo-code in Algorithm 1 is
implemented in Python and the algebraic equations are solved using the function
fsolve from the library scipy.optimize.
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Algorithm 1 Forward implementation of Theorem 3.4.

e input: (go,qj) € S x Q, po = D2La(qo, qg , h).
e while t;, < tx:
— solve:

Pe+1 = D2Ld(Qka qz_a h’)v

qk+1 = quv (6)
D1 La(Qrs1, Gy 15 D) + Pyt = Merr W
ws+(qk+laq]j;+17h) = Oa 1 < H < m,
for (Qk+17q1j+1apk+l) S Q X Q X Q* and {>\k'+1,u eR ‘ 1 < 1% < m}
—if g1 €5
* delete: (J;j, (Qk+1vqu+1apk+1)'
* solve:
Dy La(qr, @i > h) + pe = A wh
Wl (qk, gt h) =0, 1 <p<m, o
(j = q/j?
G e os,
for (a,q‘,q,j) €(0,1) x9S xQand {A\z, e R|1 < pu<m}.
* solve:
DSLd(qk7 qz;_v O[h) = DSLd(q~a (jJr’ (1 - Oé)h),
(15); (D1 Lal@,d*, (1= a)h) +5 = Ayt ) =0, .
why (3,q",h) =0, 1 < p<m,
p= DaLa(qr, q, ah),
for (¢%,p) € S x Q* and {S\MER|1§u§m}.
* solve:
Pk+1 = D2Ld((j> q+7 (1 - Oé)h)7 (9)
Qet1=q".
for (qry1,Pr41) €S x Q.
x solve:
Dy La(qrs1, Gy 1> D) + Pyt = Mer W (10)

Ws+(q;€+1,qu+l,h) = 07 1 < 1% <m.

for g, € @ and {Apq1,0 €R |1 < pu <m}.

4.1. Bouncing particle. Consider a particle in two dimensions subject to the
gravitational force that collides with the floor. The configuration space and the
admissible set are Q = R? and S = {¢ = (v,y) € R? | y > 0}, respectively,
whose boundary is given by 9S = {§ = (x,y) € R? | y = 0}. Henceforth, the
vectors and covectors are expressed in the following bases: T'QQ = span{d,, 0y},
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T*Q = span{dz, dy}, TOS = span{d,} and T*9S = span{dz}. The system is
unconstrained, i.e., Ag = TQ and, thus, Agr(h) = @ x Q. By denoting § =
(x,0) € 05, we have the following maps:
Tjs : TOS — TR?|gg, ¥ = () — Tjs () = (05,0),
(25)g : T"R?|os = TS, p = (pz,py) = (15)3(p) = (po).

The Lagrangian of the system L : TR? — R consists of the kinetic energy together
with the gravitational potential, i.e.,

1
L(g,v) = 5m(v; + vy) — mgy,

for each (¢,v) = ((2,y), (vz,vy)) € TR?, where m > 0 and g > 0 are the mass
and the gravitational acceleration, respectively. Lastly, we consider the discrete
Lagrangian Lg : R? x R? x Rt — R induced by the following discretization map:

q+q*t q*—q)

\I/dZR2XR2XR+_>TR27 (Qaq+ah)'_> ( 2 ’ h

Namely, it is given by
La(q,q" h) = h L (Walq,q*, h))
1 1
= oy (@ =)+ (v = 9)*) = Shmly +y"),
for each (q,q",h) € R? x R? x R*. Therefore, the relation between the continuous
and the discrete initial conditions is given by
h h
q0 = q(0) — 5”(0)» a5 = q(0) + §U(O)~
4.2. Bouncing 2-dimensional rigid body. Let us extend the previous example
to a 2-dimensional rigid body subject to the gravitational force that collides with
the floor and rotates about a perpendicular axis. The configuration space is the
Euclidean group in two dimensions, i.e., @ = SE(2) = SO(2) x R?, where we pick
coordinates ¢ = (0, z,y) € Q with 6 and (z,y) denoting the angle of rotation and
the position of the axis of rotation (which we assume to be inside the body). The
system is unconstrained, i.e., Ag = T'Q) and, thus, Agr(h) = (@ x Q. The distance
between the axis and the edge of the body is given by a piecewise smooth function
¢ : [0,27] — RT such that ¢(0) = ¢(27). For instance,

1. ¢(0) = I(|sin @] + | cosB|) corresponds to a four-point star-shaped rigid body
of length 2/ > 0 rotating about its center [9, Eq. (81)], and

2. ¢(0) = Va2 sin® 0 + b2 cos?  corresponds to an ellipse with principal semi-
axes of lengths a,b > 0 rotating about its center [28, Proposition 2.2].

The admissible set is given by
S={qg=(0,2,y) €SE(2) |y = ¢(0)}.

It can be checked that the following are bases for the tangent and cotangent bundles
of the admissible set, respectively:

TS = span{e; = Dy, ez = 0y + $(0) 9, },
T*0S = span{e! = dx, e = (0) (d + $(0) dy)},
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where ¥(0) = 1/(1 + ¢(8)?). Tt is readily seen that
Tus : TOS — TSE(2)|ss, (q,v) — Tis(q,v) = va0p + v1 02 + (b(@) v2 Oy,
15 T*SE(2)|os — T70S, (¢,p) = 15(¢,p) = pr €' + (po + $(0) p) €7,

for each v = vy e1 +vaeg € T,0S and p = py df + p, dx + p, dy € T;SE(2).
The Lagrangian of the system, L : TSE(2) — R, consists of the kinetic energy
(translational and rotational) together with the gravitational potential, i.e.,

1 1
L(Qav) = im(vi + Uz) + §I¢> Ug — mgy, (Qav) € TSE(2)7

where m > 0 and Iy > 0 are the mass and the moment of inertia with respect to
the z axis about the center of the body, respectively, of the object, and g > 0 is the
gravitational acceleration. The discrete Lagrangian L, : SE(2) x SE(2) x Rt — R
is chosen as in the previous example, yielding

n
— % ((z* —2)*+ (y" —y)?) + %(9+ — 0)? — himg? +2y .

Numerical experiments. For simulations, we considered an ellipse with the
following parameters: m =1, g = 9.8, a = 1 and b = 0.5. Recall that the moment
of inertia of an ellipse is I, = m(a® + b?)/4.

For Figures 1 and 2, we picked h = 1072 as time-step, as well as ¢(0) =
(0(0),z(0),y(0)) = (7/2,0,3.5) and v4(0) = (vg(0),v4(0),v,(0)) = (—6.5,2,0) as
initial conditions. In Figure 1, the trajectory of the ellipse is simulated for 1.8 sec-
onds, including one impact with the floor. The dashed black line indicates the trajec-
tory of the center of mass, and the dashed red lines indicate the principal axes of the
ellipse. In Figure 2, we plot the evolution of the total energy, as well as the rotational
and the translational (including potential) energies. As expected, impacts with the
floor imprint torques on the ellipsoid that redistribute the energy between the ro-
tational and the translational modes. Consequently, the angular velocity and the
maximum height reached by the center of mass are modified after the collision. An
animated simulation of the system can be found https://youtu.be/1PvavnEK1Tw.

To analyze the long time behavior of the energy, we chose h = 10~ as time-step,
as well as ¢(0) = (7/2,0,5) and v4(0) = (—10,2,0) as initial conditions. As can be
seen in Figure 3, there is a slight energy fluctuation on the long time, but the total
energy remains nearly constant.

Ld(Qa q+a h)

4.3. Nonholonomic spherical pendulum hitting a cylindrical surface. Let
us consider a spherical pendulum (cf. [12, §5.1]) hitting a cylindrical surface. The
configuration space of the system is Q = S?, where we pick spherical coordinates
q=(0,¢) € (—7/2,7/2) x (—m, 7). The Lagrangian, L : TS?> — R consists of the
kinetic energy, together with the gravitational potential,

1
L0, ;vg,v,) = §m£2(v3 + vi sin? §) — mgl cos ¥, (11)

where m, ¢, g > 0 are the mass and the length of the pendulum, and the gravita-
tional acceleration, respectively, and we denote v = vg 0y + v, 0, € T, +S?. Suppose
that the polar and azimuthal velocities are proportionally related by a function
depending only on the polar angle, i.e., v, = f(f)vg for some f : R — R such
that f(0 + m) = f(0) for each § € R. This assumption provides a nonholonomic
constraint. If removed, we obtain the standard spherical pendulum, which may
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y-axis 5

z-axis
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FIGURE 1. Trajectory of an ellipse rotating and colliding with the

floor. The initial and final times are to = 0 and ¢ty = 1.8 s.

Energy

0.4

0.3

0.2

0.1
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Potential +

" translational energy

Collision

FIGURE 2. Evolution of total, rotational and translational + po-
tential energies of an ellipse rotating and colliding with the floor.
The initial and final times are to = 0s and ty = 5 s.
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also be simulated using our method. Similarly, for f = 0, we recover a standard
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1-dimensional pendulum. This results in the following non-holonomic constraint:
Aq = span{0dp + f(0)0,},
AL = span{w! = f(0)do — dy}.

Due to the pendulum moving inside a cylinder, the admissible set reads
S ={(6.¢) €S* | ¢|sinf| < R},

where R > 0 is the radius of the cylinder. The tangent and cotangent bundles of 95
are readily seen to be T0S = span{d,} and T*9S = span{dy}, respectively, and
the annihilator of the tangent bundle is given by (7°05)° = span{df}. Similarly,
the tangent map of the boundary inclusion and its adjoint are given by

Tis : TOS — TS?|as, (g,v) = Tys(q,v) = v, 0,
Vs : T*S?|os — TS, (4,p) = 15(a,p) = p, dp,

for each v = v, 0, € T,05 and p = py df + p, dop € T;Sz.
Given a time-step h € RT, the retraction may be chosen as

R:TS* = S?,  (q,v) = Ry(v) = (04 hvg, o + hvy).
For fixed ¢ = (6, ¢) € S?, the inverse of R, : T,S* — S? is given by

- 6t —0 t—
qu(qﬂ:(q, . ag+‘”h*"a¢>, ¢ es

As a result, the discrete Lagrangian Ly : S? x S? x Rt — R reads

La(q,q",h) =hL(¢,R; " (¢7))

me? oy 2 + 2.2
:ﬁ(w —0)*+ (¢* — p)?sin” ) — hmgl cos b,

Energy 0% + 6.662% 1072
— Total

* Collision

10 15 1 e 10
Time

F1GURE 3. Long-time evolution of the total energy of an ellipse
rotating and colliding with the floor. The initial and final times
are tg = 0s and ty = 30s. The system underwent 18 impacts
during that period of time.
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for each (q,q",h) € S? x S2 x RT. In the same vein, the discrete constraint map
wiy 1 S* x §* x RT — R reads

Wi (0,47, h) = wy (R (q")) = 3 (FO)(07 —0) + o —¢T).

Numerical experiments. For simulation, we chose the following parameters:
m=1,¢g=98 ¢=10, R=1 and f(0) = asinf for some a > 0. Similarly, the
time-step and initial conditions are chosen as h = 1073, q(0) = (6(0), ©(0)) = (0, 0)
and v(0) = (vs(0),v,(0)) = (0.25, 0), respectively. In Figure 4, we depict the
evolution of the angles during 5 seconds for a = 50. The system underwent three
collisions during that period. The motion of the pendulum during that period can
be found https://youtube. com/shorts/oBfowpcoUSA?feature=share. Note that
the ‘wavy’ trajectory is due to the nonholonomic constraint.

Lastly, we compared our variational method with standard algorithms; namely:

1. Event detection method with elastic impact, where the continuous dynamics is
integrated using an adaptive Runge-Kutta scheme while keeping track of the
constraint function g(f) = R — ¢|sinf|. When a zero crossing with negative
slope is detected, the exact impact time is located by root-finding and the
conditions for an elastic impact are applied.

2. Moreau time-stepping method [14], a first-order, fixed-step scheme that, at
each iteration, the free (unconstrained, no impacts) motion is computed and,
next, a linear system is solved for impulses that enforce both the nonholonomic
constraint and, if a collision is detected, the elastic impact law.

The simulations were run for 10 seconds with a = 1, yielding the results shown in
Figure 5. The collision times are nearly the same for all methods, up to numerical
errors, as can be seen in Table 6. Regarding the energy behavior, the event-driven
method provides the most accurate results, as expected from its use of a high-order
(5th-order) adaptive Runge-Kutta integrator for the smooth dynamics between
impacts. The Moreau time-stepping scheme and our variational integrator both
exhibit slight energy fluctuations, but their mean energy remains nearly constant.
Despite being only first-order and using a fixed time step, the good behavior of our
method is due to symplecticity, which guarantees approximate preservation of the
underlying geometric structure and prevents artificial energy drift. In contrast, the
comparable energy behavior of the Moreau scheme is a consequence of the implicit
velocity update and the perfectly elastic impact law. For more complex applications,
we expect our method to be more robust due to its geometric nature.

Angles

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Time

FIGURE 4. Evolution of the angles of a nonholonomic spherical
pendulum colliding with a cylindrical surface. The initial and final
times are tg = 0s and t = 5, and the time-step is h = 1073.
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5. Conclusions and future work. In this paper, a discrete analog to the non-
smooth variational approach introduced in [24, 25] to treat implicit nonholonomic
Lagrangian systems with collisions has been developed, thus extending the dis-
crete theory for unconstrained systems presented in [9]. After giving the discrete
Lagrange—d’ Alembert—Pontryagin variational principle, the corresponding equations
are computed. They consist of the discrete nonholonomic implicit Euler-Lagrange
equations obtained in [15, 16], together with the discrete conditions for the elastic
impact. The forward in time implementation of these equations is summarized in
Algorithm 1. Lastly, some examples illustrating the theory are presented, including
a bouncing ellipse and a nonholonomic spherical pendulum, and several simulations
are performed to test the validity of the variational integrators.

For future work, we would like to address the following areas:

e Discrete reduction theory. By mimicking [25], reduced variational integra-
tors for nonholonomic systems with collisions may be obtained. The removal
of superfluous degrees of freedom will lead to significantly faster simulations.

e Interconnection. We would like to investigate how the impacts on a sub-
system transfer to the rest of them due to the coupling. Furthermore, the
interconnection approach will allow for considering systems with open ports
that can be utilized to control the system [31]. In turn, the controller of the
system may be computed from the optimal control perspective [7], i.e., by

Energy 151 130

10112 S>GGDSSSSSSGS
101.120
101.115
— Event-driven

101.110 11 =— Moreau

= | = Variational
101.105 *  Collision
101.100 0 i 5 3 1 5 6 7 ] 9 10

Time

FIGURE 5. Energy comparison for the three methods. The initial
and final times are {9 = 0s and ¢ty = 10s, and the time-step is

h=1073.

’ Collision \ Event-driven | Moreau | Variational

1 0.39 0.39 0.39
2 1.17 1.17 1.17
3 1.95 1.95 1.96
8 8.21 8.19 8.22
9 8.99 8.97 9.00
10 9.77 9.75 9.78

FIGURE 6. Some of the collision times (in seconds) obtained with
the three different methods. The initial and final times are tg = 0 s
and ty = 55, and the time-step is h = 1073.
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minimizing some cost functional. In any case, a critical step will be to ensure
that the input preserves the constraints on the state, as well as on its velocity
and momentum, at the impact time.

e Comparison of the approach followed here to carry out discretization with

the alternative proposals presented in [6, 22], testing the performance of the
integrators obtained from the different perspectives.

e Energy dissipation. The Lagrange—Pontryagin principle principle has to be

substituted by the Herglotz principle as in [17, 18], which is appropriate to
deal with contact Lagrangians that describe systems with energy dissipation.
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