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Abstract

In this paper we investigate the asymptotic behavior of some SIR models incorporating
demography, bounded random transmission coefficient and a time-dependent vaccination
strategy targeting the susceptible population. In this setting, we establish the existence and
uniqueness of non-negative global solution of the models and derive conditions under which
either the disease is eradicated or becomes endemic. In addition, the theoretical results are
further illustrated by several numerical simulations.
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1 Introduction

Throughout history, epidemics have profoundly influenced human societies, often producing
consequences as severe as those arising from armed conflicts and, in some cases, leading to
the extinction of entire populations. Beyond the tragic human cost, epidemics also generate
significant social disruption and exert a considerable negative impact on economic systems
(see Defoe 1722; Miranda-Mendizabal et al. 2022).

Many infectious diseases that have historically triggered epidemics remain uneradicated,
and new pathogens continue to emerge over time. This reality underscores the critical need for
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Fig. 1 State-transition diagram of B )
the classical SIR model S I R

the development of mathematical models that can accurately characterize the transmission of
infectious diseases. Such models not only enhance our understanding of disease propagation
but also support timely and effective decision-making aimed at mitigating the spread and
reducing the adverse consequences of future outbreaks.

The earliest known contribution to the mathematical modeling of epidemics dates back to
1760, when D. Bernoulli employed a system of ordinary differential equations to analyze the
dissemination of smallpox (see Bernoulli 1760). Nevertheless, it was not until the early 20th
century that the formal study of mathematical models in epidemiology began to advance.

In 1906, W. H. Hamer introduced a discrete-time model to describe measles transmission
(see Hamer 1906). Subsequently, in 1911, R. Ross formulated a mathematical model to
predict the spread of malaria (see Ross 1911), demonstrating that a partial reduction in the
mosquito population could suffice to eradicate the disease.

A particularly significant milestone was achieved in 1927, when Kermack and McKendrick
introduced a mathematical framework for modeling the spread of infectious diseases (see
Kermack and McKendrick 1927). Their model, widely known as the SIR model, has since
become the foundational structure for mathematical epidemiology.

This compartmental model categorizes the population into three distinct groups: the sus-
ceptible (S), consisting of individuals who are at risk of infection upon contact with an
infectious person; the infected (/), representing individuals actively carrying and transmit-
ting the pathogen; and the recovered (R), comprising individuals who have either developed
immunity following recovery or succumbed to the disease.

Figure 1 illustrates the state-transition diagram associated with the classical SIR model,
where 8 > 0 (in days™!) represents the transmission coefficient, quantifying the rate at
which the disease spreads through contact between susceptible and infected individuals, and
1/8 > 0 (indays) defines the average infectious period, that is, the expected time an individual
remains capable of transmitting the disease following infection.

As depicted in the diagram, individuals in the susceptible compartment transition to the
infected state exclusively upon acquiring the infection, typically as a result of direct inter-
action with an infected individual. Additionally, individuals in the infected compartment
exit this state either upon recovery, thereby acquiring immunity, or as a consequence of
disease-induced mortality.

The classical SIR model proposed by Kermack and McKendrick is given by the following
nonlinear differential system

S@)1(t)

SO==F50 710+ RO’ M
S SN (1) B

I =p S(t) + 1) + R(t) 81, 2

R'(t) =81(t), 3)

where S = S(¢), I = I(t) and R = R(¢) denote the number of susceptible, infected and
recovered individuals, respectively, at time ¢ (in days).

Even though the classical SIR model (1)—(3) has been widely studied in the literature by
scientists from many areas of knowledge, it is not enough to represent in a loyal manner the
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Fig.2 State-transition diagram of 14
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evolution of real pandemics as the COVID-19, since it does not take into consideration some
essential ingredients that can be easily observed in real life.

On the one hand, it is important to remark that the classical SIR model (1)—(3) can be used
to study epidemics in shorts periods of time, but it is not suitable to describe the evolution
of epidemics that last a long time as in the case of the COVID-19, since some new people
typically join the population or might leave the population (due to natural deaths or others,
for instance) during that period of time.

To solve this drawback, we introduce below the classical SIR model with demography

R 10V (O
SO=v=bsotio+ry S

() (R
I([)_'BS(I)—i-I(t)—i-R(t) 8I(t) — pl(t), (5)
R'(t) =81(t) — nR(), 6)

where v (in number of individuals x days~!) represents the recruitment rate of the population
and p (in days™!) corresponds to the mortality rate of the population.

The state-transition diagram associated to the classical SIR model with demography (4)-
(6) is given in Fig.2.

On the other hand, neither the classical SIR model (1)—(3) nor the classical SIR model
with demography (4)—(6) take into consideration the possible vaccination of individuals. It
is well known that vaccines have radically changed the course of COVID-19 and, then, this
ingredient should not be be omitted when developing realistic models.

Then, we propose in this paper a new SIR model, in which the vaccination of susceptible
individuals is taken into account (this choice is based on the fact that this is the most common
vaccination strategy and the one carried out to combat the COVID-19), given as

S0 =v—p—DI sy~ psw) &)
- SO+10)+ R0 Pt
o soio
1O = 5w~ O O, ®)
R'(t) = 81(1) — uR(t) + pS(). ©)

where p (in days~!) denotes the proportion of susceptible individuals that are vaccinated.

Figure 3 shows the state-transition diagram associated to the classical SIR model with
demography and vaccination of susceptible individuals (7)—(9).

Nevertheless, in this paper we go further and propose to introduce two new ingredients
that are essential when modeling epidemics.

The first one consists of introducing randomness into the transmission coefficient of the
disease. The SIR models presented up to now assume that the transmission coefficient of
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Fig.3 State-transition diagram of v P
the classical SIR model with
demography and vaccination of V_\
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the disease is constant. However, this coefficient is very related to movements of people and
movements of people are, obviously, subject to randomness (see Albani and Zubelli 2024).

The second ingredient is based on considering a non-autonomous vaccination rate. Every
SIR model introduced above supposes a constant vaccination rate. Nevertheless, it is much
more realistic to consider the vaccination rate as time-dependent function. It could be random,
but it is natural to assume it being non-autonomous since we can control it.

As aresult, in this paper we propose to study the following SIR model with demography,
random transmission coefficient and non-autonomous vaccination rate

S@HI()

S'(1)y=v—(B+ (" Biw) SO IO L RO uS(t) — p(0)S(), (10)
o ) soio

I't) = (B+ @E*(60)) SOTIO RO SI(1) — pul (1), (11)

R'(t) =81(t) — uR(t) + p(1)S(1), (12)

where p : R — [p,pl, withO < p < p < 1, is a continuous function describing how
vaccines are administered and @ (z*(6;)) denotes a bounded noise (see Sect. 2 for details).

The rest of the paper is organized as follows: in Sect.2 we include some preliminaries
about the Ornstein—Uhlenbeck process and the bounded noise. In Sect. 3 we prove the well-
posedness of the SIR model with demography, random transmission coefficient and non-
autonomous vaccination rate (10)—(12). After that, in Sects.4 and 5 we analyze in detail the
long-time dynamics of systems (7)—(9) and (10)—(12), respectively. We provide conditions
under which the disease either is eradicated or becomes endemic and we depict numerical
simulations to illustrate and support the theoretical results. Finally, in Sect. 6 we include some
conclusions and final comments.

2 Preliminaries on the bounded noise

In this section we include some preliminaries about the Ornstein—Uhlenbeck process and
the bounded noise ®(z*(6;w)), appearing in system (10)—(12), necessary to facilitate the
understanding of the rest of the paper and make it as much self-contained as possible.

Let us start considering the probability space (2, F, IP), where Q = CO(R; R) denotes the
space of continuous functions from R to itself being zero at zero, F is the Borel o -algebra on
2 generated by the compact open topology (see Appendix A.2 and Appendix A.3 in Arnold
1998) and P the corresponding Wiener measure.

In addition, let {0, };,cr be a family of mappings 6; : 2 — 2 defined as

Oo(-) =w(-+1) —w(@), teR,

which is known as Wiener shift flow and satisfies the following properties:
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(1) 6o = Idg,

(2) 0500, =654, foralls,t € R,

(3) the mapping (¢, w) — 6;w is measurable, and

(4) the probability measure P is preserved by 6; (i.e., 6;P = P) for all r € R.

Then, on (2, F, P, {6;};cr) we can define the Ornstein—Uhlenbeck process as follows
0
72(t, w):=7"(6,0) = — / e’ 0w (s)ds, (13)

—0oQ

for any t € R and w € €2, which is a mean-reverting stochastic process, i.e., the probability
of the process to go back to its mean value increases when the process is far away from its
mean value (see Caraballo et al. 2004 for more details).

Then, we can consider now the mapping ® : R — [—d, d], given by

2d
d(2) = — arctan(z), (14)

where d > 0 is a constant typically provided by practitioners, and define a new stochastic
process as @ (z*(0;w) satisfying the properties summarized in the following proposition.

Proposition 2.1 Let ® be a function given as in (14) and consider 7*(0,w) the Ornstein—
Uhlenbeck process. Then:

(1) the mapping t — ®(z*(0,w) is continuous for almost every w € 2, and
(2) the following property
1 t
lim — / D (z*(Osw))ds =0 (15)
0

t—+o0 t

fulfills for almost every w € Q.

The proof of the first statement of Proposition 2.1 can be found in Arnold (1998); Caraballo
etal. (2004). Concerning the second statement, it is proved in Caraballo et al. (2020, Theorem
4.1).

Remark 2.1 The second statement of Proposition 2.1 holds true for every function ® being
continuous, odd and bounded.

Remark 2.2 The reader is referred to Caraballo et al. (2019, 2018, 2019); Lépez-de-la-Cruz
(2019); Lopez-de-la-Cruz and Oliveira-Sousa (2025) for an in-depth treatment of the mod-
eling of bounded stochastic perturbations via the Ornstein—Uhlenbeck process, not only in
the context of mathematical epidemiology but also within a broader range of population
dynamics frameworks.

3 Well-posedness of the SIR model with demography, random
transmission coefficient and non-autonomous vaccination rate

In this section, we prove that the SIR model with demography, random transmission coeffi-
cient and non-autonomous vaccination rate, given by system (10)—(12), is well-posed, that
is, it admits a unique solution, which is defined globally in time and remains non-negative
for any non-negative initial condition.

Let us define ]Ri = {(S, I,R) e R:8>0,1>0,R> 0}, the first octant in R3.

@ Springer f DMAC



47  Page6o0f21 J. Lépez-de-la-Cruz et al.

Theorem 3.1 For every initial condition ug = (S, Iy, Ro) € Ri and w € Q, system (10)—
(12) admits a unique solution

u(t; 0, w, ug) = (S(t; 0, w, up), 1(t; 0, w, up), R(t; 0, », up)) € C' ([0, +00); RY),

where u(t; 0, w, ug) denotes the value at time t of the solution of system (10)—(12) depend-
ing on w and starting with initial condition ug at time 0. In addition, Sy = S(0; 0, w, ugp),
Io = 1(0; 0, w, ug) and Ry = R(0; 0, w, ugp).

Proof Since, the Ornstein—Uhlenbeck process has continuous trajectories and ® is continu-
ous, the right-hand side of system (10)—(12) is continuous with respect to . Moreover, the
vector field of system (10)—(12) is C L(R3) with respect to (S, I, R), whence it is locally Lip-
schitz with respect to (S, I, R). Thus, system (10)—(12) admits a unique local solution for
every initial condition in R3, thanks to the classical theory of ordinary differential equations
(see, for instance, Caraballo and Han 2016; Viana and Espinar 2021).

Suppose now that there is a time t* > 0 such that S(t*) = 0, I(+*) > 0 and R(t*) > 0.
Hence, from (10), §'(t*) = v > 0, then § is increasing at t* and S can not take negative
values. Let assume now that 7(t*) = 0, S(t*) > 0 and R(t*) > 0 for some time * > 0.
In this case, since I = 0 solves (11), it follows trivially that / can not take negative values
due to the uniqueness of local solution. Finally, if R(+*) = 0, S(t*) > O and I(t*) > 0 for
some t* > 0, it follows from (12) that R'(t*) = §1(t*) + p(t*)S(*) > 0, whence R is
non-decreasing at * and then R can not take negative values. This proves that every solution
of system (10)—(12) with initial condition in R3 remains in R3 .

Define now N (¢) = S(¢t) + I(t) + R(t), the total population at time #, which satisfies

N'(t) =v — uN(®), (16)

whose solution, for every initial data Ny = So 4+ Iy + Rp and w € €2, is given by
N(t; 0,0, No) = Noe ™™ + — (1 — e ™) 17
n

for every t > 0.

From (17), it is easy to notice that N can not blow up at any finite time. This, jointly with
the fact that both S, I and R are non-negative for every non-negative initial condition (and,
then, N is non-negative), allows us to deduce that S, I and R can not blow up at any finite
time either, whence the unique local solution of system (10)—(12) is, in fact, a global one,
i.e., it is defined for every r > 0. O

4 SIR model with demography and vaccination of susceptible
individuals

In this section we investigate the autonomous SIR model with vital dynamics and vaccination
of susceptible individuals given by system (7)—(9).

The existence and uniqueness of non-negative global solution of system (7)—(9) follows
directly from Proposition 3.1, since system (7)—(9) is a particular case of system (10)—(12)
with no noise, i.e., when ®(z*(0;w)) = 0.

In the sequel we mainly focus on analyzing in detail the long-time behavior of system
(7)—(9). More precisely, our main goal is to provide conditions on the parameters of system
(7)—(9) under which the disease is eradicated or becomes endemic.
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4.1 Long-time dynamics of the solutions
In what follows, we provide the equilibrium points of system (7)—(9) and study their local
stability (see Caraballo and Han 2016; Hirsch et al. 2013 for more information about the

theoretical framework).

Proposition 4.1 System (7)—(9) possesses the equilibrium point

< V0. P ) (18)
P11 = , U, s
w+p  plpn+p)

and a new one, given by

2=<v(8+u) V(B —38—pn) — pd+un) V(p(5+u)—8(—ﬂ+8+u))) (19)
Bu Biu(8 + ) ' B(d + w) '

arises in ]R3+ as long as condition

O+ w)(u+p)
I ZAt i )

B (20)
"
is satisfied.
Proof 1t is easy to check that both p; and p; are the solutions of the algebraic system
0 B S1 S S (21)
=V — —_— — s
SyI1+RrR _M7°F
R Y 22)
T TPSYI+R .
0=48I—uR+ pSs. (23)
Moreover, p; € ]Ri or, in other words, it has biological sense.
In addition, notice that
@+MXM+M_}5+MQ—p)_p@+MV>O
I B  u
whence
6+ w(n+p) - 6+ )@ —p)
% 8 '
Then, thanks to (20), we obtain that
G+ m)@—p)
B> —7"——,
)
and this guarantees that p, € ]Ri, i.e., it also has biological sense. O

Remark 4.1 Notice that p; corresponds to a disease-free equilibrium, where the infection
is eradicated. Moreover, every component of p, is strictly positive if (20) fulfills, which
represents a biological state in which the disease becomes endemic.

In the following propositions we are going to study the local stability of both equilibrium
points p; and ps.
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Proposition 4.2 The equilibrium point py is locally unstable as long as condition (20) is
fulfilled. However, py is locally asymptotically stable provided that condition

0 +wm)(u+p)
<—

B (24)
In
holds true.
Proof The Jacobian matrix of the right-hand of system (21)—(23) evaluated at p; is
B
—n—p - 0
M+p
0 =B+t W+ p@E+w o | (25)
K+ p
p d —u
whose eigenvalues are given by
— 8 8
M= —p—p. M:_u(ﬂ+ +M+p(+m,am s = —p.

nw+p

Both eigenvalues A and A3 are negative. Moreover, the numerator of A5 is negative if (20)
is satisfied, whence the eigenvalue is positive. However, 1, is negative as long as condition
(24) holds true. This proves the proposition. O

Proposition 4.3 The equilibrium point p; is locally asymptotically stable if (20) fulfills.

Proof The Jacobian matrix of the right-hand of system (21)—(23) evaluated at p; is

B G+ wutp) BS+uE+mw+pG+pw) p=p+8+w+pd+p
S+ B B
(=BA8+1) (u(=B+8+w)+pG+p)) H(=B+d+uw) +p@+p) u(=B+s+u)+pé+wpn |,
B+1) B B
p 3 —u

whose eigenvalues are given as follows

Bu+n

_PButn Bu—n
208 + )’

d a=— ,
M =T+

Al =—l, A=

where

1= i (B2 — 4B + 1) + 46 + 10°) +4pG + ).

The eigenvalue A is negative and the real part of the eigenvalue X, is also negative. In
addition, the real part of the eigenvalue A3 is negative whether (20) is satisfied. O

Remark 4.2 Thanks to Propositions 4.2 and 4.3, we can define now the basic reproduction

number of system (7)—(9) as

_ Bu
G+wu+p)’

which quantifies the average number of susceptible individuals that a single infected indi-
vidual can transmit the disease during the infectious period. This number allows us to fully
characterize, for Rg # 1, the dynamics of system (7)—(9). Specifically, the disease will be
eradicated whenever Ry < 1, while it will become endemic if Ry > 1.

Ro (26)

In the sequel, we analyze the long-time dynamics of the solutions of system (7)—(9).
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Theorem 4.1 Consider the compact set
A:{(S,I,R)eRi:S+I+R:3}. 7)
"

(1) The set A is attracting for the solutions of system (7)—(9), in the sense that

lim sup inf |lu(¢;0,up) —al| =0,
Jim sup. inf ut; 0,u0) —al

where F C ]R3+ denotes a bounded set where the initial conditions are considered.
(2) The set Ais invariant for system (7)—(9), i.e., every solution of system (7)—(9) with initial
condition in .4 always remains in .A.

Proof Recall that the total population N (t) = S(¢)+1(¢)+ R(¢) satisfies (16), whose solution
verifies

V
lim N(;0, Ng) = —,
t—+00 "

whence we deduce that A, given by (27), is attracting for the solutions of system (7)—(9).
The invariance of A follows trivially since N = v/u solves (16). O

In view of Theorem 4.1, the rest of this section is dedicated to investigate in detail the
asymptotic dynamics of system (7)—(9) restricted to the attracting set A in (27).

Theorem 4.2 The equilibrium point p, is globally asymptotically stable in A if (20) is
satisfied. Otherwise, the equilibrium point p is globally asymptotically stable in A.

Proof We proceed by studying the nullclines (see Hirsch et al. 2013, Chapter 9 for the
theoretical framework) of system (7)—(9) restricted to .A, which is given by

Bu

Sty =v— TS(I)I(I) —(n+p)S@), (28)
I'(t) = (ﬁTﬂS(t) - (5+M)> 1(2). (29)
It is not difficult to check the /-nullclines of system (28)—(29) are
I1=0, (30)
8
Bu
whereas system (28)—(29) possesses only the S-nullcline
VAY
I=—|(=- . 32
o (5wt m) (32)

Recall that I’ = 0 on the /-nullclines (30)—=(31) and S” = 0 on the S-nullcline (32). Thus,
the nullclines divide A into open regions where I” and S’ are either strictly positive or strictly
negative, that is, where I and § are strictly increasing or decreasing.

In addition, the intersection of the /-nullcline (30) with the S-nullcline (32) gives

€1=(L,0>,
w+p
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Fig.4 Nullclines, regions and I
vector field in case .

s+ + -
B<(@+mn+pu Ry

R
-~
Rs el S
- e —

which is an equilibrium point of system (28)—(29) and corresponds with the equilibrium
point p; of system (7)—(9) restricted to .A. Similarly, the intersection of the /-nullcline (31)
with the S-nullcline (32) gives

o = (v(8+u)! v(u(ﬂ—r?—u)—p(rwru))),
Bu B(d+ )
which is an equilibrium point of system (28)—(29) and corresponds to the equilibrium
point p> of system (7)—(9) restricted to A.
Let us distinguish the following cases:

(1) Case B < (6 + w)( + p)u_l. In this case, there are three regions (see Fig.4):

8
Ry = (S,I)6R2:S>0,I>O,S>u},
Bu
v(§ + ) vV /v
Ro={(S.DeR*:85>0,1>0, S<—"=, > f—(/,L—i—p)},
Bu ﬂu<S )
V V
Ri=1,DeR*: $>0,1>0, 1 <—(=— .
=D ER 820,10, 1< (o (M+p))}

Assume that a solution starts in R . Then, from (28)—(29), S’ < 0 and I’ > 0, whence S
decreases and [ increases. Next, the solution intersects the /-nullcline (31) (the solution
is bounded since A is a compact set) and enters R,. By a similar reasoning, we obtain
the arrows in Fig.4 indicating the vector field in every region or nullcline, whence we
deduce that any solution starting in .A converges to e .

(2) Case B=(+m)(u+ p)/fl. In this case, we only have two regions. By a similar
reasoning to the previous case, we obtain that every solution converges to ej.

(3) Case B> (6 +u)(u+ p),u’l. In this case we have the following four regions (see
Fig.5):

v(6 + u) vV /v
Ri={(S,DeR*:85>0,1>0,8>—= I>—(=—(qu+p))t.
Bu ﬂu(S )
v(§ + ) v /v
Ro={(S.DNeR*:85>0,1>0,S<—" I>—(=—(@m+p))t.
Bu ﬂu<S )
v(§ + W) vV /v
R3={S,NDeR:5>0,1>0, S<—L I <—(=—@u+p)!}.
Bun ﬂM(S )
8
Ry = (S,I)eJRZ:S>o,1>0,S>m,1<i(3—w+p)) .
Bu Bu \S
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Fig.5 Nullclines, regions and I

vector field in case (_I
B> G+ mu+pp!
-
Ro
R1
& A

T S

e
*~—> R4 !

&> PP

Similarly to the study in the first case, we obtain the arrows in Fig. 5 indicating the vector
field. Nevertheless, the dynamics now is more complicated.

Let us suppose that a solution starts in R1. Then, either it intersects the I-nullcline (31)
and enters R, or it converges to e;. If the solution enters R, it intersects the S-nullcline
(32) and enters R3. When a solution enters R3, either it converges to e; or it intersects the
I-nullcline (31) and enters R4, from which the solution intersects the S-nullcline (32) and
enters R 1.

Notice that nothing prevents our solution from oscillating indefinitely around e;, for
instance, by converging to a possible periodic orbit of the system in .A. Hence, consider the
Dulac function D(S, I) = 1/I, where D € C'(R?).

Then, it yields that

<0,

(/D) , 3sD) _ [@ N u+p]
aS al v 1

where f and g denote the right-hand side of (28) and (29), respectively. Hence, by com-

bining the Poincaré-Bendixson Trichotomy and the Dulac—Bendixson Criterion (see Burton

2005; Martcheva 2015), there are no periodic orbits for (28),1.e., every solution in .A converges

to ey (unless Iy = 0 in which case it converges to ey). O

Remark 4.3 From Theorem 4.2, we can deduce that the disease becomes endemic as long as
condition (20) holds true, and the disease is eradicated otherwise.

4.2 Additional global results concerning endemic diseases

In this section we stablish some additional results concerning the case in which the disease
becomes endemic, provided that inequality (20) is fulfilled, regardless the initial conditions
are not in the attracting set .A. To this end, first we need to prove two preliminary lemmas.

Lemma 4.1 Let us define ug = (So, lo, Ro) and let (S(t; 0, ug), 1(¢; 0, ug), R(t; 0, up)) be
a solution to (7)—(9) with initial condition ug € Ri. Then, it satisfies

N _
SO =v-o— Tz SOIE) — (1 + p) S@), (33)
ro={—Frsoy-c+w) 1o (34)
De#t + & ’

where D = (So + Ip + Rp) — v/ = No — v/ L.
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Proof Defining again the total population N () = S(t) + I(t) + R(t), it satisfies N'(¢) =
—uN () + v, whose solution is given by

N(;0, Ng) = De ™ + —, (35)
n
with Ng = D + v/u. Therefore, it remains to substitute (35) in (7)—(9) to conclude. 0O

Lemma4.2 Let (S(t; 0, up), 1(t; 0, ug), R(t; 0, up)) be a solution to (7)—(9) with initial
condition S(0) > 0, 1(0) > 0 and R(0) > 0. Assume that

—ut v
6o (o)

C= Y
t (1) > 5

£0.

Then, for every interval J C C it is satisfied that I is strictly increasing in J.

Proof First note that, by the continuity of S and condition C # ), there exist infinite intervals
J suchthat J C C.
By Lemma 4.1, we have

I't) = De+;+is(t)l(t) ~ G+ w0 = (
n

P vS(t)—(zS—l—u)) 1(1).

—ut
De“-i-ﬂ

Since Iy > 0, we have that I(¢; 0, ug) > 0 for every ¢ by Lemma 3.1. On the other hand,
for every interval J such that J C C we have that

(6 +W(De + 2)

S(#;0, uo) >
B

forevery t € J and Sp > 0, Iy > 0, Rg > 0, which implies that

LS(t) —B+upn >0

De—H 4+ ﬁ
for every t € J, then

B
/ — —
I'(t) = (De*f“-q-ﬁs E+uNi@) >0

for every ¢t € J and, then, [ is strictly increasing in J as desired. O

Now we state the main result of this section.

Proposition 4.4 Let (S(t; 0, uo), 1(t; 0, ug), R(¢t; 0, ug)) be a solution to (7)—(9) with initial
condition S(0) > 0, 1(0) > 0 and R(0) > 0 and assume that (20) fulfills. Then, it is satisfied
that I(t) » O ast — oo.

Proof Assume that I(t) — 0 as t — 4o00. Then, adding (7) and (8), we have that
SO+I'(1)=—(u+p)SO+v—E+m ) = —(u+p)(SO+10)+v+(p—8)I1 ).

By Lemma 5.1 (we prefer to keep the mentioned lemma after this proposition not to make
the organization of the paper more complicated), S(¢) + I(t) — v/(u + p) ast — +o0,
whence S(¢) — v/(u + p) ast — +o0.

Therefore, if there exists fo > 0 such that S(¢; 0, ug) > (8 + u)(De M + ﬁ)ﬂ_l for
every t > ty, we have that 1(¢; 0, ug) is a positive and strictly increasing function for r > ty
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Fig. 6 The disease is eradicated withv = 5, 8 = 1.5, u = 0.5, § = 0.7, p = 0.4 and the initial condition
ug = (25,2,0)

by Lemma 4.2, which contradicts that /(#) — 0. Thus, there exists a sequence #, — 400 as
n — +00 such that
8+ p)(Dehin 4 1)

B

S(ta) =

for every n and, by taking limits, we obtain

(8 + w)(De™#n + ) B
lim S(t) = —— < lim W _vetn
n—+00 U+ p = n—>doo B up

then B < (8§ + w)(p + w)p~", a contradiction with (20), whence I(r) - O ast — +o00. O

Remark 4.4 We would like to point out that Proposition 4.4 carries out that the infection does
not become extinct if inequality (20) is satisfied, regardless the initial conditions.

4.3 Numerical simulations

In this section, we depict some numerical simulations aimed at illustrating the theoretical
results established throughout this section. Each figure consists of a panel on the right, which
displays the phase portrait of the system with an arrow indicating the initial condition, and
three smaller panels on the left, where the time evolution of the susceptible, infected, and
recovered individuals is plotted.

In Fig.6 we considerv =5, 8 = 1.5, u = 0.5, § = 0.7, p = 0.4 and the initial condition
ug = (25, 2, 0). Since (24) fulfills, the disease is eradicated, as we already proved.

Nevertheless, in Fig. 7 we increase the value of 8 = 2.4. As a consequence, (20) fulfills
and the disease becomes endemic, as we proved before.
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Fig.7 The disease becomes endemic withv = 5,8 = 2.4, u = 0.5,6 = 0.7, p = 0.4 and the initial condition
ug = (25,2,0)

5 SIR model with demography, random transmission coefficient and
non-autonomous vaccination rate

In this section we investigate the SIR model with demography, random transmission coef-
ficient and non-autonomous vaccination rate (10)—(12). The existence and uniqueness of
non-negative global solution of the system was proved in Theorem 3.1. Our aim now is
to analyze in detail the long-time behavior of the solutions of the system, i.e., to provide
conditions on the parameters under which the disease is eradicated or becomes endemic.
Nevertheless, we need to include a brief subsection with a technical result first.

5.1 A previous technical result

In this section, we prove a technical result concerning supersolutions of differential systems,
which will be useful later to obtain upper bounds of the solutions of the systems under study.
Let us start by defining the concept of supersolution.

Definition 5.1 Tt is said that (f(t), 1), F(t)) is a supersolution of system (10)—(12) if we
have that S(#) < S(t), I(¢) < I(¢) and R(t) < R(t) are fulfilled for all t > 7.

Now, we present the technical result we need in the sequel.

Lemma 5.1 Consider the following Cauchy problem
X' (1) = a(t) — b()x(1), (36)
x(T) = X, (37)

where
b(t) > a > 0, and define the function £(t) = a(t)/b(t). Hence, x(t) — o whent — +00
provided that [(t) — o is fulfilled when t — +00.
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Proof Following the ideas in Jara and Rivero (2014), we can rewrite the Cauchy problem
(36)—(37) as

x'(1) = b@)(L(r) — x(1)), (38)
x(T) = x¢, 39)

whose solution is given by

t
Xt T, x7) = xge™ Je PO +/ O)b(O)e Js "D gp,
T
forevery t > 1.
Since £(t) — o when t — 400, for any given ¢ > 0, there exists z, > 7 such that
£(t) >0 —eforallt > t,.
Let us now consider the following Cauchy problem

x'(t) = b(t) (o — x(1)), (40)
x(te) = Xe, 41)
where we denote 0,- = 0 — ¢ and x, = x(f; T, X7).

Since o,- < £(t) for all + > ., the solution Xo,— (t; te, x¢) of (40) is always below
x(t; tg, x¢). Indeed,

1 t .
Xo,_ (15 te, Xg) = Xg€ Jie b®d0 / o.-b(0)e™ Jy b gg,
: f

whence we obtain that
t "t
X(tite1 Xe) — Xg_ (i1, X,) = f (€(6) — 0p-)b(@)e o ™7 qg > 0,
123

for all # > t,, thanks to the fact that 5(¢) > 0in R.
On another hand, it yields that

1 13
Yo (1516, X)) = xseff’s b(e)d +o, (1 —e b(e)de) — O

when t — +o0.
Analogously, it can be proved that the solution of the Cauchy problem

x'(t) = b(t)(op+ — x(1)), (42)

x(Te) = X, (43)

where 0.+ = 0 + ¢, x; = x(T; T, x7), and 7, is such that £(¢) < o + e forall t > 7, is
always over x (¢; t¢, x¢) and converges to o+ when t — +o00.

Since ¢ > 0 can be arbitrarily small, we conclude that any solution of (36) converges to
o whent — +o0. O

5.2 Long-time dynamics of the solutions

This section is dedicated to study the long-time dynamics of the solutions of system (10)—
(12), i.e., we aim to provide conditions on the parameters of the systems under which the
disease either is eradicated or becomes endemic.
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Consider the following Cauchy problem

St =v—(u+p S, (44)

Toy=(B+d S0 G+mw|Te (45)
=\ NGO i ,

R@)=810t)+7 S(t) — u R(), (46)

S(t)=S$;, 1(x) = Iy, R(x) = Ry, (47)

where u; = (S¢, I, R;) € ]R*j_.
As in Sect. 4, we can consider here the total population N and it yields that

t—>+0o0

lim N(: 1,0, N;) = -,
+ m

forany w € Q and N; = S; + I + R; > 0. Thus, the compact set A given by (27) is also
an invariant and attracting set for the solutions of system (10)—(12). Notice that, since A is
deterministic, it is worthy to point out that does not depend on the noise.

Moreover, we have that S(t; 7, w, u;) < St 1, @, ug), [t T, 0, u;) < I(t; T, w, uy)
and R(t; 7, w, u;) < R(t; T, 0, uzr).

Theorem 5.1 Consider system (10)—(12) with initial condition u; = (S¢, I;, R;) € Ri and

define oy = (8 + w) (1 + p)u".
Then, as long as
B<po—d (48)

holds true, we have that 1(t) — 0 when t — 4-00. In addition, for any w € , every
solution of Cauchy problem (44)—(47) verifies that
v

_ ) _ _
Sit;t,w,u) > ——, I(t;t,0,u) -0, and R(t;7,0,u;) > ————
w u(pw + p)

whent — +o00.
Proof 1t is straightforward to prove that, forany w € Qand S; >0, I; >0, R, >0

_ v
St;t,w,u;) > ——
( ) P

when ¢ — 400. Then, since for any w € Q and N; > 0 we have

v
N(t;t,w; Ny) —> —,
“w

when t — 400, then, for any w € Q and u, € Ri, it yields that

f(t;r,w,ur)% wo S+pu
Nt o No) — p+p Do

(49)

when t — +o00.
Now, consider ¢g = (8 +d)/py < 1, whence 8 = &g pg — d. Therefore, for any w € €,
U € Ri and N; > 0, we obtain that

S(t; T, w, ug) _ Sttt 0, ur)
d) 2L D) - DO MD) 5 4.
B+d) S ron,)  CTW = g5 @+
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On the other hand, thanks to (49), for any given ¢ > 0, w € @, u; € ]Ri_ and N; > 0,
there exists z, > 7 such that

S(t;t,0,u;)  S+p
<
N(t; T, w, Ny) £0

for all ¢+ > t,, from which we obtain that

+é&

S(t; T, w, ur)

8 N, e ———
0P N1, 0. Ny)

—®+u)<mﬁo(%%g+8>—®+u)
— 60 B+ 1) + 20 8 Do — (8 + 1)
= (g0 —1) (6 + 1) + €0 € Po,

for any givene > 0, w € 2, u, € Ri, N; > 0andforall t > t,.

Denoting now a = (g9 — 1)(§ + 1) + €0 € pg and considering ¢ < w, we
have that 7'(¢) < al(z) fort > t,, where a < 0. Then, ’
[t te, @, I(t)) < T(t5 te, 0, (1)) < I(te; te, @, 1(£:))e? ™) — 0
when t — +o00. o
Finally, in order to study the limit of R(¢; T, w, u;), we can define the function
It T, 0, us)+P ST, 0, uyr)

tx(0) = -

Due to the convergence of 1(t; T, w,u;) and S(¢; T, w, u;), we have that
vp
l(t) > ———
R w o+ p)
when ¢ — +00. Thus, by Lemma 5.1, we can conclude that
_ VDo
R(t; 7, 0,uc) = 71),
u(u+p)

when ¢ — 400, which completes the proof. O

Next, we provide conditions on the transmission coefficient of the disease under which
the disease becomes endemic.

Theorem 5.2 Assume that "
B-d)———=E+pn) >0 (50)
w+m

holds true, where m = max{8, p}. Then, the number of infected individuals does not converge
to zero.

Proof From (10) and (11), it yields that
(SO +1(1) = v —(n+m)(S)+ 1),

whence, for a given g9 > 0, w € Q and u; € Ri, there exists fg, > T such that

St T, 0,ur) +1(E T, 0,ur) > — &0 S
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forall t > .

On another hand, since N (¢; 7, w, N;) — Y forany w € Qand N; > O whent — o0,

for any given &1 > 0, w € Q and N, > 0, there exists #;, > 7 such that

1
S (52)
N(t;t,w, Ny) v

fort > t,.
Consider now f, > max({t,, t;, } and let ¢ > 0 be such that I(t,;; 7, w, u;) = €. Hence,
evaluating (11) at t = ¢, we have that

dl(t)
dt

S(te)
N (te)

zQﬁ—m —®+MO&
1=ty

Now, since #; > max{tg,, t;, }, thanks to (51) and (52), we obtain that

S(té‘; T, w, M‘L’)

d 5 a2 e 5
B - )m—( +u) > (B - )(m—80—8>(;—81>—( + ),

forany w € @, u; € Ri and N; > 0.

Thus, from (50) we have that I'(t;; T, w, u;) > 0 forany @ € Q and u, € Ri, ie., I
increases at f,. Moreover, this happens as soon as I reaches the value ¢. Therefore, I does
not converge to zero and remains always strictly positive. O

Remark 5.1 1t is worth noting that Theorems 5.1 and 5.2 establish conditions under which
the disease is eradicated or becomes endemic. In essence, the results indicate that the trans-
mission coefficient must remain below a certain threshold (as specified in (48)) to guarantee
eradication. On the other hand, if the transmission coefficient is large enough (more precisely,
if (50) holds true), the disease becomes endemic.

5.3 Numerical simulations

In this section we display some numerical simulations aimed at illustrating the theoretical
results established throughout the paper.

Each figure consists of a panel on the right, which shows the phase portrait of the system
with an arrow indicating the initial condition, and three smaller panels on the left, where the
time evolution of the susceptible, infected, and recovered populations is plotted. The blue
dashed/dotted line corresponds to the solution of the system in the absence of stochastic
perturbations, while the solid colored lines represent different realizations of the random
models.

In Fig.8 we considerv =5, B8 =1, u =058 =07, p=04,d =15, p(t) =
0.1(1 + sin(z/(1 + |¢]))) and the initial condition u, = (25, 2, 0). Since (48) is fulfilled, the
disease is eradicated, as we already proved.

Nevertheless, in Fig.9 we increase the value of § = 5.5. As a consequence, (50) fulfills
and the disease becomes endemic, as we proved before.
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Fig.9 The disease becomes endemic withv = 5,8 =5.5,4 =0.5,6 = 0.7, p(t) = 0.1(1 +sin(z /(1 +z]))),
d = 1.5 and the initial condition u; = (25, 2, 0)

6 Conclusions and final comments

In this work we address an extension of the classical SIR model incorporating demography,
a time-dependent vaccination rate of susceptible individuals and bounded random perturba-
tions on the transmission coefficient, aiming to develop more realistic frameworks for the
mathematical modeling of epidemics.

We start by analyzing in detail the autonomous version of the model. Specifically, we
compute its equilibrium points, investigate their local stability, and prove the existence of an
invariant and attracting set for the system. After that, we focus on characterizing the global

@ Springer f DMAC



47  Page 20 of 21 J. Lépez-de-la-Cruz et al.

asymptotic behavior of the solutions restricted to this attracting set. Moreover, we derive the
corresponding basic reproduction number.

Motivated by real-world scenarios, we examine in depth the random system. Particular
attention is given to the impact of the random perturbations on the transmission coefficient,
as these are capable of modeling natural movement patterns of individuals, which plays a
fundamental role in the dynamics of the solutions, as our analysis reveals.

In both models we are able to provide conditions on the parameters of the systems under
which the disease either is eradicated or becomes endemic, which is the most important goal
in real applications.

In summary, this paper sheds light on new aspects of epidemic modeling, including vac-
cination strategies and random terms that can affect not only to the transmission coefficient,
but also other parameters and alternative formulations of classical models.

Funding Open Access funding provided thanks to the CRUE-CSIC agreement with Springer Nature. This
work has been partially supported by the Spanish Ministerio de Ciencia, Innovacién y Universidades, Agen-
cia Estatal de Investigacion (AEI) and Fondo Europeo de Desarrollo Regional (FEDER) under the project
PID2024-156228NB-100, by the Spanish Ministerio de Economia y Competitividad of Spain under grant
PID2019-104735RB-C42 and by the Madrid Government (Comunidad de Madrid-Spain) under the Multian-
nual Agreement 2023-2026 with Universidad Politécnica de Madrid in the Line A, Emerging PhD researchers,
grant agreement DOCTORES-EMERGENTES-24-UMDLRU-108-XVLWPC.

Declarations

Conflict of interest The authors declare no potential Conflict of interest.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Albani VVL, Zubelli JP (2024) Stochastic transmission in epidemiological models. J Math Biol 88(25):1432—
1416

Arnold L (1998) Random dynamical systems. Springer, Berlin

Bernoulli D (1760) Essai d’une nouvelle analyse de la mortalité cause par la petite vérole, et des aventages
de I’inoculation pour la prévenir. Mémoires de mathématique et de physiques tires des registres de
I’ Academie Royale des Sciences, pp 1-75

Burton TA (2005) Volterra integral and differential equations: second edition (mathematics in science and
engineering). Elsevier Science Inc, USA

Caraballo T, Colucci R, Lépez-de-la-Cruz J, Rapaport A (2020) Study of the chemostat model with non-
monotonic growth under random disturbances on the removal rate. Math Biosci Eng 17(6):7480-7501

Caraballo T, Colucci R, Lépez-de-la-Cruz J, Rapaport A (2019) A way to model stochastic perturbations in
population dynamics models with bounded realizations. Commun Nonlinear Sci Numer Simul 77:239—
257

Caraballo T, Garrido-Atienza MJ, Lépez-de-la-Cruz J, Rapaport A (2018) Modeling and analysis of random
and stochastic input flows in the chemostat model. Discrete Contin Dyn Syst - Ser B 24(8):3591-3614

Caraballo T, Han X (2016) Applied nonautonomous and random dynamical systems, applied dynamical
systems. Springer, Berlin

Caraballo T, Kloeden PE, Schmalfuss B (2004) Exponentially stable stationary solutions for stochastic
evolution equations and their perturbation. Appl Math Optim 50(3):183-207

@ Springer f b/v\/\


http://creativecommons.org/licenses/by/4.0/

SIR models with demography, random transmission coefficient... Page 21 of 21 47

Caraballo T, Lépez-de-la-Cruz J, Rapaport A (2019) Modeling bounded random fluctuations in biological
systems: application to the chemostat model with two species. IFAC-PapersOnLine 52(26):187-192

Defoe D (1722) A Journal of the Plague Year: being observations or memorials, of the most remarkable
occurrences, as well Publick as private, which happened in london during the last great visitation in 1665

Hamer WH (1906) The milroy lectures on epidemic disease in England—the evidence of variability and
persistence of type. Lancet 1(4305):733-739

Hirsch MW, Smale S, Devaney RL, editors. Differential equations, dynamical systems, and an introduction to
chaos. Academic Press, 3rd ed edition. Includes bibliographic references (pp 411-413) and index

JaraJ, Rivero F (2014) Asymptotic behaviour for prey-predator systems and logistic equations with unbounded
time-dependent coefficients. Discrete Contin Dyn Syst 34(10):4127-4137

Kermack WO, McKendrick AG (1927) A contribution to the mathematical theory of epidemics. Proc R Soc
Lond 115:700-721

Lépez-de-la-Cruz J (2019) Random and stochastic disturbances on the input flow in chemostat models with
wall growth. Stoch Anal Appl 37(4):668—-698

Lépez-de-la-Cruz J, Oliveira-Sousa AN (2025) Sir models with vital dynamics, reinfection, and randomness
to investigate the spread of infectious diseases. Commun Nonlinear Sci Numer Simul 140:108359

Martcheva M (2015) An introduction to mathematical epidemiology. Texts in applied mathematics, vol 61.
Springer, New York

Miranda-Mendizabal A, Recoder S, Sebastian EC, Closas MC, Urena DL, Manolov R, Santander NM, Forero
CG, Castellvi P (2022) Socio-economic and psychological impact of covid-19 pandemic in a spanish
cohort bioval-d-covid-19 study protocol. Gac Sanit 36:70-73

Ross R (1911) The prevention of Malaria, 2nd edn. John Murray, London

Viana M, Espinar JM. (2021) Differential equations: a dynamical systems approach to theory and practice.
graduate studies in mathematics. American Mathematical Society

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer f DMAC



	SIR models with demography, random transmission coefficient and non-autonomous vaccination rate
	Abstract
	1 Introduction
	2 Preliminaries on the bounded noise
	3 Well-posedness of the SIR model with demography, random transmission coefficient and non-autonomous vaccination rate
	4 SIR model with demography and vaccination of susceptible individuals
	4.1 Long-time dynamics of the solutions
	4.2 Additional global results concerning endemic diseases
	4.3 Numerical simulations

	5 SIR model with demography, random transmission coefficient and non-autonomous vaccination rate
	5.1 A previous technical result
	5.2 Long-time dynamics of the solutions
	5.3 Numerical simulations

	6 Conclusions and final comments
	References


