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ABSTRACT

Bayesian optimization (BO) methods based on information theory have obtained state-of-the-art results in
several tasks. These techniques rely on the Kullback-Leibler (KL) divergence to compute the acquisition
function. We introduce a novel information-based class of acquisition functions for BO called Alpha Entropy
Search (AES). AES is based on the alpha-divergence, which generalizes the KL-divergence. Iteratively, AES
selects the next evaluation point as the one whose associated target value has the highest level of dependency
with respect to the location and associated value of the global maximum of the optimization problem.
Dependency is measured in terms of the alpha-divergence, as an alternative to the KL-divergence. Intuitively,
this favors evaluating the objective function at the most informative points about the global maximum. The
alpha-divergence has a free parameter «, which determines the behavior of the divergence, balancing local
and global differences. Therefore, different values of a result in different acquisition functions. AES acquisition
lacks a closed-form expression. However, we propose an efficient and accurate approximation using a truncated
Gaussian distribution. In practice, the value of a can be chosen by the practitioner, but here we suggest using
a combination of acquisition functions obtained by simultaneously considering a range of a values. We provide
an implementation of AES in BOTorch and we evaluate its performance in synthetic, benchmark, and real-world
experiments involving the tuning of the hyper-parameters of a deep neural network. These experiments show
that AES performance is competitive with other information-based acquisition functions such as JES, MES, or
PES.

1. Introduction

Gaussian random noise. That is, instead of observing directly f(x), we
observe y = f(x) + ¢, where ¢ ~ N'(0, 62).

Bayesian optimization (BO) includes a set of methods that have
been successfully used for the optimization of black-box functions,
and most concretely for the problem of tuning the hyper-parameters
of machine learning models [1]. In particular, a black-box function
f(-) is characterized by having an unknown analytical expression and
being costly to evaluate in computational or economic terms. Besides
this, we also consider that the evaluation of f(-) may be corrupted by
noise. Formally, the optimization scenario we consider can be defined
as trying to find:

x* = arg max f(x), 1)
xeX

where f(-) is the objective, and x* is the global optimum in the
considered bounded input space X c R?. We also denote y* as the
associated optimal objective value. Namely, y* = f(x*). Importantly,
we also assume that the evaluation of f(-) may be contaminated by

* Corresponding author.

Since the objective is assumed to be very expensive to evaluate, we
would like to use as few evaluations as possible to estimate x*. BO
methods are very successful in this task [2-4]. To tackle this scenario,
given a small number of initial evaluations, they focus on modeling the
black-box function f(-) with a probabilistic surrogate model in the input
space X. This model is typically a Gaussian Process (GP), which outputs
a predictive distribution for f(-), capturing the potential values of the
objective in regions of the input space that have not been explored so
far [5]. Using this model, BO methods guide the search for the optimum
and make intelligent decisions about what point should be evaluated
next at each iteration. For this, they use an acquisition function a(x)
that measures the expected utility of performing an evaluation at x with
the goal of solving the optimization problem [3]. The next evaluation
is simply the maximizer of the acquisition function a(x). Importantly,
the probabilistic model and the acquisition function are very cheap to
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evaluate and maximize, respectively, since they do not imply evaluating
the actual objective. Therefore, the overhead that the process described
introduces can be considered negligible. After enough evaluations of
the objective are performed, the best observation is returned as the
global optimizer of f(-), in a noiseless setting. In a noisy setting, a
similar recommendation is made, but the probabilistic model is used
first to remove the noise from the evaluations performed.

There is a plethora of different optimization scenarios, which are
particular cases of the one described, where BO methods can be applied
in practice in science or engineering. For example, BO has successfully
been used in energy for robust ocean wave features prediction [6];
in chemistry, for the discovery of energy storage molecular materials
[71; in robotics, for a better design of the wing shape of an unmanned
aerial vehicle [8]; in finance, for environmental, social and governance
sustainable portfolio optimization [9]; or even as a way to suggest
a better dessert, optimizing chocolate chip cookies [10]. Importantly,
BO also gives superior results to other optimization methods that do
not rely on a model to guide the search for the optimum, such as
meta-heuristics or genetic algorithms [11].

A critical and important part of any BO method is the acquisition
function. In this regard, in the BO literature, acquisition functions
based on information theory have delivered state-of-the-art results by
efficiently guiding the search for x* [12-14]. These strategies choose
the next evaluation point as the one that results in the highest expected
decrease in the entropy of the global optimum x*. The global optimum
can be regarded as a random variable because there is uncertainty
about the potential values of the objective f(-). These potential val-
ues are modeled by the GP. Among information-based strategies, the
recently proposed method Joint Entropy Search (JES) obtains state-of-
the-art results [15,16]. The JES acquisition function a(x) measures the
expected reduction in the differential entropy of both x* and y*, ie.,
{x*,y*} after observing y at x. Importantly, this expected reduction
in the differential entropy can be shown to be equal to the mutual
information between {x*,y*} and y, where the distribution of y, ie.,
the noisy objective value at the candidate point x, is also given by
the GP [15]. The mutual information is just the Kullback-Leibler (KL)
divergence between p({x*, y*}, y) and p({x*, y*})p(y), i.e., the same dis-
tribution, but where independence between {x*, y*} and y is assumed.
The KL divergence is always non-negative and equal to zero only when
the two distributions are equal. Thus, JES simply chooses the next point
x to evaluate as the one at which there is a higher level of dependency
between {x*,y*} and y, as measured by the KL divergence. Observing
y at such an x will provide more knowledge about the potential values
of {x*,y*}, due to the strong dependencies, and is expected to help the
most to solve the optimization problem.

As an alternative to the KL divergence, we consider in this paper
other methods to estimate the level of dependency between {x*,y*}
and y. More precisely, we consider a generalization of the KL di-
vergence to measure how similar p({x*,y*},y) is to p({x*,y*})p(»),
the a-divergence [17]. The a-divergence includes a parameter « that
influences the behavior of the divergence, trading-off evaluating dif-
ferences between each distribution at a single mode, and evaluating
differences globally [18]. We denote the resulting acquisition function
as Alpha Entropy Search (AES). AES relies on the evaluation of the
a-divergence between p({x*,y*},y) and p({x*, y*})p(y). Unfortunately,
such a divergence is intractable. To address this problem, we describe
a simple and efficient method to approximate its value and hence the
corresponding acquisition function. Of course, changing « results in dif-
ferent acquisition functions. Notwithstanding, empirically, we did not
observe a value for « that gives overall good results. In consequence, we
suggest considering simultaneously a range of values for a, resulting in
a weighted combination of acquisition functions. Such a method can
be seen as an ensemble that combines several acquisition functions
to obtain a final acquisition function, in a similar way as machine
learning ensemble methods combine several individual predictors to
obtain a more robust aggregated predictor [19]. This avoids relying
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on a single a value which may omit relevant information, since a
influences the sensitivity of the divergence to the mismatch between
probability distributions in different regions of the input space. We
have evaluated this combination across several experiments, including
synthetic, benchmark, and real-world problems related to the tuning
of the hyper-parameters of deep neural networks. These results show
that, in general, the proposed method based on the a-divergence, gives
similar or better results than other information-based BO acquisition
functions.

The organization of the paper is as follows: first, we include a sec-
tion where we give fundamental details about information-based BO.
Next, another section explains the analytical details and the method-
ology of our proposed approach, the AES acquisition function and the
associated ensemble method. We continue with a section about related
work, where we emphasize the similarities and differences between our
proposed method and other related methods that have been published
in the BO literature. Afterward, we include a section where we give
empirical evidence of the performance of AES with respect to other
information-based acquisition functions in synthetic, benchmark, and
real-world experiments. Finally, we end the manuscript with a section
summarizing the conclusions.

2. Information-based Bayesian optimization

For clarity, we begin this section by illustrating the fundamentals
of information-based BO, to further introduce the proposed acquisition
function, AES, in the next section.

We begin with a short description of the vanilla BO algorithm. As we
have briefly described in the introduction, BO is a class of methods that
optimize black-box functions [3]. In particular, the algorithm receives
as an input an initial dataset D, = {(x;, y,.)}:'zl , where each x; represents
the initial input space points in X and y; denotes the associated noisy
observation of the objective value at x;. This dataset is chosen at
random from X. Then, a probabilistic surrogate model, such as a Gaus-
sian process (GP) fits the initial points in D, to model the underlying
objective function f(-) [5]. Afterward, we enter a loop where, at each
iteration 7, the algorithm selects the next candidate point to evaluate x,
by maximizing an acquisition function a(x). This acquisition function
balances exploration and exploitation of the objective values [4]. The
acquisition function uses the posterior predictive distribution of the
GP for the values of f(-) at each x, ie., p(f(x)|x,D,), to estimate the
expected utility of performing an evaluation of the objective at x. Then,
the objective function is evaluated at the maximizer of the acquisition.
That is, x, = arg max,.y a(x). This retrieves the noisy objective value
at x,. Namely, y, = f(x,) +¢,, where ¢, is assumed to be Gaussian noise.
Next, this new observation is added to the dataset of observed points,
D, = D,_;U{(x,, )}, and the GP model is updated with D,. We illustrate
these steps in Fig. 1. The process iterates for a predefined number of
steps or budget T, and when the execution finishes, then it returns
the point x, with the best associated value y, in the noiseless setting.
In the noisy setting, we may use the GP to remove the noise around
each y, first. We summarize the steps of the described BO algorithm
in Algorithm 1. Importantly, the GP and the acquisition a(-) are very
cheap to evaluate and maximize, respectively, since they do not imply
evaluating the actual objective. Thus, the extra time that the process
described introduces can be considered negligible compared with the
cost of evaluating the objective each time, which is assumed to be
extremely expensive. Because of the intelligent decisions made when
choosing each evaluation point, BO methods often perform much better
than a random exploration of the input space [1].

When a GP is used as the underlying probabilistic model in BO, it
is assumed that the objective function f(-) is a sample from such a
GP. As a consequence, at any location x € X, the distribution of the
potential values of the latent function f(-) at x, conditioned on the
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Fig. 1. GP fit of the objective function (top of images) and the associated acquisition functio:
Black points are observations, and the red point is the last evaluation performed (ie., the
process as iterations are carried out (fromz =3 to t=5) and how the GP and the associated

current observations D,_; = {(x,-,y,-)};'zl, ie, p(y|x,D,_;), is Gaussian,
with mean y,(x) and variance v, (x)
1,(%) = K, ()" (K, + 0Dy,

0,(x) = k(x,x) - k,(®) (K, + °D) 7'k, (x),

(2)
3

where k,(x) is a vector of cross-covariance terms between f(x) and
{f&xp,.... f(x,)}; K, is the n X n covariance matrix between each
(f(x)), ..., f(x,)}; k(x,x) is the prior variance of f(x); and ¢ is the
variance of the noise. See [5] for further details. All these covariance
values are computed in terms of a covariance function (-, -), which in

n (Expected Improvement [4]) built using the predictive distribution of the GP (down).
maximizer of the acquisition function in the previous iteration). We can see the BO
acquisition function guide the search for the optimum.

the case of BO is often set to be the Matérn covariance function [1]. All
GP hyper-parameters such as length-scales, the variance of the noise,
etc. are tuned, e.g., by maximizing the marginal likelihood [5].
Information-based BO methods use concepts from information the-
ory to estimate the acquisition function a(x) [12-16]. Concretely, they
use the notion of information gain to guide the selection of the next
query point x, to reduce the most the uncertainty about the objective
global maximum. Uncertainty can be measured in terms of the entropy.
In other words, one seeks the point whose evaluation maximizes the
expected reduction of the entropy about some random variable that is
related to the extremum, which, e.g., can be the location of the optimum
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Algorithm 1 Bayesian Optimization Vanilla Algorithm

1: Input: Initial dataset D, = {(x;,,)}"°

i=1’

function a(-), number of iterations T

GP prior p(f), acquisition

2: Fit Gaussian process model to D,

3: forr=1to T do

4: Select next query point x, = arg max,cy a(x)

5: Evaluate the objective function y, = f(x;,) + ¢, where ¢, ~
N(0,0?)

6: Augment the dataset D, = D,_; U {(x;,¥,)}

7: Update Gaussian process model with D,

8: end for

9: Output: The best point found x;, where i = argmaxy;, in the

noiseless setting.

in the input space x* or its associated value y*. These quantities can
be regarded as random variables since the GP imposes a probability
distribution on the objective values, and hence on the global optimum
of the objective. The logic behind the process is to iteratively minimize
the entropy of these quantities through evaluations that maximize
the expected reduction of their entropy. Low entropy means a bet-
ter knowledge of the values that the random variable can take. The
current information about {x*,y*} can be estimated in terms of the
negative differential entropy of the distribution p({x*, y*}|D,_,), where
D,_, is the dataset of observations and evaluations performed so far.
Such a distribution is fully specified by the GP model. Specifically, in
Joint Entropy Search (JES) one selects x, by maximizing the following
expression [15]:

a(x) = H[p({x*, y*}|D,_D] = Eyyp,_, o Hp({x*, y*}D,_; U {(x, M),
(€]

where H[-] denotes the differential entropy of the associated probabil-
ity distribution; the first term in (4) is just the entropy of the solution
of the optimization problem at the current iteration; and the second
term in (4) is the expected entropy after observing y at x. Of course,
we do not know the actual value of y. However, as described previously,
the GP gives a predictive distribution for its values given the observed
data. Namely, p(y|D,_,,x), which is Gaussian with mean given by (2)
and variance given by (3) plus the noise variance 62, to account for the
fact that y is a potential noisy version of f(x).

A limitation of the approach described is that (4) is too complicated
to evaluate in closed-form, which makes difficult its practical use. To
overcome this difficulty, in [15] it is suggested to use the fact that (4)
is the mutual information between {x*,y*} and y, I({x*,y*};y). The
mutual information is symmetric and one can swap the roles between
{x*,y*} and y to obtain an alternative but equivalent expression to
(4 [12]:

a(x) = HIp(y|D,_1. %] = Epxr o) o, [HPOGHX* Y 1. D101, (5)

where now the first term in (5) is just the entropy of the predictive
distribution at x given the observed data; the expectation in (5) can be
simply approximated by Monte Carlo by sampling {x*,y*} given the
current observations; and H[p(y|{x*,y*}, D,_;,x)] is the entropy of the
predictive distribution at x given that {x*,y*} is the solution to the
optimization problem.

Approximately sampling {x*,y*} from the GP predictive distribu-
tion is tractable. This can be done using a random Fourier feature
approximation of the GP to sample functions from the GP poste-
rior [12]. These functional samples can then be optimized to obtain an
approximate sample of {x*, y*}. The distribution p(y|{x*, y*},D,_;,x) is
intractable. However, it can be approximated by a Gaussian distribution
by making use of a truncated Gaussian to estimate the distribution
of f(x) given that f(x) < y* [15]. This is precisely the approach
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followed in the BO framework BOTorch to evaluate the JES acquisition
function [20].

Finally, besides JES, there are other information-based strategies
suggested in the literature: entropy search [13,14], the first
information-based BO method; predictive entropy search [12], which
only consider the entropy of x*; and max value entropy search [21],
which only considers the entropy of y*. JES has shown similar or better
results than these strategies [15].

3. Alpha entropy search

As described in the previous section, the JES acquisition in (5) is
the mutual information between {x*,y*} and y, denoted I({x*,y*};y),
given the current observations collected so far D,_;. It is well known
that the mutual information can be expressed in terms of the Kullback—
Leibler (KL) divergence between probability distributions. To illus-
trate this, consider two distributions p(x) and ¢(x). The KL-divergence
between them is:

X
KL(p() Il 40) = / px)log 2 g, ©
q(x)
which is non-symmetric, non-negative, and equal to zero only when
p(x) = q(x). Thus, by taking a look at (6) we can see that we can write

(5) as follows:

a(®) = H[p(y|D,_1, )] = By o, [H [PGHX®, v}, Dy, 0)]]
=I({x*,y* Ly =1y {x*,y* D)
=KL(p({x*, y* },¥ID,_1.x) || p({x*,y*}ID,_)p(y|D,_;,X)). )

Appendix A shows the details of this identity. Note that (7) is just
the KL-divergence between a joint probability distribution p({x*,y*},
yID,_;,x) and the corresponding factorizing distribution p({x*,y*}
|D,_)p(y|D,_;,x) that assumes independence between y and {x*, y*}.
This allows to interpret the JES acquisition in the following way.
Specifically, (7) measures the level of dependency between y and
{x*,y*} at x in terms of the KL-divergence. The next point to evaluate
is thus the one maximizing this level of dependency. The idea is
that because of the strong dependencies between y and {x*,y*} at x,
observing y will give a lot of information about the potential values of
{x*,y*}, ie., the solution of the optimization problem, and will help
the most to solve it. In this work, we conjecture that other methods to
estimate the level of dependency between {x*,y*} and y may provide
better optimization results in some scenarios. With this idea in mind,
we propose to consider a different divergence between probability
distributions. Namely, the a-divergence, which is described next.

3.1. Amari’s a-divergence

The KL-divergence (6) can be generalized by replacing the natural
logarithm with the a-logarithm and multiplying it by «~! [22]. The a-
logarithm (also known as the Tsallis logarithm or the g-logarithm) is
defined as:

l-a _ 1

log,(x) = = ®

l-a ’
with ¢ € R\ {1} and such that log,(x) — log(x) when a« — 1.
This substitution leads to Amari’s a-divergence between probability
distributions p(x) and q(x) [17], which is defined as:

D, (p(x) || g(x)) = - <1 - / q(X)l_“P(X)"dX> , (©)]
(1 -a)a

for « € R\ {0,1}. This divergence is also non-negative and only
equal to zero when the two distributions coincide. Amari’s divergence
is parameterized by a, which adjusts the sensitivity to different regions
of the probability distributions, allowing us to control the emphasis of
the divergence on specific differences between p(x) and g(x).

In Fig. 2 (top-row), we illustrate how varying a affects the behavior
of Amari’s divergence. The figure shows the results obtained when
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minimizing D,(p(x) || ¢(x)) when p(x) is a multi-modal distribution
and ¢(x) is a Gaussian distribution. For better visualization purposes,
we have considered a version of the a-divergence that applies to un-
normalized distributions [18]. When using this version, the optimal
parameters for the mean and the variance of the Gaussian are the same
as those obtained when optimizing (9). The only difference is found in
the constant that multiplies g(x). The behavior of the a-divergence with
respect to @ can be summarized as:

a — —oo: The divergence emphasizes capturing one of the modes
of p(x).

a — 0: The divergence converges to the reversed Kullback-Leibler
divergence KL(g(x) || p(x)):

lim Dy (p(x) || (x)) = KL(g(x) [| p(x)

At this point, g(x) starts to capture more of the narrow mode of
p(x).

a = 0.5: g(x) captures slightly more of the narrow mode of p(x)
compared to when a — 0. In this case the a-divergence is equal
to the Hellinger distance:

2
Dys(p(o) I q(x) =2 / (VPG - vat) dx

a — 1: g(x) captures even more of the narrow mode of p(x)
compared to a = 0.5. The divergence converges to the direct
Kullback-Leibler divergence Dy (p(x) || g(x)):

lim D, (p(x) [l 9(x)) = Dier,(p(x) Il 4(x))

a — oo: In this limit, the divergence encourages g(x) to cover the
full distribution p(x).

Thus, by adjusting «, we can control how the divergence trades-off
evaluating differences between the distributions at a single mode, and
evaluating differences between them globally, as illustrated by Fig. 2
(top-row).

Fig. 2 (bottom-row) shows the results obtained when minimizing
D,(p(x) || ¢g(x)) when p(x) is a bi-variate Gaussian distribution with
strong dependencies and ¢(x) is a factorizing bi-variate Gaussian. For
better visualization, here, we guarantee that each distribution inte-
grates to 1 and we directly optimize (9). Again, we observe that when
a — 0, g(x) captures just the mode of p(x). By contrast, when « — 1, the
divergence encourages g(x) to cover more of the full distribution p(x).
Summing up, « has a strong influence on the behavior of the divergence
and determines in which regions of the input space the differences
between the two distributions are measured.

In most practical applications of a-divergences for approximate in-
ference, only values of « in the interval (0, 1) are considered, allowing to
interpolate between the two KL-divergences described above [23,24].
Therefore, in this work, we only consider such a range of values for
a. Note that considering different values of a will result in different
acquisition functions for BO.

We expect that by replacing the KL-divergence of JES with a more
general divergence, such as Amari’s a-divergence, we will be able to
adjust a and modulate the weight given to the discrepancies between
distributions across different regions. Specifically, different values of «
will amplify or down-weight differences across different areas of the
input space, leading to a hopefully better way, in some scenarios, of
exploring the objective function towards its optimum. This substitution
gives us the following acquisition function:

anps(®) = D (0(y, {x*, y*}ID,_ 1, %) || p(X*, y*} Dy, )0y Dy, X))
— 1 1D, x x5y ) \ ¢
- (1-a)a (1 - Ep((x*,y'HD,,l) [/ p(yID'_l’X) (p - P(J’\ID¢—|vX)} ) dy]) ’
10)

Appendix B shows the detailed derivation. As is common with other
information-based BO methods, this expression is analytically
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intractable and requires approximation. Specifically, neither the expec-
tation in (10) nor the conditional distribution p(y|D,_;,x, {x*, y*}) can
be computed in closed-form. Therefore, in the next section, we outline
the specific approximations employed to evaluate and optimize the
resulting acquisition function.

3.2. Approximating the conditional distribution and the expectation

As described previously, the conditional predictive distribution
p(y|D,_;,x, {x*,y*}) is intractable. This distribution describes the po-
tential values that y may take at x given the data observed so far
D,_; and that {x*,y*} is the solution of the optimization problem.
Here, we adopt a similar approach as that of Joint Entropy Search
(JES) [15] to approximate such a conditional predictive distribution.
For simplicity, first, consider a noiseless evaluation setting, i.e., y =
f(x). To approximate p(f(x)|D,_;,x, {x*,y*}), we incorporate {x*, y*}
as extra data and use a truncated Gaussian distribution. Specifically, if
{x*,y*} is the solution of the optimization problem, f(x) cannot take
larger values than y*, and we know that f(x*) = y* must be fulfilled.
This last condition can be satisfied by incorporating the pair (x*, y*)
into the observed data D,_;, without observational noise. The trun-
cated Gaussian distribution guarantees f(x) < y*. More precisely, we
consider the Gaussian unconditional predictive distribution after incor-
porating (x*,y*) as training data. That is, p(f(x)|D,_; U{x*,y*}.x) =
N (f (x)|m(x), v(x)), with the mean and the variance respectively given
by (2) and (3), and truncate the density above y* to zero. The mean
my(x) and variance v,.(x) of such a truncated Gaussian distribution are
given by:

mg(x) = m(x) — \/u(xﬁ((ff), an
2
D) = 0(x) [1 - ﬂ% - <%> ] : 12

where ¢(-) and @(-) are respectively the p.d.f. and c.d.f of a stan-
dard Gaussian, and f = (y* — m(x))/ \/ﬁ Again, this is only an
approximation to the intractable distribution p(f(x)|D,_;,x, {x*,y*}).

Consider now the noisy setting, i.e., y = f(x)+e¢. As indicated in [25],
taking into account the noise yields an extended skew distribution
that does not have a tractable density. Therefore, to account for the
noise and compute the conditional predictive distribution of y, we
approximate the truncated Gaussian with a Gaussian distribution, as
in [15]. Namely, p(f(X)|D,_, X, {x*,y*}) & N (f (X)|m(x), vx(x)). Now,
we only have to add the Gaussian noise to f(x). This results in a
Gaussian approximation of the conditional distribution of y. That is,
pYID,_1, X, {X*,¥*}) ® N (y|my(X), v(X) + 6%), where o2 is the variance
of the noise.

After approximating the conditional distribution, we need to evalu-
ate the integral in (10) with respect to y, so that we can estimate the
AES acquisition at x. This integral involves a product and a ratio be-
tween the predictive distribution conditioned to the problem’s solution
and the unconditioned distribution, to the power of a. Given that both
distributions are Gaussian (after the approximations described above),
we can evaluate the integral in closed form using the exponential form
of the Gaussian distribution:

pOID,_1, %, (X%, y*})
D,_,x) | =>——=b—> =7
/p(yl =t X)< p(YID,_1,%)

) dy = exp {(@ — D) — ag(r™)
+g((1 — ) +an™)},

13

where g(n) is the log-normalizer of a Gaussian with natural parameters
n, n are the natural parameters of p(y|D,_;,x), and n* are the natu-
ral parameters of the Gaussian approximation of p(y|D,_;,x, {x*, y*}).
Specifically,

m(x) 1

2 T
m
=0.5log(27) - 0.510 +0.5—, = — —
8t g@m & 1 1 ( v(x) + 62 v(x) + 02 >
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Fig. 2. (top-row) The Gaussian distribution g(x) is fitted to p(x) by minimizing Amari’s divergence with different values of . When a —» —co, a tries to match one mode of p(x),
and as a increases, g(x) starts covering more of the entire distribution. Finally, when « — o0, g(x) covers p(x) entirely. Reproduced from [18]. (bottom-row) A factorizing Gaussian
distribution ¢(x) is fitted to a multi-variate Gaussian distribution p(x) by minimizing Amari’s divergence with different values of a. When a — 1, ¢(x) has high density where p(x)
has high density, but not the other way around. Thus, ¢(x) tends to cover more of the entire distribution p(x). By contrast, when « — 0, p(x) has high density where ¢(x) has high
density, but not the other way around. Thus, ¢(x) tends to cover less of the entire distribution p(x).

mtr(x) 1

V(%) + 62 v (X) + 62 (14)

= ).

where m(x) and v(x) are given by (2) and (3), respectively, and where
m(x) and v (x) are given by (11) and (12), respectively. See Appendix
C for further details.

Furthermore, to approximate the expectation in (10), we generate
samples of pairs of optimal locations and optimal values {x*, y*} from
p({x*, y*}|D,_,) using a random features approximation of the GP [26],
as in [12,15]. Such a random features approximation allows to sample
functions from the GP posterior. These functions can be optimized
to obtain an approximate sample of {x*,y*}. This is a common and
efficient method often used in BO methods to sample from the posterior
distribution and obtain optimal values. Given the samples, the expec-
tation with respect to p({x*, y*}|D,_,) in (10) is evaluated employing a
Monte Carlo approach.

Using the approximations described in this section, the approximate
acquisition function of AES is given by:

S
Ipgs(xi0) = <1 -5 ;exp {(@ = Dg(m) - ag(n?)

+ g —a)n+an;‘)}>, 15)
where we have considered S samples of {x*,y*} to approximate the
expectation in (10) and #} are the natural parameters of the approx-
imate conditional distribution p(y|D,_;, %, {y},x}}), for the sth sample
of {x*,y*}, denoted {y},x}}. In (15), a is a free parameter that will
result in different acquisition functions. The accuracy of the proposed
approximation is validated by the results of the experiments carried out
in Section 5.1, where we compare the described approximation with the
exact acquisition computed using a Monte Carlo method.

When § — o and a — 1 one should expect that dpg(x) —
dyps(x), where djpg(x) is given by (7), when a similar approximation
is employed to that of AES. That is, p(y|D,_;. x, {x*,y*}) is also approx-
imated using a truncated Gaussian distribution and the expectation is
approximated by Monte Carlo. However, this need not be the case. The

reason for this is that when S — oo, dpgg(x) = KL(F(y, {x*,y*}|D,_1. %) ||
p({x*, y*}ID,_1, X)p(y|D,_;, %)), where p(y, {x*, y*}|D,_;,x) is an approx-
imate joint distribution that results from the ratio between the ap-
proximate conditional predictive distribution N (y|my(x), v (X) + 62) ~
p(y|D,_;,x, {x*,y*}) and the unconditioned predictive distribution
p(lex—laX)'

By contrast, in general, when .S — oo, we have that ajpg(x) »
KLGU{X*, y* 1, 9ID-1.%) || p({x*, y*}|D,_)p(y|D,_,x)). The reason is
that it is possible to show that in the JES approximate acquisition func-
tion, sometimes the exact joint distribution is used p({x*, y*}, y|D,_;, X),
while other times the approximate joint distribution p({x*,y*},
yID,_;,x) is used instead. Appendix D provides the details of JES
that produce this behavior. Summing up, (15) results in a different
approximation to that of JES when « — 1. However, the differences
between both approximations are small according to our experiments.

3.3. An ensemble of acquisition functions

The acquisition function of AES, given in (15), depends on the
parameter a. The selection of a value for such a parameter is non-
trivial, as it affects the divergence, and hence the acquisition function.
Specifically, different values of « may yield better or worse optimiza-
tion performance, depending on the particular optimization problem.
Moreover, in our experiments, we did not observe a particular value
for « that generally performs better than the JES acquisition function.

Motivated by the aforementioned result and by the fact that we
would like to avoid choosing specific values for «, we investigate here
the possibility of considering simultaneously a range of values for
a € (0,1). The result is an ensemble of acquisition functions, whose
optimization results are expected to be better than those of the JES ac-
quisition function. In particular, we consider eleven values for a equally
spaced in the interval (0, 1), where the first value is equal to 0.001 and
the last value is equal to 0.999. This range of values has been employed
before in the literature of approximate inference and provides good
coverage of different a values [23,24,27,28]. Moreover, the value a =
0.999 results in the direct KL-divergence, which should provide similar,
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but not exactly the same results (for the reasons given in the previous
section) to those of the JES acquisition function. The value a = 0.001 is
expected to result in the reversed KL-divergence. The range of values of
a considered interpolates between these two divergences. We restrict to
a € (0, 1) since, empirically, values outside (0, 1) often lead to numerical
instabilities in the computations. This is particularly the case as a
approaches —oo or exceeds 2. Furthermore, according to preliminary
experiments, considering other values for « did not result in improved
results. Last, in our ensemble of acquisition functions, we normalized
each acquisition function by its maximum value, to give equal weight in
the ensemble to each value of a. Specifically, the ensemble acquisition
function is:

Gens(®) = Y, ——ings(x: ). )
ael’ We

where dapg(x; a) is given by (15), I' is a set with the 11 different values
of « considered, and w, = Gaps(x% ;@) with x% = arg max, dapg(X; @).
Importantly, in each of the 11 different acquisition functions, we use
the same S samples of {x*,y*}, which are generated only one time
instead of 11 times. Thus, the overhead of sampling {x*,y*} in this
acquisition function is the same as that of JES.

Note that in (16) we normalize each different acquisition func-
tion by its maximum value. This is expected to make all acquisition
functions have a comparable scale even if we are not guaranteed to
find each a-divergence’s global maximum. Without this normalization,
divergences for small « can produce extremely large values, overshad-
owing acquisition functions with other values of a. By rescaling each
criterion into a similar range (between 0 and 1), each a-based acqui-
sition function has the same influence on the average. Furthermore,
preliminary experiments in which we consider an adaptive weight for
each a value following a similar approach to the one described in [29]
did not result in improved results over (16).

The acquisition in (16) is a combination of several acquisition
functions, in a similar way as machine learning ensemble methods com-
bine several individual predictors to obtain a more robust aggregated
predictor [19]. Notwithstanding, the principles of variance reduction
that are typically used to motivate the good performance of traditional
ensembles may not be directly applicable here. Nevertheless, (16)
avoids relying on a single « value which may omit relevant information,
since « influences the sensitivity of the divergence to the mismatch
between probability distributions in different regions of the input space.
By considering multiple a values, we expect to mitigate that sensitivity.
This is similar to how an ensemble of models can yield predictions
that are less sensitive to the peculiarities of any single model’s fit.
Namely, each acquisition function, for each « value, captures partially
overlapping but different information, so the final average is less de-
pendent on the choice of one particular a and is expected to perform
better. This improvement in optimization performance is observed in
our experiments, at least, with noiseless observations. This agrees with
previous results from the Bayesian optimization literature that show
that a portfolio allocation of acquisition functions is a robust approach
to address optimization problems [30]. Finally, while it is true that
we need not strictly optimize any single a-divergence by maximizing
(16), the maximum of the average is still expected to be a high-
informative point. The benefits of this approach are supported by the
results obtained in our experiments which show that the ensemble
method results in better solutions than those obtained by considering
any single value of alpha in the noiseless evaluation setting.

Fig. 3 (bottom) shows a comparison of the AES acquisition function
for different values of «, in a one-dimensional problem. The acquisition
functions of JES and the ensemble method described in the previous
paragraph are also displayed. For each acquisition function we also
show its maximum. For the sake of visualization, each acquisition has
been normalized so that its maximum is equal to 1. Fig. 3 (top) shows
the predictive distribution of the GP and the location in the input space
of the generated samples of {x*, y*}. Here, we considered 32 samples of
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Table 1
Average number of local maxima for each method
over 100 repetitions.

Method # of local maxima
JES 17.60+0.56
Ensemble 12.53+0.49

{x*, y*} and a noiseless setting. The figure shows that AES for « = 0.999
gives similar values to JES, as expected, but not exactly the same ones.
The reason for this is given in the previous section. We also observe
that the peaks, i.e., local maxima of JES and AES, for large values of «,
often occur at the locations where the samples of {x*,y*} are found.
This makes sense for JES since the entropy reduction is maximum
there. Specifically, observing {x*,y}} reduces the predictive variance
to almost zero at x} in the noiseless setting. Since AES is approximating
JES for larger values of «, a similar behavior is expected for AES
in such a setting. Thus, both acquisition functions generate peaks at
the sampled points, effectively making both methods equivalent to
Thompson Sampling when we only consider one sample of {x,y¥} [3].
We observe that the number of local maxima is significantly reduced
for AES, for smaller values of a, and also for the ensemble acquisition
function.

The difference between the number of local maxima in the ensemble
acquisition function and the number of local maxima in the acquisition
function of JES is statistically significant, as shown in Table 1. This
table displays the average number of local maxima for each acquisition
function across 100 repetitions of the previous experiment. In each
repetition, S different sets of samples of x*,y* are generated. The
average number of local maxima for AES, with smaller values of « (data
not shown), is also significantly lower than that of JES. However, in our
experiments, these smaller « values did not significantly outperform
JES in real-world problems; they only did so in synthetic problems. In
practice, finding the global maximum is challenging, since optimization
algorithms often converge to local minima. By averaging over a, the
ensemble acquisition function becomes less rugged than when using «
values close to 1.0, although not as smooth as when using « values near
0.1, as illustrated by Fig. 3. We believe that the averaging approach of
the ensemble method yields a more robust acquisition function with
fewer local maxima (a beneficial side effect) in the noiseless setting.
Appendix E presents a similar analysis in the noisy setting, where
the effect of local maxima is less pronounced because the presence of
noise prevents the predictive variances at each x* from approaching
zero.

In the experiments described in this section we have considered the
global maxima of each individual acquisition, for each value of «, for
normalization in Eq. (16). This is feasible since the optimization prob-
lem only has one dimension. In practice, however, only local maxima
are guaranteed to be found using, e.g., gradient ascent. Appendix F
includes extra experiments where we analyze the impact of considering
local maxima for the normalization weights in Eq. (16). The results
obtained indicate that the impact of local maxima is small leading only
to small changes in the weights of each individual acquisition function.
The final aggregated ensemble acquisition function, however, remains
similar and also has a significantly smaller number of local maxima
than the acquisition function of JES, in the noiseless setting.

Finally, we note that the computational cost of AES for a partic-
ular « is the same as the one of JES because both methods use the
same approximation to calculate the conditional predictive distribution
pID,_.x, {x*,y*}). Therefore, the cost of evaluating the ensemble
acquisition function is O(|I'|.S), where |I'| is the number of a values
considered (eleven in our setting) and S is the number of optimal
samples of {x*,y*} generated. The ensemble method has to add to
this cost the overhead of having to optimize each individual AES
acquisition function, for each value of «, to obtain the individual
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Fig. 3. (bottom) Comparison of AES for different « values, JES and the ensemble acquisition function. We also display the maximum of each acquisition function. (top) Predictive
distribution of the GP and generated samples of {x*,y*}. The acquisition functions have been normalized so that the maximum is equal to one for better visualization. Best viewed

in color.

maxima described in (16). However, our results show that, in practice,
the ensemble approach is only 3-6 times more expensive than JES. The
total optimization cost is not 11 times higher than that of JES because
the optimization of the acquisition function is only one step of the BO
algorithm (see Algorithm 1). Specifically, the ensemble method only
fits the GP model once, not 11 times, and it only generates samples of
the optimum {x*,y*} once, not 11 times. Thus, the cost of sampling
{x*,y*} is the same for both JES and the ensemble method. One
may argue that since the ensemble method is more expensive than
JES, one could increase the number of samples .S in JES, at the same
computational cost, to obtain better results. However, our experiments
show that, in a noiseless evaluation setting, increasing S in JES does
not lead to better results (see Fig. 7).

4. Related work

After introducing our proposed method, AES, and the associated
ensemble method, we describe in this section related techniques from

the literature and highlight the main differences of AES with respect
to them. We particularly focus on information-based BO acquisition
functions since our method falls in that category. Moreover, there
is empirical evidence that information-based BO acquisition functions
provide, in several problems, better results than other classical acqui-
sition functions such as Expected Improvement or Upper Confidence
Bound [12,14,15].

The Entropy Search (ES) strategy was considered first in [13],
where the direct reduction of the current entropy of x* given the
observed data was targeted. Since the estimation of the entropy of x* is
intractable, an expensive sampling-based strategy based on discretizing
the input space using a grid was considered. This method is practical,
but makes difficult the direct optimization of the acquisition function. A
set of candidate points has to be used. Furthermore, it is based on con-
sidering only the entropy of x*, completely ignoring y*. Additionally,
it does not consider the fact that the acquisition function is the mutual
information between y and x* and does not swap these two variables to
simplify its expression, resulting in a complicated acquisition function.
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In [14] an alternative approximation of the ES acquisition function
was considered. Instead of relying on a discretizing and sampling
approach, as in [13], the expectation propagation (EP) algorithm was
proposed to estimate the conditional entropy of x* after performing
an evaluation at a new candidate point. This resulted in an approxi-
mation of the acquisition that is complicated and difficult to evaluate,
although it provided gradients, unlike the approximation in [13]. This
enables the use of gradient-based optimization algorithms to maximize
the acquisition. In any case, the method still considered only x* and
ignored y*. Furthermore, it did not simplify the acquisition using the
mutual information trick we consider here, which allows to swap x*
and y.

In [12] it is proposed to simplify the expression for the acquisition
function of ES by swapping x* and y, as a consequence of the symmetry
of the mutual information. The resulting acquisition function is known
as Predictive Entropy Search (PES). PES results in a much simpler ex-
pression for the acquisition function than the one in [14]. The difficulty
is still found in approximating the conditional predictive distribution
given a sample of x*. The samples of x* are obtained by optimizing
functions generated from the GP posterior. For this, a random feature
approximation of the GP is used. To approximate the conditional
predictive distribution, again, the EP algorithm is employed. EP is
expensive and consists in approximating with Gaussians several non-
Gaussian factors introduced to guarantee compatibility with the sample
of x*. PES ignored the value of y*. Empirical evidence shows that PES
performs much better than ES.

In [21,31], it is considered the entropy of the optimum in the output
space, y*, instead of the optimum in the input space, x*. Specifically, it
is suggested to select the next evaluation as the one that minimizes the
expected entropy of y* the most. This method is known as Max-value
Entropy Search (MES). As in PES, the acquisition function is simplified
using the mutual information trick. The main advantage of MES is that
the conditional predictive distribution has to be computed with respect
to y*, instead of x*, which significantly simplifies the evaluation of the
acquisition. Specifically, given a sample of y*, such a conditional dis-
tribution can be approximated using a truncated Gaussian distribution.
MES gives similar to or better results than those of PES and performs
better with respect to the number of samples of y* [21].

MES is computationally expensive due to the fact that it requires
sampling the optimum of the optimization problem at each step using
a random features approximation of the GP. Furthermore, such an
approximation is only valid for particular GP covariance functions. The
Fast Information-theoretic Bayesian Optimization (FITBO) [32] is an
alternative approach that avoids sampling the global optimum. For
this, extra approximations are introduced, based on expressing the
unknown objective function in a parabolic form. This introduces an
extra hyper-parameter, but circumvents the process of sampling the
global minimum. After more approximations, the entropy reduction
of FITBO is purely analytical, being computationally fast. FITBO also
considers the expected reduction in the entropy of y*, as MES.

There are some methods proposed to alleviate some limitations of
PES and MES. For example, the Trusted Maximizers Entropy Search
(TES) method [33] reduces the overall cost of PES. TES selects the
next point to evaluate from a finite set of trusted maximizers. These
trusted maximizers are inputs optimizing functions that are sampled
from the GP posterior. Evaluating TES requires either only a stochastic
approximation with sampling, or a deterministic approximation with
EP. TES provides similar or better results than those of PES at a smaller
computational cost.

We believe that the described improvements of MES and PES are
orthogonal to our work and they could in principle be also used in AES.

Another improvement is the rectified version of MES (RMES) [25],
which solves known issues of MES in the noisy setting, where the
conditional predictive distribution is a truncated Gaussian random vari-
able that, when contaminated by Gaussian noise, lacks a closed-form
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density. RMES addresses this issue by obtaining a closed-form density
for the conditional distribution using the reparametrization trick. RMES
gives similar or better results than MES. As described in Section 3.2, in
our experiments, in the noisy evaluation setting, we use the approxima-
tion of the conditional predictive distribution introduced in [15]. Such
a correction is also used in the implementation of MES that we use in
our experiments.

Recently, joint entropy search (JES) has been proposed as an im-
provement over MES and PES, presenting state-of-the-art optimization
performance [15,16]. Concretely, this approach considers the entropy
over the joint distribution of both the global optimum in the input space
and the output space. Namely, {x*, y*}. The acquisition function simply
chooses the next point to reduce the most the expected entropy of that
random variable. The expression for such an acquisition is simplified
using the mutual information trick, by swapping {x*, y*} and y, and the
conditional predictive distribution is approximated by a Gaussian with
the same moments of a truncated Gaussian distribution contaminated
by Gaussian noise (in the noisy setting). JES gives similar or better
results than those of MES and PES [15].

All the strategies described so far in this section result in an ac-
quisition function a(x) that estimates the mutual information between
the solution of the optimization problem (i.e., x*, y* or {x*,y*}) and
y, the observation at x. As described in Section 3, this can be shown
to be equivalent to the Kullback-Leibler (KL) divergence between two
probability distributions. By contrast, the proposed strategy AES, and
the associated ensemble method, replace this divergence with the
more general a-divergence [17], which includes a parameter a. The a-
divergence generalizes the KL-divergence. Specifically, the a parameter
can be used to give higher importance to particular differences among
the probability distributions, and when « — 1, it results in the regular
KL-divergence used in ES methods.

We are not aware of the use of a-divergences in the context of
BO. However, the use of Shannon’s entropy in ES has been general-
ized in [34] to a broader class of loss functions that result in other
acquisition functions from the literature such as Knowledge Gradient
or Expected Improvement. For this, it is suggested the use of decision-
theoretic entropies parameterized by a problem-specific action set .4
and a loss function #. In the case of ES, the loss is the negative
logarithm, and the action set contains the GP posterior distribution. In
spite of this, there is not a clear and direct way of using the framework
of [34] to obtain the acquisition function of AES or the ensemble
method we propose here.

In the literature, there are several works that have used «
-divergences for approximate Bayesian inference. These works also
consider values of « in the interval (0,1). In particular, in [23] the
approximate minimization of a-divergences is used to approximate
the posterior distribution of Bayesian neural networks (NN) with a
Gaussian distribution. The method is known as Black-box alpha. The
results obtained show that intermediate values of a, e.g., « = 0.5, lead
to better results than other values of « that result in the approximate
minimization of the KL-divergence. The minimization of a-divergences
in the context of dropout for approximate inference in Bayesian NN
is explored in [35]. A generalization of Black-box alpha is considered
in [24], where the approximate distribution is a flexible implicit
distribution obtained by letting some noise go through a deep NN. The
results obtained show that, in general, larger values of « may lead to
better predictive distributions in the case of regression problems, and
smaller values of @« may lead to better test mean squared error. The use
of a-divergences to approximate the posterior distribution has also been
studied in the case of GPs for regression and binary classification [36],
GPs for multi-class classification [27] and deep GPs [28]. In such a
setting, one often observes that « ~ 1 tends to give better predictive
distributions, while « ~ 0 tends to minimize the test mean squared
error. The use of a-divergences for approximate inference in generative
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models has also been explored in [37,38], with superior results to those
obtained by the KL-divergence.

The use of several acquisition functions to solve an optimization
problem has been considered before. In [29] the authors propose a
strategy to sample from a pool of acquisition functions the one to use at
each iteration of the BO algorithm. The idea is to favor those acquisition
functions that lead to better results at each iteration and to penalize
those that do not. The resulting method is called GP-hedge. A limitation
is, however, that GP-hedge assumes there is an optimal acquisition
function in the pool of acquisition functions considered. Specifically,
GP-hedge does not combine the acquisition functions. We evaluated
GP-hedge via preliminary experiments and compared its performance
with respect to our ensemble method based on AES. The ensemble
method performed better, probably as a consequence of combining the
acquisition functions instead of simply choosing one among them at
each iteration according to some weights. Finally, in [30], entropy
search is employed to choose, at each iteration, the strategy from the
pool of strategies. This avoids the problem of choosing strategies based
on their past performance that was inherent in [29].

5. Experiments

In this section, we compare, across several optimization problems,
AES and the ensemble method with other strategies for BO. Namely,
we compare results with random search, and the acquisition functions
based on the KL-divergence described in Section 4, i.e., JES, MES,
and PES. Random search simply chooses randomly the next point to
evaluate. We also compare results with Expected Improvement (EI),
which is used as a base-line method [39]. We do not compare results
with other BO methods such as Upper Confidence Bound since several
works from the literature already compare them with PES, MES and
JES, showing better results in several optimization problems [12,15,
21]. In the ensemble method, we consider eleven values for a, ie.,
{0.001,0.1,0.2,...,0.9,0.999}. Our implementation of AES and the en-
semble method are available at https://github.com/fernandezdaniel/
alphaES. For the other acquisition functions, EI, PES, MES, and JES,
we simply used the implementation provided in BOTorch [20]. In all
problems, the goal is to maximize the objective. Minimization can be
simply achieved by optimizing — f(x).

In our experiments, we use S = 32 samples of the problem’s solution
to estimate the acquisition of AES, PES and MES. These samples are
generated using a random feature approximation of the GP, as de-
scribed in [12,26]. We use a Matérn 5/2 covariance function with ARD
and fit the GP via maximum marginal likelihood. These are standard
choices in BOTorch. In each optimization problem, unless indicated
differently, we use 10 randomly chosen initial observations of the
objective. This number of initial observations is expected to guarantee
that the maximum marginal likelihood approach used to fit the GP
does not result in overfitting. To maximize each acquisition, we use
L-BFGS-B with 1 restart and 200 points to generate the initial conditions
from which the starting point of the optimization is randomly chosen.
See [20] for further details. Preliminary experiments in which we
increase the number of restarts and the number of points used to
generate the initial conditions give similar results when comparing the
different methods. See Appendix H. We report average results across
100 repetitions of the experiments with different random seeds and
show the corresponding error bars. At each iteration, the BO method
recommends the best observation, in the noiseless setting. In the noisy
setting, we recommend the observation with the best predictive mean.
This is done to remove the observational noise. In general, this gives
better results than optimizing the GP mean to make a recommendation.

5.1. Quality of the approximation of the acquisition function

We investigate in this section the accuracy of the approxima-
tion of the AES acquisition function suggested in (15). For this, we

10

Knowledge-Based Systems 322 (2025) 113612

compare in a 1-dimensional toy problem the AES acquisition function
with the exact acquisition function it targets, estimated using a more
accurate Monte Carlo method. The « values considered for AES and
the exact method are the same for comparison. Since the problem is
one-dimensional, the calculation of the exact acquisition is feasible.
Specifically, for each sample of {x*,y*}, {x¥,y}}, the conditional den-
sity p(y|D,_;. %, {y},x}'}) is estimated using a kernel density estimator
on samples from the GP posterior at x that are compatible with {x}, y¥}.
The integral with respect to y in (10) is estimated using quadrature,
since it is one-dimensional. We consider a large number of samples S =
6000 of {x*,y*} to approximate the expectation in (10). No significant
changes are observed above that number of samples. Note that these
operations are significantly more costly than the evaluation of AES via
(15) for any value of a, and become intractable in general. However,
they are expected to give a good estimate of the AES acquisition func-
tion in this simple problem. We also compare the ensemble acquisition
function described in (16) with the exact ensemble acquisition function,
estimated by a weighted average of the exact AES acquisition for the
11 values of a described above. For simplicity, we assume a noiseless
evaluation setting.

Fig. 4 (top-left) shows the GP predictive distribution for the objec-
tive and the observed data considered. From (top-right) to (bottom-left)
we compare, for a representative set of values for a, our proposed ap-
proximation of the AES acquisition function with the exact acquisition
estimated as described above. We observe that the exact method and
the proposed approximation are very similar and have the local maxima
near the same locations. However, it is possible to observe that the
proposed approximation tends to underestimate the exact acquisition
function and that the approximation is worse for values of a closer to
zero. The under-estimation of the exact acquisition function has also
been observed in other information-based strategies for BO such as
PES [40,41]. We also observe that changing the value of a has an
impact on the shape of the acquisition function in particular regions
of the input space (i.e., when x > 4). Fig. 4 (bottom-right) compares
the proposed approximation for the ensemble acquisition function with
the exact acquisition function. We observe that the exact method and
the proposed approximation are almost identical in this case, sharing
the same local maxima and minima, with only small differences at
particular points of the input space.

Appendix G includes extra experiments comparing the quality of
the proposed approximation with the exact acquisition function when
using only S = 32 samples in the approximation. This is the number
of samples employed in our experiments. The results obtained indicate
that with such a small number of samples the proposed approximation
is still similar to the exact acquisition, for most values of «, and also
for the ensemble acquisition function.

5.2. Synthetic experiments

We carried out several synthetic experiments in which the objective
is sampled from a GP and hence there is no model bias. We consider
4 experiments with a different number of input dimensions. Namely,
4, 6, 8, and 12 dimensions. In each experiment, we consider two
scenarios: one with noiseless evaluations and another with evaluations
contaminated by standard Gaussian noise with a variance of 0.1. We
consider 100 repetitions of the experiments and report average results
with the associated error bars. We assess the performance of each
method by measuring the relative difference (on a logarithmic scale)
between the recommendation’s value in the noiseless objective function
and the optimal value, relative to the number of evaluations performed.
The optimal value for each problem is found via gradient optimization
using a grid of size D x 10,000 to choose the starting point, where D is
the dimension of the problem.

Fig. 5 shows the results obtained by AES, for each value of « con-
sidered, and the ensemble method on the noiseless synthetic problems,
for each number of inputs dimensions in 4, 6, 8, and 12. We also report
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the results of EI, JES and the random search strategy. Among the BO
methods, the ensemble method consistently gives the best performance
with respect to the number of evaluations performed, followed by
AES for different values of a. By contrast, JES gives slightly worse
results followed by EI and the random search strategy, which is the
worst overall method. The fact that the ensemble method outperforms
AES for all values of a shows the benefits of the ensemble strategy.
Specifically, combining the different acquisition functions for a range
of values of « is better than using a single « value. We observe that in
the 4-dimensional experiment, the difference in performance between
the ensemble method and the other AES variants is smaller. However,
when the number of dimensions grows, these differences increase. We
believe that the differences are small in the first problem because
all methods reach the optimal solution. In the experiment with 6
input dimensions, the differences with respect to the ensemble method
become more significant. Here, AES variants also outperform JES, but

11

they converge after approximately 300 evaluations with minimal fur-
ther improvement. By contrast, the ensemble method still keeps giving
better solutions, on average, with extra evaluations. In the experiment
with 8 dimensions, a similar behavior is observed, but the differences
with respect to the ensemble method become larger. Additionally, here,
intermediate values of « within the range 0.2 < « < 0.5 perform slightly
better at the beginning than other AES variants. Finally, in the 12-
dimensional experiment, similar results are observed. The performance
of AES with intermediate values of « gives better results at the begin-
ning of the optimization process and outperforms JES. However, the
ensemble method obtains overall better results. In this problem, all
methods need more evaluations to reach closer solutions to the global
maximum.

Fig. 6 shows the results of each method on the noisy evaluation
setting, for each input dimensionality, i.e., 4, 6, 8, and 12 dimensions.
Again, random search exhibits the worst performance, followed by
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EL. Among the BO methods, there are no significant differences in
the problems with 4 and 6 dimensions. However, as the number of
dimensions increases, JES performs better than the other strategies.
Additionally, no single a value in AES is consistently better, and the
ensemble method performs similarly to the other a-divergence based
methods. We believe that these results could be explained because in
the noisy setting, the beneficial properties of the ensemble method are
smaller and the performance of JES is not impaired by local maxima in
the acquisition function. See Appendix E for further details.

These synthetic experiments illustrate the beneficial properties of
the ensemble method, which considers a range of values for «, when
compared to the AES method that exclusively considers a particular
value of a. Specifically, the ensemble method always performs similarly
or better than AES. Therefore, in the remaining experiments, we will
consider exclusively the ensemble method.

12

Table 2 displays the average execution time in seconds per BO
iteration for each method in the synthetic experiments in the noiseless
setting. Appendix [ shows similar results for the noisy setting. Note
that we do not include here the time of the RANDOM method since
it simply chooses at random the next evaluation. The fastest method is
EL whose cost is very low as it does not need to generate samples of the
optimum {x*, y*}, unlike the other strategies. On the other hand, the
methods that sample from the optimum (PES, and AES,_ 999) exhibit
comparable times. Notably, the ensemble method is the slowest, as
expected. The extra cost of the ensemble method is due to optimizing
the AES acquisition function for 11 different values of a. Remarkably,
this extra cost only results in the ensemble method being approximately
3—4 times more expensive than JES per iteration. The reason for this is
that computing the acquisition function is only one of the steps required
at each iteration. More precisely, there are other steps that are common
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Table 2
Average execution time and standard error per iteration (in s) in the noiseless synthetic
experiments.

4D 6D 8D 12D
EI 3,43210,058  4,279+0,201  5,866+0,206  7,139+0,319
JES 7,898+0,419  9,703+0,392  12,741+0,506  17,148+0,637
AES,_o1  7,385+0,308  9,483+0,452  12,650+0,558  17,512:0,594
AES, | 7,579+0,256  9,731+0,455  12,740+0,564  17,564:0,649
AES,_,, 7,682+0,242  9,052+0,396  12,682+0,489  17,859+0,818
AES,_,; 7,409+0,264  9,587+0,419  12,586+0,507  18,085:0,789
AES,_) 7,042+0,291  9,627+0,349  12,899+0,419  17,817+0,596
AES, 5 7,262+0,329  9,580+0,414  13,036+0,554  17,455+0,634
AES,_6 7,167+0,350  9,216+0,452  13,016+0,439  18,258+0,733
AES,_); 6,751+0,322  9,125+0,386  13,127+0,484  17,441+0,540
AES, 4 6,833+0,309  9,225:0,421  13,225:0,513  16,972+0,838
AES,_ 7,131+0,328  9,585+0,383  12,603+0,617  17,646+0,561
AES, g  7,062+0,307  9,868+0,439  12,523+0,498  18,701+0,712
Ensemble  30,097+1,233  36,985+1,463  42,338+1,266  51,836+1,994

to all methods, such as fitting the GP model and sampling {x*,y*}
(recall that the ensemble method uses the same samples of {x*,y*}
for each a value). Across all methods, the low standard errors indicate
that the execution times are quite stable, with particularly minimal
variability for most methods.

5.3. Impact of the number of samples

We investigate the impact of the number of samples S considered
in the performance of our ensemble method when approximating the
expectation in (15). For this, we consider the 4-dimensional and the
8-dimensional synthetic problems described before. We report the per-
formance of the ensemble method for increasing values of §, from 1
to 64. Recall that in such a method the generated samples are re-used
for each value of a considered. That is, we only generate S samples
once, instead of S samples for each value of a. We compare results
with JES for the same number of generated samples S. We consider
both a noiseless and a noisy evaluation scenario.

Fig. 7 shows the results obtained for each method and problem con-
sidered. Remarkably, in the 4-dimensional problem and the noiseless
setting, the performance of JES deteriorates as the number of samples
increases, whereas the performance of the ensemble method remains
very similar, independently of the number of samples considered. This
behavior of JES is mitigated in the 8-dimensional problem, where vary-
ing the number of samples yields similar results for all values of .S. In
the noisy evaluation setting, the performance of the ensemble method is
also little dependent on the number of samples considered. However,
the behavior of JES is a bit different and increasing S improves the
results.

We believe that the phenomenon in which the performance of JES
deteriorates as the number of samples .S increases, is related to the
large number of local minima in the JES acquisition, as described in
Section 3.3, and illustrated in Fig. 3. Specifically, as .S increases, JES
generates more local maxima in the acquisition function in the noiseless
setting. A large number of local maxima makes more it likely that the
optimization of the acquisition function is trapped in a sub-optimal so-
lution. This will force JES to explore more extensively the input space.
This behavior is good in high-dimensional problems, where extensive
exploration is necessary. However, in low-dimensional problems, this
excess exploration prevents JES from adequately exploiting solutions
in promising regions. By contrast, increasing the number of samples
does not have this detrimental effect on the ensemble method. Since
the number of local minima in the acquisition of the ensemble method
is smaller in the noiseless setting, its trade-off between exploration and
exploitation is expected to be less affected by S. In noisy problems,
the conditional distribution p(y|D,_;,x, {x*,y*}) does not have zero
variance at the sampled solutions. Therefore, JES does not have that
many local optima and the aforementioned behavior does not happen.
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Summing up, in the ensemble method S has little effect on the final
performance. By contrast, in JES, increasing .S slightly deteriorates or
gives similar results in the noiseless evaluation setting. In the noisy
evaluation setting, increasing S slightly improves the results of JES in
high-dimensional problems.

Appendix I shows the average cost per iteration of JES and the
ensemble method as the number of samples S changes. The results
obtained are very similar to those reported in the previous section.

5.4. Benchmark experiments

In the previous sections, we considered that the objective function
is generated from a GP. This means that there is no model bias and
the probabilistic model used in the BO loop can perfectly fit the
objective. In general, the objective need not be generated from a prior
GP and model bias can have an effect on the performance. Therefore,
in this section, we consider several benchmark functions that are often
used in optimization problems and that are not generated from a GP
prior. Namely, Hartmann-3D, Hartmann-6D, Styblinski-Tang-4D, and
Cosine-8D [42,43]. Note that each objective function is followed by the
number of dimensions it depends on.

Using the aforementioned objectives, we carry out experiments and
compare the performance of the ensemble method with that of JES,
PES, MES, and a random search strategy. We exclude AES for specific
values of « because the ensemble method consistently achieved equal
to or better results in the synthetic experiments. As before, we consider
both noiseless and noisy scenarios, contaminating observations in the
noisy setting with additive Gaussian noise with variance 0.1. Again,
we measure the performance of each method in terms of the relative
difference (in a logarithmic scale) between the objective at the recom-
mendation and the global maximum. We report average results over 100
repetitions of the experiments in which the initial observations differ.

The results obtained are displayed in Fig. 8. The figure shows that
the ensemble method achieves the best performance in 3 of the 4
objectives considered. In the noiseless setting, the ensemble method
is always equal or better than JES. In the noisy setting, JES performs
better than the ensemble method in Cosine-8D. In this problem the GP
model does not perform very well since the obtained solutions are the
furthest away from the optimum among the 4 problems considered.
Here, MES is the best performing method both in the noiseless and
the noisy setting. Random is the overall worst performing method in
each problem and setting, followed by EI and PES. The summary of
these experiments is that the ensemble method performs very well in
the noiseless evaluation setting and is competitive with state-of-the-art
methods for BO based on information theory. In the noisy evaluation
setting the benefits of using the ensemble method are smaller. These
results are compatible with the ones observed in the previous sections.

In these experiments, we also measured the average time required
per BO iteration by each method. The results obtained for the noiseless
setting are displayed in Table 3. Appendix I shows the results for the
noisy setting which are very similar to the ones reported here. We
observe that, again, the fastest method is EI. Among information-based
acquisition functions, MES is the fastest method followed by JES. PES
is slower than MES and JES probably as a consequence of having to run
the expectation propagation algorithm to approximate the conditional
predictive distribution at each iteration. Finally, the slowest method is
the proposed ensemble method, as expected. However, the ensemble
method is only approximately 4-6 times slower than JES, even though
it maximizes 11 different acquisition functions, one for each value of
a. Again, the reason for this is that computing the acquisition function
is only one of the steps required at each iteration. There are other
steps that are common to all methods, such as fitting the GP model
and sampling {x*,y*} (recall that the ensemble method uses the same
samples of {x*,y*} for each a value).
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Table 3
Average execution time and standard error per iteration (in s) in the noiseless
benchmark experiments.

Hartman3D Styblinskitang4D ~ Hartman6D Cosine8D
EI 2,090+0,076  3,067+0,095 4,485+0,179  4,742+0,198
PES 6,218+0,244  10,958+0,635 9,837+0,140  16,385+0,571
MES 4,125+0,166 5,820+0,251 7,581+0,244 8,538+0,326
JES 6,418+0,249 8,273+0,305 9,075+0,316 9,407+0,335
Ensemble  34,320+0,924  32,335+1,172 39,377+0,785  46,416+1,386

5.5. Real world experiments

We evaluate the performance of the ensemble method, JES, PES,
MES, and random search in real-world experiments. We do not compare
results with EI given that it did not perform very well in the previous
experiments. Here, we consider tuning five hyper-parameters of a
neural network for classification with two hidden layers. The hyper-
parameters considered are the number of hidden units in each layer,
the batch size, the amount of ¢, regularization, the learning rate, and
the number of training epochs. Again, we do compare results with AES
for specific values of « since the ensemble method performs similarly
or better in synthetic experiments. The network’s accuracy is estimated
using 5-fold cross-validation, and the optimization process is run for
200 iterations. As in the previous experiments, we report the perfor-
mance of each method as the relative difference (in a logarithmic scale)
between the objective at the recommendation, and the best objective
value observed (across each method). Here, we use 25 randomly chosen
initial observations. This number of initial observations is expected
to guarantee that the maximum marginal likelihood approach used
to fit the GP does not result in overfitting. We report average results
across 100 repetitions of the experiments. We consider 6 different
classification datasets extracted from the UCI repository [44]. Namely,
Pima, Image, Defects, Liver, Australian, and Ionosphere. Table 4 shows
the characteristics of these datasets.

Fig. 9 shows the results obtained. Note that in these experiments
the variability from one repetition to another is very large, which is
translated in high error bars and smaller differences among methods.
Furthermore, the performance of random search is very close to that
of the compared methods in some datasets. This indicates that the GP
could not be a very good model in these problems and that model
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Table 4
Characteristics of the UCI datasets employed in the experiments.

Dataset # Instances # Features # Classes
Pima 768 8 2
Image 2310 19 7
Defects 1109 21 2
Liver 583 10 2
Australian 690 14 2
Tonosphere 351 34 2

bias may play an important role. In spite of this, we observe that the
ensemble method generally achieves good performance results. Specif-
ically, it performs better than JES in Pima, Australian and Ionosphere,
although the differences are small. In the other datasets it gives similar
results to JES. The ensemble method is also, in general, comparable
to or slightly better than the other methods. The only exception is
the Ionosphere dataset, where MES performs better. However, MES
performs poorly on the Defects dataset, where it is outperformed by
random search. JES performs well on the Image dataset, but encounters
difficulties on Pima and Australian. PES consistently lags behind, being
the worst-performing information-based BO method. Finally, random
search performs the worst overall, especially in the Pima and Iono-
sphere datasets. Summing up, despite the noise in these experiments,
the ensemble method attains good results in these problems, achiev-
ing results that are similar and sometimes better than those of the
state-of-the-art.

6. Conclusions

This paper has introduced Alpha Entropy Search (AES), a method
for Bayesian optimization (BO) whose acquisition function formulation
is based on information theory. Specifically, AES generalizes previous
methods that aim at choosing the next evaluation point as the one that
is expected to minimize the most the entropy of the solution of the prob-
lem. AES measures the level of dependency between the objective at the
candidate point to evaluate, y, and the problem’s solution {x*, y*} both
in the input and the output space. For this, the a-divergence is used
instead of the typical KL-divergence of information-based methods. The
a-divergence has a parameter a that trades-off evaluating differences
between each distribution at a single mode and evaluating differences
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Fig. 8. Average logarithm relative difference between the objective at each method’s recommendation and the objective at the global maximum, with respect to the number of
evaluations. We show the results for the 3-dimensional Hartman problem, the 6-dimensional Hartman problem, the 4-dimensional Styblinski-Tang problem and the 8-dimensional
Cosine problem. We consider noiseless (left-column) and noisy observations (right-column). Best seen in color.

globally. We did not find a particular value of « that generally provided
the best overall results. Therefore, we considered an ensemble method
that simultaneously considers a range of values for a.

Our experiments in synthetic, benchmark and real-world problems
show that the ensemble method performs better than considering a
single value of a and that it provides competitive results with the state-
of-the-art methods for information-based BO. Namely, JES, MES and
PES. This is particularly the case in a noiseless evaluation setting. In
a noisy evaluation setting, however, the differences among methods
are smaller and our proposed method gives similar results to those of
the state-of-the-art. More precisely, one would decide to choose the
ensemble method or other alternatives in these situations:

» Noiseless problems: the ensemble method, most of the time,
outperforms JES, PES and MES. Only in Cosine8D we observe
MES to give better results.
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» High-dimensional or high-noise problems: in problems with di-
mensions higher than 8 or with substantial noise, the performance
of the ensemble method can be inferior to that of JES.

When the GP fails to model the objective: for example, in the
Cosine 8D experiment, MES performed particularly well while
the ensemble underperformed. This is most likely due to the
GP model failing to accurately capture properties of the true
underlying function, as evidenced by MES achieving only —2.9
after 300 iterations in the noiseless setting. This indicates that the
solution is still far from the optimum suggesting that the GP is a
poor model.

In the 5-dimensional real-world experiments, the ensemble method con-
sistently ranked as either the best or the second-best method, whereas
JES and MES exhibited greater variability. Summing up, these observa-
tions suggest that when the GP is a reliable model and noise is minimal
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Fig. 9. Average log relative difference between the objective at each method’s recommendation and the best objective value observed, with respect to the number of evaluations
performed. We present results for optimizing the hyper-parameters of a neural network on the datasets Pima, Liver, Image, Defects, Australian and Ionosphere. Best seen in color.

or moderate, our ensemble approach is the most robust option. By
contrast, in settings with high noise or higher dimensionality, JES or
MES might be preferable.

The computational cost of the ensemble method is larger than that
of the other information-based strategies since it involves 11 different
acquisition functions. This may be seen as a disadvantage. However,
our results show that the ensemble approach is only 3-6 times more
expensive than JES per iteration. The total optimization cost is not 11
times higher because the optimization of the acquisition function is
only one step of the BO algorithm. Specifically, the ensemble method
only fits the GP model 1 time, not 11 times, and it only generates
samples of the optimum {x*,y*} 1 time, not 11 times. Thus, the cost
of sampling {x*,y*} in JES and in the ensemble method is the same.
Moreover, in BO the bottleneck is always the evaluation of the ob-
jective function, which is assumed to be significantly more expensive.
Therefore, under this assumption, the larger computational cost of the
ensemble method with respect to the other strategies is negligible.

JES has a reduced computational cost than the ensemble method.
Thus, one may generate more samples S to obtain a better approxima-
tion of the acquisition. However, our results indicate that this is not a
useful strategy, at least in the noiseless evaluation setting. In particular,
the performance of JES may deteriorate with an increased number of
samples .S. We conjecture that the reason for this is the larger number
of local minima in JES with increasing S.

We believe that our method is very general and could be extended to
other settings. Specifically, in our work, we have exclusively considered
{x*, y*} as the solution of the optimization problem. However, one may
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also consider x* or y*, leading to AES generalizations of PES or MES,
respectively.

Finally, we would like to point out that our work allows us to better
understand information-based BO methods. Specifically, our analysis
shows that they simply measure similarities between probability distri-
butions in terms of a divergence, which is set to be the Kullback-Leibler
divergence. This interpretation allows us to change the divergence
employed by a more general one, i.e., the a-divergence. Moreover,
this may also enable the design of new acquisition functions and new
ways to approximate already existing acquisition functions based on
information theory. We believe this could be very relevant for the
community working in BO and that our work may act as a catalyst for
the exploration of new acquisition functions and new approximations
to already known acquisition functions.
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Appendix A. KL-divergence and joint entropy search

Here, we show that the acquisition function of Joint Entropy Search
(JES) is given by the Kullback-Leibler divergence between the condi-
tional distribution p({x*, y*}, y|D,_;,x) and the product of the marginal
distributions p({x*, y*}|D,_,) and p(y|D,_,,x):

KL(p({x*, y*}, ¥ID,_;, )| [p({x*, y* }ID,_ Dp(y| D, X))

aypg(x) =
p({x*, y*},¥ID,_1, %)

= * 7 LylD,_,,x) ] d{x*,y*}d

/p({x Y1 W log pU{x*, y*}ID,_)p(YID,_;, %) 5Ty

* pyH{x*,y*},D,_ I,XW
= [ p({x*,y"},yID,_;,x) 1o
/ O T P 01D )

/p( * ¥ 1 yIDy x) log p(y|{x*, y*}, D,y x)d {x*, y* }dy

—/p({X*,y*},yIDH,X)logp(lef,l,X)d{X*,y*}dy

= /p({X*,

= —/p({X*,y*}ID,_I)H [POHX*, ¥ L. D,y )] d{x*, y* Yy + H [p(yID,_,.%)]

¥ }LyID,_1, %) log p(y|{x*,y* ), D,_;, x)d {x*, y* }dy + H [p(y|D,_;.x)|

=H [P(,V|D,71s X)] = Epxe YD) [H [P(,V| x*,y*}1, Dy, X)” , (A1)

where we have used the product rule of probability and the fact that
p({x*,y*}|D,_,) does not depend on x. As in the main document,
H [p(y|D,_;,x)] is the entropy of the predictive distribution of the GP at
x, given the data already observed D,_;, and H [p(y|{x*,y*},D,_;,x)|
is the entropy of the conditional predictive distribution, at x, given the
data already observed D,_; and that the solution of the optimization
problem is {x*,y*}.

Appendix B. Derivation of alpha entropy search

In the main document, we propose replacing the KL-divergence
in JES with a more general divergence, Amari’s a-divergence. This
divergence includes the parameter «, which allows us to vary the
weight given to discrepancies between distributions across different
regions. Specifically, by adjusting a, we can amplify or down-weight
differences across various areas of the input space. This substitution
results in the following acquisition function:

D, (p(y, {x*, y*}ID,_, 0l p({x*, y* }ID,_1, )p(y| D,y X))

-
- [ (pUx*, y*}ID,_p(ID,_, %)) "p([X*,y*},yID,_.?X)”d{X*,y*}dy)
_ PUX* " 1D, X) “ x % )
= [ plix* A 1D, .)p(ym,..m) dix*.ytydy

_ PUX* " }yID, %) “
=By x yyp,y) [fl’(y'Dr 1 X)<p(X RZ )|D, DPUID, ,x)> dy])
POIX* ") Dyy XpUSE P HDT)
“}D,p) [/P(ymr 1 X)< WMD, 1:X) )
PYID,_ XXy )
p({(x*y*}ID,_y) [/ PUID1,%) ( p(yiD,,x-X) ) dy]) ’

As with other information-based BO methods, this expression is analyt-
ically intractable and requires approximation. In particular, neither the
expectation in B.1 nor the conditional distribution p(y|D,_;,x, {x*,y*})
can be computed in closed form. The approximation of the conditional
distribution is discussed in Section 3.2 of the main document, and in
Appendix C, we detail how to evaluate the integral in B.1. Again, we

apps(X) =

Y IDpOID, 0 (

1= By,

)

(B.1)
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have used the product rule of probability and that p({x*, y*}|D,_,) does
not depend on x.

Appendix C. Evaluating the integral in AES with respect to y

In this appendix, we show how to evaluate the integral:

p(yID,_l,x,{X*,y*})>“
D, ., — | dy,
/p(yl -1 X)( 20D, %) ¥

where p(y|D,_;,x, {x*, y*}) is approximated using a truncated Gaussian
distribution, as described in the main manuscript. This integral involves
a product and a ratio between the predictive distribution conditioned to
the problem’s solution and the unconditioned distribution to the power
of a. Given that both distributions are Gaussian (after the approxima-
tions described in the main manuscript) and that the Gaussian belongs
to the exponential family of distributions, we can evaluate the integral
in closed form using the exponential form of the Gaussian distribution.

First, recall that the density of a Gaussian distribution with mean u
and variance ¢ can be expressed using a natural parameters represen-
tation in terms of natural parameters 7, the vector of sufficient statistics
u(x), and a log-partition function g(z). Namely,

(Cn

Sl o) = ——exp (—("_” )2> =exp (nux) —gm),  (C2)
m 202
u 1\ " - -
where n = (;11 =L5.m= 6—,) , sufficient statistics are u(x) =
(x.~0.5x%)" and the log-partition function is g(n) = - + 1 log(2x) -

%log(nz). This notation greatly simplifies the evaluation of the afore-
mentioned integral.

Using the previous representation of the Gaussian distribution, we
can now focus on Eq. (C.1), which involves two different Gaussians,
where each of them can be converted into its natural parameter repre-
sentation in the following way:

pYID_1,X)
= exp (n7u(x) = gm) . PYID,_p, %, (x*,y*)) = exp (1" Tux) — (™))
(C.3)
where n are the natural parameter of the unconditioned predictive
distribution of the GP at x, and where n* are the natural parameters
of the approximate conditional predictive distribution at x, given that
{x*,y*} is the solution of the optimization problem. Now, we can
compute the ratio inside the integral as:

<p(yID,,1,X,{X*,y*})>" _
p(y|D,_,x)
= exp (a [ = u) - (c*) - g@)]) »
(C.5)

3

exp (1 Tu() - g )

(C.49)
gm)

exp (nTu(y) —

and substitute inside the integral also substituting the first factor
p(yID,_y.x) by exp (n7u(y) — g(17)), obtaining:

exp (n"u(y) — g@) exp (« [(* = m)Tu®) - (¢@r*) — gm)]) dy.

exXp 11T

u(y) — g + a(n* — n)"u(y) — a (g(n*) — gm) )dy

[eotr
/ eXP(nTu(y) g + an* Tu(y) — an"u(y) — ag(r*) + ag(n))dy
/ exp( (170 = an"u(y) + an* Tu(y) + (—gm) + agln) - ag(r*) )dy

exp(((1 = @ u() + an* Tu) + @ - Dg( - ag*) )dy

= exp ((a—l)g(n)—ag(n*))/CXP(((I—a)n+m1*)Tll(y))dy

= exp ((a — Dg(m) — ag™)) exp (g (1 — ) + an*))



D. Ferndndez-Sdnchez et al.

=exp ((a — Dg(m) —ag@*) + g (1 —a)n + an*)), (C.6)

where the last integral is simply given by the exponential of the log-
normalizer of a Gaussian, g(-) with natural parameters (1 — a)n + an*.
Summing up, we have obtained that:

pOID,_1, %, (x*, y*})
D,_,
/p(yl =t X)< p(YID,_1,%)

) dy = exp{(a— Dg() — ag(n®)
+g((L— o +an®},

(€7

where g(n) is the log-normalizer of a Gaussian with natural parameters
n, n are the natural parameters of p(y|D,_,.x), and n* are the natu-
ral parameters of the Gaussian approximation of p(y|D,_;,x, {x*,y*}).
Specifically,

m(x) 1

-
=0.51og(2 , s
0g(27) v(x) + 62 v(X) + 02 >

2
n

P —0.510gr]2+0.5’1—1, n= (
2

o = ( me(X) 1 )T
V(X)) + 062" vp(x)+062 /)
where m(x), v(x), m,(x) and v, (x) are respectively the mean and vari-
ances of the unconditional and conditional predictive distribution for
f(x), and 62 is the variance of the noise.

(C.8)

Appendix D. AES and JES approximations when a — 1

As explained in the main document, even when S — o and « — 1,
we have that dpg(x) » djpg(x), although this might not be obvious. In
this appendix, we provide the details for this result.

As shown in Appendix A, we can express the JES acquisition as
the KL-divergence between p({x*, y*}, y|D,_;,x) and the product of the
marginals p({x*, y*}|D,_;) and p(y|D,_;,x):

ayps(x) = KL(p({x*, y* }, yID,_1. 0l p({x*, y*}|D,_)p(y|D, ;. X))

p({x*,y*},y|D,_;,X)
p({x*,y*}|D,_1)p(y|D,_,X)

pOI{x*, y*}, D, ,XW
=/p<{x*,y*},y|D,_],x>log — o

d{x*,y*}dy

=/p([X*,y*},y|D,_],X)10g

dy
PUX*FHDDpID, 1. %)
=/p({X*,y*},yIDx_l,X)logp(yl{X*,y*},D,_I,X)d{X*,y*}dy
—/p({X*,y*},yIDH,X)logp(le,fl,X)d{X*,y*}dy
= H [pO|D, 1. %)] = By oy, [H [pO1HX"y" 1. D00 (D.1)

where the expectation has to be approximated by Monte Carlo using
S samples of {x*,y*} and the conditional distribution p(y|{x*,y*},
D,_;,x) is approximated using a truncated Gaussian, as described in
the main document.

On the other hand, in Appendix B we describe the AES acquisition
as Amari’s a-divergence between p({x*, y*}, y|D,_,,x) and the product
of the marginals p({x*, y*}|D,_,) and p(y|D,_;,x). That is,

apps(X)

= D, (p(y, {x*, y* }ID,_1, %) || p({x*, y* }|D,_;, X)p(y|D,_,, X))

=1 (1- Ay 1D\
T (-aa (1 Epctxe im0 [/p(ylb""x) (p((x',y*)ID,,I)p(,vIDFhX)) dy])'

(D.2)

Again, we cannot compute this expression analytically. The expectation
is approximated via Monte Carlo using S samples of {x*,y*}, and the
conditional distribution p(y|{x*,y*},D,_,.x) is approximated using a
truncated Gaussian, as described in the main document.

If the exact conditional distribution p(y|{x*,y*},D,_;,x) is used,
then AES and JES give the same result when S - o and « — 1. How-
ever, consider now the approximation of the conditional distribution
p(yI{x*,y*},D,_;,x) using a truncated Gaussian. Let that approximate
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distribution be p(y|{x*,y*}, D,_;,x). This step is common in both AES
and JES. In the case of AES, the corresponding approximate acquisition
is:

- _ 1 O1(x* 5% ) Decy X)
nes) = i (1 Bpne s [/ 01D (1550202 ) ] )
_ 1 PUX* .y }yID, 1 X)
= (o (1 Eptxey110,.0) [/p(yu), "X)(puxw*)m, DPOID, m) dy])
= D, (p(y, {x*,y* }ID,_;,x) || p({x*, y*}ID,_1,X)p(¥|D,_;, X)), (D.3)
where
PUX*, y* ), yID,_ 1, %) = pOyI{x*, y* }, D,_, x)p({x*, y* }|ID,_)), (D.4)

is an approximate joint distribution. Thus, when a« — 1 we have that:

dpps(x) = KL(BU{x*, y* 1, yID,_1. %) || p({x*, y*}ID,_)p(¥|D,_,.x)). (D.5)

By contrast, in the case of JES, the truncated Gaussian approximation
gives the approximate acquisition:

H [p(yID,, %) - E

—/p({X*,y

+/p({X*vy*}sy|Dt—]sX)10gﬁ(y|{X*7y*}sDt—l’X)d{X*sy*}dy

dyps(x) = wixr 1oy [H [BOHX* ¥} Dy, )]

},yID,_, %) log p(y| D,y X)d{x*, y* }dy

PUX*, y* 1, yID,_ 1, %)

d{x*,y*}dy
p({x*, y* }ID,_Dp(yID,_;, %)

=/p({X*,y*},y|Dr_l,X)10g

# KLG({x*, y* 1. yID,_1.%) || p({x*. y*}ID,_)p(y|D,_;, X)), (D.6)

since the approximate joint distribution p({x*,y*},y|D,_;,x) appears
only inside the log function. Outside the log function appears the
exact joint distribution p({x*,y*},y|D,_;,x). Note that in (D.6) we
have also used (D.4). Therefore, JES uses the exact joint distribution
p({x*,y*},y|D,_;,x) in one factor, but the approximate joint distri-
bution p({x*,y*},y|D,_;,x) in the other. This explains why the final
approximated expressions for JES and AES are different when a —
1. Summing up, JES and AES need not give the same results when
a— 1.

Appendix E. Comparison of AES, JES, and the ensemble method in
a noisy evaluation setting

In the main document, we compared JES, AES for different « values,
and the ensemble method on a 1D noiseless problem. We observed that
averaging over a, the ensemble acquisition function is less rugged than
when using a values close to 1. In a noisy evaluation scenario, however,
the number of peaks, i.e., local maxima of JES and AES, that appear at
the sampled locations of {x*,y*} is lower than in a noiseless setting.
This reduction occurs because the probabilistic model accounts for the
presence of noise, so the variance of the conditional model does not
decrease to zero at the sampled locations. This reduction in the number
of peaks is shown in Table E.5 where we display the average number of
local maxima of JES and the ensemble method across 100 repetitions
on a 1D synthetic experiment under evaluation noise. In this setting,
there is no statistically significant difference between the methods with
respect to the number of local maxima in the acquisition. Furthermore,
Fig. E.10 shows a plot of the different acquisition functions, for a
particular repetition of the experiment, where this reduction of the
local maxima can be visually observed. In that figure, all acquisition
functions indicate that the input around —4.8 is expected to have the
highest utility. Although it may appear that all the maxima are at the
same input, they are actually very close but different. Specifically, they
are in the range —4.85 to —4.74. Without the adverse effect of local
maxima, the approach of averaging over different « values is expected
to be less advantageous in a noisy setting.
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Fig. E.10. (bottom) Comparison of AES for different « values, JES and the ensemble acquisition function in a one-dimensional noisy synthetic problem. We also display the
maximum of each acquisition function. (top) Predictive distribution of the GP and generated samples of {x*,y*}. The acquisition functions have been normalized so that the

maximum is equal to one for better visualization. Best viewed in color.

Table E.5
Average number of local maxima for each method
over 100 repetitions in a 1D noisy synthetic problem.

Method # of local maxima
JES 4.22+0.073
Ensemble 4.21+0.071

Appendix F. Impact of scaling with local maxima in the ensemble
method

In this section, we analyze the impact of scaling each individual
acquisition function with a value that need not be the global maximizer
of each acquisition in the ensemble method described in Eq. (16).
This is a more realistic scenario and the one actually used in our
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experiments in Section 5. Specifically, finding the global maximizer of
each acquisition is generally infeasible and typically any optimization
algorithm is expected to find only a local maximum.

With the aforementioned goal, we compare the ensemble method
using the exact normalization values given by the global maximum
of each individual acquisition and the ensemble method using for
normalization a local maximum of each acquisition obtained by gra-
dient ascent starting at a random location of the input domain. Thus,
this value need not be equal to the global maximum. We refer to
the first method as Ensembleg,,,;. The second method is referred to
as Ensemble, ., since it uses a local maximum for the normalization
of each individual acquisition function. We remark that by starting
from a random location and executing gradient ascent, we are actually
following the same procedure as the one used in the experiments
reported in Section 5 for the ensemble method.
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for the weighted scaling (Ensemble,, ;). We also display the maximum of each acquisition function. (top) Predictive distribution of the GP and generated samples of {x*,y*}. The
acquisition functions have been normalized so that the maximum is equal to one for better visualization. Best viewed in color.

Fig. F.11 shows a comparison of the two methods described for a
representative scenario. We also report the JES acquisition for reference
and show at the top the predictive distribution of the GP and the
generated samples of {x*, y*}. We have considered the same predictive
distribution and samples as those displayed in Fig. 3 in the main
document. Moreover, as in Fig. 3, to facilitate the comparison, the
acquisition of each ensemble method and the acquisition of JES are
scaled by the actual global maximum so that the global maximum is
equal to 1. Note that this does not affect the location of the global maxi-
mum of the acquisition and facilitates the comparison. We can observe,
in this example, that Ensemblej,., and Ensembleyq,, generate very
similar acquisition functions. Specifically, their local maxima are nearly
identical and the global maximum coincides (at —4.85). The small
differences between the two acquisitions are simply a consequence
of small changes in the normalization constants of each individual
acquisition. While Ensemblegqp, uses the global maxima, Ensemble; oy
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uses local maxima found by gradient ascent. This results in slight
variations in the normalization constant of each individual acquisition
function and therefore, in the corresponding weights used in Eq. (16).
However, these differences lead only to small changes in the combined
acquisition as shown by Fig. F.11. Table F.6 shows the global maxima
of each acquisition function, for each value of «, used in the method
Ensembley oy, . The local maxima of each acquisition function, for
each value of @, used in the method Ensembley, ., are also shown
for comparison. We observe that the local maxima are always smaller
than the global maxima, as expected, but the orders of magnitude
remain similar. Table F.6 also shows the corresponding normalized
weight associated with each acquisition function, for each value of a.
The sum of the normalized weights equals 1 and is proportional to
1/w,. We observe only small differences in the normalized weights of
Ensemblegqpy and Ensemble, ,;, which explains the similarities in the
final aggregated acquisition function displayed in Fig. F.11.
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Table F.6
Global and local maxima of each individual acquisition function for each a value and
associated normalized weights, whose sum is equal to 1, and proportional to 1/w,.

a-value  w, values for each method Normalized weights for each method
Ensembley,,,;  Ensembley,,;  Ensembley,,, — Ensemblejy,
0.001 211.7046 78.82188 0.0008 0.0011
0.1 4.267942 2.631097 0.0406 0.0350
0.2 2.488881 2.059664 0.0697 0.0448
0.3 1.876402 1.871234 0.0924 0.0493
0.4 1.579288 1.409696 0.1098 0.0654
0.5 1.416667 1.178934 0.1224 0.0783
0.6 1.376707 1.091412 0.1260 0.0845
0.7 1.397364 0.345451 0.1241 0.2672
0.8 1.480361 0.816017 0.1172 0.1131
0.9 1.641707 0.911297 0.1057 0.1013
0.999 1.911981 0.579223 0.0907 0.1594
Table F.7

Average number of local maxima for each method
over 100 repetitions.

Method # of local maxima
JES 17.60+0.56
Ensemblegp, 12.53+0.49
Ensemble; . 11.65+0.37

Next, we investigate the impact on the number of local optima in
the final acquisition when using the exact or the approximate nor-
malization. For this, we repeat the experiments whose results are
displayed in Table 1. Here, we report the performance of Ensemble; .,
too.

Table F.7 shows the average number of local maxima, along with
the standard error, for the two acquisition functions. We observe
that Ensemble,,.,; has a slightly lower number of local maxima than
Ensembleyqy,, although the differences are not statistically signifi-
cant. Importantly, the number of local optima in the acquisition of
Ensemble) ., is much smaller than that of JES. Therefore, the beneficial
properties of the ensemble method, regarding the reduction of local
optima in the final acquisition function, are also observed when using
an approximate normalization based on local optima.

Summing up, the results of the experiments carried out in this
section indicate that the impact of using local maxima to compute
the corresponding weights of each individual acquisition function in
Eq. (16) is small. Local maxima only tend to slightly underestimate
the actual global maxima, as shown in Table F.6. This introduces
a small amount of noise in the actual weights of each acquisition
function considered in Eq. (16). Notwithstanding, the final acquisi-
tion remains very similar, as shown in Fig. F.11. Furthermore, when
using local maxima for normalization, the aggregated acquisition func-
tion of the ensemble method also has a significantly smaller number
of local maxima than the acquisition function of JES, as shown in
Table F.7.

Appendix G. Quality of the approximation of the acquisition func-
tion with a small number of samples

In this section, we investigate the accuracy of the AES acquisition
function approximation proposed in (15) when using a number of
samples S = 32. We consider the same 1-dimensional toy problem as
in Section 5.1, but here the conditional density p(y|D,_;.x, {y},x}})
is approximated using only .S = 32 samples of {x*,y*}. The exact
acquisition function targeted by AES is estimated using a more accurate
Monte Carlo method with 6000 samples. For a fair comparison, both
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methods use identical values for a. As in Section 5.1, for each sample
{x*,y*}, the conditional density is estimated via a kernel density
estimator on samples drawn from the GP posterior at x that are com-
patible with {ys*,x;‘ }, and the one-dimensional integral in (10) is com-
puted using quadrature. For simplicity, a noiseless evaluation setting is
assumed.

Fig. G.12 (top-left) displays the GP predictive distribution for the
objective and the observed data. From (top-right) to (bottom-left), we
compare, for a representative set of a values, the proposed AES approx-
imation with the corresponding exact acquisition function estimate.
Overall, both methods have a similar shape, with local maxima and
minima at similar locations. However, in contrast with the behavior
observed using S = 6000 samples (see Section 5.1), now the shape
of the approximation is a bit shifted, due to the randomness of the
samples used, and it has undesirable spikes. As before, the AES methods
tend to underestimate their corresponding exact estimators. We also
observe that the differences are more pronounced for a values close
to zero. For intermediate values of a, the number of spikes decreases,
and varying a continues to impact the shape of the acquisition function
in specific regions of the input space (e.g., when x > 4). Finally, Fig.
G.12 (bottom-right) shows that the ensemble acquisition function com-
puted with the proposed approximation is nearly identical to its exact
counterpart.

Appendix H. Impact of number of restarts and candidate points

As described in the main document, to maximize each acquisition
function we use L-BFGS-B with 1 restart and 200 candidate points,
from which the starting point of the optimization is chosen. In this
setting, BOTorch chooses randomly one point to start the optimization,
from a random set of 200 points, favoring the selection of points
with high acquisition [20]. Here, we consider a different number of
restarts and points to choose the starting point of the optimization
process. Specifically, we consider increasing the number of restarts to
5 while keeping the number of points equal to 200. In this setting, the
acquisition function is optimized 5 times, from different starting points,
chosen from the initial set of 200 points. BOTorch favors the selection
of 5 different points with high acquisition from the initial set of 200
points. After optimization, the final point with the best acquisition is
selected as the next evaluation point. Here, we use 25 points initial
points chosen at random. The results obtained, in this setting, for the
4-dimensional synthetic problem, are displayed in Fig. H.13, for the
noiseless and the noisy evaluation scenario. We observe that the results
obtained are very similar to those reported in the main manuscript.
Here, we also consider increasing the number of points to 500 while
keeping the number of restarts equal to 1. In this setting, the acquisition
function is optimized 1 time, and the starting point is chosen from an
initial set of 500 random points. The results obtained, in this setting,
for the 4-dimensional synthetic problem, are displayed in Fig. H.14,
for the noiseless and the noisy evaluation scenario. Again, we observe
that the results obtained are very similar to those reported in the main
manuscript.

Appendix I. Extra experiments execution time

This section gives extra results about the average time required by
each method per iteration. Specifically, Table 1.8 shows the results for
the noisy synthetic experiments. Table 1.9 shows the results for JES and
the ensemble method in the synthetic experiments as a function of the
number of samples S of {x*,y*} considered. Finally, Table 1.10 shows
the results for the noisy benchmark experiments. The reported results
are very similar to those found in the experiments section. Best results
are highlighted in boldface.
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Fig. G.12. (top-left) GP predictive distribution for the objective. From (top-right) to (bottom-left) we show the AES acquisition function computed with the proposed approximation
and its corresponding exact estimate, both obtained using S = 32 samples of {x*,y*}. We report results for a representative set of « values. (bottom-right) Comparison of the
ensemble methods using the proposed approximation and the exact estimate. Best viewed in color.
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Fig. H.13. Average logarithm relative difference between the objective at each method’s recommendation and the objective at the global maximum, with respect to the number
of evaluations. Results are shown for the 4-dimensional problem when the number of restarts is increased to 5. Best viewed in color.
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Table 1.8

Average execution time and standard error per iteration (in s) in the noisy synthetic

experiments.

4D 6D 8D 12D

EI 3,697+0,019 4,411+0,194 6,524+0,190 7,314+0,204
JES 7,797+0,309  10,644+0,447  14,631+0,795  18,166+0,685
AES,_;001 7,580+0,346  10,251+0,369  12,902+0,498  16,848+0,714
AES,_, 7,472+0,332  10,609+0,461  13,787+0,328  16,723+0,682
AES,_, 7,184+0,266  10,327+0,511 13,641+0,492  16,859+0,513
AES,_3 7,523+0,270  10,679+0,485  13,137+0,457  16,950+0,571
AES,_i5 7,332+0,339  11,009+0,470  13,850+0,466  17,846+0,637
AES,_5 7,201+0,269  11,257+0,433  14,306+0,429  18,064+0,605
AES,_ 6 7,251+0,269  10,863+0,498  14,386+0,540  17,316+0,692
AES,_.; 7,855+0,262  10,418+0,445  14,793+0,494  16,529+0,577
AES,_o¢ 7,416+0,255  10,306+0,474  14,373+0,364  17,404+0,753
AES,_o 7,455+0,271  10,469+0,557  13,789+0,501 16,211+0,718
AES, ;999 7,314+0,245  10,117+0,509  13,797+0,482  17,172+0,650
Ensemble  31,968+1,164  37,580+1,602  47,170+1,275  52,989+2,055

Table 1.9

Average execution time and standard error per iteration (in
experiments, as a function of the number of samples employed.

s) in the synthetic

4D noiseless 4D noisy 8D noiseless 8D noisy
JES,; 3,372+0,111 3,376+0,136 5,729+0,202 6,444+0,231
JES, 3,631+0,152 3,277+0,123  5,285+0,254  6,083+0,334
JES, 3,873+0,126 3,614+0,126 6,273+0,188 6,434+0,296
JESg 4,147+0,160 4,160+0,170 6,642+0,239 7,138+0,330
JES ¢ 5,483+0,188 4,913+0,201 8,021+0,327 9,255+0,373
JES3, 7,898+0,419 7,797+0,309  12,741+0,506  14,631+0,795
JESg, 12,717+0,632  11,343+0,523  17,719+1,078  16,619+0,868
Ensemble; 5,384+0,155 5,356+0,219 8,048+0,403 8,621+0,360
Ensemble, 6,569+0,196 6,693+0,221 9,219+0,464  11,002+0,384
Ensemble, 8,539+0,301 8,430+0,323  11,068+0,433  11,841+0,493
Ensembleg 12,081+0,408  11,437+0,472  15,276+0,641  14,756+0,683
Ensemble;,  19,677+0,738  18,310+0,674  24,766+1,160  26,403+1,144
Ensemble;,  30,097+1,233  31,968+1,164  42,338+1,266  47,170+1,275
Ensembleg, 63,710+2,323  61,623+2,410  72,065+2,614  75,727+3,092
Table 1.10
Average execution time and standard error per iteration (in s) in the noisy benchmark
experiments.
Hartman3D Styblinskitang4D ~ Hartman6D Cosine8D
EI 2,714+0,079  3,289+0,099 3,998+0,159  5,525+0,276
PES 5,524+0,225 8,030+0,520 10,092+0,353 9,304+0,409
MES 4,523+0,195 5,604+0,152 8,233+0,339 9,393+0,262
JES 6,083+0,264 7,279+0,189 10,585+0,375  10,040+0,319
Ensemble  39,886+1,290 31,018+0,806 37,428+1,263  51,396+0,866

Data availability

Code available at: github.com/fernandezdaniel /alphaES.
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