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Abstract

In this work, we develop a Lagrangian reduction theory for covariant field theories
with gauge symmetries. These symmetries are modeled by a Lie group fiber bundle
acting fiberwisely on a configuration bundle. In order to reduce the variational principle,
we utilize generalized principal connections, a type of Ehresmann connections that are
equivariant by the fiberwise action. After obtaining the reduced equations, we give the
reconstruction condition and we relate the vertical reduced equation with the Noether
theorem. Lastly, we illustrate the theory with several examples, including the classical
case (Lagrange—Poincaré reduction), Electromagnetism, symmetry-breaking and non-
Abelian gauge theories.

1 Introduction

Reduction by symmetries has played a major role in Geometric Mechanics since its was first
introduced with the its modern approach |1,/42,|44/|48]. The key idea is to use the symmetry
group of a (Lagrangian or Hamiltonian) system to obtain a reduced set of equations on a
space of lower dimension. In the Lagrangian setting, this reduced space is the quotient of
the configuration manifold by the symmetry group, and the reduced equations come from a
reduced variational principle. More precisely, (see for example, [16|17,/41] and the references
there in) reduction is performed in the tangent bundle T'Q) of a configuration manifold @
where a Lie group G acts on. The key point is the determination of the geometry of (T'Q)/G
as well as the nature of the projected variations to that quotient.
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This philosophy has been extended successfully to the realm of classical field theories
[12,28] and, in particular, to covariant field theories [8,/10,/13,22|. In contrast with the
instantaneous formalism, which regards the field theory as a sort of infinite dimensional
mechanical system (cf. [29]), in this work we utilize the covariant formalism. Here, the
configuration space of the theory is a fiber bundle Y — X, the objects under study are
sections of this bundle, and the phase space is the corresponding jet bundle J'Y — Y (see,
for example, [30]). The base manifold X can be a Lorentzian manifold (physically, the space-
time) or, for non-dynamical problems, any manifold. In this context, reduction is performed
when there is a Lie group G acting vertically on Y. This situation is sometimes known as
global symmetries or global gauge symmetries.

Nevertheless, there is a wide variety of problems in Field Theories where symmetries are
not global but local, that is, the action of the symmetry group depends on the point z € X
where it is evaluated. This is also known as local gauge (or simply gauge) symmetry and its
geometric model is written in terms of a Lie group fiber bundle G — X acting fiberwisely
on the configuration bundle Y — X. The main instances of this framework are pure gauge
theories as Electromagnetism or Yang—Mills, where gauge transformations are sections of
T*X or the jet space of an adjoint bundle, respectively [24,36]. It is impossible to grant
the appropriate importance to this kind of gauge theories both in Physics (as one of the
foundations of the models for fields) and in Differential Geometry (as the basic tool for the
constructions of a growing number of geometric and topological invariants). Interestingly,
these gauge theories posses a particular kind of reduction result in the celebrated theorem
of Utiyama [25,/49], also generalized to the setting of interaction [4]. The theorem proves
that gauge invariant Lagrangian densities only depend on the curvature (force), instead of
depending on the principal connection itself (potential). However, it is frustrating to see
that the standard field theory reduction scheme (Lagrange-Poincaré reduction) stemmed
from Geometric Mechanics does not cover gauge symmetries, a fact that has prevented the
gauge case from taking advantage of the rich geometric interpretations and constructions
that the powerful reduction program has provided so far (for example, geometric integrators
just to mention one of them).

This article addresses the construction of a general Lagrangian reduction procedure for
(covariant) field theories with local symmetries. The reduction of the variational principle
relies on the use of the generalized principal connections (see |[15] or [23]), that is, Ehresmann
connections that are equivariant by the fiberwise action. Our theory of local symmetries
extends the classical case investigated in [22| for global symmetries. In some sense, we can
say that this is the culmination of the reduction program in its generality.

We organise the paper as follows. In Section [, we recall the geometric tools needed to
develop our theory: fibered actions of Lie group fiber bundles, generalized principal connec-
tions, and the natural connections arising on the corresponding quotient bundles. Section
is devoted to studying the geometry of the reduced phase space, i.e., the quotient of the
first jet of the configuration bundle by the fibered action (see Figure |1I). We have to note
that, given a Lie group bundle G — X acting on a bundle Y — X, the interesting first order
gauge Lagrangian densities are not invariant by the full jet bundle J*G but only by an affine
subbundle H C J'G projecting surjectively onto G. This is the case of all the important
examples one can find in the literature. This bundle H can be thought as a non-holonomic



constraint in the nature of the derivatives of the symmetries, a subbundle that is usually
affine. The existence of this constraint is in the the core of the complexity of the theory
we develop here, since invariance under the full jet bundle J'G is in fact rather trivial (see
examples in @2 below). Next, in Sectionwe compute the reduced variations and we apply
it to the reduced Lagrangian, thus obtaining the main result of this work: the reduced field
equations. After that, in Section [5| we investigate the reconstruction condition, that is, the
additional equations that a solution of the reduced equations must satisfy to come from a
solution of the original problem. This necessary condition is a characteristic trait of reduc-
tion field theories that is absent in Classical Mechanics and it is written as the flatness of a
generalized connection. Furthermore, we relate part of the reduced equations (the so-called
vertical equation) with Noether theorem in Section |§| by showing that the conservation laws
derived from the gauge symmetries become part of the reduced equations themselves. Fi-
nally, in Section [7] we apply our theory in several contexts. We begin with classical reduction
in field theories (global symmetries) obtained as a particular case of the main result. We
follow with by reduction under the full jet symmetry. We continue with Electromagnetism
in vacuum as well as k-form Electromagnetism. EM is also analyzed in the case of symmetry
breaking of gauge theories when there is a product of groups. The last application works
with gauge invariance in the Yang-Mills setting. We describe the geometry of the reduced
space and, in particular, we get a new proof of Utiyama theorem from a reduction point
of view. In addition we get the reduced equations that, together with the reconstruction
condition, are the celebrated Yang—Mills equations for the appropriated Lagrangian density.
In fact, the reduction technique of this article sheds light to an uncomfortable situation that
Utiyama reduction does not fully explain: even though the reduced Lagrangian depends on
curvature only, the equations still depend on both curvature and connection. Surprisingly,
we prove that this is connected with the fact that the non-Abelian gauge symmetry is not
a free action and the reduction is, in principle, singular. There is not, even in Mechanics,
a well defined theory of Lagrangian singular reduction. The way to overcome this difficulty
is to enlarge the phase bundle (from the bundle of connections C'(P) of a principal bundle
P — X to its 1-jet bundle J'P) before reduction. It turns out that the reduced phase
bundle comprises both connections and curvature and hence the equations as well. But the
elimination of that augmented geometry after reduction (in a sort of unreduction-reduction
process) gives that the Lagrangian does not depend on the connection, without eliminating
that dependence in the equations.

This article opens new interesting questions for future work. First, even though the
main gauge examples we know have symmetries defined by an affine subbundle, we think
that the comprehension of reduction by any subbundle H C J'G is still a valuable topic.
The generalization to higher order cases would also be of much interest, a question that is
connected with higher order gauge theories (for example, see [20]). Furthermore, it would
be interesting to connect the reduction approach in this work with some constructions of
curved gauge theories ( [23,133]). The singular actions in these cases could be tackled again
with the unreduction-reduction idea used for Yang-Mills in §7]6. Finally, the construction
of variational integrators (see, for example, [5,(6}38,:39] for Mechanics or [18]50| for Field
Theories) in gauge theories with reduction is a big goal that will require a careful analysis
of the discrete analogs of the objects in the article.
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Figure 1: The reduced phase, i.e., the quotient of the original phase space, J'Y, by the
subbundle H C J'G, is identified with an affine bundle over the fibered quotient Y/G.
In particular, the reduced section is split into the horizontal and vertical parts: [jls]y ~

(j10575)~

In the following, every manifold or map is assumed to be smooth, meaning C'*°, unless
otherwise stated. In addition, every fiber bundle 7y x : ¥ — X is assumed to be locally
trivial and is denoted by 7y,x. Given z € X, Y, = 7y ({2}) denotes the fiber over z. The
space of (smooth) global sections of 7y x is denoted by I'(my x). In particular, vector fields
on a manifold X are denoted by X(X) = I'(mrx x), where TX is the tangent bundle of
X. Likewise, the space of local sections on an open set Y C X is denoted by ['(U, my x).
The tangent map of a map f € C*(X, X’) between the manifolds X and X’ is denoted by
(df)s : Ty X — Ty X' for each z € X. In the same vein, the pull-back of o € QF(X’) is
denoted by f*a € QF(X) and its exterior derivative is denoted by da € QF1(X’). When
working in local coordinates, we assume the Einstein summation convention for repeated
indices. A compact interval will be denoted by I = [a, b].

2 Preliminaries

This section is devoted to introducing the main geometric tools used in the forthcoming
development. In particular, the theory of generalized principal bundles and connections is
an essential point. We refer the reader to |15] (see also |23]) for a complete exposition of this
topic.



2.1 Actions of Lie group bundles

A Lie group fiber bundle with typical fiber a Lie group G is a fiber bundle g x : ¢ — X
such that for any point x € X the fiber G, is equipped with a Lie group structure and there
is a neighborhood & C X and a diffeomorphism U x G — Wél)( (U) preserving the Lie group
structure fiberwisely.

Note that the map 1 : X — G that assigns the identity element 1, € G, to each x € X is
a global section (called the unit section) of mg x. Any Lie group bundle defines a Lie algebra
bundle mg x : g — X as the vector bundle whose fiber g, at each x € X is the Lie algebra of
G,. That is, g = 1*(VG), where VG C TG is the vertical bundle of g x, i.e. the kernel of
(mg.x )« We consider subgroups of Lie group bundles in the following sense.

Definition 2.1. A Lie group subbundle of a Lie group bundle ng x : G — X is a Lie group
bundle Ty x : H — X such that H is a submanifold of G and H, is a Lie subgroup of G, for
each x € X. It is said to be closed if H, is a closed Lie subgroup of G, for every x € X.

Let my x be a fiber bundle and 7g x be a Lie group fiber bundle. We denote by ¥ xx G
the corresponding fibered product, which is also a fiber bundle over X.

Definition 2.2. A right fibered action of g x on my x is a bundle morphism ® : Y xx G —
Y covering the identity idx such that ®(y,hg) = ®(P(y,h),g) and ®(y,1,) = y, for all
(v,9),(y.h) €Y xx G, mgx(y) = =.

Remark 2.1. The notion of a left action ® : GxxY — Y is as above but with the condition
®(hg,y) = ®(h,®(g,y)). However, if it is not explicitly indicated, all action considered in
this article will be right actions. The results for left action would be completely analogous.

For the sake of simplicity, we will denote ®(y,g) = vy - ¢ and we will say that mg x
acts fiberwisely on the right on my x. Note that it induces a right action on each fiber,
O, = Ply,xg, : Yz X G, — Y,. The fibered action is said to be free if y - g = y for some
(y,9) € Y xx G implies that g = 1,, z = 7y x(y). In the same way, it is said to be proper
if the bundle morphism Y xx G 3 (y,9) — (y,y-g) € Y xx Y is proper. If ® is free and
proper, so is each action ®,, since the fibers of a bundle are closed.

As the fibered action is vertical (i.e. it covers the identity idyx), we may regard the
quotient space Y/G as the disjoint union of the quotients of the fibers by the induced actions,
that is,

Y/G = | | Ya/Ge = {lv)s = (x,[v)c.) : v € X,y € Y2}
zeX

The following diagram is commutative:

Ty, X
Y X, Yo x

m Y,Y/x ///g,x \ /

Y/G Wlg




Proposition 2.1. If g x acts on my x freely and properly, then'Y /G admits a unique smooth
structure such that

(i) myyg is a fiber bundle with typical fiber G.

(ii) myg,x s a fibered manifold, i.e. a surjective submersion.

If we fix x € X, yp € Y, and gy € G,, we can consider the maps
®yo:gx_>yxa g'_>y0'g; (I)go:Yx—>Yx7 y'_>y'90'

In the same way, denote by L, : G, — G, and Ry, : G, — G, the left and right multiplication
by go € G, respectively. Infinitesimal generators (or fundamental fields) are defined in the
same fashion as in classical actions of Lie groups. Namely, for each £ belonging to the Lie

algebra g, of G,, then £* € X(Y,) is defined as

d

&= | yoexp(te) = (d®y)..(€), yeY. (1)
t=0

Fundamental vector fields are 7y y/g-vertical, i.e. § € V)Y for each y € Y,, where VY =
ker (my;y/g)« is the vertical bundle of 7yy/g. Of course, they are also 7y, x-vertical.

Lemma 2.1. Let mg x be the Lie algebra bundle of mg x. The following map is a vertical
isomorphism of vector bundles over Y :

YVxxg= VY, (48—, (2)
In addition, for any (g9,§) € G xx 8, we have (®y).(§*) = Ady-1(£)*.

2.2 Lie group bundle connections

Recall that an Ehresmann connection (for example see [32]) on a fiber bundle 7z x : Z — X is
a fiber map TZ — V Z = ker(mz x )« such that its restriction to V' Z is the identity. Similarly,
we can regard an Ehresmann connection as a distribution HZ C T'Z complementary to V' Z.
Finally, an Ehresmann connection is also a section of the jet bundle 7y, : J'Z — Z. In
the case where 7g x is a Lie group bundle, an Ehresmann connection v : TG — VG can be
also regarded as a linear bundle map (denoted by the same letter for the sake of simplicity):

v:TG — g, Uy = (dRy-1), (v(Uy)).

Definition 2.3. A Lie group bundle connection on mg x @s an Ehresmann connection v :
TG — g satisfying

(i) kervy, = (d1),(T,X) for each z € X.
(i1) For every (g,h) € G xx G and (U,,Uy) € T,G X1,x ThG, x = mg.x(g), then:
v ((dM)(g,h)(Ugv Uh)) = V<Ug) + Ad, (v(Un)),

where M : G X x G — G is the fiber multiplication map.
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The geometric interpretation of Lie group bundle connections is provided by the following
results. We denote by ”H the parallel transport associated to v and by Hory : T, X — T,G
its horizontal lift at any g € G, x = mg x(g).

Proposition 2.2. Let v be an Ehresmann connection on wg x such that ker vy, = (d1),(T,X)
for each x € X. Then v is a Lie group connection if and only if for any curve x : I — X

we have (b) (b) (b)
VHm(a,)(gh) = <V’|m(a)g) (VHx(a)h) ’ 9 h e ga:(a)‘
Consequently,
v e® 1 _ (v)p® \7 v
H:c(a) 9 = ( H:(:(a) g) ’ H:r:(a) LE(“) = 1:1:(b)
Proposition 2.3. Let v be an Ehresmann connection on wg x and consider the corresponding
jet section v € I'(mjgg). Then v is a Lie group bundle connection if and only if
(1) vol=j1=dl, and
(ii) v : G — J'G is a Lie group bundle morphism with respect to the natural Lie group

bundle structure of J'G, that is, v(gh) = (g) v(h) for each (g,h) € G xx G.

Lie group connections induce linear connections on the corresponding Lie algebra (vector)
bundle.

Proposition 2.4. Let z : I — X be a smooth curve. Then the map gHzEZ)) D Ba(a) > Ban)

defined as
d

"~ de

is a linear parallel transport on g x .

z(b)
gl‘x(i)f

vz
0 HCEEG)) eXp(E 5)’ 5 < gx(a)?

Denoting by V% the linear connection corresponding to this parallel transport % |, it can

be checked that

VB¢ = % v o dexp(tf), ¢ el'(mgx). (3)

t=0

2.3 Generalized principal connections

Let my x : Y — X a fiber bundle on which a Lie group bundle 7g x : G — X acts freely and
properly on the right. We denote by ® : Y xx G — Y the fibered action.

Definition 2.4. Let v be a Lie group bundle connection on the Lie group bundle on 7 : G —
X. A generalized principal connection on 7yy,g associated to v is a form with values in the
Lie algebra bundldw € QY (Y, g) satisfying:

(i) (Complementarity) w,(&s) = & for every (y,§) € Y xx g.

'In fact, w takes values on the vector bundle my «&,v, which is the pull-back of mg x by my,x. Abusing
the notation, we denote the pull-back bundle by the same symbol.
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(1t) (Ad-equivariance) For each (y,g) € Y xxG and (U,,Uy) € T,Y X1, xT,G, x = 1y, x (),
then:
Wy-g ((dq))(y,g)(Uy? Ug)) = Adg-1 (wy (Uy) +v(Uy)) -

We denote by Hory' : Ti,,(Y/G) — T,Y the horizontal lifting given by w at y € Y. The
next result gives a geometric interpretation of the above definition in terms of the parallel
transports ”H and “||, in the same vein as Proposition above.

Proposition 2.5. Let v be a Lie group bundle connection on wgx and w € Q'(Y,g) be an
Ehresmann connection on mwyy,g. Then w is a generalized principal connection associated to
v if and only if for any curve v : I — Y/G, the corresponding parallel transports satisfy

UJHZEZ))(:U ’ g) - (w| 1§i))y> ’ (V‘|zéi))g> ) g€ ga:(a)a y e Y’y(a)7 te Iv

where x = Tyg x © 7.
The cuvature of w (see, for example [32, §9.4]) is the 2-form Q € Q*(Y,g) defined as:
QUL Uy) = —w ([Uy — w(Uy)*, Uy —w(Us)*]), Uy, Uy € X(Y).
The linear connection V& on 7g x enables us to express the curvature as follows.
Proposition 2.6. Let d% be the exterior covariant dem’vatz’veﬂ associated to V8. Then

Q Uy, Uy) = dBw (U}, U}, Uy, Uy € X(Y).

The (generalized) adjoint bundle of the action of 7y x is defined to be the quotient
g = (Y Xx g)/G by the (right) fibered action

(Y xxg) xxG =Y xxg, ((1,8),9)~ (y-g,Adg1(£)), (4)

where Ad, € End(g,) denotes the adjoint representation of G,, where x = mg x(g). It is
a vector bundle over Y/G equipped with a Lie algebra bundle structure. As in the case of
(standard) principal connections, it is possible to regard the curvature as a 2-form on the
base space Y/G with values in g.

Definition 2.5. The reduced curvature of w is the 2-form Qe 02 (Y/G,g) given by
Q[y]g (Uy,Uy) = [y,Qy (HO’I“Z(Ul),HO’I“ZJ(UQ))]g

for each [ylg € Y/G and Uy, Us € Ty, (Y/G), where y €Y is such that wyy,g(y) = [ylg.

2The exterior covariant derivative of a linear connection VZ on a vector bundle Tg,x is an operator in
the family of E-valued forms on X, d¥ : QF(X, E) — Q*"1(X, E). For a 1-form a € Q}(X, E) it is given by

dPa(Uy,Uz) = V§, (a(U2)) — VE, (a(U1)) — a([U1, Us)), Uy, Us € X(X).



The reduced curvature is well-defined, i.e. it does not depend on the choice of y € Y.
Indeed, let g € G,, where z = 7y, x(y), u; = (dny/g.x)yg(Ui;) € TpX for i = 1,2 and
v € I'(mg,x) be such that vy(x) = g and v,y o (dv), = 0. Using |15, Proposition 3.10] we
obtain

y-g,—Ad, ( ([Hor (Uh), Hory
Y, — ([Hor (Uy), Hor? (Ug} }g
Y, Qy (Hor (Uy), Hor ))}g,

DI

Hory (U;) = (d®) () (Hors (Uy), (dy)a(us)) i=1,2.
Hence, we have
[y - 9,8, (Hor ( 1), Hory (U2)>:| = [y - g, —Wy.g ([Hor;",g(Ul), HOT;;,g(UQ)]>:|g
Y+ g —wyg ([(dD)yg) (Hory (U1), (dy)a(us)) . (d (HOTw(UQ)v (dfy)m@‘?))})}g
- 9~y ((d®) ) ([Hors (U, Hors (U], () (), (), (w2)])],
[Hory (th), H 7’2’<U2>} @)z ([u, wa])) ]
) 0:)]))]
)

= |
=
[y 9>—Wyg( d®)(y.0) ( Hor
= |
= |
= |

where we have used that [(d7),(u1), (dy)z(u2)] = (d7v)s ([ug, uz)).

3 Geometry of the reduced configuration space

A Lie group bundle connection, regarded as a section 7 : G — J!G, provides an identification
of the affine bundle J'G — G with its model vector bundle T*X @ VG ~ G x x (T*X ®g). If
the Lie group bundle connection is regarded as a 1-form v taking values in g, the identification
is given explicitly as

0,:J'G =G xx (T"X®g), jmn— (n(x),vo(dn).). (6)

We can transfer the Lie group bundle structure of J'G — X (for example, cf. |24, §3,
Theorem 1]) via the above identification, as

(9, &) (hy2) = (gh, & + Adgoma),  (9,&), (hime) € Go X (T;X ®8,), v € X.
Note that the identity element is (1,,0,) € G X x (T*X ®g).

Assumption. Henceforth, let my x be a fiber bundle on which 7g x acts fiberwisely, freely
and properly, and 7y x be a closed Lie group subbundle H C J'G of mpg x such that
mngg(H) = G. Besides, we suppose that 7y ¢ is an affine subbundle of 715 g. Identification
(@ enables us to regard
0,(H) CGxx (T"X ®1),

We denote ©,(H) by the same symbol, H, since the context will clarify the distinction
between the two objects. Then H C G xx (T*X ® g) is both a closed Lie group subbundle
over X and an affine subbundle over G.

Let us consider a bundle morphism

0:GoTX®g (7)
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such that (g,¢(g)) € H for each g € G and| p(1,) = 0, for each € X. We utilize this
map to set an origin of each fiber of 7y g : H — G; namely, (g, »(g)) € H, for each g € G.
Such morphism is not unique, but given one choice, we may identify each affine subspace
H, C{g} x(T;X ®g,), where x = 7g x(g), with some vector subspace. The following result
ensures that this vector subspace only depends on the point of the base space z € X.

Proposition 3.1. Let H C J'G be a closed Lie group subbundle of mngx and an affine
subbundle of mpgg, and let ¢ + G = T*X ® g as in @ By taking into account the
identification @, there exists a vector subbundle H C T*X ® g such that

H={(9,7:) € G xx (T*"X ®0) | s = ©(9) + Ny 1w € Ha} .

Furthermore, $ is Ad-invariant, i.e., Ady(9,) C $H, for each x € X and g € G,.

Proof. Let g € G and x = mg x(g) € X. Since H, C {¢} x (I} X ®g,) is an affine subspace,
we may write Hy, = {g} x (¢(g)+$,) for certain vector subspace $, C T X ®g,. In addition,
H, C G, x (T;yX ®g,) is a Lie subgroup, whence

(L2 m2) - (9:0(9)) = (9,0(9) +n:) € Hys 1 € 51,
Hence, $, = $:, and we denote H, = H;,. We thus define § = |_|16X 9, — X.
For the second part, observe that for each n, € $, and g € G, we have
(9:9(9) (L, m2) = (9, (g) + Adgon,) € Hy.

]

Note that, as a vector subbundle, we may consider the corresponding quotient, (7*X ®
g)/$, which is again a vector bundle over X. We denote the corresponding elements by [£,]5-

Lemma 3.1. The map ¢ : G — T*X ® g introduced in @) satisfies
[o(gh)lg = [¢(9) + Adgop(h)]g,  g,h€Ga € X.
Proof. We have that

(9,0(9)) - (h,o(h)) = (gh,¢(g) + Adgop(h)) € Hy.

Hence, ¢(g) + Adgop(h) — ¢(gh) € $, and we conclude. O

As in the previous section, let my.x : Y — X be a fiber bundle on which 7g x : ¢ — X
acts freely and properly. Let us define the following map:

Q,: YV xx (IT"X®g)/9H) xxG — Y xx (T*X ®g)/9 (8)
(Y, [€2]0), 9) = (Y- g,[Adgo(& + 9(9))]s) -

3Observe that (1,,0,) € Hy,, since H C G xx (I'*X ®g) is a Lie group subbundle (over X).
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Remark 3.1. If the action of G on Y is left, then the map should be

D, Gxx (Vxx(T"X®8)/H) — Y xx(T*X 28)/9 o)
(9, (Y, [€2]9)) = (9 y, [Adgo& + 0(9)ls) -

Thanks to the Ad-invariance of $), the map is well-defined. Moreover, a straightfor-
ward computation shows that it is a (free and proper) right fibered action. As a result, we
may consider the corresponding quotient, which is a fiber bundle over Y/G:

Y xx (T"X ®g)/9

("X @ 0)s5 = . (10)
©

The elements of this quotient are denoted by [y, {:]g,,, where y € Y, & € (T"X ® g), and
x € X. Analogously, we have the fibered action given by with ¢ = 0, which yields the
quotient
Y xx (T"X ®8)/$

@0 )

Proposition 3.2. In the above conditions, the following statements are true:

(I"X ®8)os =

(1) (T*X ®@1)os — Y/G is a vector bundle.
(it) (T*X @), — Y/G is an affine bundle modelled on (T*X ® g)o 5 — Y/G.

Proof. For (1), it is easy to check that the following operations are well-defined:

IIy7 g:v]]ﬁ,(] + [[yv Cx]]fj,o = [[ya gx + <m]]fl,07 A[[ya éz]]f),o - [[y7 )‘gw]]ﬁ,(b

for each [y, & g0, [U, Gllno € (T*X ®8)o and A € R. Likewise, for (i7), the following map
is well-defined:

[[ya gx]]ﬁ,cp + [[yv Cx]]fj,() = [[yy gx + Cw]]ﬁ,cpa
for each [y, &0 € (T*X ®8)5 and [y, (a0 € (T*X @8)o- O

Remark 3.2. Observe that, given a Lie group subbundle H C J'G, the map ¢ : G — T*X ®g
is not unique. Furthermore, H C G xx (T*X ® g) is a vector subbundle over G (that is,
(T"X ®@8)pn = (T"X ®@8)o5) if and only we can choose the map ¢ = 0. This is equivalent
to the condition 0(G) C H when we regard H as a Lie group subbundle of J'G.

Even though the case ¢ = 0 is very relevant in examples, in the following we will assume
that ¢ does not necessarily vanish.

Analogous to the adjoint bundle defined in , we can consider the tensor product 7% X ®g

as the quotient

Y xx (E*X@g) —Y/G

by letting G act trivially on T*X. As the vector subbundle $ C T*X ® g obtained in
Proposition is Ad-equivariant, the action of G on Y X x (T*X ® g) restricts to Y xx
and we may consider the corresponding quotient:

Y Xx 9

"X @g=

H= CT*X®g— Y/G. (11)
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In addition, 7g g is a vector subbundle of T« xegy/g, S0 it makes sense to consider the

corresponding quotient vector bundle, (T*X ® g)/ ), whose elements are denoted by ly, &5,
where y € Y, &, € (T*"X ®g), and x € X. Moreover, it is easily seen to be isomorphic to
(T*X & g)oyy).

Lemma 3.2. In the above conditions, we have the following isomorphism of vector bundles
over Y/G,
T'X®§ Y xx ("X ©0)/9

9 i

=(I"X ®8)o.s

On the other hand, the first jet extension of the fibered action ¢ is a right fibered action
of Tpg x on mhny x:

oW Y xx J'G = T, (Gus,dav) = 5a(®(s,7)), (12)

where, for (local) sections s € I'(myx) and v € I'(mgx), we have the (local) section
O(s,7)(z) = P(s(x),v(x)), v € X. If we regard 1-jets as tangent maps of sections at a
point, that is, jls = (ds), and jlv = (dv),, we can regard ®! as

oM (]ms,jx’}/) (dP)(s(2)74(2)) © (d5g, dVz) : To X = Ty@yy@)Y-

The following result studies the geometry of the quotient of 71y, x by the fibered action
(12) when restricted to the Lie group subbundle H C J'G.

Theorem 3.1. Let w € Q'(Y,q) be a generalized principal connection on myy g associated
to a Lie group connection v on mgx and consider a Lie group subbundle H C J'G as in
Proposition . Then the following map is a bundle isomorphism over Y/G:

(SY)/H = JH(Y/G) xyg (T"X @)

1

Uasly (jids, [[S(ff),ws(z) o (dS)x]] 5780) , (13)

where o, = [S]g =Ty,y/g©s &€ F<7TY/9,X)'

Proof. For jls € J'Y and jln € H, let s and n be (local) sections defining those jet
elements. On one hand, it is clear that og(,) = 0,. On the other, by @ we have jln ~

(n(z),v o (dn),) € H, whence vo (dn), = ¢(n(x))+n, for some n, € §,, by Proposition 3.1]
Therefore,

[®(s,n)(2), was.my() © (dP(s,1))a] 5,
[5(2) - 1), xrate) © (60 oy © () () )],
= [s(z) - n(x), Ady)— (ws(x)O(d) + v o (dn) )]]mv
[(x)
[(x)

12



Subsequently, the map is well-defined. A straightforward computation shows that the inverse
map is

TY/G) %ysg (T'X @) = (V) [H,  (io,[.6]5,,) = [Hors o (do). + (&);]

where Hory : Tj,),(Y/G) — T,Y is the horizontal lifting given by w at y € Y. Observe that
it is well-defined thanks to |15, Lemma 3.1, Proposition 3.10].

]

3.1 Connections on the reduced spaces

Let w be a generalized principal connection on 7y,y,g associated to a Lie group connection v
on mg x and V¥ be a linear connection on x,x. These connections induce a linear connec-
tion on the vector bundle T8Y/G> and an affine connection on the affine bundle 7. X@)p.5.Y/G
as follows. Consider the linear connection V% on mg x induced by v (cf. Proposition .
As above, denote by ”H, QH and WH the corresponding parallel transports. It is easy to
check from the definition that the connections v and V¥ satisfy the following compatibility
relation:

QH Ad (5) = AdUHZ(b) ( H a)é-) g e gx(a)7 5 S gm(a)7 (14>

for every curve  : I — X. This and Proposition ensure that the following parallel
transport is well-defined.

Proposition 3.3. The assignment sending any curve v : I — Y /G to the map

(b . w z
[ Bw 2 B b €lg = [“00w 510

is a linear parallel transport on mgy g, where © = Ty ;g x 0.

We denote by V8 the corresponding linear connection on Tg,y/g and by V8 /dt the corre-
sponding covariant derivative.

Lemma 3.3. Let V® be a linear connection on s x. The assignment sending a curve
x: 1 — X to the map

|7 Hotw = Howr [0 (9:0(9) + o) = (*1[0g09 (1) + 2 yne)
for each (g, (9) + Na(a)) € Ha(ay 5 a parallel transport on wy x .

In the same vein, a parallel transport may be defined on H = G x x ) — X as follows,

z(b) —

T — a:(b)
M T = a0 m@) = (11" e -

Now we extend V¥ to a linear connection V® on T*X ® g that is compatible with v, i.e.,
the relation (T4) holds for ®|| instead of 8||. Similarly, V® is said to be compatible with ¢ if

it satisfies (b "
®Hz(a plg) = (”Hi(a) 9) » 9€ Y, (15)
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for each curve x : I — X. Henceforth, we assume that V® is compatible with v and ¢. We
are ready to define a linear connection on the reduced bundle.

Proposition 3.4. The assignment that each curve v : I — Y /G corresponds to the map

~(b) . * * w ~(b) ® x(b)
ny(a) : ((T X® g)%ﬁ)ry(g) - ((T X® g)%ﬁ)y(b) ) [[yvfz]]ﬁ,so = [[ H’y(a) Y, Hx(a) fa&ﬂ&w;

where x = Ty;g x ©7, s an affine parallel transport on T(r«xeg), /G-

Proposition , Equation , together with the Ad-invariance of $ and , guarantee
that it is well-defined. Besides, it is affine thanks to the linearity of V®. We denote by V the
affine connection on 77~ X®8)y.0.Y/0 associated to | ‘ and by V/dt the corresponding covariant
derivative.

4 Reduction of the variational principle

4.1 Calculus of variations and reduced Lagrangian

Let my x : Y — X be a fiber bundle. A (first order) Lagrangian density on 7y x is a bundle
morphism

L JY - \N"T*X
covering the identity on X, where n = dim X. Assuming that X is orientable and v € Q"(X)
is a volume form, we can write £ = Lo for certain L : J'Y — R called Lagrangian.

Henceforth, we suppose that X is compact for simplicity. The action functional defined
by £ is

S(S) :/ S(jls), SEF(’/TYJ().
X
A wariation of a section s € I' (my x) is a smooth 1-parameter family

(s} = {s €D (myx) : L € (—€,€)}

such that sy = s. The vector field ds = ds;/dt|,_, € I (ms+7ry,x) along s is called the
infinitesimal variation. In what follows, we consider only my x-vertical variations, that is,
d7TY,X 0ds =0.

Definition 4.1. A section s € I' (my,x) is critical for the variational problem defined by £
if the variation of the corresponding action functionaﬂ vanishes for every vertical variation
of s, that s,

d d
IS(s) S(s¢) = /X £(j's:) =0, Vos € I' (meryx) -
t=0

= @), S @,

4The variation of S only depends on the infinitesimal variation. This means that if {s;} and {s,} are two
variations of s such that ds = ds’, then dS(s;)/dt|,_, = dS(s})/dt|,_,-

14



The section s € I' (my x) is critical for S if and only if it satisfies the Euler-Lagrange
equations for the Lagrangian L, i.e. EL(L)(j%s) = 0, where EL(L) : J?Y — V*Y =
(ker dmy x)* is the Euler—Lagrange operator (see |13 §2.4]). We now pick a closed, affine,
Lie group subbundle H C J'G as in Proposition , and we assume that L is H-invariant,
i.e., we have

L(®Y (jgs,den)) = L (Gzs), ¥V (as,den) € J'Y xx H.
This enables us to define the dropped or reduced Lagrangian as

L:(J'Y)/H =R, [asla — 1 ([72s],,) =L (jas) -

Let w € Q(Y, g) be a generalized principal connection on Ty,y/g associated to a Lie group
connection v on mg x, and choose a map ¢ : G — T"X ® g for the Lie group subbundle H
as in Proposition [3.I] Thanks to Theorem [B.I| we may regard the reduced Lagrangian as
defined on J1(Y/G) Xyg (T* X ®1),5. Given s € I' (my,x), the corresponding reduced section
is

S = IIS, S*Wﬂf)’@ - P (W(T*X@)g)%;,,X) .

Observe that the projection - xeg), ,,v/g©3 is nothing but the quotient section o, = [s|g =
myyigos el (Wy/g X). The whole situation is summarized in Figure .

A variation {s;} of s induces a variation {5, = s, s;w]q} of the reduced section 5 =
[s, s*w]s.e. By construction, L (j's;) = 1 (j*(0s)s,5:) for every t € (—e, €). Therefore:

d
L(j's)v=—
t:O/X (7's:) dt

Remark 4.1. The calculus of variations described above is straightforwardly extended to a
non-compact base manifold X by considering compactly supported variations. In other words,
giwen a section s € I'(my x ), the only variations ds of s allowed are those satisfying

d
dt

_O/X L (7 (02)0,5:) v. (16)

{re X :ds(x)#0} CcU

for some open subset U C X with compact closure U. Observe that, in particular 6s = 0 on
the boundary OU.

4.2 Reduced variations on (T*X ® g)., s

In this section we compute the variation ds of the reduced section s € F(ﬂ'(T* X®g)%ﬁ,X)
induced by a variation ds of an unreduced section s € I'(my.x). More particularly, we are
first interested in the vertical part

o dt ’

t=0

r e X,

of that reduced variation with respect to the connection V on 7(z- XO).5.Y/C built in Propo-
sition 3.4} For that, we analyze below the corresponding expression of ¢35 when the variation

15



ds = ds;/dt|—o is vertical or horizontal with respect to w. By linearity, the expression of §Vs
will be the combination of both terms. In addition, since (T*X ® g), 5 — Y/G is an affine
bundle, we will identify the tangent space of each fiber with the associated vector space, i.e.,

V(T X @8)p.5) = Ty (T°X @0)4.5),) = (T°X @8)og),

for each 7 € (T X ®8),,5, Where 0 = m(7-xwg), 5.v/¢(Y) € Y/G. Analogously, the restriction
of the tangent map of ¢ : G — T*X ® g to g = 1*(VG) yields the following morphism of
vector bundles,

o, =dplg:s—>T"X ®g.

Lemma 4.1. If {s;} is a my,y/g-vertical variation, that is, s = & for some § € I'(mg x),
then we can suppose that it is of the form s; = s-exp(t§). In that case,

d
dt|,—o

Adexp(re) © (s;w + p(exp(—t§))) = VI — p.&.

Proof. The first statement is because the variation of the functional only depends on the
infinitesimal variation. For the second part, we have

d * d * *
i, Adexp(g) 05w = — e + = . Adexp(re) 05™w
d .
= E o W (s,exp(tE)) ((dq))(s exp(t€)) (ds dexp(tﬁ))) + ad({)(s W)
d
= E Adexp(ftg) (S*w tvo dexp(t 5)) + [6’ S*W]
t=0
d
== . vodexp(tf) + pr . Adexp(—tgyovodl
» d
® pr . vodexp(t§)
— ng.

Equality () comes from property (i) in the definition of Lie group connection. Similarly,

d d
G Aduugeeteni—t0) = G slepl(—t)+ G| Adugug olexn(0)
=0 =0
= —%((dexp) (€)) +ad( ) (1))
= _90*67
where we have used that ¢(1) = 0 and (dexp)y = idg. O

Proposition 4.1 (6Vs for vertical variations). If {s;} is my,y g-vertical, that is, ds = & for
some & € I'(mg x), then:

0V5(2) = [s(2), (VE) (z) = (0u8)(@)] 50, 7 E€X.
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Proof. The reduced variations are
5i(x) = [5(2) - exp(t&(2)), (siw), ]y, = [5(2), Adexpieeo © ((sjw),, + @(exp(—t&(@))))] 4, -

Since T(rxwg), ;,v/G 05t = 05 for all t € (—¢, €), we have that {3;} is a (7= xeg), ,,v/g-Vertical
variation and V3,(x)/dt|,_, = d5,(x)/dt|,_,. Subsequently, the previous Lemma results in

§7s(a) = [s(a). 7| At o () + plexp(—t6)|

= HS Vgg (Qp*g) (x)]]m) .

*?.')70

]

Lemma 4.2. If {s;} is w-horizontal, i.e. w(ds) = 0, then the horizontal component of §s
with respect to 'V s

§5(x)" = 4

dt [[St(x)u (S*w)m]]f)#, ) z e X.

t=0

Proof. Let Hory,y : Toy@)(Y/G) = Ts)((T*X @ g),5) be the horizontal lift given by V
at 3(z). Then 635(x)" = Horg(x (60s(x)), since (dm(p-xeg), v/¢)s@) © 05(x) = doy(x). By

construction of V, we havef’}

HO?‘ (503( ) = (dq)(s(x),(s*w)z) <H07°§J(x) (dos(x)) 7H0r(vsj‘®w)z(01)> ;

where ¢ : Y xx (T"X ®g) = (T*X ® 1), is the quotient projection. The horizontality of
0s(x) yields Hory, (d0s(x)) = ds(x), and it is clear that lllor(zi@w)z (02) = O(s+w), . Hence,

d
dt|,_,

(o) = |

55( ) HOTS(Z (505( )) -

), ()l
where for the computation of the tangent map dg, we consider the curve v : (—¢,e
Yxx(T*X®g), y(t) = (si(2), (s'w)s), since 7(0) = (s(x), (s'w),) and 7'(0) = (ds(z), 0,).

Proposition 4.2 (§Vs for horizontal variations). If {s;} is w-horizontal, i.e. w(ds) = 0,
then

) —
]

§V5(z) = [s(z), Qs (95(2), (ds)z)]]ﬁ’o, r e X.

Proof. Thanks to the previous Lemma:

§V3(x) = 05(x) — 63(z)"

d . d *
T dt],, [s¢(2), (s;w)alsy = o . [s:(z), (s*w)als.,
d * *
== . [s:(x), (57w)z — (8"W)a] 5 0

S CF (i

PRecall that (dmy/g x)o,(2)(60s(x)) = 0, since the variation {s;} is 7y, x-vertical.

‘670
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Since the formula that we are proving is local, we can suppose that our bundles are
trivial, that is, G = X x G, g= X x gand Y =Y/G x G, where g is the Lie algebra of G.
We can thus regard w as a 1-form on Y with values in g. Then

4
dt

(sjw)e = 8" Lssw = 8™ (i55dw + d(i5sw)) = dws(z) (05, ds),
t=0

where £ is the Lie derivative and w(ds) = 0. Then

d

7 (57w)e = dws(zy (08, (ds)") + dws(y (s, (ds)")

t=0

= dwy () (03, (ds)")

= dw(ds,ds) = Q) (05, ds),
since dwg(z)(ds, (ds)”) = ds(w((ds)’)) — we@)([0s, (ds)’]) = 0. Indeed, we are working on a
trivialization, so we can write (ds)’ = &* for some & € g. Thus, w((ds)’) = w (f*) = ¢ and

~

ds(§) = 0. In addition, we have
[0s, (ds)"] = (£ as)»05)

d
== (dP) s g(1)) (95, 0g1))
t=0
d
= Ut - U7
dt —o

where g : (—¢,€) — G is defined as g(t) = exp (té) Note that U € T,Y is 7y y/g-horizontal
since so is each Z; € Ty 4
ws.g(t) ((d(I))s7g(t) ((58, Og(t))) == Adg(t)—l (ws(ds(x)) + I/(Og(t))) = 0.
O

Since every arbitrary variation ds can be split into its 7y y /g-vertical and horizontal parts,
we obtain the following result. We also make use of Lemma [3.2]

Corollary 4.1. Let ds be a variation of a section s € I'(my x) and consider the induced
variation V'3 of the reduced section’s = [[s, s*w]s, € T'(m(r=x0g),.4.x)- Then:

§Vs = [[s, V8¢ — 0.£+ Q (63, ds)]]?; , & =w(ds).

At last, we express the reduced variation in terms of the reduced section. To that end,

we define the operator vt (75 x) = D7 xeg.x) as

(v?;g) (o) = w . Eel(ngy), U€X(X), meX,  (17)

t=0

where z : (—¢,¢) — X is a curve such that 2/(0) = U(x).
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Lemma 4.3. For each & = [s,€]g € ['(7g x), we have
Vo€ = [5, VB + adywa (€)]g.

Proof. Given U € X(X) and zo € X, let x : (—¢,¢) — X be such that 2/(0) = U(zg). Let
¥ =Tyyigosox: (—€e€) —Y/G and write

(sox)(t) = (“I[fgs(zo)) - 90 (18)

for some ¢ : (—e,€) = G. Observe that mg x 0 g = = and ¢(0) = 1,,. From Proposition
and ((14)), we get
- V8 (£oz) (1)
v ) SR
( € ) (o) dt
t=0

(0)
=Gl £‘H o [(sex)(t), (§ox)(t)]g

d (0)
- % QH":(t) [ HVE?) (950)>Adg(t)0(§ox)(t)}g

= S TR (R stan) S8 (Ao ot 0)0)]

-4 g )z S €010

= [s(x0), (V5€) (w0) + ade(€(x0))] 5

where we denote ¢ = 4|, _ i ?)g(t) € g,,. By taking the covariant derivative in ([L§)), we
obtain

g

Dw d w ~(0
Dt 0 (sox)(t) = dt _ H y(t) (s oz)(t)
— d w||7O) ([ w7(®)
At o H'y(t) (( } 7(0)3(350)) -g(t)>
_ 4 ( )10 )
dt],_, a(t)9
= C:(xo)a

where Proposition [2.5 has been used. We conclude by applying w at both sides of the previous
equation:
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where (i) of Definition has been used. O

By linearity, the following map is well defined
G 8= T"X®8, [y,&]lg— [y, So*gm]g . (19)
Moreover, given a ® ¢ € T*X ® &, we define the vector bundle morphism

ad,gr 18— T"X ®8, s a® adé(f), (20)
which is well defined provided ﬂﬁ’y/g(é )= wﬁyy/g(f ), where ad : @ xXy/g & — g is the (fibered)
adjoint representation on the (generalized) adjoint bundle. Note that we keep the same
symbol for both maps for simplicity. By denoting 5 = [s,s*w]g € I'(mp:xggx) and § =

[5,¢]lg € I'(mg x), it is clear that [s,ad,(§)]g = ads({). Hence, the following result is now
straightforward.

Corollary 4.2. Let 0s be a variation of a section s € I'(myx) and consider the induced
variation of the reduced section s = [s, s*w]g . Then for each x € X we have

V5(x) = [Vﬁé — ads(d) — 3.& + Q(ba, das)]é ,
where £(x) = [5(2), ws(z)(05())]g and 5(x) = [s(x), (5*w)a]g for each v € X.

Note that ds is an arbitrary my x-vertical variation of s, and w(ds) € I'(mgx) gives
its 7y y/g-vertical part regarded as a section of the Lie algebra bundle. Therefore, é is
an arbitrary section of 7z y. More specifically, we should consider the pull-back of the
generalized adjoint bundle, ¢} g — X, but we omit this notation for brevity.

4.3 Variations on J}(Y/G)

The induced variations dog of o, = my;y/g o s are just the projection of the variations of s,
that is,

50'5 = d7Ty7y/g((58).
In particular, these reduced variations are free, with no particular constraints (in contrast
with the constraints for 65 analyzed in the previous section). For later convenience, we
now analyze the vertical part of the 1-jet lift of do, to J'(Y/G) with respect to a suitable
connection.

Let V¥/9 be a linear connection on the tangent bundle 7(Y/G) — Y/G and consider the
—Y/G
operator V /9. I'(mrevig),x) = T(Tr-xary/g),x) defined as

__ VY9 (o t
(V%) (2) = (Zt DO e Drrgren), UeX(X), s X, (1)
t=0

where v : (—€,€) — X is such that /(0) = U(z). The following Lemma is an adaptation
of [22, Corollary 3.4].
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Lemma 4.4. Let {s;} be a variation of a section s € I'(myx) and consider the induced
variation of o5 € I'(myg x). Then:

VY9d(0,):(U,)
dt

= (V1/%60,) (2) + 779 (S0s(2),jLon(Us), - w € X, U, €TX,

t=0

where U € X(X) is such that U(z) = U,, and TY/9 € T,}(Y/G) is the torsion tensor of V¥/9.

The connection VY79 is said to be projectable on a linear connection V¥ on mrx,x if the
following diagram is commutative:

L
T(TY/9)) T(Y/9)
d(dﬂ'y/g’x) Cl’/Ty/g,X
X
T(TX) TX
where ¥/9 and v~ are the vertical projections of the connections V¥/9 and V¥, respectively.

Consider the vector bundle
TV,Y/G - V=T'X® T(Y/Q) — Y/g

A section p € T'(m1y/g)y/g) can be regarded as a section p € I'(my,y/g) since J'(Y/G) C V.
Likewise, p can be regarded as a connection on 7y /g x. The next Proposition is an adaptation
of [31, Theorem 3.1, Lemma 3.1] to our case. See also |22, Equations (3.13), (3.14)].

Proposition 4.3. If VY/9 is projectable onto VX, then it induces an affine connection
1 . .
v Y9 in, T(y/g),y/g given by

vy Y9 = (id@ v?) o Vip, Z € X(Y/G), peT(mnyiaya),

where id : T* X — T* X 1s the identity map, v is the vertical projection associated to p, and
VYV is the linear connection induced on V =T*X @ T(Y/G) — Y /G by the tensor product of
the connections VY/9 and VX.

Corollary 4.3. For any variation dos = d/dt|,—o(0s); of a reduced variation o, the vertical
part with respect to the connection V7' ¥/9) of its 1-jet lift is given by

_ le(Y/g)jl(O's)t
dt

= _Y/g&fs +TY/9 (50, doy) .

t=0

5]1(Y/g)jlo_s

Proof. Given z € X and U, € T, X, the tensor product connection V" satisfies

_ Vy/gji(as)t(Ux) -1 VXU, _ Vy/gj;(US)t<Ux)
(Uz)_ dt _(x s)( dt )_ dt :

VVJ; (Us)t
dt
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Since the projection of ji(os):(U), by dry g x is constantly U,, we have that VY/9;1 (o), (U,)/dt
is my,g x vertical so that

V79 (os)e (id® 7% o VVialos)e _ VVijg(os)e
dt dt dt ’
and the proof is complete by Lemma [4.4] O

If the connection V¥ is torsionless (and that will be our choice from now on), the formula
above simply reads

5J1(Y/g)j103 _ vY/Q(SUS'

4.4 Reduced equations

Let ° C TX ®g" be the annihilator of $§ C 7*X ®g. Then, §° = (Y xx9H°)/GCTX®g"
is the annihilator of $) C T*X ® g. This space is canonically isomorphic to the dual vector
bundle

H° ~ ((T*X ®Q)/5:j>*,
where the dual pairing is given by (ly, Gla: [y, &]5) = (Co &) for each [y, ()g € $° and
[v.&]5 € (TP X ®8)/9.

On the other hand, J*(Y/G) Xy/g (T*X ® ), — Y/G is an affine bundle, since both
JYY/G) and (T*X ®g), 5 are affine bundles over Y/G. Let V* be the affine connection on
this bundle induced by the affine connections V7' /9 and V introduced above.

Definition 4.2. Let s € I'(my,x) and consider the reduced section s = [s, s*w]g.,, as well as
0, = Tyyy/g © s. The partial derivatives of the reduced Lagrangian

1:JY(Y/G) Xyig (T"X ®@8)p5 = R

are the sections

ol ol ol
5o € T (mr-v/6),x) » Silo eI (mrxev-(v/g).x) » s I (750 x) s
defined as
ol d h
(@t =) 1(uere), YU, € T (V/G),
O vy = Ll (e + v 5(2) W, € TX @ V) (Y/G)
5j10_8 Z), Ve ) = dt — Jz0s zyS\T)) T z os(x) )
ﬂ(x) W, ) = a4 [ (jios,5(z) +tW,) YW, €= ((T*X ®ﬁ)/5%>
65 ) T dt o x-S x ) T o—s(x)’

for each x € X, where vy (t)" is the horizontal lift with respect to the connection V* of a
curve vy : (—€,€) = Y/G such that ' (0) = U,. As usual, {-,-) denotes the corresponding
dual pairings.
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We remark that, whereas the two latter derivatives are (intrinsic) fiber derivatives, the
partial derivative §l/dos depends on the choice of the connections. Anyway, all of them are
sections projecting onto .

Since 1/63 lies in the annihilator of $, then for each [s, flg el <7T(T*X®Q)/.%’X> the dual

pairing satisfies
ol ol
<%7[[87£]]5%> = <%7[3>§]g>- (22>

Indeed, let g € I'(mg x) and 1 € I'(7g x). Then [s - g, Adg-10(§ + 1), = [s,&]g + [s,7]g and
(01/05, [s,n]g) = 0, since [s, 7], € 9.

Definition 4.3. The divergence of the operator v defined in 1s minus the adjoint of
Vg, i.e., the operator div® : T (7TTX®Q*7X) — T (WQ*X) given by:

/X (¢.F%)v=— /X (divi ¢ €) v

for every C € T (7TTX®Q*,X) and { € T (WQ,X)'

Analogously, the divergence of ng is minus the adjoint of (21) restricted to vertical
sections (the restriction is allowed since the linear connection VY/9 is projectable), that is,
diVY/g I (7TTX®V*(Y/Q),X> — I (WV*(Y/Q),X)-

In the same vein, the dual operator of ¢, : g — T X ® g given in s denoted by
Pl:TX®g —§".

The (pointwise) coadjoint representation of the morphism ad;z : g — 7" X ® g introduced
in (20), i.e., minus its dual morphism, is denoted by ad} : TX ® §" — &".

Lemma 4.5. In the previous conditions, the coadjoint representation can be restricted to H°
yielding the following vector bundle morphism:

adf: H° =@, ¢ adi(0).

Proof. Let x € X. As a consequence of the Ad-invariance of ), we have that ad; (f ) € $ for
each 7] € §,,(») and £ € 8y, (z)- Indeed, ad; (€)= —[€,7] = (d/dt)|t 0 Adgyi ) 07 € 9. Hence,

the map ad® : $° — §" is Well defined. Indeed, for each ¢ € $° we have (ad an(C) £) =
(€, adsy1q(€)) = (C, adsw(§)) = (adg,) (5), £), where Proposition [3.2/ and Lemma [3.2 have
[l

been taken into account.

Theorem 4.1 (Reduced field equations). Let y x be a fiber bundle over a compact manifold
X, mg x be a Lie group bundle and mgx be its Lie algebra bundle. Suppose that mg x acts
fiberwisely, freely and properly on the right on myx. Let w € QY(Y,g) be a generalized
principal connection on Tyy g associated to a Lie group connection v on ng x. Let H C J'G
be a Lie group subbundle projecting surjectively onto G and such that, with the identification
J'G ~ G xx T*X @15 given by v, it is an affine subbundle © + $ as in Proposition .
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For a H-invariant Lagrangian density £ = Lv : J'Y — N"T*X we consider the cor-

responding reduced Lagrangian 1 : J'(Y/G) Xyg (T*X @ 6)pq — R. Then, for any section
s € I'(my,x) and its reduced section’s = [s, s*w]g, and 0 = wy,y gos, the following assertions

are equivalent:

(i) The variational principle (5/ £(js) = 0 holds for arbitrary (vertical) variations of s.
X

(ii) The section s satisfies the Euler-Lagrange equations for L, i.e. EL(L) (j%s) = 0.

(i1i) The variational principle (5/ I(j'os,5)v = 0 holds for variations of the form:
X

6V5 = [V* — ads (€) — g€+ O(d0,,do)]|
b))
where é € I'(mg x) is an arbitrary section and éo, is an arbitrary variation of o.

(iv) The reduced section's satisfies the reduced field equations:

ol ol ol ~
— div'/9 = { —,145.Q
50_5 v (6J10-S) <6§, Ldas > ,
i ol
(le ad; —|—<,0*) (55) 0.

The expressions above take into account the connections described in §3.1]

Proof. The equivalence of (i) and (i7) is a well-known fact as stated above. The equivalence
of (i) and (7i7) is a straightforward consequence of equation and Corollary [4.2| To
complete the proof, we show the equivalence of (iii) and (iv).

Let ds be a my x-vertical variation of s and consider induced variations of o5 and 5. Then:

/l(jl(as)tagt)vz/dl (5 (jlos,E))v
t=0J X X
1 \h 1 _\V
:/dl(d(g 00,3) )U—i—/dl(é(g 005)") v
X X
_ [ 0L srwv/o) / LU
—/X<50575Us>v+/x<5jlas,5 ] 0s)U+ i 5§,5 5 ),

where the vertical parts 67' /9 jlo, and §Vs are defined with the connections V7' 79 and
V respectively. Making use of Corollaries and (with vanishing torsion) we get

. _ ol ol =v/g
1(j4(0s)s, 3 U:/ <—,5as>v+/ <,—,V 508>v
freeasyo= [ (5 (5

v [ (2L [7 - s () - 8+ B0 ) o

d

dt

d

dt
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Thanks to (22]), we may write:
o [Vﬁg—ad (g) — G.f 4+ Q(b0y, do )} _ (O %, (g) — 3.€ + Qb0 doy)
5§a S 90* S S 5 657 S SO* S S .
Analogously, thanks to Lemma we have
ol - AN
(£ 0)-((2)9)
Using this and the divergence operators defined above we get:
ol ol
1(5%(0s):, 5 v:/ <—,5O‘5>’U—|—/ <—divy/g (—) ,5US>U
t=0 /X (] ( )t t) X 505 X 5]105
) SIN\ -
_ div® * _ 5 _
—l—/X<< div® + ad; g0*> (5§) ,§>v
+/ <— <5—£, LdUSQ> ,(50’8> .
x 0S
As a result, the variational principle of (7i) reads
4l . vyg [ Ol il ~
/X <505 div (5j105) <5§, Ldng> ,50‘S> v
— / <<divﬁ—ad:+cﬁl> (5—5) ,£> v=20
X 53

for every section £ € T (Wf& X) and every variation do, of 0. m

4
dt

Remark 4.2. The first equation holds on maxv=(v/g),x, and the second one on T X - On
the other hand, if the connection V¥/9 had non-vanishing torsion, then the reduced equations

would read
ol . Y/G ol ol vig\ ol ~
5. div <5j105> + <5j10_8,bdaST =\5 Lio,S2 ),

(divt1 —ads +95I> (%) =0.

5 Reconstruction

Let 5 be a section of the reduced bundle (T*X ® ), — X and let

O = T(T*X@8),q,Y/G © S

be the induced section of Y/G — X. We consider the subset
Y9 =n7y60(X) ={y €Y :myvyg(y) = o(myx(y)} C Y.
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The action of G on Y restricts to Y7 and Y7 /G ~ X. In fact, we can regard Y7 as a pull-back
bundle Y7 ~ ¢*Y — X on which the Lie group bundle G acts transitively along the fibers:

Y Y? ~o*Y
k ’_0; [
Y/G - X

In particular, the adjoint bundle of Y7 — X is the pull-back ¢*g — X. From this point of
view, the section 5 can be also considered as a section of the pull-backed bundle

Yo xx (T*X ®5)/9
)

o (T"X @8)p0) = - X,

©®

Moreover, the restriction of the connection form w to Y7 is a generalized principal con-
nection on Y7 — X associated to the Lie group connection v, which we denote by o*w.
From |15, Proposition 3.11] we know that, for any section € of T*X ® o*% — X, the form
o*w — & is a generalized principal connection on Y7 — X.

Proposition 5.1. Let s € ['(my x). We regard s as a section of Y’ — X, where 0 =
Ty,y/g © 5. Then the generalized principal connection defined as

w’=0%w—3§

is flat, where 5 = [s, s*w]g € I' (T« xg90+g.x)-

Proof. To begin with, we have that s(X) C Y is an integral leaf of o*w—3§. Indeed, it is easy

to check that (ds),(7,X) is w*-horizontal for each z € X. This means that Curv (w°) ) =0
for each z € X, where Curv (w?®) is the curvature of w®.
An analogous computation to yields
|:8(SU) g, CUI'V (w )s(x)gi|g = |:S(SU), CllI'V (w )s(z)i|g = 07 YIS X7 g € gwa
whence Curv (w®), = 0 for every y € Y. O

Theorem 5.1 (Reconstruction). Let s € T (W(T*X®g)%ﬁ7X) be a critical section for the vari-
ational problem defined in (iii) of Theorem and 0 = T(rxeg), v/ °5 € ['(Ty/gx).
Let 5 be a section of T*X ® o*g — X such that 5(x) = [y,&]s,, for each x € X, where
5(x) = ly,&lg. If the connection

Ww=0'w—3

is flat and has trivial holonomy, then the integral leaves of the w® are critical sections of the
variational problem defined by L. Furthermore, any critical section of L is obtained in this
way.
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Proof. The trivial holonomy of w® implies that its integral leaves are sections of o*Y — X
that project to the reduced section 5. According to Theorem [.T], these sections are critical.

Conversely, if s is a critical section of L, then w?® is flat and s is an integral leaf of w®, by
Proposition [5.1} O

Corollary 5.1. If X is simply connected, then any connection has trivial holonomy and we
have the following equivalence of equations

(6l oy O o -
(505 le <5jlcs) <6§’ Ldos > ’

-1 _ 5
PG =0 =) (it —aaz o) (5) =0
S

| Curv (w®) = 0.

For non-simply connected manifolds, the equivalence above holds locally only. There are
topological obstructions and examples of reduced sections that do not admit global unreduced
sections. See [9, §5.2].

Remark 5.1. Given a reduced section s, there may be many sections § satisfying the con-
ditions of Theorem [5.1. Each choice will induce different solution s, and the transitions
between them are governed by the symmetries of the system, that is, sections of G — X with
1-jets lying on H — X.

6 Noether’s theorem

The well known Noether’s theorem establishes that infinitesimal symmetries of the La-
grangian density yield preserved quantities for the dynamics of the system. The aim of
this section is to show that the vertical part of the reduced equation is equivalent to the
Noether’s conservation law defined by the action of a Lie group bundle. As before, let
£ = Lv be an H-invariant Lagrangian density for some H C J'G ~ G xx (T*X ® g) as in
Proposition (3.1

Definition 6.1. An infinitesimal exact symmetry of £ is a vector field U € X(J'Y) such
that £y0¢ = 0, where £ denotes the Lie derivative and ©¢ € QQ(J'Y) is the (covariant)
Cartan form of £ (cf., for instance, [47, §5]).

On the other hand, an infinitesimal Lagrangian symmetry is a vector field U € X(J'Y)
such that the canonical geometric structures of J'Y are invariant under the infinitesimal
action of U and £y £ = 0 (cf. |27, Definition 4]). It turns out that that infinitesimal
Lagrangian symmetries are, in particular, infinitesimal exact symmetries (cf. [27, Proposition
2]). For that reason, henceforth we will just say “infinitesimal symmetry” to refer to them.

If s € T(myx) is a critical section for £ and U € X(J'Y) is an infinitesimal symmetry
of the Lagrangian density, the Noether’s theorem gives (see, for example, [26]) the following
conservation law

d((j's)" wOe) =0.
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In particular, if £ € I'(mg x) is such that its 1-jet extension falls in the Lie algebra bundle
Lie(H) of H, it is clear that (£*)) € X(J'Y) is an infinitesimal symmetry of £, thanks to
the H-invariance. Recall that, from Proposition [3.1) we know that

Lie(H) = {(¢,%:) € s xx (T"X ®@0) | 1o = ©:(€) + 1y Mo € H2} C J's. (23)

Theorem 6.1. Let L : J'Y — R be an H-invariant Lagrangian for some subgroup bundle
H C J'G asin Pmposz'tz’on and let s be a section of my,x. If 5 = [s, s*w]g, is the induced
section of T(r+xag), 5.x and L J'(Y/G) Xy g (T"X @ 8),6 — R is the reduced Lagrangian,
then the Noether conservation law

d((j's)" iy Oe) =0

holds for any section & € T(rgx) such that €Y € T(miien.x) if and only if the vertical

reduced equation
5 [
(divg — ad? +¢1) (5—_) =0
08

15 satisfied for's.

Proof. The result being local enables us to work in coordinates. Some conditions on these
coordinates will be imposed along the proof.

Let (2", y',y*) be bundle coordinates for my x and consider the corresponding bundle
coordinates (z#,y’, y%, vf“ vﬁ‘) for myy x. Suppose that they are chosen so that (a#,y") are
bundle coordinates for my,g x and, thus, (x“,yi,vli) are bundle coordinates for mi(y/g) x-
Let {B, : 1 < a < m} be a basis of local sections of mg x and {B*:1 < a < m} be its dual
basis. For a fixed xy = (xf) € X, we suppose that, using these coordinates, we have

Lie(H ), = span{(dz"),, ® Ba(z0) : 1< p<r, 1 <a<sp CTp X @g,, (24)
for some r, 1 <r < n, and s, 1 < s < m. We start by finding the local expression of the

infinitesimal symmetries of our Lagrangian density.

We also suppose that (y®) are normal coordinates of G on a neighbourhood U C G of
the identity element, 1. This means that there exist g3 € C*UxU), 1 < a,B,y <m,
such that

y* (9192) =y (91) + ¥ (32) + 95, (91, 02) ¥° (01) " (32), 1< a<m,

for each g1, go € U such that §1g2 € U. Hence, the infinitesimal generators are given by
(Bs), = (05 + 955(9, 1)y (9) (Ba)ys  y=(0,9) €Y/GxU, 1< B <m.

Denote by g : R™ — G the inverse of (y*) : G — R™, and define f]; € C*(R™), 1 <
a? /67,}/ S m7 as

as(U) = 905(9(y), 1).
Therefore, given ¢ = ¢°Bs € T'(mgx), where &7 € C*(X), 1 < B8 < m, the previous
expressions yield

&y y*) = (") (65 + f25(y™)y") .
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From the formula of 1-jet lift of vector fields (for example, see, |47]), we get
(€)W = &7 (65 + f5y") O + (0u€” (05 + S550") + 0™ (s S550" + f55)) 04 (25)
On the other hand, in coordinates the map ¢ : G — T*X ® g reads
ez, y*) = gy (", y*)da" @ B,
for some ¢% € C*(G). By denoting ¢ 4(z#) = (99 /0y”)(z#, y* = 0), we have
(€)= €40 4da" @ Boy €= €"Ba € T(mgx). (26)
Similarly, our generalized principal connection, w € Q'(Y,g), locally reads
w(ah ' y®) = (wi (@, y')da' +wi (2", y')dy' + dy®) @ Ba,

for some functions w,wf* € C®(Y/G),1<u<n 1<i<k 1<a<m,bengkecZ" the
dimension of the fiber of 7y/g x. Furthermore, there exist bundle coordinates (z*, e, vL; wz‘)
for the reduced space, where the indices of wj; go through p € {r +1,...,n} and a €

{s+1,...,m}, such that identification of Theorem is given by

(J'Y) /H = JHY/G) xyjg (T"X @85
[xu7yzayauvzavg}]_[ = (wuayzvvz;wg)

and, in the fiber over z(, they satisfy

wi = (x4, 0) + wi(zh, y') + Wl (zh, v ), + vy, r+1<p<n, s+1<a<m.

Likewise, using the definition of reduced Lagrangian, i.e.,

l('rlu7 yz7 U:,L; wz) = L(Q;”LL? yl7 ya7 U:,L? Uf:)?
it is easy to find the local expression of the vertical equation. Namely, the local expression
of the partial derivative of [ is
ol ol ; ds'(at) N
) = g (50, S ) ) 0, 0 1

and then, the vertical reduced equation becomes

(olivf1 —ad’ +¢1) <ﬁaﬂ ® Ba> = 0. (27)

(6%
ow o

From Lemma , we may locally write div® = div®+ ad%, where div® is the divergence
of V8. Observe that o¥ (g) ~ g, since we are working locally. By definition, div(¢,&) =
<div;s C,§> + (¢, V8E), for each ¢ = (40, ® B* € I'(mrxgg-,x) and § = £*B, € I'(mg x). An
easy computation using this expression shows that

dngC = (a/lgg - Fﬁ,acg) Ba?
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where Ffj,a €C®(X),1<pu<n,1<a,B <m,are the Christoffel symbols of V&, i
VO = (0,6% + T4 46") da* @ By, € =¢£"B, € D(mgx).

We choose the bundle coordinates on g x so that V8 is ﬂat at T = (1:0) ie., Fﬁ’a(xg) =0

for each 1 < < mnand 1 <, < m. Analogously, (p.(€),¢) = (& ¢L(¢)). Thus, from (26)
we get

pL(C) = @ﬁ,anBa7 (=40, ® B € ITrxeg x)-
As a result, reads
ol 5 Ol N
(3 (0 ) + Fh s ) ) B an) =0, (28)

© ©

where we recall that the summation isforr+1<pu<nand s+1<a, <m.

Using the expression for the coordinates wj; at xo we have

0, l<p<r 1<a<s,
* Hpa () = (o), r+1<p<n, s+l<a<m
H ows
ol
, 1<pu<
oL avl (l‘o), =H=T
* (%i(%): S
w 6’1}2 :Z: , r+1<u<n.

In addition, if the volume form is given by v = d"x = dx' A---Adz", then the local expression
of the Poincaré-Cartan form is

oL
ovt

(dy —v dx“) ANd"™ 1xu + STL (dy — vo‘da:“) ANd" 19% + Ld"x

1 1

O¢ =

where d"" 'z, = Lo, d"x. By using , we obtain

HenwOs (¢, 41 y" v, vp) = gvlé( Yy o, o) E7(aM) (5 + fos(y™)yY) Aty
= ailg (2,9 v i) €7(a") (85 + S0y )y") "
The last condition on the coordinates is the requirement that s(zg) = (os(z9),1) €
Y/G x G, ie., s*(zf) =0, 1 < a < m. Therefore,
(7%)" ()0 Os) () = a% (w5, 5 (25), s’ (2); wi (a5)) £ () d"

Observe that the jet extension of € is given by j'¢ = (£,d€) € T'(mgx 1+ xeog),x)- Subse-

quently, from , and we deduce that the condition €M) € T (TLie(r),x) at o
reads

(0,8%) (w0) = E%(w0) B0 s(w),  r+1<p<n, s+1<a<m.
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Therefore, the Noether conservation law reads

1o, ) () = [0 () €+ 0t () @)z

o (07
8w# i 3w#

ol ol o
= [0 (5uz) + o] 0@, =0

I

As &(z0) = £%(m9) Ba(x0) € 8, is arbitrary, this is equivalent to (28)), and we conclude. [

7 Examples

In this final section we discuss several applications of the reduction theory above. The first
one consists of recovering the case of rigid symmetries treated in the literature. Then we
describe the reduced equations when the system is invariant by the whole jet bundle, JG.
The third example is devoted to study Electromagnetism in vacuum, as well as it extension
to k-forms. We pursue the study of the process of symmetry breaking by product groups
in pure gauge theories. Finally, non-Abelian gauge theories are analyzed, recovering the
Utiyama theorem as well as the Yang—Mills equations.

7.1 Classical case

The reduction by the action of a Lie group in [22] can be recovered as a particular case of our
theory. Namely, let my x be a fiber bundle and G be a Lie group acting freely and properly
on the right on Y, and denote the (standard) action by

VY xG—=Y, (4,9)= Yy, g9) =VYy(y) =¥, (9) =y-9

In addition, suppose that my x(y - §) = my.x(y) for every y € Y and g € G. This action may
be regarded as a fibered action of the trivial Lie group bundle,

g=X xd@G,

by setting ®(y, g) = ¥;(y) =y - g for each (y,g) € Y xx G, with g = (z, §). It is clear that
the fibered quotient and the usual quotient agree, i.e. Y/G ~Y/G.

Recall that 7yy/¢ is a principal bundle and the Lie algebra bundle of mg x is g = X x g,
where g is the Lie algebra of G. From [15, Proposition 4.1.] we know that a generalized
principal connection w € Q'(Y,g) on Ty, associated to the trivial connection vy on 7g x is
simply a principal connection A € Q'(Y, g). Thanks to the bijective correspondence between
(local) sections of mg x and (local) functions X — G, the identification (6)) for vy may be
written as

Jlg ~GxT'X ® g, ja{ﬂfy = (’Ay(x)v d(R’y(x)—l © f?)x) )

where 7 = (idx,%) and R, : G — G denotes the right multiplication by ¢ € G. Let H be
the Lie group subbundle of 71 x corresponding to locally constant functions, i.e.,

HGxT'X®{0} X xG=4G.
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The first jet extension of the fibered action restricted to mpy x (recall Equation (12))) and the
jet extension of the Lie group action (cf. |22, Equation 2.7]) yield the same quotient:

(J'Y) /H ~ (J'Y) /G.
Since ¢ = 0 and $) = {0}, the quotient is isomorphic to

(T'X @aos S TX @5, [y (2, X)] + [1,X.]

5,0 G

where g = (Y x g)/G is the adjoint bundle of 7y y¢.
Theorem 7.1. Let A € Q'(Y, g) be a principal connection on my,y,c and consider the corre-
sponding generalized principal connection w € Q' (Y, g) on Ty,y/g associated to the canonical

connection vy on mg x. Then the fiber diffeomorphism given in Theorem [3.1] reduces to the
identification given in (22, Equation (2.8)] under the previous identifications, i.e.,

(JlY) /G — J(Y/Q) Xy (T"X ®g), [j;s]G > (jios, [s(m),AS(I) o (ds)x}G) )

Let A € QY(Y,g) be a principal connection on TY,Y/G» Vg be the canonical connection
on mg x and VX be a linear connection on nrx.x, and consider the linear connection V¥ =
V' ® Vg on mTrxggx, where V* is the dual of VX. They yield a linear connection V on
T(T*X@8)o.s,Y/G = TT*Xe§y/G; @ We have seen in Proposition By using bases of local
sections of these vector bundles, it can be seen that V agrees with the linear connection
defined in [22, Equation (3.19)]. In addition, let V# be the linear connection on m5y/q

associated to A (cf. [22, Equation (2.6)]). It descends to an operator v F(mgx) —
I'(mr+x5,x) as in [22, Equation (3.7)], whose divergence is denoted by:

leA . F(T‘-TX(@ﬁ*,X) — F(W@*7X)
Lastly, let VY79 be a torsion free linear connection on Tr(v/g),y/¢ Projectable onto V¥ and

consider the induced affine connection V7' ¥/9 on THY/G),Y /G-

Let L : J'Y — R be a G-invariant Lagrangian and [ : J'(Y/G) xy,¢(T*X®§) — R be the
reduced Lagrangian. As in the general theory, for the sake of simplicity we suppose that X
is compact. Let s € I (my,x) and consider the reduced section 5 = [s, s*Al¢ € I' (77 xg5,x)-
Observe that H* = TX ® g* and, hence, Y xg H+ ~ TX ® g*. Given a reduced section
5 € I'(mr+xgg,x), the coadjoint representation of g* induces a map:

adg : I'(mrxegx) — (7 x),
which is well-defined for every Z € I'(mrxgg+,x) such that:

TTXe§*,y/G © (= TT+Xe§Y/G © S-

Theorem 7.2. Let s € I' (my,x) and 5 = [s,5"Alg € I' (7mr-xg5,x) be the reduced section.
Then the reduced equations for s given in Theorem are equivalent to the Lagrange—
Poincaré field equations given in |22, Theorem 3.5/, i.e.,

ol . Y/g ol _/al <4
5o div <5j105) = <5§7LdasF )

ol ol
vi (=) —adi( =)=
div (5§> ad; <5§> 0,

where FA € QX(Y/G,§) is the reduced curvature of A.
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7.2 Full jet symmetry

Let mg x be a Lie group bundle endowed with a Lie group connection v, and suppose that it
acts (on the right) on a fiber bundle 7y x freely and properly. In this example we consider
a Lagrangian L : J'Y — R which is invariant by the whole jet bundle, that is,

H=J'G%Gxx (T"X @q).
It is clear that (7*X ® ), = X. Consequently, the identification of Theorem can be
performed without fixing a generalized principal connection:

(') /7G = J{Y/). [155] g = slon (29)

In the same way, since the reduced section § vanishes, the second equation of (iv) in
Theorem [.T]does not appear. Therefore, the reduced equations are the usual Euler—Lagrange
equations for the reduced Lagrangian [ : J'(Y/G) — R:

ol ol
do, (59‘10) !

Of course, in order to write them we have fixed a linear connection VY/9 on TT(Y/G),Y/G
projectable onto a linear connection VX on TrX.X-

7.3 Electromagnetism in vacuum

To describe Electromagnetism in vacuum as an Abelian geometric Yang—Mills theory, let
(X, g) be a 4-dimensional, compact, oriented pseudo-Riemannian manifold with volume form
vy € Q4(X), and let mpx : P — X be a principal U(1)-bundle. The configuration bundle of
this theory is the bundle of connections of mp x, i.e.,
C(P)=J'P/U(1) — X.

Recall that it is an affine bundle modelled on 7T*X — X.
Definition 7.1. The Maxwell Lagrangian density for Electromagnetism in vacuum is £ =
Lwv, with

L(j'A) =g (FA, FA> . AeT(ropx).

where F4 € O?(X) is the reduced curvature of the principal connection A.

Gauge transformations are defined by maps ¢ : X — U(1), that is, sections of the
trivial bundle X x U(1) — X. The Maxwell Lagrangian is invariant with respect to the
transformation

Ay Ay + (dg)eg(z) 7t x e X,

which can be understood as a symmetry by the fibered action C(P) x J'(X,U(1)) — C(P)
defined above. Note that the value g(z) € U(1) does not play an essential role and that
(dg)z g(x)™' € T*X ®u(1) =~ T*X. Subsequently, this fibered action induces another one,

C(P) xx T*X — C(P), (As,ap) = A, + as, (30)
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which can be straightforwardly extended to the first jets, J'C(P) xx JY(T*X) — J'C(P).
By virtue of this, the Lie group bundle of symmetries for Electromagnetism is the cotangent
bundle of X with the additive structure,

G=T"'X — X.

Second derivatives of gauge transformations correspond to the Lie group subbundle
J?(X,U(1)) € JY(JYX,U(1))). One can readily obtain the corresponding subbundle of
jet symmetries as

H={jia € J(T"X): (da), =0} C J(T*X).

Note that C(P)/T*X = X. In order to study the quotient J'C'(P)/H we need to consider a
generalized principal connection on 7¢(py x. The following lemma can be easily proven using
local coordinates.

Lemma 7.1. Let v be a linear connection on mp-x x, then it is Lie group bundle connection
and any affine connection w on wc(py,x modelled on v is a generalized principal connection
associated to v. Furthermore, if the connection v is torsionless, then v(T*X) C H, where
vel (7rJ1(T*X),T*X) 15 the section induced by v.

The identification (6)) reads J'(T7*X) ~ T*X xyx (T*X @ T*X) and for a torsionless
connection v we have
H~TX xx \°T*X. (31)

Subsequently, in Proposition we may choose ¢ = 0 and § = \/2 T X.

Proposition 7.1. Let w be the affine connection on mc(py x induced by a torsionless linear
connection v on mr«x x. LThen the isomorphism of Theorem s the curvature mapping
(up to a minus sign), that is,

JIC(P)/H — N°T*X, [jlA], — Skew (A*w), = —F4,

T

where Skew : T*X @ T*X — N> T*X is the skew-symmetrization.

Proof. Firstly, note that (T*X ® T*X)/\/*T*X ~ A*T*X via the skew-symmetrization.
Likewise, as ¢ = 0 and the Lie group is Abelian, the action reads

<C<P) Xx \/2 T*X) Xx "X — C(P> Xx \/2 T*X7 ((Ax?£z> 77736) = (Az + 77367536) :
Subsequently, (T*X @ T*X)o ~ N> T* X, whence the isomorphism of Theorem becomes

JIC(P)/H ~ N*T*X, since C(P)/T*X ~ X. To conclude, by using local coordinates it
can be checked that Skew(A*w) = —F“ for each A € I'(m¢o(p) x)- O

Therefore, for cach FA €T <7r AZT*X, X), the reduced Lagrangian is given by

() = (.54)
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for which the partial derivative isﬁ

ol

M?’?A = QLFAQ I~ F (T‘./\QTX,X) .

Let V* : I'(mr«x x) = I'(mr+xer-x,x) be the covariant derivative on mp«x x correspond-
ing to the linear connection v and div* : I'(mrxgrx x) — I'(7mrx x) be its divergence. From
Theorem {.1) we know that if A € I'(m¢(py,x) is a solution of the Euler-Lagrange equations

for L, then the reduced section F4 € T (7r AZT*X, X) satisfies the following reduced equation,
div* (tpag) = 0. (32)

Recall that the Hodge star operator x : QF(X) — Q**(X) is defined implicitly as:
aAxf = g(a, ) v, a, B € QF(X), (33)

and it satisfies xx = (—1)*4"Fe(g) on QF(X), being €(g) the parity of the signature of g.

Theorem 7.3 (Maxwell equations). In the above conditions, the reduced equation 18
equivalent to the Maxwell equation in vacuum, that s,

d*F4 =0,
where d* = xod ox : QF(X) — QF1(X) denotes the codifferential.

The equivalence is proved in local charts, making use of the isomorphisms f : T*X — T'X
and b : TX — T*X implicitly defined as g (of,U) = g (o, U,) = a(U), (a,U) e T*X xx
TX.

Theorem 7.4 (Reconstruction). Let U C X be a simply connected domain and let F' €

r (u,ﬂ'/\2 T*X7X> be a solution of the Maxwell’s equations in vacuum. Then there exists a

solution A € T’ (Z/I, Wc(p)’X) of the Euler-Lagrange equations for L such that F' = F* if and
only if the following compatibility condition holds:

dF = 0.

In short, we have the following local equivalence for sections A € I'(m¢(p) x):

d*FA =0,

ELL) (PA) =0 {dFA:O.

“Observe that (A? T*X)* =N Tx = (V? T*X)L = (rxerx) [V’ T*X)*.
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7.3.1 k-form Electromagnetism

When the principal bundle P is trivial P = X x U(1), the bundle of connections is 7T*X
and the Maxwell formulation of the previous section is defined on 1-forms. This can be
generalized to k-form Electromagnetism, & € N (see for example [45]). In this case, both the
configuration and Lie group bundle are the same so that the fiberwise actions is

ANTX xx N'T*X - N'T*X,  (Ag, o) — Ay + .

A generalized principal connection w € Q! </\k X, /\k T*X> OLL Tz ke y is just a linear
connection on that vector bundle, and it is associated to itself. The corresponding isomor-

phism @ is
gl (/\k T*X) SATX @ <T*X 2 A\* T*X) L la e (@), (aw),).

Analogous to classical Electromagnetism, we pick the Lie group subbundle of closed forms
and we restrict the previous isomorphism to it, i.e.,

H = {j;a e J! (/\’“ T*X)  (da), = o} 2ANFTX @ (T*X v AP T*X) .
By using local coordinates, it can be shown that the identification of Theorem [3.1| reads
(compare to Proposition

gl (/\’“ T*X) / H— AN TX, [jLA], — Skew(A*w), = —(dA),.

The Yang-Mills Lagrangian L : J* </\k T*X ) — R is defined as
L (JlA) = g(dA,dA), AeTl <7T/\k+1 T*X7X> .

It is H-invariant, so we may consider the reduced Lagrangian [ : /\]erl T*X — R. Namely,
it is given by

(C)=g(C,C), CeT (m\kﬂwm) .

Fixed C € T’ <7T/\k+1T*X’X), the partial derivative is 0l/0C' = 2109 € T <7T/\k+1TX’X> and,

hence, the reduced equation is
div* (tcg) = 0.

In the previous expression, div* : T’ <7TTX® AF TX) — T <7r AFTX X) is the divergence of the
linear connection w. Similarly to classical Electromagnetism, this reduced equation is equiv-

alent to the Maxwell equations,
d*C = 0.
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7.4 Symmetry breaking by product groups

In this example, we consider a gauge theory whose structure group is a direct product and
we suppose that the gauge symmetry is broken to the subgroup given by one of the factors.
More specifically, let mpx : P — X be a principal G-bundle with

G =N xU(1),

being N a semisimple Lie group, and denote by g = n & R the corresponding Lie algebra.
Consider the Lie subgroup Gy = {1} x U(1) ~ U(1). Since action of G on Gy by conjugation
is trivial, we have G = (P X G)/G ~ (P x N)/G x U(1). Hence, we may write

. PxN
J1G2J1< 2 >><XJ1(X,U(1)).

As a usual gauge theory, the configuration bundle is the bundle of connections of 7p x,
that is, mo(p),x, but we suppose that the symmetry is broken to Gy, i.e., we only consider
gauge transformations coming from elements of this subgroup. In other words, we restrict
the right fibered action C'(P) xx J'G — C(P) to the Lie group subbundle J*(X,U(1)) ~
{1} xx JH(X,U(1)) € J'G. A quick computation shows that it is given by

C(P) xx JHX,U(1)) = C(P), (As,jp9) = As + (dg)ag(z) ™.

Analogous to Electromagnetism in vacuum, 7%X may be taken as the Lie group bundle of
symmetries,

C(P)xxT'X — C(P), (As,az)— Az+a,. (34)
A trivialization of 7p x enables us to prove the following result.

Lemma 7.2. Let Py = P/Gy, which is a principal N-bundle over X, and consider the
corresponding bundle of connections, C(Py) — X. Then there exists a bundle isomorphism
given by

C(P))T"X — C(FR), [Aulpex = (Ao)s-

On the other hand, from the jet extension of the fibered action , we are only interested
in elements coming from J*(X, U(1)) C J* (J'(X, U(1))), which correspond to the Lie group
subbundle

H={jla € J(T*X): (da), =0} C J(T*X).

Let v be a linear connection on mr«x x such that 7(7*X) C H. Note that equation is
also valid for this case, so we may choose ¢ = 0 and, hence, § = \/2 T*X. Similarly, we have

(T*X @ T*X o5 ~ C(Py) xx N> T*X.
A slight modification of the proof of Proposition [7.1]leads to the following result.

Proposition 7.2. Letw € QY (C(P),T*X) be a generalized principal connection on wepy,c(ry)
associated to v. Then the identification of Theorem[3.1] reads

J'C(P)JH = J'C(Ry) xx C(Ro) xx N T°X,  [j1A], = (Ao, Aofa), ~F2) .
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Thanks to this identification, for each section A € TI'(m¢(p).x) we define the reduced

section as _ 3
A= <A07 FA) el <WC(P0)XX/\2T*X,X) :

Let L : JIC(P) — R be an H-invariant Lagrangian density and consider the reduced
Lagrangian, [ : J'C(Py)x xC(Py)xx N> T*X — R. Let V° be a torsion free linear connection
on T (C(P)) projectable onto a linear connection VX on TX. We know that it induces an
affine connection V() on 7 JIC(R),C(Py)- In addition, we assume that v is the dual connection
of VX. These connections induce an affine connection on the reduced space, as described in
Proposition The partial derivatives of the reduced Lagrangian areﬂ

ol ol ol
s, €T (TP, x) » siag €0 (trxavecrmx), szg €T (W/e TX,X) :

Let V* : I'(mp+x x) = ['(mp+xer-x,x) be the covariant derivative associated to v and denote
by div* : I'(mrxerx.x) = ['(7rx x) its divergence. Likewise, let div? : D(mrxeve(c(py),x) —
I'(mv+(c(py)),x) be the divergence of the operator ?0 defined from V° in . The reduced
equations are straightforwardly obtained from (iv) of Theorem .
Theorem 7.5. Let w € Q' (C(P),T*X) be a generalized principal connection on Tc(pyc(py)
associated to v, and A € I'(mepy,x) be a solution of the Euler-Lagrange equations for L.

Then the reduced section A = (AO, FA> € D(Topyyx N2 7x.x) Satisfies the following reduced

sl o ol 5l i
54, —div (5j1Ao) B <5FA’L°“‘°Q>’

div* <i) =0
SFA

7.5 Non-Abelian gauge theories

equations:

Electromagnetism (section above) is an instance of an Abelian gauge theory. We now
extend these result to non-Abelian gauge theories. In particular, we show that the Utiyama
theorem (see [49] for the original version, and [25| for the geometric version) and the Yang—
Mills equations may be obtained through the gauge reduction process described in this
article.

7.5.1 Geometric formulation

Let mpx : P — X be a (standard) principal bundle with a semisimple structure group G.
The configuration bundle of gauge theories is the bundle of connections:

TCP),X - C(P) = (le) /G—)X,

"Recall that (A? T*X)* =N TX = ("X @ T°X) /V? T*X)*.
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whose sections define principal connections on 7p x, and which is an affine bundle modelled
on Tr«xggx : 17X ® g — X, the bundle of covectors taking values in the adjoint bundle
g = (P x g)/G, where g is the Lie algebra of G and the action of G on g is given by the
adjoint representation.

The main instance in this framework is the Yang—Mills theory. In this case, given a
pseudo-Riemannian metric, g, on X and the Killing metric, K : g X g — R, on the Lie
algebra, we first define a fibered inner product:

(Dt (NTX98) xx (NMT'X@5) — R
(a1 @ [p,&i)a, a0 ® [p, &la) = glar, ag) K(&1,82).

Then the Yang-Mills Lagrangian density is £ = Lv,, where v, € Q2"(X) is the pseudo-
Riemannian volume form and
L:JIO(P) =R, jiArs <F’;‘,ﬁf> , (35)
9

where F4 € O?(X, g) is the reduced curvature of the principal connection A, i.e., the curva-
ture regarded as a 2-form on the base manifold with values in the adjoint bundle.

The Yang—Mills Lagrangian density is a particular case of a gauge invariant Lagrangian.
From the perspective of fibered actions, gauge transformations can be regarded as sections
of the associated bundle 7g y : G = (P x G)/G — X, where the action of G on itself is by
conjugation, which is a Lie group bundle with the fiberwise group structure inherited from
G. This Lie group bundle acts on the left on 7p x. In order to have a fiber action on C(P),
we need first derivatives of the sections of 74 y, i.e., we consider its first jet bundle. More
precisely, we define

Following the notation in this article, G = J'G is the Lie group bundle of the reduction.
Furthermore, the gauge invariance of a Lagrangian is understood with respect to the Lie

group subbundle H = J2G C J! (Jlé) _ JiG.

Unfortunately, since the fibered action (36)) is not free, the corresponding quotients fail to
be manifolds and our results cannot be applied as they are. However, this singular situation
can be fixed by extending the configuration bundle of the theory; namely, we take 71p x
instead of m¢(p),x as the configuration bundle. The action of J 1G is now free and, in fact,
transitive, i.e., J'P/J'G ~ X.

Observe that any Lagrangian L : J'C(P) — R may be lifted to a new (unreduced)
Lagrangian L : J' (J'P) — R by setting L (j18) = L (j}[8]¢) for each j'5 € J' (J'P). As a
straightforward consequence of (29), a function Le(C> (J1 (J'P)) comes from a function
L € C> (J*C(P)) if and only if it is invariant with respect to the following (right) fibered
action,

JH(IP) xx JYX,G) — JL (J'P), (;;g,j;ﬁ) g (s : 73) : (37)

where J1(X, G) is the jet of functions from X to G, which coincides with the jet of the trivial
bundle X x G — X.
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7.5.2 Reduced configuration space

Since all the results concerning reduction are local, for brevity we will confine ourselves to
trivializing charts. More precisely, we may assume that P = X x G with X = R", whence
G =X x G and § = X x g. By means of the right trivialization of the tangent bundle of G,
we can identify J'P = J'G = G x (T*X ®g) and J'g = g x (T*X @ g). The expression of
the fibered group product with this identification reads (cf. |14, Theorem 4.2|)

(9,&) - (h, Ay) = (gh, & + AdyoAy),  (9,&), (h, Ay) € J'G.

This expression also holds for the fibered action of 7,5y on mnpyx. In addition, with

the aid of any linear connection V¥ on the tangent bundle of X, we have an identification
(cf. |14, Theorem 3.1|):

JU(J'P) = J! <J1é> ~ G X (T"X @) xx (T"X @ g) xx ("X @ T*X @ g).
In this trivialization, the extension of the dual connection of V¥ to g-valued forms on X is

used, i.e., V:I(T*X ® g) — D(T*X ® T*X ® g). In this situation, the second jet bundle
takes the form (cf. [14, Corollary 5.5])

H = J*G ~ {(g,@;m, 6r) € J' (J'G) 1 & = s, Skew(@y) = —%[@,@J} :

where Skew : T*"X @ T X — /\2 T*X is the skew-symmetrization map. As a Lie group
connection on 7 ;4 x and principal bundle connection on 71px we choose the jet fields v
J'G = JHJ'G), 0(9.&) = (9,&304,0,) and & : J'P — J* (J'P), &(g,&) = (9, &3 0a, 0z)
(see |15, Lemma 4.1] and [15, Proposition 4.3|, respectively). With them, we have ) =
\V?T*X ® § and we can take

PICSTX X e pl0.6) = (63l )

for H in Proposition [3.I] Under these identifications, it can be checked that Theorem
reads as follows.

Proposition 7.3 (Reduced space). For gauge theories, the identification 15 given by
(7' (J'P))/ PGS (T X 0 g) @ (N T'X @0), [128] ue = (4 —F2), (39)

where A, = [5(z)]g € C(P) is the (pointwise) principal connection and FA € N> T*X @ g
denotes its reduced curvature.

As a result, given an extended section § € I'(mj1py) such that A = 7n pop) © S €
I'(me(py,x ), then the corresponding reduced section is given by

5=(A-FY el (T"Xwga (N'TX®g)).
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7.5.3 Utiyama’s theorem and Yang—Mills equations

From Proposition the reduced Lagrangian [ depends on two arguments: (A, —F;).
However, we now have to take into account that the unreduced Lagrangian L was in fact
defined in J'(C(P)) and not in J*(J'P). In other words, we have to impose that [ is invariant
by the action of J'(X,G). After transferring this (right) action by (38)), we obtain

(Aes B2 ) - (o) = (Adir o(As + 1), Adyr oF, ) (39)

for each (Aa,, F) € (T"X ®g) xx (NPT"X ®g) and (h, 1) € G x (T*X @ g). If | must
be invariant invariant with respect to this action, then [ must not depend on A, and the
dependence on F), is adjoint invariant. Utiyama’s theorem is now straightforward.

Corollary 7.1 (Utiyama’s theorem). A Lagrangian L : J'C(P) — R is gauge invariant if
and only if L =10 F', where

F:J'C(P) = N°T*X®§, jlA— FA
1s the reduced curvature map, and [ : /\2 T*X ® g — R is an Ad-invariant function.

This represents an alternative proof of the Utiyama’s theorem that relies on the gauge
reduction theory developed in this article. Roughly speaking, this new approach takes ad-
vantage of the gauge invariance of the Lagrangian density to transfer it to the corresponding
fibered quotient and, by means of the identification , this quotient space is seen to be
nothing but the curvature bundle of the theory. Of course, the Ad-invariance of the reduced
Lagrangian is also taken into account from our perspective.

Finally, we explore the reduced equations. It can be checked easily that the dual operator

of the map is given by
Pl TX @ (J'8) = (J'8)", () = (0,0).
On the other hand, the coadjoint representation given in Lemma [£.5] reads
adt : H° — (Jlﬁ)* ;o (w, IL) = <ad*Ax 0T, — ad*ﬁf oll,, ad}, oH$> ,

where $9° = (TX ® g*) xx (/\2 TX ®g*). Then one can check that the reduced equations
for a section (4, —F) of (T*X @ g) ® (N°T*X ® g) are

ol
as, (22) —o, 40
o (57) (10

> Jl
div—ad*) 2 o, 41
(dv — aa) (£2) ()
where we have taken into account that dl/0A = 0 from (39)), and div: (TX TX ®@g*) —

I'(T'X ® g*) denotes the divergence of V. But equation is already satisfied by the
adjoint invariance of [ described by the other condition provided by . We have thus the
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single equation . Note that, even though [ does not depend on A, this variable is still a
variational field of the reduced problem and it appears in the equations.

In particular, for the Yang-Mills Lagrangian | =|| F' ||* we recover equation x(d x F' +
[A,*F]) = 0, which together with the reconstruction equation dF + [A, F] = 0, are the
Yang—Mills equations.

8 Conclusions and future lines

In this work, the Lagrange—Poincaré reduction for covariant field theories has been general-
ized to account for local gauge symmetries, which have been modelled by fiberwise actions
of Lie group bundles. As most physical systems are not invariant by the full jet extension of
the fibered action, we have studied the reduction procedure when the Lagrangian is invariant
only by an affine Lie group subbundle. In order to study the geometry of the reduced config-
uration bundle and to drop the variational principle, a generalized principal connection has
been utilized. In order to illustrate the theory, the gauge reduction scheme here presented
has been applied to several examples: the classical case of global symmetries (Lagrange—
Poincaré reduction), symmetry by the full jet bundle, Electromagnetism (including k-form
electromagnetism and symmetry breaking by product groups), and non-Abelian gauge theo-
ries, leading to the well-known Utiyama theorem and the Yang—Mills equations. In the latter
application, the fibered action is not free and, thus, our theory cannot be applied a priori.
This situation has been handled through a sort of unreduction-reduction procedure in which
second order jets of functions with values on a Lie group have arisen.

The reduction scheme here presented opens new interesting questions for future work:

1. Gauge reduction. Even though the gauge examples examined have symmetries
defined by an affine subbundle, the generalization of our theory to any subbundle
H C J'@G is a valuable topic. However, in this case the reduction of the configuration
bundle is more intricate, as Proposition is not available. In addition, it would be
interesting to connect the present reduction approach to some constructions of curved
gauge theories [23,133]. In short, curved gauge theories are constructed as standard
gauge theories by substituting the principal bundle by a generalized principal bundle.
For that reason, the fiberwise approach to local gauge symmetries here developed is
suitable to analyze those theories. The singular actions in these cases could be tackled
again with the unreduction-reduction idea used for non-Abelian gauge theories. Lastly,
the next natural step in the study of local symmetries would be to substitute the Lie
group bundle of symmetries by a Lie groupoid [19,|35], which will allow to study sym-
metries that are not vertical, i.e., when the action moves the base point of the manifold,
as well as local symmetries where the dimension of the Lie group is not constant, but
it varies with the point of the base manifold.

2. Reduction by stages. There are many physical systems whose group of symmetries
can be split into two or more subgroups with different properties. In such case, it may
be convenient to carry out the reduction procedure in different steps corresponding to
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each of the “parts” of the group. This is known as reduction by stages (see [17,37] for
Mechanics and [2] for Field Theory). The main issue one encounters when performing
this process is that the reduced phase space is no longer a jet bundle (or a tangent
bundle in the case of Mechanics). To overcome this, a new category of phase spaces
has to be introduced: the Lagrange-Poincaré category. The Lagrangian reduction
by stages for field theories introduced in [2] for standard Lie group actions could be
generalized to the case of fibered actions considered in the present work.

3. Hamiltonian reduction. In the Hamiltonian formulation of mechanics, reduction
is performed on each level set of the momentum map (cf. [42]). An alternative ap-
proach to Hamiltonian reduction that avoids the use of momentum maps consists of
reducing the Poisson bracket |[40]. This latter approach has been extended to covari-
ant field theories yielding the Hamiltonian counterparts of the Euler—Poincaré and the
Lagrange—Poincaré reduction theories, that is, the Lie-Poisson |11| and the Poisson—
Poincaré [3| reduction theories, respectively. Of course, the Lagrangian and Hamilto-
nian viewpoints are related via the Legendre transform. It would be highly desirable to
extend the covariant Poisson reduction to account for local gauge symmetries, yielding
the Hamiltonian counterpart of the theory here presented.

4. Discrete reduction. The construction of discrete theories mimicking the continuous
ones has been a fruitful approach to obtain variational and geometric integrators for
the dynamical equations of the systems (see, for example, [43] for Mechanics or |21}[34]
for field theories). In the same vein, reduction by symmetries has also been analyzed
in the discrete setting for both mechanics [5,[7,:38,139,/46] and field theories |50]. The
construction of variational integrators for gauge theories is a big goal that will require
a careful analysis of the discrete analogs of the objects introduced here.
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