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Abstract: In this paper, variational techniques are used to analyze the dynamics of nonholo-
nomic mechanical systems with impacts. Implicit nonholonomic smooth Lagrangian and Hamil-
tonian systems are extended to a nonsmooth context appropriate for collisions. In particular, we
provide a variational formulation for implicit nonholonomic mechanical systems with collisions,
for those collisions that preserve energy and momentum at the impact. Lastly, the theoretical
results are illustrated by examining the example of a rolling disk hitting a wall.
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1. INTRODUCTION

A nonholonomic system is a mechanical system subject to
constraint functions which are, roughly speaking, functions
on the velocities that are not derivable from position
constraints (see Neimark and Fufaev (1972)). They arise,
for instance, in mechanical systems that have rolling
or certain types of sliding contact. There are multiple
applications in the context of wheeled motion, mobile
robotics and robotic manipulation.

A geometrical formulation for mechanical systems with
one-sided constraints was developed by Lacomba and
Tulczyjew (see Lacomba and Tulczyjew (1990)). Ibort et
al. studied the geometric aspects of Lagrangian systems
subject to impulsive and one-sided constraints (Ibort et al.
(1998)). This was extended to the Hamiltonian formalism
by Cortés and Vinogradov (2006).

Mechanical systems subject to collisions are confined
within a region of space with a boundary. Collision with
the boundary for elastic impacts activates a constraint on
the momentum and on the energy after and before the
collision. The problem of collisions has been extensively
treated in the literature since the early days of mechan-
ics (see, for example, Ibort et al. (1997) or Brogliato
(1999) and references therein for a comprenshive review).
More recently, much work has been done on the rigorous
mathematical foundation of impact problems (see Haddad
et al. (2006) and Westervelt et al. (2018)). Nonholonomic
systems subject to impacts or impulse effects have been
previously studied in Clark and Bloch (2019) and Colombo
et al. (2022).
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In mechanics, implicit Lagrangian and Hamiltonian sys-
tems appear in controlled mechanical systems. An im-
portant class of implicit mechanical systems studied in
Yoshimura and Marsden (2006b) are those with nonholo-
nomic constraints. The aim of this paper is to take one step
further and consider implicit mechanical systems subject
to nonholonomic constraints and elastic collisions, which
occurs when the nonholonomic system impacts the bound-
ary of the configuration space under some suitable condi-
tions. The goal of this paper is to provide a variational
formulation for nonholonomic implicit mechanical systems
with collisions. In particular, those collisions that preserve
energy and momentum at the impact.

The remainder of the paper is structured as follows.
Section 2 introduces nonholonomic systems from an ex-
plicit point of view via the Lagrange–d’Alembert principle
and from an implicit point of view via the Lagrange–
d’Alembert–Pontryagin principle. In Section 3 we define
the configuration space and the phase space with the
objective of introducing the action functional in Sec-
tion 4, where we derive variationally, via the Hamilton–
d’Alembert–Pontryagin principle, the equations of motion
for implicit nonholonomic Lagrangian systems subject to
elastic collisions. We extend the framework to the Hamil-
tonian side in Section 5, where we derive nonholonomic
implicit Hamiltonian systems subject to collisions from
a variational perspective. Finally, we study the vertical
rolling disk hitting a wall in Section 6.

2. NONHOLONOMIC SYSTEMS

LetQ be a smooth manifold with dim(Q) = n. Throughout
the text, TQ and T ∗Q will denote the tangent and the
cotangent bundles of Q, respectively. Let U ⊂ Q be an
open set that trivializes the tangent bundle, i.e., there exits
a vector space V and an isomorphism of vector bundles
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TQ|U ≃ U ×V . In turn, this induces a trivialization of the
cotangent bundle: T ∗Q|U ≃ U×V ∗. For brevity, henceforth
we will denote U = Q.

A distribution ∆Q on Q is a vector subspace ∆Q(q) of
TqQ for each q ∈ Q. In addition, ∆Q is smooth if for
each q ∈ Q there exist a neighborhood U ⊂ Q of q
and smooth vector fields X1, . . . , Xk ∈ X(U) such that
∆Q(q) = span{X1(q), . . . , Xk(q)} for each q ∈ U . The rank
of ∆Q at q ∈ Q is the dimension of the subspace ∆Q(q),
i.e., ϱ : Q → R, ϱ(q) = dim∆Q(q). If ϱ is a constant
function, then ∆Q is said to be regular.

A smooth regular codistribution ∆̃Q on Q is a (locally
trivial) vector subbundle of T ∗Q. Let ∆Q ⊂ TQ be a
distribution, the annihilator of ∆Q is the codistribution
defined as

∆◦
Q(q) = {α ∈ T ∗

q Q | α(v) = ⟨α, v⟩ = 0, ∀v ∈ ∆Q(q)}
for every q ∈ Q.

From an intrinsic point of view, linear constraints on the
velocities of a mechanical system are defined by a regular
distribution ∆Q on Q.

Here we will restrict ourselves to the case of linear non-
holonomic constraints. In this case, the constraints are
given by a nonintegrable distribution ∆Q. In addition
to these constraints, we need to specify the dynamical
evolution of the system by fixing a Lagrangian function
L : TQ → R. The central concepts permitting the exten-
sion of mechanics from the Newtonian point of view to the
Lagrangian one are the notions of virtual displacements
and virtual work. These concepts were formulated in the
developments of mechanics and in their application to
statics. In nonholonomic dynamics, the procedure is given
by the Lagrange–d’Alembert principle:

δ

∫ t1

t0

L(q(t), q̇(t)) dt = 0,

where q̇(t) ∈ ∆Q(q(t)) and the variations satisfy δq(t) ∈
∆Q(q(t) and vanish at the endpoints. This principle allows
us to determine the set of possible values of the constraint
forces from the set ∆Q of admissible kinematic states
alone. The resulting equations of motion are known as the
nonholonomic Euler–Lagrange equations and are given by[

d

dt

(
∂L

∂q̇

)
− ∂L

∂q

]
· δq = 0.

An alternative approach consists of enlarging the phase
space from TQ to the Pontryagin bundle TQ⊕ T ∗Q, and
considering the Lagrange–d’Alembert–Pontryagin princi-
ple:

δ

∫ t1

t0

(L(q(t), v(t)) + ⟨p(t), q̇(t)− v(t)⟩) dt = 0,

where v(t) ∈ ∆Q(q(t)) and the variations (δq(t), δv(t), δp(t))
are such that δq(t) ∈ ∆Q(q(t)) and vanish at the end-
points. Then dynical equations for a stationary curve
(q(t), v(t), p(t)) yield the so-called implicit Lagrange–
d’Alembert equations on TQ ⊕ T ∗Q (see Yoshimura and
Marsden (2006b)):

p =
∂L

∂v
, q̇ = v ∈ ∆Q(q), ṗ− ∂L

∂q
∈ ∆◦

Q(q).

The forthcoming sections contain the main results of the
paper and are devoted to generalize this latter situation
to account for implicit nonholonomic systems undergoing
elastic collisions. We also consider the Hamiltonian coun-
terpart.

3. CONFIGURATION SPACE AND PHASE SPACE

Let Q be a smooth manifold with boundary, denoted by
∂Q, L : TQ → R be a (possibly degenerate) Lagrangian,
and ∆Q ⊂ TQ be a (possibly nonholonomic) constraint
distribution. According to Section 2, the annihilator of ∆Q

is denoted by ∆◦
Q ⊂ T ∗Q.

Given [τ0, τ1] ⊂ R and τ̃ ∈ [τ0, τ1], the path space with a
unique collision (at τ = τ̃) is defined as Ω(Q, τ̃) = T ×
Q(τ̃), where

T = {αT ∈ C∞([τ0, τ1]) | α′
T (τ) > 0, τ ∈ [τ0, τ1]}

and

Q(τ̃) =
{
αQ ∈ C0([τ0, τ1], Q) | αQ(τ̃) ∈ ∂Q, (1)

αQ is piecewise C2 and has only one singularity at τ̃
}
.

We only consider one singularity at τ = τ̃ for brevity, but
similar results hold for a finite amount of singularities,
{τ̃i | 1 ≤ i ≤ N} ⊂ [τ0, τ1].

Remark 1. Systems with collisions are a particular in-
stance of hybrid systems. For systems with elastic impacts,
the guard is given by S = {vq ∈ TqQ | q ∈ ∂Q, g(vq, nq) >
0}, where g is a Riemannian metric on Q and n is the
outward-pointing, unit, normal vector field on the bound-
ary. Similarly, the reset map is given by R(vq) = v∥

q − v⊥q ,

where v⊥q = g(vq, nq)nq and v∥
q = vq − v⊥q ∈ Tq∂Q. Recall

that hybrid systems may experience Zeno behaviour if
a trajectory undergoes infinitely many impacts in finite
time. In order to avoid this situation, we ask the system to
satisfy two conditions (cf. (Goodman and Colombo, 2020,
Remark 2.1)):

(i) S∩R(S) = ∅, where R(S) is the closure of R(S) ⊂ TQ.
This condition is clearly satisfied in our case. Indeed, for
each vq ∈ S we have v⊥q ̸= 0 and, thus, ∥ R(vq) −
vq ∥g= 2 ∥ v⊥q ∥g> 0, being ∥ · ∥g the norm induced
by the metric g.

(ii) The set of collision times is closed and discrete. This
condition, which depends on the topology of the configu-
ration manifold, prevents the existence of an accumulation
point and will be assumed in the following.

Under these assumptions, our development is valid in a
neighborhood of each collision. Therefore, we can assume
that the colission takes place in the interior of the interval,
i.e., τ̃ ∈ (τ0, τ1).

Lemma 1. (Fetecau et al., 2003, Corollary 2.3) Ω(Q, τ̃) =
T × Q(τ̃) is a smooth manifold.

Remark 2. Given αT ∈ T , we denote [t0, t1] = αT ([τ0, τ1])
and, in order to distinguish between τ -derivatives and
t-derivatives, we use different symbols; namely, α′

T =

dαT /dτ and α̇−1
T = dα−1

T /dt, where α−1
T : [t0, t1] → [τ0, τ1]

is the inverse of αT . Analogously, we denote t̃ = αT (τ̃).

The tangent space of Q(τ̃) at αQ ∈ Q(τ̃) is given by

TαQ
Q(τ̃) =


ναQ

∈ C0([τ0, τ1], TQ) | (2)

αQ = πTQ ◦ ναQ
, ναQ

(τ̃) ∈ TαQ(τ̃)∂Q,

ναQ
is piecewise C1 and has only one singularity at τ̃


,

where πTQ : TQ → Q is the natural projection. In order
to incorporate the constraint distribution, we define the
following subspace at each αQ ∈ Q(τ̃),

∆Q(τ̃)(αQ) =

ναQ

∈ TαQ
Q(τ̃) | ναQ

: [τ0, τ1] → ∆Q


.

As usual, we denote TQ(τ̃) =


αQ∈Q(τ̃) TαQ
Q(τ̃) and

∆Q(τ̃) =


αQ∈Q(τ̃) ∆Q(τ̃)(αQ).

Let

T ′
αQ

Q(τ̃) = {ϕαQ
: TαQ

Q(τ̃) → R |
ϕαQ

is linear and continuous}
be the topological dual of TαQ

Q(τ̃). Since Q(τ̃) is an
infinite dimensional manifold, its topological cotangent
bundle is too large to formulate mechanics. For that
reason, we will restrict ourselves to an appropriate vector
subbundle; namely, for each αQ ∈ Q(τ̃) we define

T ⋆
αQ

Q(τ̃) =

παQ

∈ C0([τ0, τ1], T
∗Q) | (3)

αQ = πT∗Q ◦ παQ
, παQ

(τ̃) ∈ T ∗
αQ(τ)∂Q,

παQ
is piecewise C1 and has only one singularity at τ̃


,

where πT∗Q : T ∗Q → Q is the natural projection. By
construction, the image of the Legendre transform of the
Lagrangian lie in this space, i.e., FL ◦ ναQ

∈ T ⋆Q(τ̃) for
each ναQ

∈ TαQ
Q(τ̃), where FL : TQ → T ∗Q is the

Legendre transform of L. Nevertheless, in general
FL ◦ ναQ

| ναQ
∈ TαQ

Q(τ̃)

⊊ T ⋆

αQ
Q(τ̃),

as the Lagrangian is possibly degenerate.

Lemma 2. For each αQ ∈ Q(τ̃), the vector space T ⋆
αQ

Q(τ̃)

is a vector subspace of the topological dual of TαQ
Q(τ̃) by

means of the following L2-dual pairing:

⟨παQ
, ναQ

⟩ =
 τ1

τ0

παQ
(τ) · ναQ

(τ) dτ,

where · represents the pairing between T ∗Q and TQ.
Furthermore, this pairing is nondegenerate.

As a straightforward consequence of the previous lemma,
the vector bundle

T ⋆Q(τ̃) =


αQ∈Q(τ̃)

T ⋆
αQ

Q(τ̃) → Q(τ̃), παQ
→ αQ,

is a vector subbundle of the topological cotangent bundle
of Q(τ̃).

In the same vein, for each ναQ
∈ TαQ

Q(τ̃) and παQ
∈

T ⋆
αQ

Q(τ̃), the iterated bundles are given by

TναQ
(TQ(τ̃)) =


δναQ

∈ C0([τ0, τ1], T (TQ)) |

ναQ
= πT (TQ) ◦ δναQ

, δναQ
(τ̃) ∈ TναQ

(τ̃)(T∂Q)

,

where πT (TQ) : T (TQ) → TQ is the natural projection,
and

TπαQ
(T ⋆Q(τ̃)) =


δπαQ

∈ C0([τ0, τ1], T (T
∗Q)) |

παQ
= πT (T∗Q) ◦ δπαQ

, δπαQ
(τ̃) ∈ TπαQ

(τ̃)(T
∗∂Q)


,

where πT (T∗Q) : T (T
∗Q) → T ∗Q is the natural projection.

In particular, we consider the constrained iterated bundle,

∆TQ(τ̃)(ναQ
) =


δναQ

∈ TναQ
(TQ(τ̃)) | (4)

dπTQ ◦ δναQ
∈ C0([τ0, τ1],∆Q)


.

4. NONHOLONOMIC IMPLICIT LAGRANGIAN
MECHANICS WITH COLLISIONS

Given a path α = (αT , αQ) ∈ Ω(Q, τ̃), the associated curve
is defined as

qα : [t0, t1] → Q, t → qα(t) =
�
αQ ◦ α−1

T


(t). (5)

Similarly, given ναQ
∈ TαQ

Q(τ̃) and παQ
∈ T ′

αQ
Q(τ̃), we

set
vα : [t0, t1] → TQ, t → vα(t) =

�
ναQ

◦ α−1
T


(t),

pα : [t0, t1] → T ∗Q, t → pα(t) =
�
παQ

◦ α−1
T


(t).

It is clear that πTQ ◦ vα = πT∗Q ◦ pα = qα.

By regarding Ω(Q, τ̃) as a trivial vector bundle over Q(τ̃)
with the projection onto the second factor, the Lagrange–
d’Alembert–Pontryagin action functional,

S : Ω(Q, τ̃)×Q(τ̃) (TQ(τ̃)⊕ T ⋆Q(τ̃)) → R,
where ×Q(τ̃) denotes the fibered product over Q(τ̃), is
defined as

S
�
α, ναQ

, παQ


=

 t1

t0

(L(vα(t)) + pα(t) · (q̇α(t)− vα(t))) dt

=

 τ1

τ0


L
�
ναQ

(τ)

+ παQ

(τ) ·

α′
Q(τ)

α′
T (τ)

− ναQ
(τ)


α′
T (τ) dτ.

The equality between the first and the second expressions
can be easily checked by considering the change of variable
t = αT (τ). By recalling that the energy of the system,
E : TQ⊕ T ∗Q → R, is given by

E(vq, pq) = pq · vq − L(vq), (vq, pq) ∈ TQ⊕ T ∗Q, (6)

the action functional may be rewritten as

S
�
α, ναQ

, παQ


=

 t1

t0

(pα(t) · q̇α(t)− E(vα(t), pα(t)) dt

=

 τ1

τ0


παQ

(τ) ·
α′
Q(τ)

α′
T (τ)

− E
�
ναQ

(τ), παQ
(τ)


α′
T (τ) dτ.

Definition 1. (Hamilton–d’Alembert–Pontryagin principle).
A path

c = ((αT , αQ), ναQ
, παQ

) ∈ Ω(Q, τ̃)×Q(τ̃)

�
∆Q(τ̃) ⊕ T ⋆Q(τ̃)



is stationary (or critical) for the action functional S if it
satisfies

dS(c)(δc) = 0,
for every variation δc =

�
(δαT , δαQ), δναQ

, δπαQ


∈

TαΩ(Q, τ̃) × ∆TQ(τ̃)(ναQ
) × TπαQ

(T ⋆Q(τ̃)) such that

δαT (τ0) = δαT (τ1) = 0, δαQ(τ0) = δαQ(τ1) = 0 and

dπTQ ◦ δναQ
= dπT∗Q ◦ δπαQ

= δαQ. (7)

Theorem 1. A (local) curve

(α, ναQ
, παQ

) ≃
(αT , αQ, νQ, πQ) ∈ Ω(Q, τ̃)×Q(τ̃)

�
∆Q(τ̃) ⊕ T ∗Q(τ̃)


is critical for the action functional S if and only if it satisfies
the implicit Euler–Lagrange equations,


π′
Q − α′

T

∂L

∂q
(αQ, νQ) ∈ ∆◦

Q(αQ), E′(αQ, νQ, πQ) = 0,

πQ =
∂L

∂v
(αQ, νQ), νQ =

α′
Q

α′
T

∈ ∆Q(αQ),
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TαQ
Q(τ̃) =


ναQ

∈ C0([τ0, τ1], TQ) | (2)

αQ = πTQ ◦ ναQ
, ναQ

(τ̃) ∈ TαQ(τ̃)∂Q,

ναQ
is piecewise C1 and has only one singularity at τ̃


,

where πTQ : TQ → Q is the natural projection. In order
to incorporate the constraint distribution, we define the
following subspace at each αQ ∈ Q(τ̃),

∆Q(τ̃)(αQ) =

ναQ

∈ TαQ
Q(τ̃) | ναQ

: [τ0, τ1] → ∆Q


.

As usual, we denote TQ(τ̃) =


αQ∈Q(τ̃) TαQ
Q(τ̃) and

∆Q(τ̃) =


αQ∈Q(τ̃) ∆Q(τ̃)(αQ).

Let

T ′
αQ

Q(τ̃) = {ϕαQ
: TαQ

Q(τ̃) → R |
ϕαQ

is linear and continuous}
be the topological dual of TαQ

Q(τ̃). Since Q(τ̃) is an
infinite dimensional manifold, its topological cotangent
bundle is too large to formulate mechanics. For that
reason, we will restrict ourselves to an appropriate vector
subbundle; namely, for each αQ ∈ Q(τ̃) we define

T ⋆
αQ

Q(τ̃) =

παQ

∈ C0([τ0, τ1], T
∗Q) | (3)

αQ = πT∗Q ◦ παQ
, παQ

(τ̃) ∈ T ∗
αQ(τ)∂Q,

παQ
is piecewise C1 and has only one singularity at τ̃


,

where πT∗Q : T ∗Q → Q is the natural projection. By
construction, the image of the Legendre transform of the
Lagrangian lie in this space, i.e., FL ◦ ναQ

∈ T ⋆Q(τ̃) for
each ναQ

∈ TαQ
Q(τ̃), where FL : TQ → T ∗Q is the

Legendre transform of L. Nevertheless, in general
FL ◦ ναQ

| ναQ
∈ TαQ

Q(τ̃)

⊊ T ⋆

αQ
Q(τ̃),

as the Lagrangian is possibly degenerate.

Lemma 2. For each αQ ∈ Q(τ̃), the vector space T ⋆
αQ

Q(τ̃)

is a vector subspace of the topological dual of TαQ
Q(τ̃) by

means of the following L2-dual pairing:

⟨παQ
, ναQ

⟩ =
 τ1

τ0

παQ
(τ) · ναQ

(τ) dτ,

where · represents the pairing between T ∗Q and TQ.
Furthermore, this pairing is nondegenerate.

As a straightforward consequence of the previous lemma,
the vector bundle

T ⋆Q(τ̃) =


αQ∈Q(τ̃)

T ⋆
αQ

Q(τ̃) → Q(τ̃), παQ
→ αQ,

is a vector subbundle of the topological cotangent bundle
of Q(τ̃).

In the same vein, for each ναQ
∈ TαQ

Q(τ̃) and παQ
∈

T ⋆
αQ

Q(τ̃), the iterated bundles are given by

TναQ
(TQ(τ̃)) =


δναQ

∈ C0([τ0, τ1], T (TQ)) |

ναQ
= πT (TQ) ◦ δναQ

, δναQ
(τ̃) ∈ TναQ

(τ̃)(T∂Q)

,

where πT (TQ) : T (TQ) → TQ is the natural projection,
and

TπαQ
(T ⋆Q(τ̃)) =


δπαQ

∈ C0([τ0, τ1], T (T
∗Q)) |

παQ
= πT (T∗Q) ◦ δπαQ

, δπαQ
(τ̃) ∈ TπαQ

(τ̃)(T
∗∂Q)


,

where πT (T∗Q) : T (T
∗Q) → T ∗Q is the natural projection.

In particular, we consider the constrained iterated bundle,

∆TQ(τ̃)(ναQ
) =


δναQ

∈ TναQ
(TQ(τ̃)) | (4)

dπTQ ◦ δναQ
∈ C0([τ0, τ1],∆Q)


.

4. NONHOLONOMIC IMPLICIT LAGRANGIAN
MECHANICS WITH COLLISIONS

Given a path α = (αT , αQ) ∈ Ω(Q, τ̃), the associated curve
is defined as

qα : [t0, t1] → Q, t → qα(t) =
�
αQ ◦ α−1

T


(t). (5)

Similarly, given ναQ
∈ TαQ

Q(τ̃) and παQ
∈ T ′

αQ
Q(τ̃), we

set
vα : [t0, t1] → TQ, t → vα(t) =

�
ναQ

◦ α−1
T


(t),

pα : [t0, t1] → T ∗Q, t → pα(t) =
�
παQ

◦ α−1
T


(t).

It is clear that πTQ ◦ vα = πT∗Q ◦ pα = qα.

By regarding Ω(Q, τ̃) as a trivial vector bundle over Q(τ̃)
with the projection onto the second factor, the Lagrange–
d’Alembert–Pontryagin action functional,

S : Ω(Q, τ̃)×Q(τ̃) (TQ(τ̃)⊕ T ⋆Q(τ̃)) → R,
where ×Q(τ̃) denotes the fibered product over Q(τ̃), is
defined as

S
�
α, ναQ

, παQ


=

 t1

t0

(L(vα(t)) + pα(t) · (q̇α(t)− vα(t))) dt

=

 τ1

τ0


L
�
ναQ

(τ)

+ παQ

(τ) ·

α′
Q(τ)

α′
T (τ)

− ναQ
(τ)


α′
T (τ) dτ.

The equality between the first and the second expressions
can be easily checked by considering the change of variable
t = αT (τ). By recalling that the energy of the system,
E : TQ⊕ T ∗Q → R, is given by

E(vq, pq) = pq · vq − L(vq), (vq, pq) ∈ TQ⊕ T ∗Q, (6)

the action functional may be rewritten as

S
�
α, ναQ

, παQ


=

 t1

t0

(pα(t) · q̇α(t)− E(vα(t), pα(t)) dt

=

 τ1

τ0


παQ

(τ) ·
α′
Q(τ)

α′
T (τ)

− E
�
ναQ

(τ), παQ
(τ)


α′
T (τ) dτ.

Definition 1. (Hamilton–d’Alembert–Pontryagin principle).
A path

c = ((αT , αQ), ναQ
, παQ

) ∈ Ω(Q, τ̃)×Q(τ̃)

�
∆Q(τ̃) ⊕ T ⋆Q(τ̃)



is stationary (or critical) for the action functional S if it
satisfies

dS(c)(δc) = 0,
for every variation δc =

�
(δαT , δαQ), δναQ

, δπαQ


∈

TαΩ(Q, τ̃) × ∆TQ(τ̃)(ναQ
) × TπαQ

(T ⋆Q(τ̃)) such that

δαT (τ0) = δαT (τ1) = 0, δαQ(τ0) = δαQ(τ1) = 0 and

dπTQ ◦ δναQ
= dπT∗Q ◦ δπαQ

= δαQ. (7)

Theorem 1. A (local) curve

(α, ναQ
, παQ

) ≃
(αT , αQ, νQ, πQ) ∈ Ω(Q, τ̃)×Q(τ̃)

�
∆Q(τ̃) ⊕ T ∗Q(τ̃)


is critical for the action functional S if and only if it satisfies
the implicit Euler–Lagrange equations,


π′
Q − α′

T

∂L

∂q
(αQ, νQ) ∈ ∆◦

Q(αQ), E′(αQ, νQ, πQ) = 0,

πQ =
∂L

∂v
(αQ, νQ), νQ =

α′
Q

α′
T

∈ ∆Q(αQ),
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on [τ0, τ̃) ∪ (τ̃ , τ1], together with the conditions for the
elastic impact,

πQ(τ̃
+)− πQ(τ̃

−) ∈ (T∂Q ∩∆Q)
◦ = (T∂Q)◦ +∆◦

Q,

E(αQ(τ̃
−), νQ(τ̃

−), πQ(τ̃
−)) = E(αQ(τ̃

+), νQ(τ̃
+), πQ(τ̃

+)),

where the annihilitaros are with respect to TQ.

Proof: Let TQ ≃ Q× V be a trivialization of the tangent
bundle of Q, and consider the induced trivializations of
the cotangent bundle of Q, T ∗Q ≃ Q × V ∗, as well as
of the iterated bundles T (TQ) ≃ Q × V × V × V and
T (T ∗Q) ≃ Q × V ∗ × V × V ∗. Locally, we may write
α′ ≃ (αT , αQ, α

′
T , α

′
Q), ναQ

≃ (αQ, νQ) and παQ
≃

(αQ, πQ) for some α′
Q, νQ : [τ0, τ1] → V and πQ :

[τ0, τ1] → V ∗. Moreover, the variations locally read δα ≃
(αT , αQ, δαT , δαQ), δναQ

≃ (αQ, νQ, βQ, δνQ) and δπαQ
≃

(αQ, πQ, γQ, δπQ) for some δαQ, βQ, γQ, δνQ : [τ0, τ1] →
V , δπQ : [τ0, τ1] → V ∗. In fact, equation (7) ensures
that δαQ = βQ = γQ. Moreover, by locally regarding
∆Q(q) ⊂ V for each q ∈ Q, the conditions ναQ

∈ ∆Q(τ̃)

and δναQ
∈ ∆TQ(τ̃)(ναQ

) read νQ(τ) ∈ ∆Q(αQ(τ)) and
δαQ(τ) ∈ ∆Q(αQ(τ)) for each τ ∈ [τ0, τ1], respectively.
At last, the condition δναQ

(τ̃) ∈ TναQ
(τ̃)(T∂Q) yields the

local condition δαQ(τ̃) ∈ W , where W ⊂ V is a subspace
of co-dimension one such that T∂Q ≃ ∂Q×W .

As a result, the variation of the action functional reads

dS(α, ναQ
, παQ

)
�
δα, δναQ

, δπαQ


≃

dS(αT , αQ, νQ, πQ)(δαT , δαQ, δνQ, δπQ) = τ1

τ0


∂L

∂q
· δαQ +

∂L

∂v
· δνQ + δπQ ·


α′
Q

α′
T

− νQ



+πQ ·

δα′

Q

α′
T

−
α′
Qδα

′
T

(α′
T )

2
− δνQ


α′
T dτ

+

 τ1

τ0


L+ πQ ·


α′
Q

α′
T

− νQ


δα′

T dτ,

where the Lagrangian, as well as its partial derivatives, are
evaluated at (αQ, νQ). After splitting the integration do-
main, [τ0, τ1]−{τ̃} = [τ0, τ̃)∪ (τ̃ , τ1], as well as integrating
by parts on each sub-interval, we may rewrite the previous
expression as

dS(α, ναQ
, παQ

)
�
δα, δναQ

, δπαQ


≃ τ̃

τ0


α′
T

∂L

∂q
− π′

Q


· δαQ − d

dτ
(L− πQ · νQ)δαT

+α′
T


∂L

∂v
− πQ


· δνQ + δπQ · (α′

Q − α′
T νQ)


dτ

+

 τ1

τ̃


α′
T

∂L

∂q
− π′

Q


· δαQ − d

dτ
(L− πQ · νQ)δαT

+α′
T


∂L

∂v
− πQ


· δνQ + δπQ · (α′

Q − α′
T νQ)


dτ

+

πQ · δαQ + (L− πQ · νQ)δαT

τ=τ̃−

τ=τ0

+

πQ · δαQ + (L− πQ · νQ)δαT

τ=τ1

τ=τ̃+
.

Since the previous expression vanishes for free variations
(δα, δνQ, δπQ) such that δαQ ∈ ∆Q(αQ), δαT (τ0) =
δαT (τ1) = 0 and δαQ(τ0) = δαQ(τ1) = 0, we obtain the
desired equations and impact conditions. □

By using the change of variable t = αT (τ), we have
q̇α = α′

Q/α
′
T and ṗα = π′

Q/α
′
T . Then, the implicit Euler–

Lagrange equations for a (local) curve

(vα, pα) ≃ (qα, v, p) : [t0, t1] → TQ⊕ T ∗Q

take the form


ṗ− ∂L

∂q
(qα, v) ∈ ∆◦

Q(qα), Ė(qα, v, p) = 0,

p =
∂L

∂v
(qα, v), v = q̇α ∈ ∆Q(qα),

(8)

on

t0, t̃


∪
�
t̃, t1


. Similarly, the conditions for the elastic

impact read

p
�
t̃+


− p

�
t̃−


∈ (T∂Q ∩∆Q)

◦ = (T∂Q)◦ +∆◦
Q, (9)

E
�
qα

�
t̃−


, v

�
t̃−


, p

�
t̃−


= E

�
qα

�
t̃+


, v

�
t̃+


, p

�
t̃+


,

v
�
t̃+


= q̇α

�
t̃+


∈ ∆Q. (10)

Energy balance: It may be shown that the conservation
of the energy along the solutions, Ė(qα, v, p) = 0, is
redundant, as it may be obtained from the remaining
equations.

For unconstrained systems, i.e., ∆Q = TQ, the Hamilton–
d’Alembert–Pontryagin principle reduces to the Hamilton–
Pontryagin principle, and the implicit Euler–Lagrange
equations of motion read as

ṗ =
∂L

∂q
(qα, v), p =

∂L

∂v
(qα, v), v = q̇α.

5. NONHOLONOMIC IMPLICIT HAMILTONIAN
MECHANICS WITH COLLISIONS

The results in the previous section may be obtained in
the Hamiltonian side as well. Namely, given a (possibly
degenerate) Hamiltonian, H : T ∗Q → R, the Hamilton–
d’Alembert–Pontryagin action functional,

S : Ω(Q, τ̃)×Q(τ̃) T
⋆Q(τ̃) → R,

is defined as

S
�
α, παQ


=

 t1

t0

�
pα(t) · q̇α(t)−H(pα(t))


dt

=

 τ1

τ0


παQ

(τ) ·
α′
Q(τ)

α′
T (τ)

−H
�
παQ

(τ)


α′
T (τ) dτ.

Recall that from this point of view the energy of the system
is simply given by the Hamiltonian.

Definition 2. (Variational principle in the phase space). A
path

c = ((αT , αQ), παQ
) ∈ Ω(Q, τ̃)×Q(τ̃) T

⋆Q(τ̃)

such that α′
Q ∈ ∆Q(τ̃)(αQ) is stationary (or critical) for

the action functional S if it satisfies dS(c)(δc) = 0 for
every variation δc =

�
(δαT , δαQ), δπαQ


∈ TαΩ(Q, τ̃) ×

TπαQ
(T ⋆Q(τ̃)) such that δαT (τ0) = δαT (τ1) = 0,

δαQ(τ0) = δαQ(τ1) = 0 and

dπT∗Q ◦ δπαQ
= δαQ ∈ ∆Q(τ̃)(αQ). (11)

Theorem 2. A (local) curve

(α, παQ
) ≃ (αT , αQ, πQ) ∈ Ω(Q, τ̃)×Q(τ̃) T

∗Q(τ̃)

such that α′
Q ∈ ∆Q(τ̃)(αQ) is critical for the action

functional S if and only if it satisfies the implicit Hamilton
equations,

π′
Q + α′

T

∂H

∂q
(αQ, πQ) ∈ ∆◦

Q(αQ), H ′(αQ, πQ) = 0,

α′
Q

α′
T

=
∂H

∂p
(αQ, πQ) ∈ ∆Q(αQ),

on [τ0, τ̃) ∪ (τ̃ , τ1], together with the conditions for the
elastic impact,{

πQ(τ̃
+)− πQ(τ̃

+) ∈ (T∂Q ∩∆Q)
◦ = (T∂Q)◦ +∆◦

Q,

H(αQ(τ̃
−), πQ(τ̃

−)) = H(αQ(τ̃
+), πQ(τ̃

+)).

Proof: Let TQ ≃ Q× V be a trivialization of the tangent
bundle of Q, and consider the induced trivializations of the
cotangent bundle of Q, T ∗Q ≃ Q × V ∗, as well as of the
iterated bundle T (T ∗Q) ≃ Q× V ∗ × V × V ∗. Locally, we
may write α′ ≃ (αT , αQ, α

′
T , α

′
Q) and παQ

≃ (αQ, πQ) for

some α′
Q : [τ0, τ1] → V and πQ : [τ0, τ1] → V ∗. Moreover,

the variations locally read δα ≃ (αT , αQ, δαT , δαQ) and
δπαQ

≃ (αQ, πQ, γQ, δπQ) for some δαQ, γQ : [τ0, τ1] → V
and δπQ : [τ0, τ1] → V ∗. In fact, equation (11) ensures that
δαQ = γQ ∈ ∆Q(αQ). Moreover, we have δαQ(τ̃) ∈ W ,
where W ⊂ V is a subspace of co-dimension one such that
T∂Q ≃ ∂Q×W .

As a result, the variation of the action functional reads

dS(α, παQ
)
(
δα, δπαQ

)
≃

dS(αT , αQ, πQ)(δαT , δαQ, δπQ) =∫ τ1

τ0

(
δπQ ·

α′
Q

α′
T

+ πQ ·
(
δα′

Q

α′
T

−
α′
Qδα

′
T

(α′
T )

2

)

− ∂H

∂q
· δαQ − ∂H

∂p
· δπQ

)
α′
T dτ

+

∫ τ1

τ0

(
πQ ·

α′
Q

α′
T

−H

)
δα′

T dτ,

where the Hamiltonian, as well as its partial derivatives,
are evaluated at (αQ, πQ). After splitting the integration
domain, [τ0, τ1] − {τ̃} = [τ0, τ̃) ∪ (τ̃ , τ1], as well as inte-
grating by parts on each sub-interval, we may rewrite the
previous expression as

dS(α, παQ
)
(
δα, δπαQ

)
≃∫ τ̃

τ0

((
−π′

Q − α′
T

∂H

∂q

)
· δαQ +H ′δαT

+ δπQ ·
(
α′
Q − α′

T

∂H

∂p

))
dτ

+

∫ τ1

τ̃

((
−π′

Q − α′
T

∂H

∂q

)
· δαQ +H ′δαT

+ δπQ ·
(
α′
Q − α′

T

∂H

∂p

))
dτ

+
[
πQ · δαQ −HδαT

]τ=τ̃−

τ=τ0
+
[
πQ · δαQ −HδαT

]τ=τ1

τ=τ̃+
.

Since the previous expression vanishes for free variations
(δα, δπQ) such that δαQ ∈ ∆Q(αQ), δαT (τ0) = δαT (τ1) =
0 and δαQ(τ0) = δαQ(τ1) = 0, we obtain the desired
equations and impact conditions. □

As for the Lagrangian equations, by means of the change
of variable t = αT (τ), the implicit Hamilton equations for
a (local) curve

pα ≃ (qα, p) : [t0, t1] → T ∗Q

take the form

ṗ+
∂H

∂q
(qα, p) ∈ ∆◦

Q(qα), Ḣ(qα, p) = 0,

q̇α =
∂H

∂p
(qα, p) ∈ ∆Q(qα),

on
[
t0, t̃

)
∪
(
t̃, t1

]
. Similarly, the conditions for the elastic

impact read

p
(
t̃+

)
− p

(
t̃−

)
∈ (T∂Q ∩∆Q)

◦ = (T∂Q)◦ +∆◦
Q,

H
(
qα

(
t̃−

)
, p

(
t̃−

))
= H

(
qα

(
t̃+

)
, p

(
t̃+

))

q̇α
(
t̃+

)
∈ ∆Q.

Energy balance: It may be shown that the conservation
of the energy along the solutions, Ḣ(qα, p) = 0, is redun-
dant, as it may be obtained from the remaining equations.

For unconstrained systems, i.e., ∆Q = TQ, the Hamilton–
d’Alembert–Pontryagin principle in the phase space re-
duces to the Hamilton–Pontryagin principle in the phase
space, and the implicit Hamilton equations of motion read
as

ṗ = −∂H

∂q
(qα, p), q̇α =

∂H

∂p
(qα, p).

Hyperregular Lagrangians: When L : TQ → R
is a hyperregular Lagrangian, i.e., when the Legendre
transform FL : TQ → T ∗Q defines an isomorphism,
then both the Lagrangian and the Hamiltonian approaches
are equivalent. Namely, the Lagrangian L induces the
Hamiltomian H : T ∗Q → R given by

H(pq) = E
(
(FL)−1(pq), pq

)
, pq ∈ T ∗Q.

By recalling the local expression of the Legendre trans-
form,

FL(q, v) =
(
q,

∂L

∂v
(q, v)

)
,

it is easy to check that the implicit Euler–Lagrange equa-
tions together with the conditions for the elastic impact
hold for a (local) curve (vα, pα) : [t0, t1] → TQ⊕T ∗Q if and
only if pα = FL(vα) and the implicit Hamilton equations
together with the conditions for the elastic impact hold for
the (local) curve pα = FL(vα) : [t0, tq] → T ∗Q.

6. ROLLING DISK HITTING A WALL

Let us consider a disk rolling without slipping, as in
(Yoshimura and Marsden, 2006a, Section 7.1). However,
here we assume that there is a wall that the disk may hit
(see Anahory Simoes and Colombo (2023)). The configu-
ration space is thus given by

Q = {(x, y, θ, φ) ∈ R2 × S1 × S1 | y +R sinφ ≤ 10},
where (x, y) denotes the contact point of the disk with the
ground, θ denotes the angle of rotation and φ denotes the
heading angle of the disk with respect to the x-axis. The
Lagrangian L : TQ → R is given by

L(x, y, θ, φ; vx, vy, vθ, vφ) =
1

2
m

(
v2x + v2y

)
+
1

2

(
I v2θ + J v2φ

)
,

where m, I, J ∈ R+ are the mass and the moments
of inertia of the disk, respectively. For each (vq, pq) =
(x, y, θ, φ; vx, vy, vθ, vφ; px, py, pθ, pφ) ∈ TQ ⊕ T ∗Q, the
energy reads
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π′
Q + α′

T

∂H

∂q
(αQ, πQ) ∈ ∆◦

Q(αQ), H ′(αQ, πQ) = 0,

α′
Q

α′
T

=
∂H

∂p
(αQ, πQ) ∈ ∆Q(αQ),

on [τ0, τ̃) ∪ (τ̃ , τ1], together with the conditions for the
elastic impact,{

πQ(τ̃
+)− πQ(τ̃

+) ∈ (T∂Q ∩∆Q)
◦ = (T∂Q)◦ +∆◦

Q,

H(αQ(τ̃
−), πQ(τ̃

−)) = H(αQ(τ̃
+), πQ(τ̃

+)).

Proof: Let TQ ≃ Q× V be a trivialization of the tangent
bundle of Q, and consider the induced trivializations of the
cotangent bundle of Q, T ∗Q ≃ Q × V ∗, as well as of the
iterated bundle T (T ∗Q) ≃ Q× V ∗ × V × V ∗. Locally, we
may write α′ ≃ (αT , αQ, α

′
T , α

′
Q) and παQ

≃ (αQ, πQ) for

some α′
Q : [τ0, τ1] → V and πQ : [τ0, τ1] → V ∗. Moreover,

the variations locally read δα ≃ (αT , αQ, δαT , δαQ) and
δπαQ

≃ (αQ, πQ, γQ, δπQ) for some δαQ, γQ : [τ0, τ1] → V
and δπQ : [τ0, τ1] → V ∗. In fact, equation (11) ensures that
δαQ = γQ ∈ ∆Q(αQ). Moreover, we have δαQ(τ̃) ∈ W ,
where W ⊂ V is a subspace of co-dimension one such that
T∂Q ≃ ∂Q×W .

As a result, the variation of the action functional reads

dS(α, παQ
)
(
δα, δπαQ

)
≃

dS(αT , αQ, πQ)(δαT , δαQ, δπQ) =∫ τ1

τ0

(
δπQ ·

α′
Q

α′
T

+ πQ ·
(
δα′

Q

α′
T

−
α′
Qδα

′
T

(α′
T )

2

)

− ∂H

∂q
· δαQ − ∂H

∂p
· δπQ

)
α′
T dτ

+

∫ τ1

τ0

(
πQ ·

α′
Q

α′
T

−H

)
δα′

T dτ,

where the Hamiltonian, as well as its partial derivatives,
are evaluated at (αQ, πQ). After splitting the integration
domain, [τ0, τ1] − {τ̃} = [τ0, τ̃) ∪ (τ̃ , τ1], as well as inte-
grating by parts on each sub-interval, we may rewrite the
previous expression as

dS(α, παQ
)
(
δα, δπαQ

)
≃∫ τ̃

τ0

((
−π′

Q − α′
T

∂H

∂q

)
· δαQ +H ′δαT

+ δπQ ·
(
α′
Q − α′

T

∂H

∂p

))
dτ

+

∫ τ1

τ̃

((
−π′

Q − α′
T

∂H

∂q

)
· δαQ +H ′δαT

+ δπQ ·
(
α′
Q − α′

T

∂H

∂p

))
dτ

+
[
πQ · δαQ −HδαT

]τ=τ̃−

τ=τ0
+
[
πQ · δαQ −HδαT

]τ=τ1

τ=τ̃+
.

Since the previous expression vanishes for free variations
(δα, δπQ) such that δαQ ∈ ∆Q(αQ), δαT (τ0) = δαT (τ1) =
0 and δαQ(τ0) = δαQ(τ1) = 0, we obtain the desired
equations and impact conditions. □

As for the Lagrangian equations, by means of the change
of variable t = αT (τ), the implicit Hamilton equations for
a (local) curve

pα ≃ (qα, p) : [t0, t1] → T ∗Q

take the form

ṗ+
∂H

∂q
(qα, p) ∈ ∆◦

Q(qα), Ḣ(qα, p) = 0,

q̇α =
∂H

∂p
(qα, p) ∈ ∆Q(qα),

on
[
t0, t̃

)
∪
(
t̃, t1

]
. Similarly, the conditions for the elastic

impact read

p
(
t̃+

)
− p

(
t̃−

)
∈ (T∂Q ∩∆Q)

◦ = (T∂Q)◦ +∆◦
Q,

H
(
qα

(
t̃−

)
, p

(
t̃−

))
= H

(
qα

(
t̃+

)
, p

(
t̃+

))

q̇α
(
t̃+

)
∈ ∆Q.

Energy balance: It may be shown that the conservation
of the energy along the solutions, Ḣ(qα, p) = 0, is redun-
dant, as it may be obtained from the remaining equations.

For unconstrained systems, i.e., ∆Q = TQ, the Hamilton–
d’Alembert–Pontryagin principle in the phase space re-
duces to the Hamilton–Pontryagin principle in the phase
space, and the implicit Hamilton equations of motion read
as

ṗ = −∂H

∂q
(qα, p), q̇α =

∂H

∂p
(qα, p).

Hyperregular Lagrangians: When L : TQ → R
is a hyperregular Lagrangian, i.e., when the Legendre
transform FL : TQ → T ∗Q defines an isomorphism,
then both the Lagrangian and the Hamiltonian approaches
are equivalent. Namely, the Lagrangian L induces the
Hamiltomian H : T ∗Q → R given by

H(pq) = E
(
(FL)−1(pq), pq

)
, pq ∈ T ∗Q.

By recalling the local expression of the Legendre trans-
form,

FL(q, v) =
(
q,

∂L

∂v
(q, v)

)
,

it is easy to check that the implicit Euler–Lagrange equa-
tions together with the conditions for the elastic impact
hold for a (local) curve (vα, pα) : [t0, t1] → TQ⊕T ∗Q if and
only if pα = FL(vα) and the implicit Hamilton equations
together with the conditions for the elastic impact hold for
the (local) curve pα = FL(vα) : [t0, tq] → T ∗Q.

6. ROLLING DISK HITTING A WALL

Let us consider a disk rolling without slipping, as in
(Yoshimura and Marsden, 2006a, Section 7.1). However,
here we assume that there is a wall that the disk may hit
(see Anahory Simoes and Colombo (2023)). The configu-
ration space is thus given by

Q = {(x, y, θ, φ) ∈ R2 × S1 × S1 | y +R sinφ ≤ 10},
where (x, y) denotes the contact point of the disk with the
ground, θ denotes the angle of rotation and φ denotes the
heading angle of the disk with respect to the x-axis. The
Lagrangian L : TQ → R is given by

L(x, y, θ, φ; vx, vy, vθ, vφ) =
1

2
m

(
v2x + v2y

)
+
1

2

(
I v2θ + J v2φ

)
,

where m, I, J ∈ R+ are the mass and the moments
of inertia of the disk, respectively. For each (vq, pq) =
(x, y, θ, φ; vx, vy, vθ, vφ; px, py, pθ, pφ) ∈ TQ ⊕ T ∗Q, the
energy reads
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E(vq, pq) =px vx + py vy + pθ vθ + pφ vφ

− 1

2
m

�
v2x + v2y


− 1

2

�
I v2θ + Jv2φ


.

Non-holonomic constraint: The non-slipping condition
reads vx = Rvθ cosφ, vy = Rvθ sinφ, where R ∈ R+ is the
radius of the disk, thus yielding following non-holonomic
constraint:

∆Q = span{∂θ +R cosφ∂x +R sinφ∂y, ∂φ}.
The annihilator is easily seen to be

∆◦
Q = span{dx−R cosφdθ, dy −R sinφdθ}.

On the other hand, the boundary of the configuration
manifold is given by

∂Q = {(x, y, θ, φ) ∈ R2 × S1 × S1 | y +R sinφ = 10},
whose tangent bundle reads

T∂Q = span{∂x, ∂θ, ∂φ −R cosφ∂y}.
Therefore, its annihilator reads

(T∂Q)◦ = span{dy +R cosφdφ}.

Dynamical equations: The implicit Euler–Lagrange
equations with collisions for a curve

(x, y, θ, φ; vx, vy, vθ, vφ; px, py, pθ, pφ) : [t0, t1] → TQ⊕T ∗Q

given in (8) read


R ṗx cosφ+R ṗy sinφ+ ṗθ = 0, ṗφ = 0,
vx = Rvθ cosφ, vy = Rvθ sinφ,
px = mvx, py = mvy,
pθ = I vθ, pφ = J vφ,
vx = ẋ, vy = ẏ,

vθ = θ̇, vφ = φ̇,

on [t0, t1]−

t̃

.

Conditions for the impact: The impact condition at
t = t̃ given in (9) reads



p+x − p−x = λ1,
p+y − p−y = λ0 + λ2,
p+θ − p−θ = −λ1 R cosφ− λ2 R sinφ,
p+φ − p−φ = λ0 R cosφ,

where we denote p+x = px
�
t̃+


, etc., and λ0, λ1, λ2 ∈ R

are the Lagrange multipliers. Similarly, the condition (10)
reads 

v+x = λ3 R cosφ, v+θ = λ3,
v+y = λ3 R sinφ, v+φ = λ4

where v+x = vx
�
t̃+


, etc., and λ3, λ4 ∈ R are the Lagrange

multipliers.

For instance, when the disk hits the wall orthogonally,
i.e., when φ

�
t̃

= π/2, the only admissible solution of the

impact equations is

p+x = p−x = 0, p+y = −p−y , p+θ = −p−θ , p+φ = p−φ .

For future work, we will consider other examples with
degenerate Lagrangian, such as LC circuits.
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