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Abstract. We find all possible isomorphisms and 3-birational maps (i.e., bira-
tional maps which induce an isomorphism between open subsets whose respective
complements have codimension at least 3) between moduli spaces of parabolic
vector bundles with fixed degree. We prove that every 3-birational map can be
described as a composition of tensorization by a fixed line bundle, Hecke trans-
formations, dualization, taking pullback by an isomorphism between the curves
and the action of the group of automorphisms of the Jacobian variety of the curve
which fix the r-torsion. In particular, we prove a Torelli type theorem, stating
that the 3-birational class of the moduli space determines the isomorphism class
of the curve.

1. Introduction

Let X be a smooth complex projective algebraic curve. The classical Torelli
theorem states the isomorphism class of J(X) as a polarized variety identifies un-
equivocally the isomorphism class of the curve X. There are several generalizations
of this result to higher rank [MN68; Tyu70; NR75; KP95; HR04; BGM13], proving
that the moduli spaceM(X, r, ξ) of vector bundles of rank r with fixed determinant
ξ, or the moduli space M(X, r, d) of vector bundles of rank r with fixed degree d
identify the isomorphism class of X. Moreover, in [KP95] the automorphisms of
M(X, r, ξ) andM(X, r, d) were computed and, later on, [HR04] and [BGM13] gave
different proofs of these results in the fixed determinant case.

Recently, some of these results have been extended to moduli spaces of parabolic
bundles with fixed determinant. Let us assume that the curve X has a finite set
of marked points D ⊂ X, and let us consider the moduli space M(X,D, r, α, ξ) of
parabolic vector bundles on (X,D) of rank r, system of weights α and fixed determi-
nant ξ. In [BBB01], Balaji, del Baño and Biswas proved a Torelli type result for this
moduli space under the conditions that r = 2, deg(ξ) is even and α is small, stating
that the isomorphism class of the pair (X,D) can be recovered from the isomorphism
class of M(X,D, 2, α, ξ). This result was generalized in [AG19] to arbitrary rank,
degree and generic parabolic weights. [AG19] also provided an explicit description

of all possible isomorphisms M(X,D, r, α, ξ)
∼−→ M(X ′, D′, r′, α′, ξ′) between dif-

ferent moduli spaces of parabolic vector bundles with fixed determinant built from
possibly different parameters. In particular, the automorphism group of the moduli
space was computed, generalizing [KP95] to moduli spaces of parabolic bundles with
fixed determinant. More precisely, it was proven that all possible isomorphisms are
given by suitable compositions of the following basic transformations
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• Taking the pullback with respect to an isomorphism σ : X ′ −→ X, such that
σ(D′) = D,
• tensoring with a line bundle,
• taking the dual parabolic bundle, and
• applying a Hecke transformation to the parabolic vector bundle at a para-

bolic point.

Moreover, [AG19] also provided a 3-birational version of these results, classi-
fying all possible 3-birational maps M(X,D, r, α, ξ) 99K M(X ′, D′, r′, α′, ξ′). By
3-birational map we mean the following. Given two algebraic varieties M,M′ and
an integer k > 0, a k-birational map between M and M′ is defined as an isomor-
phism Φ : U −→ U ′ between open subsets U ⊂ M and U ′ ⊂ M′ such that their
respective complements have codimension at least k, i.e., such that

codim(M\U ,M) ≥ k, codim(M′\U ′,M′) ≥ k.
We say that M and M′ are k-birational if there exists a k-birational map between
them. In particular, if M and M′ are connected, then they are birational if and
only if they are 1-birational.

The results from [BBB01] and [AG19] are restricted to moduli spaces of parabolic
bundles with fixed determinant. The objective of this work is to extend these results
to the moduli spaceM(X,D, r, α, d) of α-stable parabolic vector bundles with fixed
degree d and rank r, classifying all possible isomorphisms between different moduli
spaces of this type.

In this case, there exists an additional family of transformations which induce
automorphisms of the moduli space. Given an automorphism of the Jacobian of X,
ρ ∈ Aut(J(X)) which acts as the identity on the r-torsion points J(X)[r], and a fixed

line bundle ξ ∈ Picd(X), we can build an automorphism Aξρ :M(X,D, r, α, d)
∼−→

M(X,D, r, α, d) which satisfies the following. If (E,E•) ∈ M(X,D, r, α, ξ) and
L ∈ J(X), then

Aξρ((E,E•)⊗ L) = (E,E•)⊗ ρ(L)

In [AG19], it is observed that in the study of maps between moduli spaces of
parabolic vector bundles it is more natural to work directly in the framework of
k-birational geometry, as it allows the usage of more flexible geometric strategies
and, moreover, it simplifies significantly the additional problems arising from the
existence of stability parameters. This paradigm has also been successfully applied
in the analysis of other moduli spaces of decorated bundles, like framed bundles
[AB21]. In this paper we will follow the same approach, building the necessary
technical lemmata from a k-birational perspective and then extending the results
to globally defined isomorphisms, thus obtaining at the same time results in the
categories of 3-birational maps and algebraic isomorphisms. This turns out to be
crucial for the proof. Even if we only worked with isomorphisms, some important
lemmata (like Lemma 6.2 and Lemma 6.4) would still rely on a birational approach
to succeed.

More precisely, we obtain the following 3-birational Torelli theorem (Theorem
4.3).

Theorem 1.1. Let (X,D) and (X ′, D′) be two marked smooth complex projective
curves of genus at least 4 endowed with full flag systems of weights α and α′ respec-
tively. Then M(X,D, r, α, d) and M(X ′, D′, r′, α′, d′) are 3-birational if and only
if
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(1) r = r′ and ,
(2) There exits an isomorphism σ : X −→ X ′ such that σ(D) = D′

observe that, in this case, the Torelli Theorem admits a reciprocal, i.e., there is a
bijective correspondence between 3-birational classes of moduli spaces of parabolic
bundles with fixed degree and pairs consisting on an isomorphism class of the a
marked curve (X,D) and a rank r. As a particular case, we can deduce the usual
Torelli theorem (Corollary 4.4).

Theorem 1.2. Let (X,D) and (X ′, D′) be two marked smooth complex projective
curves of genus at least 4 endowed with full flag systems of weights α and α′ respec-
tively. If M(X,D, r, α, d) ∼=M(X ′, D′, r′, α′, d′) then r = r′ and (X,D) ∼= (X ′, D′).

Moreover, as the main result of this paper, we refine this result to obtain a
full explicit description of all possible 3-birational maps and isomorphisms between
moduli spaces of parabolic bundles with fixed degree built with possibly different
invariants (Theorem 6.6 and Corollary 6.7).

Theorem 1.3. If (X,D) and (X ′, D′) are smooth complex projective curves of genus
at least 6 with full flag generic systems of weights α and α′. If Φ :M(X,D, r, α, d) 99K
M(X ′, D′, r′, α′, d′) is a 3-birational map then r = r′ and there exist

• an isomorphism σ : (X,D) ∼= (X ′, D′),
• a line bundle ξ ∈ Picd(X), and
• an automorphism ρ ∈ Aut(J(X)) which is the identity on the r-torsion
J(X)[r]

such that for each (E,E•) ∈ M(X,D, r, α, d) where Φ is defined σ∗(E,E•) is ob-

tained from (E,E•) as a composition of the automorphism Aξρ and a basic transfor-
mation T , i.e., a suitable composition of

• tensorization with a line bundle L ∈ Pic(X),
• performing Hecke transformations at the parabolic points using the parabolic

filtration, and
• if r > 2, taking the parabolic dual,

which sends bundles of degree d to bundles of degree d′. Moreover, if Φ extends to
an isomorphism, then the transformation T is a correspondence between α-stable
parabolic vector bundles and σ∗α′-stable parabolic vector bundles.

In particular, this description enables the computation of the groups of automor-
phisms and 3-birational automorphisms of the moduli space (Theorem 6.9). The
idea of the proof is the following. We start by using the rationality of the mod-
uli space with fixed determinant to recover the determinant morphism. Then the
classification of 3-birational maps of [AG19] allows us to control the possible maps
induced between the fibers of the determinant, reducing the problem to determining
all ways in which “basic transformations” (pullback, tensorization, dualization and
Hecke) can be glued along Picd(X) to produce a 3-birational map on the whole
moduli space. In order to do so, we study birationally the orbits of the action of
J(X) on generic points of the moduli. By using again the classification result from
[AG19] we can bound the possible images of such orbits, providing rigidity results
for the structure of the global automorphisms and showing that, once restricted to
a suitable open subset of the moduli space, they must be of the form described in

the Theorem (composition of Aξρ and a “basic transformation”). Then we prove an
extension result, showing that the obtained transformation actually agrees with Φ
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wherever it is defined and, if Φ is an isomorphism, providing an equality between
the involved stability chambers.

This paper is structured as follows. Section 2 introduces the basic notation and
properties of the moduli spaces of parabolic vector bundles. Then, in Section 3 we
introduce the group of “basic transformations” and some properties of its action on
the moduli space. In Section 4 the Torelli theorem and 3-birational Torelli theorem
for the moduli space of parabolic vector bundles with fixed degree are proven. The
action of the automorphisms of the Jacobian of the curve which fix the r torsion
on M(X,D, r, α, d) is described in Section 5 and, through Section 6, we prove that
this action, together with the “basic transformations”, generates all isomorphisms
and 3-birational maps between moduli spaces of parabolic vector bundles with fixed
degree. Finally, at the end of the section, a presentation of the automorphism group
and 3-birational automorphism group of the moduli space is provided.
Acknowledgments. This research was funded by MICINN (grants MTM2016-
79400-P, PID2019-108936GB-C21 and “Severo Ochoa Programme for Centres of
Excellence in R&D” SEV-2015-0554). The author was also supported by a postdoc-
toral grant from ICMAT Severo Ochoa project. I would like to tank Tomás Gómez
for helpful discussions.

2. Moduli spaces of parabolic vector bundles

Let X be a smooth complex projective curve. Let D ⊂ X be a finite set of
different points. A parabolic vector bundle on (X,D) is a vector bundle E on X
together with a weighted flag on the fiber E|x over each x ∈ D

E|x = Ex,1 ) Ex,2 ) · · · ) Ex,lx ) Ex,lx+1 = 0

0 ≤ α1(x) < α2(x) < . . . < αlx(x) < 1

We call α = {(α1(x), . . . , αlx(x))} the system of weights. In this paper we will always
assume that α is full flag, meaning that lx = r for all x ∈ D. If a system of weights
is not provided, the filtered bundle (E,E•) = (E, {Ex,i}) is called a quasiparabolic
vector bundle. Let

pardeg(E,E•) = deg(E) +
∑
x∈D

r∑
i=1

αi(x)

denote the parabolic degree of (E,E•) with respect to the weight system α. We say
that a parabolic vector bundle (E,E•) is α-stable (respectively α-semistable) if for
any subbundle F ⊂ E with the induced parabolic structure and weights we have

pardeg(F, F•)

rk(F )
<

pardeg(E,E•)

rk(E)
(respectively ≤ )

LetM(X,D, r, α, d) be the moduli space of α-semistable full flag parabolic vector
bundels on (X,D) of rank r, degree d and weight system α. If the marked curve
(X,D) is clear from the context, we will omit it from the notation and write sim-
ply M(r, α, d). Similarly, given a line bundle ξ ∈ Picd(X), let M(X,D, r, α, ξ) ⊂
M(X,D, r, α, d) denote the subvariety corresponding to parabolic bundles (E,E•)
such that det(E) := ∧rE ∼= ξ. Once again, we will also use the notation M(r, α, ξ)
if the curve is clear from the context.

Through the rest of this work, we will assume, moreover, that α is a generic
system of weights, meaning that that there are no integers r′ < r and m and subsets
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I(x) ⊂ {1, . . . , r} of size r′ for x ∈ D such that

r′
∑
x∈D

r∑
i=1

αi(x)− r
∑
x∈D

∑
i∈I(x)

αi(x) = m

Under this condition, all α-semistable parabolic bundles are α-stable (c.f. [AG18,
Corollary 2.3]), so M(r, α, d) and M(r, α, ξ) are smooth complex varieties and,
moreover, M(r, α, ξ) is projective and rational [BY99, Theorem 6.1].

Finally, M(r, α, d) admits a natural determinant map

det :M(r, α, d) −→ Picd(X)

defined by det(E,E•) := det(E). Clearly, M(r, α, ξ) = det−1(ξ) ⊂M(r, α, d).

3. Basic transformations of quasiparabolic vector bundles

Let us recall the definition of the group of basic transformations described in
[AG19], which acts on families of quasiparabolic bundles and induces isomorphisms
between moduli spaces of parabolic vector bundles. For more details, see [AG19,
§5].

Definition 3.1. A basic transformation on (X,D) is a tuple T = (σ, s, L,H), where

• σ is an automorphism σ : X −→ X such that σ(D) = D,
• s ∈ {1,−1},
• L ∈ Pic(X)
• H is a divisor on X with 0 ≤ H ≤ (r − 1)D.

Basic transformations act on quasiparabolic vector bundles as follows.

T (E,E•) =

{
σ∗ (L⊗HH(E,E•)) s = 1
σ∗ (L⊗HH(E,E•))

∨ s = −1

Where, (E,E•)
∨ denotes the dual of the quasiparabolic vector bundle, i.e., the

bundle E∨ with the filtration given by the annihilators ann(Ex,i) ⊂ E∨|x, and,
given H =

∑
x∈D hxx with 0 ≤ hx < r for each x ∈ D, HH(E,E•) denotes the

Hecke transformation of the quasiparabolic vector bundle (E,E•) iterated hx times
on each point x ∈ D. More precisely, given x ∈ D, construct Hx(E,E•) = (H,H•)
as follows. Let H be the unique vector bundle which fits in the sequence

0 −→ H −→ E −→ (E|x/Ex,2)⊗Ox −→ 0

Restricting to the point x, we have a long exact sequence

0 −→ E|x/Ex,2 ⊗OX(−x)|x −→ H|x
f−→ E|x −→ E|x/Ex,2 −→ 0

Then the full flag parabolic structure on E|x induces the following full flag filtration
H• on H|x

H|x = f−1(Ex,2) ) · · · ) f−1(Ex,r) ) f−1(0) =
E|x
Ex,2
⊗OX(−x)|x )

Ex,2
Ex,2
⊗OX(−x)|x = 0

Finally, if D = {x1, . . . , xn} ⊂ X define

HH = Hhx1x1 ◦ · · · ◦ Hhxnxn

Taking determinants of the previous expressions, we can check that T acts on Pic(X)
as follows.

T (ξ) = σ∗ (Lr ⊗ ξ(−H))s
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In particular, if we compute the degree of both sides of the previous expressions, we
can define for each d ∈ Z

T (d) = s(deg(L) + d− |H|)
Finally, T acts on full flag systems of weights α on (X,D) as follows.

T (α)i(x) =

{
HH(α)i(σ

−1(x)) s = 1
1−HH(α)r−i+1(σ−1(x)) s = −1

and it can be proven that (E,E•) is α-stable if and only if T (E,E•) is T (α)-stable
[AG19, §5]. Basic transformations form a group T which has the following presen-
tation.

Lemma 3.2 ([AG19, Lemma 5.7]). The group of basic transformations T is gener-
ated by

• Σσ = (σ, 1,OX , 0)
• D+ = (Id, 1,OX , 0) = IdT
• D− = (Id,−1,OX , 0)
• TL = (Id, 1, L, 0)
• HH = (Id, 1,OX , H)

And we have the following composition rules

(1) Σσ ◦ Στ = Σσ◦τ
(2) Ds ◦ Dt = Dst
(3) TL ◦ TM = TL⊗M
(4) If 0 ≤ Hi ≤ (r − 1)D for i = 1, 2 then

HH1 ◦ HH2 = TLH1+H2
◦ HH1+H2−LH1+H2

where, given a divisor F =
∑

x∈D fxx, we define

LF =
∑
x∈D

⌊
fx
r

⌋
x

(5) Σσ ◦ Ds = Ds ◦ Σσ

(6) Σσ ◦ TL = Tσ∗L ◦ Σσ

(7) Σσ ◦ HH = Hσ∗H ◦ Σσ

(8) D− ◦ TL = TL−1 ◦ D−
(9) D− ◦ HH = TOX(D) ◦ HrD−H ◦ D−, for H > 0

(10) TL ◦ HH = HH ◦ TL
We will also consider the following subgoups of T
• T + = {(σ, s, L,H) ∈ T | s = 1}
• T − = {(σ, s, L,H) ∈ T | s = −1}
• For each ξ ∈ Pic(X), Tξ = {T ∈ T |T (ξ) ∼= ξ}
• For each d ∈ Z, Td = {T ∈ T |T (d) = d}
• Given a system of weights α, Tα = {T ∈ T |T (α) in the same stability chamber as α}

More generally, we will use notations like Td.α to denote Td ∩ Tα. Some of the main
results from [AG19] can be summarized in the following equalities. For curves of
genus at least 6 and r > 2

Tξ ∩ Tα =: Tξ,α = Aut(M(r, α, ξ)) ⊂ Aut3−bir(M(r, α, ξ)) = Tξ
and for r = 2

Tξ,α ∩ T + =: T +
ξ,α = Aut(M(2, α, ξ)) ⊂ Aut3−bir(M(2, α, ξ)) = T +

ξ := Tξ ∩ T +
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Lemma 3.3. Let (X,D) be a smooth complex projective curve of genus g ≥ 3. Let α
and α′ be generic full flag systems of weights and d, d′ ∈ Z. Then there exists a basic
transformation T ∈ T + which induces a 3-birational equivalence between M(r, α, d)
and M(r, α′, d′).

Proof. We will work analogously to [AG19, Proposition 8.6]. Write d′−d = rm−k for
some 0 ≤ k < r. Take a parabolic point x ∈ D and consider the basic transformation
T = TOX(mx) ◦ Hkx. Then T (d) = d′ and T induces an isomorphism

T :M(r, α, d) −→M(r, T (α), d′)

By [AG19, Lemma 2.3], there exist open subsets U ⊂ M(r, T (α), d′) and U ′ ⊂
M(r, α′, d′) which parameterize quasi-parabolic vector bundles which are both T (α)-
stable and α′-stable. Thus, identifying U and U ′, T : T−1(U) −→ U ∼= U ′ induces a
3-birational map between M(r, α, d) and M(r, α′, d′). �

Lemma 3.4. For every ξ ∈ Picd(X), Tξ is finite.

Proof. Basic transformations in Tξ are given by tuples T = (σ, s, L,H) such that

ξ ∼= T (ξ) = σ∗(Lr ⊗ ξ(−H))s

Since there are only a finite number of automorphisms of the curve X, s = ±1
and there is a finite number of choices of a divisor H with 0 ≤ H ≤ (r − 1)D,
then it is enough to prove that for each choice of σ, s and H there is a finite
number of line bundles L with (σ, s, L,H) ∈ Tξ. Let L,L′ ∈ Pic(X) such that
(σ, s, L,H), (σ, s, L′, H) ∈ Tξ. Then

σ∗(Lr ⊗ ξ(−H))s ∼= σ∗((L′)r ⊗ ξ(−H))s

so, taking the pullback by σ−1, rising the result to the power s and tensoring with
ξ−1(H) yields Lr ∼= (L′)r. This implies that L′ = L ⊗ S for some S ∈ J(X)[r]. As
the r-torsion of the Jacobian is finite, then so is Tξ. �

Lemma 3.5. Let (X,D) be a smooth complex projective curve of genus g ≥ 4. Let
ξ ∈ Picd(X) be any line bundle. For a generic (E,E•) ∈ M(r, α, ξ) the following
is satisfied. If r > 2 then for each basic transformation T ∈ T such that T 6= Id,
T (E,E•) 6∼= (E,E•). If r = 2 the same result is true for nontrivial transformations
T ∈ T +.

Proof. By [AG19, Lemma 7.24], given a fixed ξ and r > 2, for each T ∈ T , there
exists an open subset UT ⊂M(r, α, ξ) such that for each (E,E•) ∈ UT , T (E,E•) 6∼=
(E,E•). Let us consider the subset

U =
⋂
T∈Tξ

UT

by Lemma 3.4, it is an intersection of a finite number of open dense subsets, so it is
open and dense. Let us verify that the parabolic bundles in U are not fixed by any
basic transformation. Suppose the contrary. Let T ∈ T and (E,E•) ∈ U such that
T (E,E•) ∼= (E,E•). Then, taking determinants, we have

ξ = det(E) ∼= det(T (E,E•)) = T (ξ)

so T ∈ Tξ, but this is impossible, since this implies that (E,E•) ∈ U ⊂ UT . The case
r = 2 is completely analogous, building UT ⊂ M(2, α, ξ) for T ∈ T + via [AG19,
Lemma 7.24] and then taking U =

⋂
T∈T +

ξ
UT , where T +

ξ = T + ∩ Tξ. �
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4. Torelli type theorems

Before engaging the full classification, we will start by proving a Torelli type
theorem, stating that the 3-birational class of the moduli space M(X,D, r, α, d)
identifies univocally the isomorphism class of the marked curve (X,D). We will
start by proving that we can recover the determinant map.

Lemma 4.1. Let α and α′ be full flag systems of weights over marked curves (X,D)
and (X ′, D′) respectively. Let Φ : M(X,D, r, α, d) 99K M(X ′, D′, r′, α′, ξ′) be a

birational map. Then there is an isomorphism ϕ : Picd(X) −→ Picd
′
(X ′) such that

the following diagram commutes.

M(X,D, r, α, d)
Φ //

det
��

M(X ′, D′, r′, α′, d′)

det
��

Picd(X)
ϕ // Picd

′
(X ′)

Proof. Let U ⊂M(X,D, r, α, d) and U ′ ⊂M(X ′, D′, r′, α′, d′) be open subsets such
that Φ : U → U ′ is an isomorphism. Let Z and Z ′ be the complements of U and
U ′ respectively. As dim(Z) ≤ dim(M(X,D, r, α, d)) − 1, then the generic fiber of
the map det : Z → Picd(X) must have dimension at most dim(M(X,D, r, α, d))−
dim(Picd(X))− 1 = dim(M(X,D, r, α, ξ))− 1. The dimension of the fiber is upper
semicontinuous, so there is an open dense subset P ⊂ Picd(X) such that for every ξ ∈
P, dim(Z ∩ det−1(ξ)) ≤ dim(det−1(ξ))− 1. Therefore, for each ξ ∈ P, det−1(ξ)∩U
is dense in M(X,D, r, α, ξ) and, therefore, det−1(ξ) ∩ U is rational.

Let Ũ = det−1(P)∩U . It is an open dense subset ofM(X,D, r, α, d) for which Φ

is well defined. Therefore, by composition, it admits a map Ũ → U ′ → Picd
′
(X ′). As

the fibers of Ũ −→ P for the determinant map are rational, each fiber must map to a
single point in Picd

′
(X ′), so this map descends to a map ϕ : P → Picd

′
(X ′). As the

map det :M(X ′, D′, r′, α′, d′)→ Picd
′
(X ′) is surjective with equidimensional fibers

and Φ(Ũ) ⊂ U ′ is dense, then its image ϕ(P) is dense in Picd
′
(X ′). Repeating the

argument for Φ−1 proves that there are open dense subsets P̃ ⊂ Picd(X) and P̃ ′ ⊂
Picd

′
(X ′) such that ϕ : P̃ → P̃ ′ is an isomorphism, thus inducing a birational map

Picd(X) 99K Picd
′
(X ′). Birational maps between abelian varieties extend uniquely

to isomorphisms (c.f. [Mil08, Theorem 3.8]), so ϕ extends to an isomorphism ϕ :

Picd(X) → Picd
′
(X ′). It only remains to prove that the diagram above is still

commutative wherever Φ is defined. det ◦Φ and ϕ ◦det are well defined maps U −→
Picd

′
(X) which agree on Ũ . As Ũ is dense and Picd

′
(X) is separable, they are equal

on U , so the diagram of rational maps is commutative. �

Corollary 4.2. Let α and α′ be full flag systems of weights over marked curves
(X,D) and (X ′, D′) respectively. Let Φ : M(X,D, r, α, d) 99K M(X ′, D′, r′, α′, ξ′)

be a 3-birational map. Let ϕ : Picd(X) −→ Picd
′
(X ′) be the isomorphism given

by the previous lemma. Then there exist open dense subsets U ⊂ M(X,D, r, α, d),

U ′ ⊂M(X ′, D′, r′, α′, d′), P ⊂ Picd(X) and P ′ ⊂ Picd
′
(X ′) such that

• Φ is defined on V
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• The following diagram commutes

M(X,D, r, α, d)
Φ //

det

��

M(X ′, D′, r′, α′, d′)

det

��

V Φ //

det ��

0 P

bb

V ′

det��

. �

<<

P
ϕ //

N n

||

P ′ � p
""

Picd(X)
ϕ // Picd

′
(X ′)

• For each ξ ∈ P, let Vξ = U ∩det−1(ξ). Let ξ′ = ϕ(ξ) and U ′ξ′ = Φ(Vξ). Then

codim(M(X,D, r, α, ξ)\Vξ) ≥ 3, codim(M(X ′, D′, r′, α′, ξ′)\V ′ξ′) ≥ 3

Proof. By the previous Lemma we know that dim(Picd(X)) = dim(Picd
′
(X ′)) and

dim(M(X,D, r, α, d)) = dim(M(X ′, D′, r′, α′, d′)) so, as the determinant map is
equidimensional, we know that the dimension of their respective fibers is the same.

As before, let U ⊂M(X,D, r, α, d) and U ′ ⊂M(X ′, D′, r′, α′, d′) be open subsets
such that there is an isomorphism Φ : U → U ′ and let Z and Z ′ be their respective
complements in the moduli spaces. We know that codim(Z) ≥ 3, and the map
det : M(X, r, α, d) → Picd(X) is equidimensional and surjective, so for a generic
ξ ∈ Picd(X), the codimension of Z ∩ det−1(ξ) in M(X, r, α, ξ) is at least 3. Let
P1 ⊂ Picd(X) be the open subset where this happens. Similarly, for a generic

ξ′ ∈ Picd
′
(X ′), the codimension of Z ∩det−1(ξ′) inM(X ′, r′, α′, ξ′) is at least 3. Let

P ′1 ⊂ Picd
′
(X) be the open subset of such line bundles. Finally, take

P = P1 ∩ ϕ−1(P ′1), P ′ = ϕ(P),

V = U ∩ det−1(P), V ′ = ϕ(V).

�

Theorem 4.3 (3-birational Torelli theorem). Let (X,D) and (X ′, D′) be two smooth
complex projective curves of genus g ≥ 4 and g′ ≥ 4 respectively with sets of marked
points D ⊂ X and D′ ⊂ X ′. Let α and α′ be full flag generic systems of weights over
(X,D) and (X ′, D′) respectively. ThenM(X,D, r, α, d) andM(X ′, D′, r′, α′, d′) are
3-birational if and only if

(1) r = r′

(2) (X,D) is isomorphic to (X ′, D′), i.e., there exists an isomorphism σ : X
∼→

X ′ sending D to D′.

Proof. By Corollary 4.2, there exists ξ ∈ Picd(X) and ξ′ = ϕ(ξ) ∈ Picd
′
(X ′) and

open subsets Vξ ⊂M(X,D, r, α, ξ), V ′ξ′ ⊂M(X ′, D′, r′, α′, ξ′)such that

Φ(Vξ) = V ′ξ′

codim(M(X,D, r, α, ξ)\Uξ,M(X,D, r, α, ξ)) ≥ 3

codim(M(X ′, D′, r′, α′, ξ′)\U ′ξ′ ,M(X ′, D′, r′, α′, ξ′)) ≥ 3

Thus, Φ induces a 3-birational equivalence betweenM(X,D, r, α, ξ) andM(X ′, D′, r′, α′, ξ′).
Now we can apply the 3-birational version of the Torelli theorem for parabolic vec-
tor bundles [AG19, Theorem 8.5] to obtain the result. The reciprocal is a direct
consequence of Lemma 3.3. �
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In particular, this proves that the isomorphism class of the moduli space of par-
abolic bundles with fixed degree identifies uniquely the isomorphism class of the
marked curve (X,D).

Corollary 4.4 (Torelli theorem). Let (X,D) and (X ′, D′) be two smooth complex
projective curves of genus g ≥ 4 and g′ ≥ 4 respectively with set of marked points
D ⊂ X and D′ ⊂ X ′. Let α and α′ be full flag generic systems of weights over
(X,D) and (X ′, D′) respectively. If M(X,D, r, α, d) and M(X ′, D′, r′, α′, d′) are
isomorphic then

(1) r = r′

(2) (X,D) is isomorphic to (X ′, D′), i.e., there exists an isomorphism σ : X
∼→

X ′ sending D to D′.

This Corollary and the previous Theorem provide strong refinements of the Torelli
type theorem obtained in [BGL16] when the parabolic weights are generic. In that

paper, it was proven that any isomorphism M(X,D, r, α, d)
∼−→ M(X ′, D′, r, α, d)

which preserves the Néron-Severi class of the determinant bundle of the moduli
space induces an isomorphism (X,D) ∼= (X ′, D′). In this case, the generalization
is twofold. On one hand, Theorem 4.3 proves a Torelli theorem between moduli
spaces which are built with possibly different choices of the rank r, degree d and,
more importantly, the stability condition α. On the other hand, it proves that the
assumption on the determinant bundle is not necessary and, in fact, it shows a
correspondence between 3-birational classes of moduli spaces of parabolic bundles
and pairs consisting on the isomorphism class of marked curves (X,D) and a rank
r.

5. Action of the automorphisms of the Jacobian

Let J(X)[r] denote the r-torsion subgroup of the Jacobian J(X). Let Aut(J(X), J(X)[r])
denote the group of automorphisms of the Jacobian of X which fix the r-torsion sub-
group, i.e., the group of automorphisms ρ : J(X) −→ J(X) such that ρ|J(X)[r] =
IdJ(X)[r]. Observe that, as J(X) is abelian, all automorphisms of the Jacobian factor
as the composition of a group automorphism and a translation (c.f. [Mil08, Corol-
lary 1.2]). By fixing the subset J(X)[r], which includes OX ∈ J(X)[r], all elements
in Aut(J(X), J(X)[r]) are, in particular, group automorphisms.

In this section we will describe how this group Aut(J(X), J(X)[r]) acts by au-
tomorphisms on the moduli space of parabolic vector bundles M(r, α, d). Let
ρ ∈ Aut(J(X), J(X)[r]). Then ρ − Id : J(X) −→ J(X) is a group homomor-
phism such that (ρ − Id)|J(X)[r] = 0. Therefore, (ρ − Id) factorizes through the
multiplication by r, and there exists a unique homomorphism ρ̃ : J(X) −→ J(X)
such that

J(X)[r]

0

$$

� _

��
J(X)

ρ−Id //

r·(−)
����

J(X)

J(X)

ρ̃

::
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As f is an homomorphism, f(rx) = rf(x) for all x ∈ J(X), so ρ = Id +rρ̃. A direct
computation allows us to verify the following property of ρ̃.

Lemma 5.1. Let ρ, ρ′ ∈ Aut(J(X), J(X)[r]). Then

ρ̃′ ◦ ρ = ρ̃′ + ρ̃+ rρ̃′ ◦ ρ̃

Proof. Since ρ = Id +rρ̃ and ρ′ = Id +rρ̃′, then

ρ′ ◦ ρ = (Id +rρ̃′) ◦ (Id +rρ̃) = Id +rρ̃′ + rρ̃+ r2ρ̃′ ◦ ρ̃ = Id +r
(
ρ̃′ + ρ̃+ rρ̃′ ◦ ρ̃

)
As ρ′ ◦ ρ = Id +rρ̃′ ◦ ρ and ρ̃′ ◦ ρ is unique, the equality follows. �

We can then define an action of Aut(J(X), J(X)[r]) onM(r, α, d) as follows. Let
us fix once an for all a line bundle ξ ∈ Picd(X). Then for each ρ ∈ Aut(J(X), J(X)[r]),
define

ρ · (E,E•) := (E,E•)⊗ ρ̃(det(E)⊗ ξ−1)

This map is clearly well defined on families of parabolic vector bundles, and
tensoring by an element of the Jacobian preserves the stability of the parabolic
vector bundle and the degree of the underlying bundle, so it defines a map

Aξ : Aut(J(X), J(X)[r])×M(r, α, d) −→M(r, α, d)

For each ρ ∈ Aut(J(X), J(X)[r]), let Aξρ : M(r, α, d) −→ M(r, α, d) denote the
induced self-map of the moduli space.

Lemma 5.2. The map Aξ : Aut(J(X), J(X)[r]) ×M(r, α, d) −→M(r, α, d) is an
action by automorphisms of the moduli space.

Proof. First of all, observe that, by construction, Ĩd = 0 implies that AξId =

IdM(r,α,d). Thus, if we prove that the map Aξ is an action, then for each ρ ∈
Aut(J(X), J(X)[r]), we have

Aξρ ◦ A
ξ
ρ−1 = Aξ

ρ◦ρ−1 = AξId = IdM(r,α,d) = Aξ
ρ−1 ◦ Aξρ

so Aξρ is an invertible map and, therefore, an isomorphism.

It is, therefore, enough to check thatAξρ◦Aξρ′ = Aξρ◦ρ′ for any ρ, ρ′ ∈ Aut(J(X), J(X)[r]).

Let E ∈M(r, α, ξ). Let

(E′, E′•) = Aρ(E,E•)ξ = (E,E•)⊗ ρ̃(det(E)⊗ ξ−1)

Then

det(E′) = det(E)⊗ρ̃(det(E)⊗ξ−1)r = det(E)⊗(ρ−Id)(det(E)⊗ξ−1) = ρ(det(E)⊗ξ−1)⊗ξ
Thus, taking into account the relation from Lemma 5.1,

A′ρ(Aρ(E,E•))ξ = (E′, E′•)⊗ ρ̃′(det(E′)⊗ ξ−1)

= (E,E•)⊗ ρ̃(det(E)⊗ ξ−1)⊗ ρ̃′
(
ρ(det(E)⊗ ξ−1

)
= (E,E•)⊗ ρ̃(det(E)⊗ ξ−1)⊗ ρ̃′

(
det(E)⊗ ξ−1 + rρ̃(det(E)⊗ ξ−1)

)
= (E,E•)⊗

(
ρ̃(det(E)⊗ ξ−1) + ρ̃′(det(E)⊗ ξ−1) + rρ̃′ ◦ ρ̃(det(E)⊗ ξ−1)

)
= (E,E•)⊗ ρ̃′ ◦ ρ(det(E)⊗ ξ−1) = Aξρ′◦ρ(E,E•)

�
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Remark 5.3. The action Aξ depends on the choice of the line bundle ξ ∈ Picd(X).
Nevertheless, given a fixed ρ ∈ Aut(J(X), J(X)[r]), different choices of ξ give rise

to automorphisms Aξρ which only differ by tensorization by an element in J(X).

More precisely, given ξ, ξ′ ∈ Picd(X), L = ξ′ ⊗ ξ−1 ∈ J(X) satisfies that for each
(E,E•) ∈M(r, α, d)

Aξρ(E,E•) = (E,E•)⊗ρ̃(det(E)⊗ξ−1) = (E,E•)⊗ρ̃(det(E)⊗(ξ′)−1⊗L) = Aξ′ρ (E,E•)⊗ρ̃(L)

6. 3-birational maps between moduli spaces of parabolic bundles

Now, we can engage the classification of 3-birational maps between moduli of
parabolic bundles of fixed degree. First of all, we can use the classification in the
fixed determinant case to obtain the following.

Lemma 6.1. Let (X,D) be a smooth complex projective curve of genus g ≥ 6.
Let Φ : M(r, α, d) 99K M(r, α, d) be a 3-birational map. Let P ⊂ Picd(X) be the
open subset given by Corollary 4.2. Then for each ξ ∈ P, there exists a basic
transformation Tξ ∈ Td such that

Φ|M(r,α,ξ) = Tξ

moreover, if r = 2, then we can take T ∈ T +
d .

Proof. By Corollary 4.2, there exist an isomorphism ϕ : Picd(X) −→ Picd(X), an
open subset P ⊂ Picd(X) and, for each ξ ∈ P, open subsets Vξ ⊂ M(r, α, ξ) and
V ′ϕ(ξ) ⊂M(r, α, ϕ(ξ)) such that for each ξ ∈ P

• Φ is defined over Vξ
• Φ(Vξ) = V ′ϕ(ξ)

• The complements of Vξ and V ′ϕ(ξ) in M(r, α, ξ) and M(r, α, ϕ(ξ)) respec-

tively have codimension is at least 3.

Thus, Φ|Vξ : M(r, α, ξ) 99K M(r, α, ϕ(ξ)) is a 3-birational map. Using [AG19,
Theorem 8.10], this map must be given by a basic transformation T ∈ T which
sends T (ξ) ∼= ϕ(ξ). As deg(ϕ(ξ)) = deg(ξ) = d, then we conclude that T ∈ Td. �

Given a point (E,E•) ∈M(r, α, d), let J(X) · (E,E•) denote the orbit of (E,E•)
by the action of J(X) ⊂ Td. Let us study its geometry and the image of this type
of orbits under 3-birational self-maps of the moduli space.

Lemma 6.2. Let (X,D) be a smooth complex projective curve of genus g ≥ 4 and
let ξ ∈ Picd(X). For a generic parabolic vector bundle (E,E•) ∈M(r, α, ξ) we have
the following. For all basic transformations T ∈ Td the map

JT : J(X) −→M(r, α, d)

given by

JT (L) = T (E,E•)⊗ L
is well defined and it gives a bijection JT : J(X) −→ J(X) ·T (E,E•) such that there
exists an open subset UT ⊂ J(X) for which

JT : UT
∼−→ UT · T (E,E•)

is an isomorphism.
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Proof. Let U ⊂ M(r, α, ξ) be the open subset of parabolic vector bundles which
are not fixed by any T ∈ T (or T ∈ T + if r = 2) given by Lemma 3.5. Let
Mus(r, ξ) ⊂M(r, α, ξ) be the open subset corresponding to parabolic vector bundles
which are α′-stable for every generic system of weights α′ on (X,D). This open
subset exists by [AG19, Corollary 10.4]. Take U ′ = U ∩Mus(r, ξ). Then for each
(E,E•) ∈ U ′ and each T ∈ Td, (E,E•) is T−1(α)-stable, so T (E,E•) ∈ M(r, α, d).
Moreover, T (E,E•) 6∼= (E,E•) for all T ∈ T if r > 2 or for all T ∈ T + if r = 2.
Then let us prove that for each T ∈ Td and L,L′ ∈ J(X) with L 6= L′,

T (E,E•)⊗ L 6∼= T (E,E•)⊗ L′

Assume the opposite. Suppose that T (E,E•)⊗ L ∼= T (E,E•)⊗ L′. Tensoring with
(L′)−1 and composing with T−1 yields

(T−1 ◦ TL⊗(L′)−1 ◦ T )(E,E•) ∼= (E,E•)

independently on the choice of T ∈ Td, it is clear that T−1 ◦ TL⊗(L′)−1 ◦ T ∈ T +
d ,

and, by Lemma 3.5, (E,E•) is not fixed by any nontrivial such transformation, so
T−1 ◦ TL⊗(L′)−1 ◦ T = Id, but this is impossible, as composing with T on the left

and T−1 on the right yields TL⊗(L′)−1 = Id, which implies L ⊗ (L′)−1 = OX , i.e.,

L = L′. Therefore, the map JT : J(X) −→M(r, α, d) is a bijection with its image,
which is J(X) · T (E,E•) by construction.

Let (J(X) · T (E,E•))
sm denote the smooth part of the variety J(X) · T (E,E•).

Let

UT = J−1
T ((J(X) · T (E,E•))

sm)

since JT is a bijection,

JT (UT ) = UT · T (E,E•) = (J(X) · T (E,E•))
sm

by construction, JT gives a bijective algebraic morphism between two smooth com-
plex algebraic varieties, UT and JT (UT ). As a consequence of Zariski’s main The-
orem [EGA, IV Corollary 8.12.13], it must be an isomorphism between them (c.f.
[Mil09, Remark 8.21]). �

Lemma 6.3. Suppose that g ≥ 2. Let (E,E•) be a generic point in M(r, α, d).
Then there exists a finite subset R ⊂ Td such that⋃

T∈Td

J(X) · T (E,E•) =
∐
T∈R

J(X) · T (E,E•)

Proof. Let

S = {T = (σ, s,OX , H) ∈ T |T (d) = s(d− |H|) ∼= d (mod r)} ⊂ T

As there is only a finite number of choices for σ, s and H, S is a finite set. For each
(σ, s,OX , H) ∈ S, fix a line bundle Lσ,s,H of degree (d− s(d− |H|))/r (which is an
integer by construction). A direct computation then shows that TL ◦ (σ, s,OX , H) ∈
Td. Let us consider the finite subset

S′ = {TLσ,s,H ◦ (σ, s,OX , H) | (σ, s,OX , H) ∈ S} ⊂ Td
Now, let T ∈ Td be any basic transformation which preserves the degree d. Using
the relations from Lemma 3.2, we can write T as T = TL ◦ (σ, s,OX , H) for some
L ∈ Pic(X), σ ∈ Aut(X), s = ±1 and 0 ≤ H ≤ (r − 1)D. As

d = (TL ◦ (σ, s,OX , H))(d) = r deg(L) + s(d− |H|) ∼= s(d− |H|) (mod r)
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we have that (σ, s,OX , H) ∈ S. Moreover, deg(L) = s(d− |H|)/r = deg(Lσ,s,H) so
there exists F ∈ J(X) such that L = F ⊗ Lσ,s,H . Thus

T (E,E•) = F⊗(TLσ,s,H◦(σ, s,OX , H))(E,E•) ∈ J(X)·(TLσ,s,H◦(σ, s,OX , H))(E,E•)

Therefore, we conclude that⋃
T∈Td

J(X) · T (E,E•) =
⋃
T∈S′

J(X) · T (E,E•)

Finally, observe that the right hand side of the previous equality is a finite union of
orbits of J(X) in M(r, α, d). As any two orbits either coincide or are disjoint, then
there is a subset R ⊂ S′, which is also finite and satisfies that⋃

T∈S′
J(X) · T (E,E•) =

∐
T∈R

J(X) · T (E,E•)

�

Lemma 6.4. Let (X,D) be a smooth complex projective curve of genus g ≥ 6. Let
Φ :M(r, α, d) 99KM(r, α, d) be a 3-birational map. For a generic ξ ∈ Picd(X) and

a generic (E,E•) ∈ M(r, α, ξ) there exist open subsets P̃, P̃ ′ ⊂ J(X) and a basic
transformation T ∈ Td such that

• JId and JT induce isomorphisms P̃
JId∼= P̃ · (E,E•), P̃ ′

JT∼= P̃ ′ · T (E,E•),

• Φ is defined over P̃ · (E,E•),
• Φ(P̃ · (E,E•)) = P̃ ′ · T (E,E•), and
• if r = 2, T ∈ T +

d .

Proof. Let U ,U ′ ⊂ M(r, α, d) and P,P ′ ⊂ Picd(X) be the open subsets given by
Corollary 4.2. Let ξ ∈ P and let (E,E•) ∈M(r, α, ξ)∩U be a generic element in the
sense of Lemma 6.2. By Lemma 6.2, there exists an open subset U = UId ⊂ J(X)
such that U ∼= JId(U) ⊂ J(X) ·(E,E•). Let V = U ∩J−1

Id (U). Then Φ is well defined
on V · (E,E•). Let us start by proving that

(6.1) Φ(V · (E,E•)) ⊂
⋃
T∈Td

J(X) · T (E,E•)

By construction, for each L ∈ V , ξ ⊗ Lr = det((E,E•)⊗ L) ∈ P. Thus, by Lemma
6.1 there exists a basic transformation Tξ⊗Lr ∈ Td such that

Φ((E,E•)⊗ L) ∼= Tξ⊗Lr((E,E•)⊗ L)

On the other hand, for each T ∈ Td,

T ((E,E•)⊗ L) = (T ◦ TL)(E,E•)

As L ∈ J(X), then T ′ = (T ◦ TL) ∈ Td, so T ((E,E•) ⊗ L) = T ′(E,E•) ∈ J(X) ·
T ′(E,E•). If r = 2, then Tξ⊗Lr ∈ T +

d , so it is enough to take the union in equation

(6.1) over T ∈ T +
d

By the previous Lemma, Φ(V · (E,E•)) is covered by a disjoint finite union of
orbits of J(X) ·T (E,E•), which are irreducible constructible sets. Thus, there must
exist some T ∈ Td such that Φ(V · (E,E•)) ∩ J(X) · T (E,E•) is open and dense
in J(X) · T (E,E•). Let UT ⊂ J(X) be the open subset such that JT : UT −→
UT · T (E,E•) is an isomorphism. Let

P̃ = J−1
Id (Φ−1(UT · (E,E•) ∩ Φ(V · (E,E•))))
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P̃ ′ = J−1
T (Φ(P̃ · (E,E•))) ⊂ J−1

T (UT · (E,E•)) = UT

Then, by construction, JId : P̃ −→ P̃ · (E,E•) and JT : P̃ ′ −→ P̃ ′ · T (E,E•) are

isomorphisms and Φ(P̃ · (E,E•)) = P̃ ′ · T (E,E•). �

The previous Lemma bounds the possible images of the orbits of the Jacobian,
and provides the rigidity result needed to obtain the following classification result
and prove the main Theorem.

Lemma 6.5. Let (X,D) be a smooth complex projective curve of genus g ≥ 6. Let
Φ :M(r, α, d) 99KM(r, α, d) be a 3-birational map. Then there exist

• an open subset U ⊂M(r, α, d) where Φ is defined,
• a basic transformation T ∈ Td, which, moreover, can be chosen in T +

d if
r = 2,
• a line bundle ξ ∈ Picd(X), and
• an automorphism ρ ∈ Aut(J(X), J(X)[r]),

such that for each (E,E•) ∈ U
Φ(E,E•) ∼= T (Aξρ(E,E•))

Proof. By Lemma 6.4 and Lemma 3.5, there exists ξ ∈ Picd(X) and a generic
(E,E•) ∈M(r, α, ξ) such that (E,E•) is α′-stable for any generic system of weights
α′, it is not fixed by nontrivial T ∈ T if r > 2 or T ∈ T + if r = 2, and there exists
open subsets P̃, P̃ ′ ⊂ J(X) such that the composition

P̃ JId−→ P̃ · (E,E•)
Φ−→ P̃ ′ · T (E,E•)

J−1
T−→ P̃ ′

is an isomorphism. Composing with the 3-birational map T−1 : M(r, α, d) 99K
M(r, α, d) (which is well defined over P ′ · T (E,E•) by the choice of (E,E•)) and
repeating the construction of the previous Lemma, we obtain that there is an open
subset P̃ ′′ ⊂ J(X) such that the composition

P̃ JId−→ P̃ · (E,E•)
T−1◦Φ−→ P̃ ′′ · (E,E•)

J−1
Id−→ P̃ ′′

is an isomorphism, so it induces a birational map J(X) 99K J(X). As J(X) is
abelian, this map extends to a unique automorphism ρ : J(X) −→ J(X) (c.f.

[Mil08, Theorem 3.8]). Then for each L ∈ P̃ we have

(T−1 ◦ Φ)((E,E•)⊗ L) ∼= (E,E•)⊗ ρ(L)

The map ρ is the composition of a translation and a group homomorphism (c.f.
[Mil08, Corollary 1.2]). Changing T to T ◦ TM for a suitable M ∈ J(X), it is clear
that we can choose T such that ρ(OX) = OX . Thus, we can assume that ρ is a group
homomorphism. Let us verify that ρ fixes the r-torsion of the Jacobian, J(X)[r].
Let us consider the following open subset of J(X).

W =
⋂

S∈J(X)[r]

S · P̃ ⊂ P̃

As J(X)[r] is finite, then W is an open nonempty subset such that for each L ∈ W
and S ∈ J(X)[r], L⊗ S ∈ W. Fix L ∈ W. Then for each S ∈ J(X)[r],

(T−1 ◦ Φ)((E,E•)⊗ L⊗ S) ∼= (E,E•)⊗ ρ(L⊗ S) = (E,E•)⊗ ρ(L)⊗ ρ(S)

On the other hand, by Lemma 6.1 we know that for each ξ′ ∈ det(P · (E,E•)) there
exists a basic transformation Tξ′ ∈ Td (which can be taken in T +

d if r = 2), such
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that for each (E′, E′•) ∈ M(r, α, ξ′) where T−1 ◦ Φ is defined, (T−1 ◦ Φ)(E′, E′•)
∼=

Tξ′(E
′, E′•). Thus, for each S ∈ J(X)[r],

Tξ⊗Lr((E,E•)⊗ L⊗ S) ∼= (T−1 ◦ Φ)((E,E•)⊗ L⊗ S) ∼= (E,E•)⊗ ρ(L)⊗ ρ(S)

For S = OX , we have that

Tξ⊗Lr((E,E•)⊗ L) ∼= (E,E•)⊗ ρ(L) = (E,E•)⊗ L⊗ (ρ− Id)(L)

Since we took (E,E•) such that it is not fixed by any nontrivial basic transformation,
we conclude that for each L ∈ W, Tξ⊗Lr = T(ρ−Id)(L) (for r = 2, observe that we

can choose Tξ⊗Lr ∈ T + and T(ρ−Id)(L) ∈ T +). Thus, for any other S ∈ J(X)[r],

(T−1◦Φ)((E,E•)⊗L⊗S) ∼= (E,E•)⊗ρ(L)⊗ρ(S) = Tξ⊗Lr((E,E•)⊗L⊗S) = (E,E•)⊗ρ(L)⊗S
which implies that that ρ(S) = S for each S ∈ J(X)[r], so ρ ∈ Aut(J(X), J(X)[r]).
Following the argument from Section 5, we can write ρ = Id +rρ̃, and for each
L ∈ W

(T−1◦Φ)((E,E•)⊗L) ∼= (E,E•)⊗ρ(L) = (E,E•)⊗L⊗(ρ−Id)(L) = (E,E•)⊗L⊗ρ̃(Lr)

= (E,E•)⊗ L⊗ ρ̃(det(E)⊗ L)⊗ ξ−1) = Aξρ((E,E•)⊗ L)

In particular, for each L ∈W , we have

Tξ⊗Lr = T(ρ−Id)(L) = Tρ̃(Lr) = Tρ̃(ξ⊗Lr⊗ξ−1)

This implies that for each ξ′ ∈ det(W · (E,E•)) we have

Tξ′ = Tρ̃(ξ′⊗ξ−1)

which implies that for each (E′, E′•) ∈M(r, α, ξ′) for which T−1 ◦ Φ is defined

(T−1◦Φ)(E′, E′•)
∼= Tξ′(E

′, E′•) = (E′, E′•)⊗ρ̃(ξ′⊗ξ−1) = (E′, E′•)⊗ρ̃(det(E′)⊗ξ−1) = Aξρ(E′, E′•)

Taking U ⊂M(r, α, d) as intersection of det−1(det(W·(E,E•))) and the open subset
where T−1 ◦ Φ is defined, we obtain the desired result. �

Theorem 6.6. Let (X,D) and (X ′, D′) be two smooth complex projective curves of
genus g ≥ 6 and g′ ≥ 6 respectively with sets of marked points D ⊂ X and D′ ⊂
X ′. Let α and α′ be full flag generic systems of weights over (X,D) and (X ′, D′)
respectively. Let Φ :M(X,D, r, α, d) 99KM(X ′, D′, r′, α′, d′) be a 3-birational map.
Then r = r′ and there exist

• an isomorphism σ : (X,D) −→ (X ′, D′),
• a basic transformation T ∈ T , which belongs to T + if r = 2,
• a line bundle ξ ∈ Picd(X) and
• an automorphism ρ ∈ Aut(J(X), J(X)[r])

such that T (d) = d′ and for each (E,E•) ∈M(X,D, r, α, d) where Φ is defined

σ∗Φ(E,E•) ∼= (T ◦ Aξρ)(E,E•)

Proof. By Torelli theorem 4.3, we know that r = r′ and there exists an isomorphism
σ : (X,D) −→ (X ′, D′). Composing Φ with the pullback by σ, and substituting α′

by σ∗α′, we can assume without loss of generality that (X,D) = (X ′, D′). Moreover,
by Lemma 3.3, there exists a basic transformation T ∈ T + inducing a 3-birational
map M(X,D, r, α, d) 99KM(X,D, r, α′, d′). Composing with T−1, we can assume
that α = α′ and d = d′.

Let U ,U ′ ⊂ M(X,D, r, α, d) = M(r, α, d) be the open subsets such that Φ :
U −→ U ′ is an isomorphism. We can apply Lemma 6.5 to find an open subset
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U1 ⊂ U ⊂M(r, α, d), a basic transformation T ∈ Td (which belongs to T +
d if r = 2),

a line bundle ξ ∈ Picd(X) and ρ ∈ Aut(J(X), J(X)[r]) such that for all (E,E•) ∈ U1

Φ(E,E•) ∼= (T ◦ Aξρ)(E,E•)

We know that Φ|U1 = (T ◦Aξρ)|U1 . It is only left to prove that these two maps agree
on U . Let V ⊂ M(r, α, d) be the subset parameterizing parabolic vector bundles
which are both α-stable and T−1(α)-stable. By [AG19, Lemma 2.3], V is an open
dense subset whose complement has codimension at least 3 in M(r, α, d). Observe

that Aξρ does not change the stability of the parabolic vector bundle. Thus, by the

choice of V, T ◦ Aξρ extends to a map T ◦ Aξρ : V −→M(r, α, d). Then, T ◦ Aξρ|V∩U
and Φ|V∩U are two possible maps V ∩ U −→ M(r, α, d) whose restriction to the
dense subset U1 ⊂ V ∩ U coincide. As M(r, α, d) is separable, we conclude that

T ◦ Aξρ|V∩U = Φ|V∩U .
On the other hand, by [BY99, Proposition 3.2],M(r, α, d) is a fine moduli space.

Let (E , E•) −→ M(r, α, d) × X be a universal family. Then the map Φ : U −→
M(r, α, d) must be represented by a family (E ′, E ′•) = Φ∗(E , E•) −→ U × X of α-
stable quasi-parabolic vector bundles. Tensoring with a line bundle on V ∩ U if
necessary, we can assume that

(E ′, E ′•)|(V∩U)×X ∼= (T ◦ Aξρ)(E , E•)|(V∩U)×X

As T ◦ Aξρ is well defined on arbitrary families of quasiparabolic vector bundles,

(T ◦ Aξρ)(E , E•)|U×X is a well defined family of quasi-parabolic vector bundles over

U . Thus, (E ′, E ′•) and (T ◦ Aξρ)(E , E•) are two different families of quasi-parabolic
bundles on U ×X which are isomorphic over (U ∩ V)×X.

However, U is a smooth complex scheme and U ∩ V is an open subset whose
complement has codimension at least 3, so by [AG19, Lemma 2.8], there is at most
one extension of (E ′, E ′•)|(U∩V)×X to V × X, and we conclude that (E ′, E ′•) ∼= (T ◦
Aξρ)(E , E•). Thus, Φ(E,E•) ∼= T (Aξρ(E,E•)) for all (E,E•) ∈ U . �

Corollary 6.7. Let (X,D) and (X ′, D′) be two smooth complex projective curves
of genus g ≥ 6 and g′ ≥ 6 respectively with sets of marked points D ⊂ X and D′ ⊂
X ′. Let α and α′ be full flag generic systems of weights over (X,D) and (X ′, D′)
respectively. Let Φ : M(X,D, r, α, d) −→ M(X ′, D′, r′, α′, d′) be an isomorphism.
Then r = r′ and there exist

• an isomorphism σ : (X,D) −→ (X ′, D′),
• a basic transformation T ∈ T , which belongs to T + if r = 2,
• a line bundle ξ ∈ Picd(X) and
• an automorphism ρ ∈ Aut(J(X), J(X)[r])

such that T (d) = d′, T (α) and σ∗α′ belong to the same stability chamber and for
each (E,E•) ∈M(X,D, r, α, d)

σ∗Φ(E,E•) ∼= (T ◦ Aξρ)(E,E•)

Proof. As Φ is an isomorphism defined over the whole moduli space, Theorem 6.6
implies that r = r′ and there exists ξ ∈ Picd(X), T ∈ T (which can be chosen in
T + if r = 2) such that T (d) = d′ and ρ ∈ Aut(J(X), J(X)[r]) such that for each
(E,E•) ∈M(X,D, r, α, d)

σ∗Φ(E,E•) ∼= (T ◦ Aξρ)(E,E•)
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As Φ is an isomorphism, when (E,E•) varies in M(X,D, r, α, d), Φ(E,E•) takes
all possible values in M(X ′, D′, r, α′, d′), so σ∗Φ(E,E•) ranges over all possible
isomorphism classes of σ∗α′-stable parabolic vector bundles. On the other hand,

as Aξρ does not change the stability condition, (T ◦ Aξρ)(E,E•) is T (α)-stable for

each α-stable (E,E•). As (E,E•) changes over M(X,D, r, α, d), (T ◦ Aξρ)(E,E•)
covers all possible T (α)-stable bundles. Thus, the sets of isomorphism classes of
σ∗α′-stable and T (α)-stable parabolic vector bundles coincide, so σ∗α′ and T (α)
belong to the same stability chamber. �

Finally, let us analyze the group structure of the automorphisms. First of all,
observe that for each L ∈ J(X), ξ ∈ Picd(X) and ρ ∈ Aut(J(X), J(X)[r])

Aξρ((E,E•)⊗ L) = (E,E•)⊗ L⊗ ρ̃(det(E)⊗ Lr ⊗ ξ−1)

= (E,E•)⊗ ρ̃(det(E)⊗ ξ−1)⊗ L⊗ ρ̃(Lr) = Aξρ(E,E•)⊗ ρ(L),

so

Aξρ ◦ TL = Tρ(L) ◦ Aξρ.

Now, let ξ ∈ Picd(X), ρ ∈ Aut(J(X), J(X)[r]) and T = (σ, s, L,H) ∈ Td. Let
ρσ = σ∗ ◦ ρ ◦ (σ−1)∗. Then observe that for each (E,E•) ∈M(r, α, ξ′) ⊂M(r, α, d)
we have

T (Aξρ(E,E•)) = T ((E,E•)⊗ ρ̃(det(E)⊗ ξ−1)) = T (E,E•)⊗ σ∗(ρ̃(ξ′ ⊗ ξ−1))s

= T (E,E•)⊗ σ∗(ρ̃((ξ′)s ⊗ ξ−s)) = T (E,E•)⊗ ρ̃σ(σ∗(ξ′)s ⊗ σ∗ξ−s)
= T (E,E•)⊗ ρ̃σ(σ∗(ξ′ ⊗ Lr(−H))s ⊗ σ∗(ξ ⊗ Lr(−H))−s)

= T (E,E•)⊗ ρ̃σ(T (ξ′)⊗ T (ξ)−1)

= T (E,E•)⊗ ρ̃σ(det(T (E,E•))⊗ ξ−1)⊗ ρ̃σ(ξ ⊗ T (ξ)−1)

= Tρ̃σ(ξ⊗T (ξ)−1) ◦ Aξρσ ◦ T (E,E•) = Aξρσ ◦ Tρ−1
σ (ρ(ξ⊗T (ξ−1))) ◦ T (E,E•).

This computation motivates the following definition.

Definition 6.8. An extended basic transformation of degree d is a tuple T =
(ρ, σ, s, L,H) where (σ, s, L,H) ∈ Td is a basic transformation and ρ ∈ Aut(J(X), J(X)[r]).
Fix once and for all a line bundle ξ ∈ Picd. Let T d be the group of extended basic
transformations of degree d, generated by

• Σσ = (Id, σ, 1,OX , 0)
• D+ = (Id, Id, 1,OX , 0) = IdT
• D− = (Id, Id,−1,OX , 0)
• TL = (Id, Id, 1, L, 0)
• HH = (Id, Id, 1,OX , H)

• Aξρ = (ρ, Id, 1,OX , 0)

with the same relations as Lemma 3.2 plus the following two relations. For each
ρ, ρ′ ∈ Aut(J(X), J(X)[r])

Aξρ ◦ A
ξ
ρ′ = Aξρ◦ρ′

and for each T = (Id, σ, s, L,H) ∈ Td ⊂ T d and each ρ ∈ Aut(J(X), J(X)[r])

T ◦ Aξρ = Aξρσ ◦ Tρ−1
σ (ρ(ξ⊗T (ξ−1))) ◦ T
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Let T +
d ⊂ T d be the subset of transformations where s = 1 and T d,α the subset of

transformations such that (σ, s, L,H) ∈ Td,α. Finally, let T +
d,α = T +

d ∩ T d,α.

As all elements of Td give 3-birational automorphisms of M(r, α, d) and Aξρ acts
by automorphisms of the moduli space by Lemma 5.2, it is clear that all transfor-
mations T ∈ T d induce 3-birational automorphisms of M(r, α, d), which extend to
automorphisms whenever T ∈ T d,α and we have the following theorem.

Theorem 6.9. Let (X,D) be a smooth complex projective curve of genus g ≥ 6 and
let α be a full flag system of weights over (X,D). Then if r > 2

Aut3−bir(M(r, α, d)) = T d, Aut(M(r, α, d)) = T d,α
and if r = 2 then

Aut3−bir(M(2, α, d)) = T +
d , Aut(M(2, α, d)) = T +

d,α

Proof. Theorem 6.6 proves that for each 3-birational automorphism Φ there exits
ξ′ ∈ Picd(X), ρ ∈ Aut(J(X), J(X)[r]) and T ∈ Td (which can be taken in T +

d if

r = 2) such that Φ = Aξ
′
ρ ◦ T . By Remark 5.3, we can choose T so that ξ′ = ξ

is fixed for any automorphism. This, together with the previous computations and

the definition of the group T d, clearly shows that T d (respectively T +
d if r = 2)

surjects as a group onto Aut3−bir(M(r, α, d)). Similarly, Corollary 6.7 proves that

T d,α (T +
d,α if r = 2) surjects onto Aut(M(r, α, d)).

Therefore, it is enough to show that there do not exist two different T, T ′ ∈ T d
(respectively, in T +

d if r = 2) which induce the same 3-birational automorphism of

M(r, α, d). Observe that this also implies that two different T, T ′ ∈ T d,α (or in T +
d,α

if r = 2) cannot induce the same automorphism of the moduli space. Composing
with (T ′)−1, this is equivalent to proving that there does not exist a nontrivial

T ∈ T d (respectively, T +
d ) which acts as the identity on M(r, α, d).

Assume the contrary. Let Aξρ ◦ T be a transformation with T ∈ Td such that for

each (E,E•) ∈ M(r, α, d) where T is defined, Aξρ ◦ T (E,E•) ∼= (E,E•) and such

that T ∈ T +
d if r = 2. As Aξρ fixes M(r, α, ξ), then T (E,E•) ∼= (E,E•) for each

(E,E•) ∈M(r, α, ξ) where T is defined. By Lemma 3.5, this implies T = Id. Thus,

Aξρ must act as the identity onM(r, α, d). A direct computation taking determinants

(see the proof of Lemma 5.2) shows that the induced map by Aξρ on Picd(X) is given
by

Aξρ(ξ′) = ρ(ξ′ ⊗ ξ−1)⊗ ξ
for each ξ′ ∈ Picd(X). If Aξρ is the identity, this map must be the identity too, but
then

ξ′ ∼= Aξρ(ξ′) = ρ(ξ′ ⊗ ξ−1)⊗ ξ
so for all ξ′ ∈ Picd(X)

ξ′ ⊗ ξ−1 ∼= ρ(ξ′ ⊗ ξ−1)

As ξ′ ⊗ ξ−1 runs over all elements of the Jacobian J(X), this implies ρ = Id. �

Remark 6.10. For r = 2, observe that the duality map inv(L) = L−1 ∈ Aut(J(X))

fixes the 2-torsion J(X)[2], so inv ∈ Aut(J(X), J(X)[r]). We have ĩnv = inv and,
thus, for each (E,E•)

Aξinv(E,E•) = (E,E•)⊗ det(E)−1 ⊗ ξ



20 D. ALFAYA

As (E,E•) ⊗ det(E)−1 ∼= (E,E•)
∨ for all quasiparabolic vector bundles, we obtain

that for r = 2

Aξinv(E,E•) ∼= Tξ ◦ D−(E,E•)

This explains the fact that we can always write 3-birational automorphisms ofM(2, α, d)
as extended basic transformations which do not involve the duality operator D−.
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