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1. Introduction

Let X be an irreducible smooth complex projective curve. Let D = > " x; be an
effective divisor on X consisting on distinct points and let £ be a line bundle on X. Let
a be a rank r generic full flag system of weights over D. Let M(r, o, £) be the moduli
space of stable parabolic vector bundles (E, E,) over (X, D) of rank r with system of
weights « and determinant det(E) = &.

Before describing the automorphisms of this moduli space, let us go back to the non-
parabolic case and recall the known classification of the automorphisms of the moduli
space of vector bundles. The following two transformations generate the automorphism
group of the moduli space M(r,&) of stable vector bundles over X with rank r and

determinant £. Given an automorphism o : X — X

(1) Send E — X to L ® 0*E, where L is a line bundle over X with L™ ® 0*¢ = ¢
(2) Send E to L ® o*(E"), where L is a line bundle satisfying L" ® o*¢~1 = ¢

This result was initially proved by Kouvidakis and Pantev [23] using an argument on
the fibers of the Hitchin map defined on the moduli space of Higgs bundles. Hwang and
Ramanan [20] gave a different proof based on the study of Hecke curves on the moduli
space. They proved that the Hitchin discriminant was isomorphic to the union of the
images of all possible Hecke curves.

Later on a simplified proof was given in [7], in which the study of the Hecke trans-
formation and the minimal rational curves on the moduli space was substituted by the
geometric characterization of the nilpotent cone bundle of a generic vector bundle. This
lead to the proof that given a generic bundle E whose image under the automorphism
E’ is itself generic, there exists an isomorphism of Lie algebra bundles

Endo (E) = Endo (El)
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Then, it is proven that such an automorphism exists if and only if E’ is obtained from E
by one of the previously described transformations. The argument was further generalized
to the moduli space of symplectic bundles in [6]. In this paper, we will generalize this
result to the parabolic scenario.

Coming back to the moduli of parabolic vector bundles, first, we develop four “basic
transformations” that can be applied intrinsically to families of quasi-parabolic vec-
tor bundles. The first three types come from adapting the previously mentioned ones
(pullback with respect to an automorphism of the curve, tensoring with a line bundle
and dualization) to parabolic vector bundles, finding naturally induced filtrations at the
parabolic points on the resulting vector bundles. Nevertheless, in the parabolic setup
there is a fourth new type of transformation that can be defined using the additional
information provided by the parabolic structure. We can use the steps of the filtration to
perform a Hecke transformation on the underlying vector bundle at the parabolic points.
What is more, the full parabolic structure at each parabolic point can be “rotated” in a
certain way so that it induces a parabolic structure on the resulting bundle. The possible
combinations of these four types of transformations

o Taking pullback with respect to an automorphism ¢ : X — X that fixes the set of
parabolic points D (but not necessarily fixes every point in D) (E, E,) — oc*(E, E,)

o Tensoring with a line bundle (E, E,) — (E,FE,) ® L

o Dualization (E, E,) — (F, Ee)"

o Hecke transformations (E, E,) +— H,(E, E,) with respect to the subspace Ey 2 C E|,
for some x € D

form a group 7 that we call group of basic transformations.

Instead of working with a fixed moduli space M(r,a, &) and compute its automor-
phisms, it will come more natural to study the possible isomorphisms between two moduli
spaces M(X,r,a, &) and M(X' ' a’,&’), leading to what is usually called an Extended
Torelli type theorem. We will prove that basic transformations are the only ones giving
rise to isomorphisms between moduli spaces of parabolic vector bundles. More precisely,
the main result in this article is the following Theorem (see Theorem 7.22)

Theorem 1.1. Let (X, D) and (X', D’) be two smooth projective curves of genus g > 6
and g’ > 6 respectively with set of marked points D C X and D' C X'. Let £ and &' be
line bundles over X and X' respectively, and let o and o' be full flag generic systems of
weights over (X, D) and (X', D) respectively. Let

O M(X,ra,8) — M(X' v &)

be an isomorphism. Then

(1) r=r'
(2) (X, D) is isomorphic to (X', D’), i.e., there exists an isomorphism o : X = X'
sending D to D’.
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(8) There exists a basic transformation T such that for every (E, Eq) € M(r,«,§)
0" ®(E,E,) = T(E, E,)

Moreover, for r = 2, the dual of a parabolic vector bundle can be rewritten in terms
of a tensor product by a certain line bundle, so every isomorphism ¥ comes from a basic
transformation that does not involve dualization.

Apart from acting on parabolic vector bundles, the group T acts on line bundles £ and
systems of weights « so that for every T € T, if (F, E,) has determinant £ and is stable
for the weights «, then T'(E, F,) has determinant T'({) and is stable for the weights
T(«). For T to induce an isomorphism T : M(r, o, €) — M(r, o, ') it is necessary and
sufficient that

« TE)=¢

e T() is in the same stability chamber as o/

This will allow us to compute the automorphism group Aut(M(r, o, £)) in Theorem 7.25.

In order to prove the theorem, we will generalize the approaches used in [6] and [7] to
the particular features of the moduli space of parabolic vector bundles, although a deeper
analysis on some invariant subspaces of the Hitchin map and the Hitchin discriminant
will be necessary. We will prove that for a generic parabolic vector bundle (E, E,) €
M(r,a,§) if o*®(E,E,) = (E', E)) then there exists an isomorphism of Lie algebra
bundles

PEndy(E, E,) = PEndy(E', E))

Using some algebraic methods, we will prove that if such isomorphism exists then (E’, E.)
can be obtained from (E, F,) through the application of a basic transformation T € T.
More precisely, for any ® and for a generic (F, E,) € M(r,a, &) there exists some T € T
such that o*®(E, FE,) = T(E, E,). We will then show that we can choose T so that
it does not vary with (E, F,), i.e., for any ® there exists some T' € T such that the
formula o*®(E, E,) = T(FE, E,) holds for an open set of points (F, F,) € M(r,a,§) in
the moduli space. Finally we prove that the equality extends to the whole moduli space.

The structure of the paper is the following. In Section 2 we recall the notion of
parabolic vector bundle, parabolic stability and some properties of the moduli space of
stable parabolic vector bundles. The precise notions of generic and concentrated systems
of weights are given and we prove some technical lemmas regarding the behavior of
generic parabolic vector bundles.

Parabolic Hitchin pairs and the Hitchin map are analyzed in Section 3. In Section 4 we
study the geometry of the fibers of the Hitchin map corresponding to singular spectral
curves, usually called the Hitchin discriminant. We prove that the image of the Hitchin
discriminant can be intrinsically described from the geometry of M(r, o, §) as an abstract
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variety. We use this description to prove a Torelli type theorem for the moduli space of
parabolic vector bundles (Theorem 4.6).

Theorem 1.2. If (X, D) and (X', D’) are marked curves of genus at least 4 such that
M(X,ra,8) 2 M(Xr',a £, then (X,D) = (X', D) and r = r'.

This theorem has already been proved by Balaji, del Bafio and Biswas [4] for » = 2 and
small parabolic weights, in the sense that parabolic stability is equivalent to stability of
the underlying vector bundle. In contrast, our theorem only assumes that the parabolic
weights are generic and it is valid for any rank.

Section 5 is devoted to describing the four kinds of “basic transformations” that can be
applied intrinsically to families of quasi-parabolic vector bundles. The parabolic version
of the Hecke transformation is described and we analyze the stability of the resulting
bundles. A presentation for the group 7 of basic transformations is explicitly described
and its abstract structure is computed in Proposition 5.8.

T = ((Z|D| X Pic(X))/gD> s (Aut(X, D) x Z/2Z)
where Gp < ZIP! x Pic(X) is a (normal) subgroup isomorphic to (rZ)P!.

Then, in Section 6 we study the algebra of parabolic endomorphisms. Several classifi-
cation and structure theorems are given. The main result of this section is the description
of all the possible parabolic vector bundles which share the same Lie algebra bundle of
traceless parabolic endomorphisms.

Theorem 1.1 is proved through Section 7. As a corollary, in Theorem 7.25 we describe
the group of automorphisms of the moduli space M(r, a, £) as a subgroup of the group
of basic transformations 7 described in Section 5, which varies depending on « and &.
The dependence of the group on « and £ arises from some basic concerns coming from
fixing the determinant ¢ (arithmetic obstructions involving the rank and degree of the
bundles) and an analysis of the stability chamber of a.

If we examine closely the results leading to the Extended Torelli (Theorem 7.22) and
the computation of the automorphism group (Theorem 7.25) in Section 7, we observe a
certain common underlying behavior for all moduli spaces of parabolic vector bundles.
Basic transformations in 7 induce all possible isomorphisms between moduli spaces,
even crossing stability walls. Restricting ourselves to parabolic vector bundles with a
fixed determinant £ naturally imposes a condition on the possible applicable basic trans-
formations, leading to a subgroup

Te={T € TIT() = &}

of transformations which preserve the determinant. Nevertheless, in general this group
does not coincide with the group of automorphisms of the moduli space M(r, «, £), as not
all the transformations preserve a-stability. Some of them induce a wall crossing. If g > 3,
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wall crossings are 3-birational, in the sense that there are open subsets U C M(r, ;&)
and U’ C M(r,a/,§) whose respective complements have codimension at least 3 such
that there is an isomorphism U = U’. Up to this identification, basic transformations
T € T¢ induce a birational transformation 7' : M(r, o, &) --» M(r, o, &) which is an
automorphism of some open subset whose complement has codimension at least 3. We
will call this kind of maps 3-birational maps.

On the other hand, Boden and Yokogawa [14] proved that if « is full flag the moduli
space M(r,«, &) is rational, so the birational geometry of M(r,«,§) is completely in-
dependent on the geometry of (X, D) apart from the dimensional level. Then, it seems
like the notion of 3-birational maps (and in general k-birational maps) is more natural
for the study of the moduli space of parabolic vector bundles than the analysis of the
isomorphisms or general birational maps. In Section 8 we give a precise definition for
k-birational maps and prove 3-birational versions of the Torelli theorem (8.5) and the
Extended Torelli theorem (8.10). More particularly, for genus at least 4, we obtain that

Theorem 1.3. If & : M(X,r,a,&) --» M(X', v, &/, &) is a 3-birational map then r = r’
and (X,D) = (X', D").

Theorem 1.4. If & : M(X,r,a,&) --» M(X', v, &/, &) is a 3-birational map then r = r’
and there is an isomorphism o : (X, D) — (X', D’) and a basic transformation T € T
such that

(1) T(§) = o7&
(2) For every (E, E,) for which ® is defined, c*®(E, F,) = T(FE, E,)

Then we conclude (Corollary 8.11) that for » > 2 the 3-birational automorphisms of
M(r,a,§) are

Auts_pir(M(r,a,8)) = Te <T

For r = 2, the correspondence between 3-birational maps and basic transformations is not
1 on 1, as the dualization map can be described alternatively in terms of the tensorization.
Instead, we obtain a correspondence with the subgroup 7?“ of basic transformations that
do not involve the dual and preserve the determinant &,

AUt37Bir(M(27 a?é)) = 7—f+ <T

Finally, we aim to describe explicitly the dependency of Aut(M(r,«,§)) and the
isomorphism class of M(r, a, &) on the stability parameters «. In section 9 we analyze
this problem for the concentrated chamber, in which a-stability is (roughly) equivalent
to stability of the underlying vector bundle. We prove that in this chamber the Hecke
transformation does never induce an automorphism of M(r, o, &), even when combined
with other basic transformations. The automorphism group is then explicitly described.
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In section 10 we analyze the stability space A and the partition in stability chambers.
Given two systems of weights « and 5 we consider the problem of determining whether
all a-stable parabolic vector bundles are also [-stable or, conversely, there exists some
a-stable parabolic vector bundle which is not [-stable. For the latter case to happen
there must exist an a-stable parabolic vector bundle (E, F,) admitting a S-destabilizing
subbundle (F, F,) C (E, E,), in the sense that for all (F', F.) C (E, E,)

pardeg, (', F1) _ pardeg, (E, F)
rk(F") rk(FE)

but

pardegg (F, Fy) - pardegg(E, Es)
rk(F) - rk(E)

Therefore, the map

A R
o/ ——— rk(F') pardeg,, (E, E.) — tk(FE) pardeg,, (F, F,)

is negative for o and non-negative for 5. Thus, if we consider the weights oy = ta+ (1 —
), there must exist some t € (0, 1] such that

tk(F') pardeg,,, (E, E,) — rk(E) pardeg,,, (F, Fo) =0 (1.1)

This equation defines a hyperplane in A, depending only on the numerical data for
(E,E,) and (F, F,), namely, the degrees deg(E), deg(F), the ranks rk(F), rk(F) and
the parabolic type of (F, F,), say p. We call a “numerical wall” any hyperplane on A
obtained from an equation of the form (1.1) when we range over all possible choices for the
integers deg(F'), rk(F') and 7oy (the rank and degree of E are fixed in our moduli space).
We say that a “numerical wall” is “geometrical” if there actually exists some parabolic
vector bundle (E, F,) and a subbundle (F, F,) C (E, E,) with the correct invariants
deg(F), rk(F) and r. Numerical and geometrical stability chambers are defined as the
regions of A separated by the numerical or geometrical walls respectively. We will also
call the geometrical chambers simply stability chambers. We just proved that any two
different stability chambers are separated by a numerical wall, but it is not clear that
any numerical wall can be realized into a geometrical one, so a stability chamber can
contain several numerical chambers.

We prove that there is a finite number of different chambers in A and we construct an
invariant M (r,a, d) classifying the “numerical” stability chambers in A. Theorem 10.6
proves that if the genus is big enough then the invariant M (r, o, d) is in correspondence
with (geometrical) stability chambers in A and use it to obtain a computable version of
the Extended Torelli Theorem 7.22.
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The last section of this paper (section 11) presents some examples, showing that the
previous results are sharp in the following sense. As we proved that Hecke does not take
part in any automorphism of M(r, «, ) when « is concentrated, it is natural to wonder
if for any of the presented basic transformations T (pullback, tensorization, dualization
and Hecke) there exist a (general enough) marked curve (X, D) and a generic system of
weights such that T induces an automorphism of M(r, a, £). We provide an example of
rank 2, 2 marked points and arbitrary genus for which the composition of Hecke with
taking the pullback by some ¢ : X — X induce a nontrivial automorphism of the moduli.
Moreover, dualization and tensoring induce nontrivial automorphisms, up to the usual
constraint T'(§) = &.

On the other hand, we can find a system of weights a of rank r > 2 such that the
combination of Hecke and dualization induces a nontrivial involution of M (r, o, ) which
does not come from an involution of the curve X.

Acknowledgments. This research was funded by MICINN (grants MTM2016-79400-P,
PID2019-108936GB-C21 and “Severo Ochoa Programme for Centres of Excellence in
R&D” projects SEV-2015-0554 and CEX2019-000904-S) and the 7th European Union
Framework Programme (Marie Curie IRSES grant 612534 project MODULI). The first
author was also supported by a predoctoral grant from Fundacién La Caixa — Severo
Ochoa International Ph.D. Program and a postdoctoral position from ICMAT Severo
Ochoa project. We would like to thank Indranil Biswas for his helpful comments on this
work and Suratno Basu for useful discussions regarding the proof of Proposition 4.5. We
would also want to thank the anonymous reviewer for the careful reading and suggestions.

2. Moduli space of parabolic vector bundles

Let X be an irreducible smooth complex projective curve. Let D = {z1,...,2,} be a
set of n > 1 different points of X and let us denote U = X\ D.

A parabolic vector bundle on (X, D) is a holomorphic vector bundle E of rank r
endowed with a weighted flag on the fiber F|, over each parabolic point z € D called
parabolic structure

Elr == Ez,l 2 Ez,2 _,D._ e 2 Em,lm 2 E:c,lw—&-l =0
0<a(z) <ag(z)<...<a,(z)<l1

We say that a;(z) is the weight associated to E,;. We will denote by a =
{(a1(z),..., 1, (x))},cp the system of real weights corresponding to a fixed parabolic
structure. A system of weights is called full flag if [, = r for all parabolic points x € D. We
will use the simplified notation (E, E.) = (E,{E,,;}) to denote a parabolic vector bundle.

Equivalently [28], we can describe the parabolic structure as a collection of decreasing
left continuous filtrations of sheaves on X, one filtration for each parabolic point. More
precisely, for each z € D, let EZ C E be a subsheaf on X indexed by a real o > 0 such
that
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(1) For every a > 8, E} C Ef

(2) For every o > 0, there exists € > 0 such that EZ__ = E2
(3) For every a, B, = E%(—x)

(4) E§ =

If EZ is a left continuous filtration, let o;(x) be the i-th weight o > 0 where the filtration
jumps, i.e., such that for every ¢ > 0, Ef # Ef,.. Then we can define the parabolic
structure {Em} at the fiber E|, as the one having parabolic weights {a;(z)} such that

Reciprocally, if {E, ;} is a filtration of the fiber E|,, endowed with weights «;(z), define
the subsheaves E(ﬁ (@) C F as the ones fitting in the short exact sequence

0— Ea:,a.;(z) — FE — E/E‘L71 ®Oz — 0

Then take EF = E for ay, (z) =1 < a < au(2) and EF = E7,_ ) for a;1(z) < a < o4(2).
Then define EY for o > oy, (x) by the property

ES = E3(—z)

The resulting filtration EZ is a parabolic structure at the point x. The relations between

=

these two formalisms will be explored further in Section 5. Given a parabolic vector

bundle (E, E,), we define its parabolic degree as

pardeg(E, E,) = deg(FE) + Z Zal N(dim(Eg ;) — dim(Ey i41))
zeD =1

As we will be working with stability conditions for different systems of weights «, it will
be useful to denote

wto(E, Ey) = Y i o () (dim(E, ;) — dim(E,;41))
zeD i=1
Similarly, let
pardeg,, (F, Fo) = deg(F) + wto(F, E,)
We say that a parabolic vector bundle (E, E,) is of type @ = (n;(x)) if

nz(x) = dlm(EE’Z) — dim(Ez’iJr])

for every i = 1,...,l, and every x € D. Then if (E, E,) is of type 7, we can write
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Wto (E, Ee) = Z Zai(m)ni(m)

zeD 1=1

Notice that the right hand side does only depend on 7 and «. We will denote it by
Wt (7).

Let E' C E be a proper subbundle of a parabolic vector bundle (E, F,). The parabolic
structure on E induces a parabolic structure on E’ as follows. For each parabolic point
r € D, we obtain a filtration by considering the set of subspaces {E ;} = {E; N E; ;}
for j=1,...,1;. The weight o/(z) of E. , is taken as

z,i

0 (z) = max{a(x) : B, N Euy = B}
Then o' is a subset of the weights in a. While this would be the “canonical” form of
the parabolic structure of E’, it will be useful to present it in terms of the original
system of weights «. In particular, if E/ C F, let us take instead Eg’” = FE/ NE,,; for

i = 1,...,1l;. Notice that while these spaces EC’; form a filtration of E’, they do not
constitute a parabolic structure in the canonical sense, as there exists at least one j
such that E; = E’ Nevertheless, we can use this other filtration to compute the

x,j+1° o
parabolic degree of (E’, E.). In particular, let us define n’ = (n/(x)) as follows

K2

n;(z) = dim(lffj\a’;) — dim(E/

% z,i+1) = dlm(E; n Eﬂvﬂ) - dlm(Elx N Ew,i+1)

Then wto/ (E', E,) = wto(n'). If (E,E,) is full flag, then 0 < n/(z) < 1 for every
t=1,...,7 and every x € D. We say that a subbundle £’ C FE of a parabolic vector
bundle is of type @’ if the induced filtration EVL is of type m'.

Given parabolic vector bundles (E, E,) and (F, F,) with systems of weights « and 8
respectively, a morphism ¢ : E — F is called parabolic (respectively strongly parabolic)
if it preserves the parabolic structure, i.e., if for every x € D and every i = 1,...,lg,
and j =1,...,lp, such that a;(z) > B;(z) (respectively a;(x) > 5;(x))

©(Eg;i) C Fy g1

We denote by PHom((E, E,), (F, F,)) the sheaf of local parabolic morphisms from
(E,E,) to (F,F,) and write SPHom((E, E,), (F,F,)) for the subsheaf of strongly
parabolic morphisms.
In particular, if (E, E,) is a parabolic vector bundle, an endomorphism ¢ : E — F is
parabolic if for every x € D and every i = 1,...,[;
o(Ey;) CEy;

We denote by PEnd(FE, E,) the sheaf of local parabolic endomorphisms of (E, E,). Sim-
ilarly, an endomorphism is strongly parabolic if for every x € D and every i = 1,... 71
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O(Ey ;) C By g1

We denote by SPEnd(F, E,) the sheaf of strongly parabolic endomorphisms of (E, E,).

The sheaves PHom and SPHom are subsheaves of the sheaf of morphisms Hom and
they all coincide away from the parabolic points D C X. Following the notation in [3],
let T( g, k,),(F,F,) be the torsion sheaf supported in D that fits in the following short exact
sequence

00— PHOIII((E,E.), (F, F.)) — HOHI(E,F) — T(E,E.),(F,F.) — 0

Then define t(g g,),(r,F,) as the rational number such that

tk(E)rk(F)t(g,g,),F,F) = dm(T(g,5,),(F,F.))

If « = f3, then tg p only depends on the types @’ and 7" of (E,E,) and (F,F,)
respectively. More explicitly,

"t = Z Zni’(:c)ng(x)

xzeD i>j

Observe that if we take 7’ = 1", then (r')%*t 7 is just the dimension of the flag variety
of type m'. If L is a line bundle over X and (E, E,) is a parabolic vector bundle over
(X, D), we define the parabolic vector bundle (E, F,) ® L as the one having underlying
vector bundle £ ® L and whose filtrations are given by

(EQL)y;=FE;; QL

This is a particular simple case of the general concept of tensor product of parabolic
bundles. The general definition can be found in [9].

Definition 2.1. We say that a quasi-parabolic vector bundle is a-(semi)stable if for every
proper subbundle E' C E with the induced parabolic structure

pardeg, (E', B,) _ pardeg,(E, E,)

T (E) K (E) (respectively < ) (2.1)

We say that (E, F,) is a-unstable if it is not a-semistable.

Let £ be a line bundle over X and let a be a system of weights of type m. Let
M(X,r,a, ), or just M(r,,&), be the moduli space of semi-stable parabolic vector
bundles (E, E,) on (X, D) of rank r with system of weights « and det(F) 2 £. It is a
complex projective scheme of dimension

dim(M(r, a, €)) = (r* = 1)(g = 1) + r’tag
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In particular, observe that if « is full flag, i.e., if @ = (1,...,1), then

n(r? —r)

dim(M(X,7,0,8)) = (P = 1)(g = 1) + ——

Similarly, let M(X,r, a,d), or just M(r,a,d) be the moduli of semistable parabolic
vector bundles (E, F,) on (X, D) of rank r with system of weights « and deg(E) = d. It
has dimension

dim(M(r,a,d)) = r*(g — 1) + 1+ r*tnn
On the other hand, given a subbundle £’ C E, let us denote
s(E',E) =1k(FE') deg(F) — rk(E) deg(E")

Reordering the inequality (2.1), we obtain that (E, F,) is a-(semi)stable if and only if
for every subbundle E' C E yields

s(E',E) =1k(E") deg(F) — rk(E) deg(E")
> 1k(E) wto(E', E,) —tk(E') wto(E, Es) (resp. > )

Moreover, if we give E’ C E the induced parabolic structure from (E, F,), there exists
a unique parabolic vector bundle (E”, E/) fitting in the short exact sequence

0— (E',E,) — (E,E,) — (E",E]) — 0 (2.2)

in the sense that for each o € R, the corresponding « step in each sheaf filtration form
a short exact sequence and for each o > 3 the following diagram commutes

0 — () — Bf — (E")i —0

0 —— (B —— Ef — (E”)g —0
In particular, we have

deg(FE) = deg(E’) + deg(E")
tk(E) = tk(E") + rk(E")
wto(E, Ee) = wto(E', E,) + wto(E”, EY)

Therefore, (E, E,) is a-(semi)stable if and only if

s(E',E) > tk(E")wto(E', E,) — tk(E") wto(E", E)) (resp. > ) (2.3)
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Then if we take (E”, EY)) fitting in the short exact sequence (2.2) as before, it is of
"
i

type 7" = (n}/(x)), where n}/ (z) = n;(x) — n(x).

Rewriting the stability condition (2.3) in terms of 7’ and 7", we obtain that (E, E,)
is a-(semi)table if and only if for every @’ and for every subbundle E’ C E of type 7'.

S(E',E) > tk(E") wto(R') — tk(E") wto(R”)  (resp. > )

Observe that, as rk(E’) = >_._, nl(z) for any = € D, then the right hand side does only
depend on « and 7’. Let us denote

Smin(a, ') = 1" wto (7)) — v’ wte (")
where r’ = 3" nl(z) forany z € Dand " =r — 7' =31 nl/(z).

Lemma 2.2. Let ! > 0 be an integer. If g > 1+ ﬁ then for any system of weights a and
any admissible 7',

smin(@, ) < 71" (g = 1) + twr ) — 1
In particular, if g >3 or g =2 and r >3
Smin (0, 1) <71 ((g = 1) + b ) — 2

Proof. By [3, Lemma 2.5.2] we have

Smin(, ) — 't e = " wto (W) — ' wto (") — r'r" b 7 <0

Moreover, for any 1 <1’ <r
rr"(g-1)—1>@r—-1)(g—-1)—1>0
S0
Smin(, ) — 't 7 <0< (g—1)—1 O

Moving on with the stability analysis, let

s(M,E)= min s(E'E)
E'CE
E’ of type 7’

Then (E, F,) is a-(semi)stable if and only if, for all admissible 7’

s(M',E) > smin(a,7') (resp. > )
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Let us denote by
M s(r,o,d) = {(E, E,) € M(r, o, d)|s(7, E) = s}

Lemma 2.3. Let | > 0 be an integer. Let X be a curve of genus g > 1+ fffll and let
D C X be a set of points in X. Let a and 3 be full flag systems of weights of rank r over
(X, D). Then the set of parabolic vector bundles (E, Es) € M(r,a, d) that are B-unstable
has codimension at least | in M(r,«,d). In particular, for g > 2, it has codimension at
least 2 in M(r,a, d).

Proof. An a-stable quasi-parabolic vector bundle (E, F,) is S-unstable if and only if for
some admissible 7’ we have

s(M', E) < smin(B,7)
On the other hand, as (E, E,) is a-semistable, then
s(M', E) > smin(a, )
Therefore, (E, F,) is a-stable but S-unstable if and only if

(E.E.) el 1T M (1, v, d)

' Smin(@,7’) <8<Smin(B,7")

As this is a finite union of subschemes, it is enough to prove that the complement
of each component has codimension at least {. By Lemma 2.2, for every ' and every
§ < Smin(B, 1) we have

§ < Smin(B,7) <1’ ((9—1) +twm) — (1 —1) <" (9= 1) + tw 7r)

Therefore, we can apply [3, Theorem 1.4.1] and we know that either Mz 4(r, a,d) is
empty or it has codimension

s = 11" ((9 = 1)+t ) — s 2 0'1"((9 = 1) + b ) — Smin (B,70) + 1
Applying again Lemma 2.2 we obtain that for g > 1+ fn_Tll we have dm s > 1. O

Corollary 2.4. Under the same hypothesis as the previous lemma, if g > 1+ i_Tll and &
is any line bundle over X then the set of parabolic vector bundles (E, Eq) € M(r, &)
that are B-unstable has codimension at least I in M(r, «,§).

Proof. Let S C M(r,,d) be the subset of parabolic vector bundles (E, E,) that are
a-stable but S-unstable. For each line bundle ¢ of degree d, let
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S8 =8N M(r,a,€)

Let £,& € Pic*(X). Then, there exists a line bundle L € J(X) such that L” = & @ £~ 1.
As tensoring with a line bundle preserves stability, it is clear that (F, E,) € S¢ if and
only if (E, E,)®L € S¢'. Therefore, 5¢ =2 S¢ for every € and ¢. Similarly, for every £ and
&', M(r, a,€) is isomorphic to M(r, o, &’). Therefore, we conclude that the codimension
of S¢ in M(r, a, &) is the same as the codimension of S¢ in M(r, a, d), which is at least
!l by the previous Lemma. O

In particular, applying the previous Corollary to = 0 yields

Corollary 2.5. Let g > 1+ i_Tll If £ is any line bundle over X, then the set of parabolic
vector bundles (E, Eo) € M(r,a, &) whose underlying vector bundle E is unstable has
codimension at least l in M(r,«, ). In particular, for g > 2 it has codimension at least 2.

Corollary 2.6. Let g > 1"’%' Let &€ be any line bundle over X and o any full flag system
of weights. Let M3V (r, o, €) C M(r,a, &) be the open nonempty subset parameterizing
parabolic vector bundles (E, Eo) whose underlying vector bundle E is semistable. Then
the forgetful map

p : MSS_Vb(r7 a? g) —> M(T.7 5)
is dominant.

Proof. By the previous Corollary, M*VP(r o, ) is a open subset of M(r,a,§), so
dim(MSVP (1, €)) = dim(M(r, o, €)) = dim(M(r,€)) +n
of p. For every E € S, the fiber p~!(FE) is contained in the space of flags over E|, for
every z € D, so dim(p~}(E)) < nng_" for every E € S. Therefore

o7 : ss-vb ; -1/g im(S r’or
= dim(M* VP (r, o, €)) = dim(p~(5)) < dim(S) +n

dim(M(r,€)) + n”
So dim(S) = dim(M(r,€)). As the latter, is irreducible, S = M(r, ). O

Now, we recall the notions of “generic” and “concentrated” systems of weights as
described in [1]. Given a set S and an integer k, let P*(S) denote the set of subsets of
size k of S. For each 0 < ' < r, each map I : D — P" ({1,...,r}) and each integer
—nr? <m < nr?, let

Af = a:r'Ziai —TZZO[Z =

xeD i=1 €D iel(x)

If we denote by Z,. the set of possible maps I : D — PT,({L ooy}, let
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r—1 nr?
a=U U U

r'=11€Z,/ m=—nr2

We say that a full flag system of weights « over (X, D) is generic if & ¢ A. By [1, Corollary
2.3], then there are no strictly semistable parabolic vector bundles and M(r, «, &) is a
smooth rational variety [14, Theorem 6.1].

A full flag system of weights a = {(aq(z), ..., a,(x))}zep is said to be concentrated
if a(z) —ai(z) < 45 for all z € D. By [1, Proposmon 2.6], if deg(F) and rk(FE) are
coprime and « is a full flag concentrated system of weights then for every parabolic
vector bundle (E, E,) over (X, D) the following are equivalent

1 is semistable as a vector bundle

) Ei

2) E is stable as a vector bundle
) (E, E,) is a-semistable as a parabolic vector bundle
) (E,

(
(
(3
(4 E,) is a-stable as a parabolic vector bundle

We introduce some extension results that will be needed later on.

Lemma 2.7. Let k > 0. Suppose that g > 2k + 2. Let (E,E,) be a generic stable
parabolic vector bundle. Then for any effective divisor F of degree k and any sheaf
F <= Endg(E)(F) such that the quotient is supported on a finite set of points we have

HY(F)=0

Proof. By [7, Lemma 2.2], there exists an open subset U C M(r, &) such that for every
E € U we have H°(Endy(E)(F)) = 0. By Corollary 2.5, for g > 2k + 2 > 2, parabolic
vector bundles (F, E,) whose underlying vector bundle F is semistable form a nonempty
open subset of the moduli space M*VP(r, o, &) C M(r,a, €). Consider the preimage of
U by the forgetful morphism

p: M (r,a,€) — M(r,€)

Therefore, for every (E, E,) € p~1(U), H*(Endyg(E)(F)) = 0. Let F C Endo(E)(F) be
any subsheaf whose quotient is supported on a finite set of points. Let s € H(F). As
F < Endg(E)(F), taking the image, s induces a section 5 € H°(Endg(E)(F)), so we
have 5= 0. Let V = X\ supp(Endo(E)(F)/F). Then s|y = 0. As Endo(E)(F) is torsion
free, F is itself torsion free and then s = 0. Finally, by Corollary 2.6, p is dominant, so
p~1(U) is an open nonempty set of M(r,a, ). O

Lemma 2.8. Let M be a smooth complex scheme and let U be an open subset whose
complement has codimension at least 2. Let (€,&,) be a family of parabolic vector bundles
over (X, D) parameterized by U. If (£, ) admits an extension to M x X, then the
extension is unique.
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Proof. Let (F', Fl) and (F2,F2) be families of parabolic vector bundles over (X, D)
parameterized by M extending (&, &,). Then F? are vector bundles over M x X and .7:;’ j
are vector bundles over M x {z} extending £ and &, ; respectively.

If the codimension of M\U in M is at least 2, then

codim(M x {z}\U x {z}, M x {z}) > 2
codim(M x X\U x X, M x X) > 2

As M x {z} and M x X are smooth varieties, they are Serre Sy varieties, so given a
vector bundle over U x {z}, or U x X, if there exists an extension as a vector bundle to
M x {z} or M x X respectively, then the extension is unique. Therefore, F! = F2 and
]’;7]- = J-"gf’j for every x € D and every j = 1,...,r, so the extension of the parabolic
vector bundle is unique. O

Finally, we will briefly explain the notion of parabolic projective bundle. The filtration
E, ; of E|, describing a parabolic structure on a vector bundle E defines a filtration by
projective subspaces P(E, ;) of P(E|;). Given a parabolic vector bundle (E, E,), we
define its projectivization as the projective bundle P(E) endowed with the following full
flag of projective subspaces over each parabolic point x € D

P(E)le = P(Ezn) 2 P(Erp2) 2 -+ 2 P(Eay)

In general, we define a parabolic projective bundle as a projective bundle P over X
endowed with a full flag of affine spaces over each parabolic point z € D

Ply=Pp1 2P0 - 2P,

L = I = s

Lemma 2.9. Let X be a smooth complex projective curve and let D be a reduced effective
divisor over X. Then every parabolic projective bundle (P,P) admits a reduction to a
parabolic vector bundle (E, E,)

(P, P.) = (P(E), P(E.))

Moreover, if (E,E,) and (E', E.) are any two reductions, there exists a line bundle L
over X such that

(E'.E,) = (E,E,)® L

Proof. Let P be the parabolic subgroup of GL(r,C) consisting on upper triangular
matrices. Let G be the group scheme over X given by the following short exact sequence.

0—¢—GL(r,C)x X - (GL(r,C)/P)@ Op — 0
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Let PG = G/C*. A projective parabolic bundle is a PG-torsor and the reductions are
reductions of structure sheaf to G. From the short exact sequence

1— 05 —G§G— PG —1

we deduce that the obstruction for the existence of G-reductions of a PG-torsor is given
by H?(X,0%) = 0. On the other hand, as O% belong to the center of G, the space
of reductions of a PG-torsor to G is a torsor for the group H'(X,0%). Every element
in H'(X,0%) corresponds to a line bundle over X and it is clear that for every line
bundle L

P((E,F.)® L) =P(E, E,)
so we conclude that all the reductions are related by tensorization with a line bundle. O

We conclude this section with a digression about (I, m)-stability for parabolic vector
bundles.

Definition 2.10. A parabolic vector bundle (E, F,) is (I, m)-(semi)stable if for every sub-
bundle F' with the induced parabolic structure

pardeg(F, Fy) + 1 < pardeg(E, E,) —m
rk(F) rk(E)

(respectively, < )

Lemma 2.11. Let k > 0 be an integer. Assume that

l+k
g>mAl+1l+ L
r—1
Then the (I,m) stable bundles form a nonempty Zariski open subset of M(r,a, &) such
that its complement has codimension at least k. In particular, for g > m + 2l + 2, then
the locus of (I, m) stable bundles is nonempty for any rank.

Proof. First of all, let us prove that under that genus condition, the (I,m) stable
parabolic vector bundles form a nonempty Zariski open subset of M(r, «, d) whose com-
plement has codimension at least k.

The proof of this first part is completely analogous to the proof of [3, Proposition 2.7].
For the convenience of the reader, we outline the main computations here.

Let (E, E,) be a stable parabolic vector bundle which fails to be (I, m)-stable. Then,
there exists a subbundle E’ of rank r’ and degree d’ with the induced parabolic structure
and weight multiplicities 0 < n}(z) < 1 such that

d +wt(E' E,)+1 < d+ wt(E,Es) —m

r! - T

(2.4)
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Let (E”, E]) be the parabolic vector bundle fitting in the sequence

0— (E',E,) — (E,E,) — (E",E]) — 0
Then E” has rank r” = r — v/, degree d’ = d — d’ and E. is the induced parabolic
filtration, which has weight multiplicities n/(z) = 1 — n}(x). For simplicity in the equa-
tions, let us denote by wt, wt’ and wt” the parabolic weight wt(E, E,), wt(E’, E.) and

wt(E", E) respectively. Then wt = wt’ + wt”. Reordering the factors in equation (2.4)
and substituting r, d and wt in terms of (E’, E,) and (E”, E]) yields

(d+d)y —d " +r") < (" +r")wt' = (wt’' +wt”) +mr’ +1r
which is equivalent to
d'r" —d'r" <r"wt' —r' wt' +mr’ +Ir (2.5)

Let h' = dim PExt'((E”, EY), (E', E,)) = h'(PHom((E", E), (E', E.))). As (E, E,) is
stable, then h® = H(PHom((E", EY), (E’, E.)) = 0, so by Riemann-Roch formula

h' = —x(PHom((E", E)),(E',E.))) = r'd’ —v"d' +1'v""(g — 1 + tmr )
Applying inequality (2.5), we obtain
At <" wt! —r"wt” w4l 4" (g — 14 )

Finally, let 0 be the dimension of the locus of non-(I, m)-stable bundles in M (r, «, d).
Generically, if (F, E,) is not (I, m)-stable, then parabolic vector bundles (E’, E.) and
(E", E.) constructed before can be found to be stable, so they are elements of the moduli
spaces M(r',d', o) and M(r",d", ') respectively, where o’ and o’ are the systems of
weights induced from a with multiplicities ' and 7" respectively. The possible (E, F,)
fitting in the sequence

0— (E' E)) — (E,E,) — (E",E]) — 0

are then bounded by the projectivization of the parabolic Ext!-space, which has dimen-
sion A' — 1. Then

§ < max {dim M(r',d', /) + dim M(r",d", o) + h' — 1}
n/

i { ()2(g = 1) + 1+ ()2t + (r")2(g = 1) + 1+ (1) 20 g } 26)

'

+r"wt' =" wt” +mr’ 4+ e+ ' (g — 1) + tar )

From [3, Lemma 2.4.1], we know that
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!/ " 1.0 /1.0
(7" )Qtﬁ”ﬁ/ + (T )Qtﬁ”’ﬁ” +rr tﬁ”’ﬁ/ = T2tﬁ$ﬁ —-rr tﬁ/’ﬁ”

substituting in the previous equation yields

7 =1t e+ 1wt =" wt” +mr’ +

6 < max { (' + rﬁ)Q(Q 1) =r"r"(g-1)+1+ T‘2tﬁ,ﬁ }

By [3, Lemma 2.5.2], we have
—T/r'/tﬁ/ﬁu +7r"wt’' = wt’ <0
Therefore, taking into account that dim M(r,«,d) = r?(g — 1) + 1 + r?tz 7 we obtain
0 <dim M(r,a.,d) — min {r'r"(g—1) —mr' —1Ir}

Then we can guarantee that dim M(r,a,d) — 6 > k > 0 whenever

mr’ +1lr +k

g 21+ max —77

Asr'+7" =rand r’ > 1,r" > 1, then # attains its maximum value when 7’ = 1 and
" =r—1lorr =r—1andr” = 1. Simultaneously, 77 attains its maximum for r" =1,
so the maximum of the above expression is attained at v’ = r — 1 and 7"/ = 1, leading us

to the desired bound for the genus

I+ k I+ k
g m+ T 14
r—1 r—1

Now, let S C M(r, a, d) be the subset parameterizing stable parabolic vector bundles
(E,E,) € M(r,a,d) which are not (I, m)-stable. Notice that if (E, E,) € S¢, then for
every degree zero line bundle L, (E, E,)® L € S¢. To prove it, observe that if (E', E.) C
(E, E,) is a subbundle contradicting (I, m)-stability for (E, E,), then (E',E,) @ L ¢
(E, E,) ® L contradicts (I, m)-stability for (E, F,) ® L. As the latter is always stable for
any L, then S? is invariant by tensorization with line bundles of degree 0.

For every line bundle ¢ of degree d, let S¢ = SINM(r, a, ). If ¢ is another line bundle
of degree d then there exists a line bundle L such that L™ = &’ ®¢ L. Therefore, tensoring
by L gives us an isomorphism between S¢ and S¢'. Then, the fibers of the determinant
map det : §¢ — Picd(X ) are all isomorphic and, therefore, equidimensional. As the
same happens with det : M(r,a,d) — Picd(X)7 then we obtain that for every & €
Picd(X), the codimension of S¢ in M(r,a, ) is the same as the codimension of S¢ in
M(r,a,d) and the Lemma follows. O

Lemma 2.12. Let (E, E,) be a (1,0)-semistable parabolic vector bundle. Let x € D and
let 1 <k <r be an integer. Let E}, ; C E|, be any subspace such that
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/
Eop—1 2 By 2 Bz kit

And let E| be the quasi-parabolic structure obtained substituting E, j by E;,k in F,.
Then (E, E.) is a stable parabolic vector bundle.

Proof. Let FF C F be a subbundle. Let F, and F, be the parabolic structures induced
by Fe and E. on F respectively. We have

Wte(Fy) = Wte(Fo) + (dim(F|, N B}, ;) — dim(F|, N By k) (i(2) — i1 ()

As Eppp1 C© Epp N E;’k and E; 41 has codimension one in both F.; and Fg jy1,
clearly dim(F|, N E7, ;) < dim(F|; N Ey ) + 1. Therefore,

wiy (Fl) < wtg(Fo) + (ap(x) — agp—1(z)) < wty(Fe) + 1

Finally, by (1,0) semistability yields

pardeg(F, F,) _ deg(F) + 3 ,cpwWta(Fy) _ deg(F) + 3 ,cp wha(Fe) +1

k(F) k(F) < Tk(F)
pardeg(E, E,)  pardeg(F, E,)
rk(E) N tk(E)

as this holds for every subbundle F, (E, E.) is stable. O
3. Parabolic Hitchin pairs

Let L be a line bundle over a complex projective curve X. An L-twisted Hitchin pair
over X is a pair (E, ¢) consisting on a vector bundle E over X and a traceless morphism
¢ € H°(Endo(F) ® L) called the field.

If L is the canonical bundle K, then a K-twisted Hitchin pair is usually known as a
Higgs bundle and the morphism ¢ is known as the Higgs field.

Given a Hitchin pair (E, ¢), a subbundle F' C F is said to be y-invariant if

(F)CF®L

An L-twisted Hitchin pair is called stable (respectively semistable) if and only if for
every @-invariant proper subbundle 0 # F' C E

w(F) < p(E) (respectively <)

We will denote by My (r,€) the moduli space of semistable L-twisted Hitchin pairs
of rank r and determinant det(E) = £. Notice that by Serre duality, for L = K the
cotangent space of M(r,§) at a stable vector bundle E is
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M(r, &) =2 H (Endy(E))" = H°(Endy(E) ® K),

hence, the cotangent bundle of M(r,§) lies as a subscheme of the moduli space of semi-
stable Higgs bundles. In fact, it is an open subscheme.
Let us recall the definition of the Hitchin map

H:Mp(r,6) — Hp = @HOXLk

Let S = Tot(L) = SpecSym®(L~1) be the total space of the vector bundle L. Let
7 : S — X be the projection and let x € H°(S,7*L) be the tautological section. Let us
consider the characteristic polynomial of the field ¢

det(z-Id —7*@) = 2" + §12" 1 + $2" 2 + - + 5,

Then there exist unique sections s; € H°(X, L?) such that §; = 7*s;. Note that ¢ is
traceless by hypothesis, so s; = 0. The Hitchin map is then built sending each Hitchin
pair (E, ) to the coefficients of the characteristic polynomial of ¢

(si)iz1 € EB H(X, L")

=2

The zeros of the characteristic polynomial det(x-Id —7*p) define a curve X, C Tot(L)
which is an r-to-1 cover of X. We call it the spectral curve at s € H.

A parabolic L-twisted Hitchin pair over a pointed curve (X, D) is a parabolic vector
bundle (E, F,) over (X, D) endowed with an L-twisted strongly parabolic endomorphism
¢ € H°(SPEndy ®L). A K(D)-twisted parabolic Hitchin pair is called a parabolic Higgs
bundle.

A parabolic L-twisted Hitchin pair (E, E,, ¢) is called stable (respectively semistable)
if for every p-invariant proper subbundle 0 # F' C E with the induced parabolic structure

pardeg(F, F,) < pardeg(E, E,)
rk(F) rk(E)

(respectively, < )

We denote by M (r, a, &) the moduli space of semistable L-twisted parabolic Hitchin
pairs. From this point on, we will assume that « is full flag, although the proof of most
of the lemmas in this section can be adapted to other parabolic types. Similarly to the
non-parabolic case, by Serre duality if (E, E,) is a stable parabolic vector bundle

T(p,p.)M(r,a,6) = H' (PEndo(E, E.))” = H°(SPEndo(E, E.) © K (D))

Therefore, the cotangent bundle of the moduli space of stable parabolic vector bundles
is a subset of the moduli of parabolic Higgs bundles. In fact, it is an open subvariety.
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We can define an analogue of the Hitchin map in the parabolic case by sending each
parabolic Hitchin pair (E, E,, ¢) to the characteristic polynomial of ¢. Nevertheless, as
the field is assumed to be strongly parabolic, it is nilpotent at the parabolic points, so its
characteristic polynomial vanishes at D. Moreover, we require the field to be traceless,
so the independent coefficient of the characteristic polynomial is always zero. Therefore,
the image of the Hitchin map lies in

H: My(r,a,8) — Hy, = P H(X,LI(-D))

=2

We will be interested in computing the image of the Hitchin map both for the parabolic
and non-parabolic cases. For non-parabolic Hitchin pairs, the following Lemma holds as
a consequence of an argument from Beauville, Narasimhan and Ramanan [10)

Lemma 3.1. Let L be a line bundle over X such that r deg(L) > 2g. Then the Hitchin
map

H:Mg(r,§) — éHO(X,L’“)

k=2

1S surjective.

Proof. By hypothesis deg(L") > 2¢g, so L" is very ample. Therefore, it admits a section
7 € H°(X,L") with at most simple zeros. Let 7 = (0,0,...,7) € @, _, H*(X,L*).
Then X+ has equation 2" + 7 = 0. As 7 has at most simple zeroes, X+ is smooth. The
smoothness condition for families of curves is open, so there is an open nonempty subset
UC],_,H' (X, LF) such that for every s € U, the spectral curve X is smooth.

On the other hand, from [10, Proposition 3.6] there exists a bijection between torsion
free sheaves of rank 1 over X, (whose pushforward is automatically a stable pure dimen-
sion sheaf over Tot(L)) and stable Hitchin pairs (E,¢) over X such that H(E,¢) = s.
As there always exist rank 1 torsion free sheaves over X, for every s € U there exists
at least a stable Hitchin pair whose image by the Hitchin map is s, so

UC HM;(r¢) < éH(’(X, )
k=2

The set U is Zariski open and nonempty, so it is dense and H is dominant. By [24,
Theorem 6.1], it is also proper, so it must be surjective. O

Let us prove the parabolic analogue for the Lemma

Lemma 3.2. Suppose that g > 2 and let L be a line bundle over X such that r deg(L) > 2g.
Then the parabolic Hitchin map
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My(r,a,8) — @ HO(X, L¥(-D))
k=2

is dominant.

Proof. Let (€, ®) be a versal family of traceless semistable Hitchin L-twisted pairs, where
& — M x X is a vector bundle and @ : £ — £ ® p; L satisfies that for every t € M,
(&, ®y) is a semistable Hitchin pair. By the previous corollary, the induced Hitchin map
h: M — Hp is surjective. Let

M =n"! (@ HO(L’“(D))>
k=2

Then it is the closed subset of M corresponding to stable pairs whose field is nilpotent at
every € D. As the Hitchin map is surjective, its restriction h : M’ — H/; is surjective.
For every x € D, let F, be the total space of the flag bundle over &|pp 143, i-e.

F. = Tot (F1(8|M’><{z}))

Let m : F, - M’ be the projection. Taking the pullback of the versal family to F,, it
is a family of triples (£,{&;,}, ®) consisting on a vector bundle, a full flag filtration at
the point = and a field. Consider the closed subset H, C F, consisting on triples where
the field preserves the filtration. It is closed by [29, Lemma 4.3] (see [2, Chapter 4] for
more details). As the characteristic polynomial of ®; : F; — E; ® L annihilates at z, it
is nilpotent at x and therefore it admits an adapted filtration at x, {E¢ 5 ;} such that

(B i) € Ergiv1
Therefore, the map F,, — M’ is surjective. Now, let
NZ}—xl ></\/1/]:m2 XM XM/]:xn —»M,

be the fiber product of all F, over M’ for x € D. Taking the pullback of the families
defined over F, for z € D, there is a versal family over N of triples (£, &,,®) such
that (€,&,) is a vector bundle over N’ x X with a filtration over N’ x D and ® €
H°(SPEndy(FE, E,) ® p3L) such that for every t € N, (&, ®;) is a stable Hitchin pair.

Let U C N be the open subset consisting on points ¢ € N such that (&, &) is a
stable parabolic vector bundle with respect to the parabolic weights a. By Corollary 2.5,
there exists at least a filtered vector bundle (E, E,) such that E is stable and (E, E,)
is parabolically stable. Therefore, i is nonempty and thus, dense. Therefore h(U) C
H(Mp(r,a,§)) is dense in H7. O
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Corollary 3.3. Suppose that g > 2. Let U be any nonempty open subset of M(r,a, &) and
let L be a line bundle over X such that rdeg(L) > 2g. Then the linear space generated
by the images of

H(H°(SPEndy(E, E.) ® L)) C 69 H(X, L¥(-D))
=2

when (E, E,) runs over U is @;_, H*(X, L*(—D)).

Proof. Let M5*™"%(r,a,€) € My (r, a, €) be the subset of the moduli space of semi-stable
parabolic Hitchin pairs consisting of pairs whose underlying parabolic vector bundle is
semi-stable. Let

p(E,E.) : Mis_vb(rv aag) — M(Ta 0575)

be the forgetful map and let U = p@l E.)(U ). Then U is an open nonempty subset
of Mp(r,a, &), so it is a dense subset. The previous Lemma implies that H is domi-
nant. Therefore, H(U) is dense in @);_, H°(X, L*(—D)), so its linear span is the whole

space. 0O

In the case of Higgs bundles, i.e., when L is the canonical bundle K, a classical result
by Hitchin shows that the Hitchin map becomes a complete integrable system for the
moduli space of Higgs bundles. In the case of parabolic bundles, we will be interested in
the following result from Faltings
Lemma 3.4 ([15, V.(ii)]). The parabolic Hitchin map

H: Mgpy(r,a,§) — H

s equidimensional.

Then, we can state some additional properties. For simplicity, let us write H' =
Hipy = D, _, H°(X, K¥D¥=1). In order to simplify the notation, through this last part
of the section let m = dim(M(r, a,§)). Then, as we are considering full flag parabolic

bundles, dim(H') = m and dim(M g p)(r, ,§)) = dim(T* M(r, o, §)) = 2m.

Corollary 3.5. Let U C M(r,a, &) be any nonempty open subset. Then the restriction of
the parabolic Hitchin morphism to the cotangent bundle

Hu T*U —>HI

18 dominant.
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Proof. First, observe that as M(r, «, &) is irreducible [14], then i/ is dense in M (r, a, &)
for any nonempty open subset of the moduli space, so dim(7T*U) = dim(T*M(r, o, §)) =
2m. Suppose that Hy, is not dominant and let S = Im(Hy) C H'. H' is irreducible,
so dim(S) < dim(H') = m. By the previous Lemma, H : Mg py(r,a,§) — H' is
equidimensional, so

dim(H*(S)) = dim(S) +m < 2m = dim(T*U)
However, this contradicts that, by construction, 7*U C H~1(S). O

Corollary 3.6. Let U C T*M(r,a,&) be any open subset. Then the restriction of the
parabolic Hitchin morphism to the cotangent bundle

Hy :T"U — H
is equidimensional.
Proof. Let s € H'. By the Lemma dim(H~*(s)) = m. As H;;"(s) € h~!(s), then
dim(Hj;'(s)) < dim(H)(s) = m

On the other hand, as dim(T* M (r, o, €)) = 2m = dim(H')+m. By the previous corollary
Hy, is dominant, so by [18, 3.22], for every s € H', dim(H,"(s)) > m. Therefore, every
fiber has dimension m. O

In particular, observe that if s € H’ corresponds to a smooth spectral curve X, then
by [17, Lemma 3.2], if 7 : X5 — X is the covering then the fiber H ~!(s) is isomorphic to

Prym(X,/X) = {L € Pic(X,)|det(r.L) = £}

which is an irreducible abelian variety of dimension m. Then Hy,'(s) is dense in H~(s).
In the following chapter, we will be interested in understanding how the geometry of

H;'(s) relates to that of H~!(s) when s does not correspond to a smooth spectral curve.

We will need the following proposition derived directly from the work of Faltings [15]

Proposition 3.7. Let g > 4. Then the complement of T* M(r, ., §) in Mg py(r, o, §) has
codimension at least 3.

Proof. Combine the remark [15, V.(iii)] on Theorem [15, I1.6.(iii)] with the codimension
bound computations in [15, p. 536] and Lemma [15, I1.7.(ii)]. Faltings proves that if g > 3
(or g = 2 with some additional constraints) these bounds imply that the codimension
is at least 2, but the same computations prove that if ¢ > 4 the codimension is at
least 3. O
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4. Hitchin discriminant and Torelli theorem

Let D C H' be the divisor of the Hitchin space consisting of characteristic polynomials
whose corresponding spectral curve is singular. We call H (D) the Hitchin discriminant.
In order to simplify the notation, from now on let us write H' = W and let us write

H : MK(D)(T,Oé,f) - W
Hy = HT"M(na,&) : T*M(Ta O‘ag) — W

Proposition 4.1. Assume that g > 2. Then the divisor D has at most n + 1 irreducible
components, which can be described as follows.

(1) For each parabolic point x € D, let D, be the set of characteristic polynomials whose
spectral curve is singular over x.

(2) Let Dy be the set of characteristic polynomials whose spectral curve is singular,
but it is smooth over each x € D. And let Dy 2 Dy be the set of characteristic

polynomials whose spectral curve is singular over some y ¢ D (but not necessarily
smooth over D).

Then

D =Dy U U D,
x€D

Proof. It becomes clear that for every s € D, the corresponding singular curve X is
either singular over some parabolic point € D or it is smooth at the parabolic points
x € D and it is singular over some point in U = X\ D. Therefore, D = Dy U Uzep De
and it is enough to prove that each element in the decomposition is irreducible.

Let us denote by Xo C Tot(K D) the image of X in the total space of KD given by
the zero section of the line bundle. If a spectral curve X is singular over « € D, it has a
singular point precisely at (z,0) € Xy. A spectral curve X has a singularity over X at
(y,0) if and only if the characteristic polynomial ps(z,t) ="+ Y, _, sk(2)t" " satisfies
the following properties

(1) s.(z) € H(K"D") annihilates of order at least 2 at z = y, i.e., s, € H'(K"D"(—2y))
(2) s,_1(2) € HY(K"~'D"~!) annihilates at z =y, i.e., s,_1 € HO(K"~1D""1(—y))

As s = (sg2,...,8,) € W, we already know that
Sp_q € HO(Krler72) g HO(Krlerfl(ix))

and s, € HO(K"D"1), so the points in D, are precisely those with s, €
H°(K"D"=1(—x)). Therefore
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r—1
D, =@ H(K*D* ') @ H(K"D" ' (~x))
k=2

is irreducible for every x € D.

On the other hand, let X, be a spectral curve with a singularity over some y ¢ D.
Suppose that (y,t5) € Xs C Tot(KD) is the singular point. Assume that r > 2. As
y ¢ D and K is base point free (g > 2), then by identifying H°(K) with the space
of sections of KD which annihilate at D we can find a section ty € H°(K) such that
to(y) = t%. Then the curve defined by the polynomial p'(z,t) = ps(z,t — to) is singular
at the point (y,0), but smooth over every point = € D. Set s*0 = (s/°) as

P (2,t) = (t—t0(2))" + > sk(2)(t — to(2))" —tuzsto Ytk
More precisely, we have
t — ®k Rk— 0 k k-1
to <k> —to) +Z< ) ® (—to)®* 7 € HO(K*D*F 1)
1<5<k

As X, is singular at y ¢ D, but smooth at every x € D, then applying the previous
criterion yields

r—2
st e @HO(Kka—l) ® HO(Kr—lDT—Q(_y))
k=1

e (HO(K’“D’“I(Zy)\ U HO(K" D (—2y - 1:))) =R,
€D

Observe that if g > 2 and 7 > 2 then deg(K""'D""1) = (r — 1)(2g — 2 + |D|) > 3
Therefore, for any divisor N with 0 < deg(/N) < 3 we have

deg(K1™"D'"(N)) = —deg(K" D" 1) + deg(N) < —3 +deg(N) <0
Therefore, h%(K1="D'="(N)) = 0 and, using Riemann-Roch theorem
hY(K"D™'(—=N)) = deg(K"D" ") — deg(N) + 1 — g+ h°(K'""D'""(N))
=deg(K"D" ") +1— g —deg(N)
Then h°(K"D"~Y(—=N)) = h%(K"D"~1) — deg(N). Therefore, the last summand in the

expression of R, is the complement of an hyperplane in HY(K”D"~!(—2y)) so, in par-
ticular, R, is irreducible and nonempty.
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Observe that as the polynomials in W have s; = 0, then si = —rtg. Therefore, given
any point s’ € R, we can obtain a point in Dy taking

s = (s)%/"

Therefore, for every y ¢ D we obtain a map from R, to Dy and for every element in
Dy there exists an element in R, mapping to it for some y ¢ D. Then, we can build the
following variety

R:= ][ Ry, & (X\D) x W
¢ D

Let us prove that R is irreducible. Let R’ be the subbundle of (X\D) x W whose fiber
over y ¢ D is

r—2
@HO(Kkafl) D HO(K’I“leT72(_y)) D HO(KTD’I“fl(_2y) g W
k=1

Moreover, for every x € D, let R* C R’ be the subbundle of R’ whose fiber over y ¢ D
is

r—2

P H (K" D" 1) o HY(K™' D" *(—y)) @ H'(K"D" ' (-2y — z) ¢ R,

k=1

Then we can write

R=R\[JR"
zeD

As R” are subbundles of R, then R is irreducible. Finally, the maps R, — Dy induce
a well defined surjective map

R—)DU

Therefore Dy is irreducible. Moreover, from construction we obtain that R — Dy is
also surjective, so Dy is also irreducible.

It remains to consider the case 7 = 2, but in that case we have simply W = H°(K2D).
Then the spectral curve corresponding to a point s = s € W has equation t?+s5(z) = 0.
Therefore, it has a singularity over y ¢ D if and only if sy annihilates of order at least 2
in y, i.e., for s, € H'(K2D(—2y)). Then

D= |J HYK’D(-2y))U | | H*(K*D(-2))
y¢D reD
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As g > 2, the first union is the image of the subbundle R’ < U x W whose fiber over
y € U is H'(K2D(—2y)) under the projection map

P
R s UxW =W
so it is irreducible and corresponds to Dy. O

Proposition 4.2. Suppose that g > 4. Then for s € W\D the fiber Hgl(s) is an open
subset of an abelian variety. For a generic s in each irreducible component of D the fiber
Hi'(s) contains a complete rational curve.

Proof. By [17, Lemma 3.2], if X, is smooth and 7 : X; — X is the covering then the
fiber H~1(s) is isomorphic to

Prym(X,/X) = {L € Pic(X,)|det(m.L) =2 &}

which is an abelian variety.

On the other hand, if s € Dy is generic then X has a unique singularity which is a
node not lying over a parabolic point. By [8, Theorem 4] the fiber H~'(s) is an uniruled
variety. More precisely, it is birational to a P!-fibration over the Jacobian .J (X's), where,
X, is the normalization of Xj.

Let Z = (Mg (p)(r, o, O\T* M(r, o, §))NH~*(Dy). By Proposition 3.7, for g > 4, the
complement Mg (p)(r, a, )\T* M(r, a, §) has codimension at least 3. Therefore, Z has
codimension at least 2 in H~'(Dy). Let S = H (M g(p)\T*M(r,,€)). Let m = dim H/’
and assume that dim(S) < m — 1. Then for any s € Dy \S we have Hy '(s) = H!(s)
and the fiber contains a complete rational curve.

Now, let us suppose that dim(S) = m—1. Then Z — Dy is dominant and, therefore,
the generic fiber has dimension dim(Z) —dim(Dy) < m — 2. In other words, for a generic
s € Dy, Z N H7(s) has codimension at least 2 in H~1(s). As the latter is uniruled
and we are only taking away a codimension 2 set, then there exists at least a complete
rational curve in Hy '(s).

It is only left to prove that a generic fiber over D, contains a complete rational curve.
Asg >4, let U C M(r,a,§) be the intersection of the open nonempty subsets defined by
Lemma 2.7 and Lemma 2.11 for (I,m) = (1,0). It parameterizes (1,0) stable parabolic
vector bundles (E, E,) such that H*(PEndo(FE, E,)(xg)) = 0.

Then for every (E, E.) € U and every € D we have

H'(SPEndy(E, E,) ® K(D — x)) = H°(SPEndy(E, E.)(x))¥ =0
so the evaluation morphism
ev: H*(SPEndy(E, E,) ® K(D)) — SPEndy(FE, Es) ® K(D)|.

is surjective.
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For 1 <k <r,let Ny (E, E.) C SPEndo(E, E,) ® K(D)|,, be the subspace of matrices
with a zero in position (k — 1, k). For k = 1, let N;(E, E,) be the subspace of matrices
with a zero in position (r,1). Let Ny (E, E,) be the preimage of N; under the evaluation
map. For k # 1, we can describe Ny (E, E,) as follows. Let E¥ be the subfiltration of E
obtained removing the element E; ;. Then

Ni(E, E,) = H°(SPEndo(E, EF) ® K (D))

Let (E,F.,p) € HY(D,) N T*U. Let 2z be a coordinate on X around the parabolic
point « € D. Then, locally, ¢ can be written as

zZaix  aiz - Q1r

za21 zG22 - agy
p(z) =

Zar1  2ZAp2 20y

Where a;; are local sections of K(D) and ¢ is expressed in a basis which is adapted
to the parabolic filtration. Then (E, F,, ) € H~Y(D,) if and only if 22|det(p(2)).
Nevertheless, if we express the determinant as a sum of products of elements of the
matrix above it becomes clear that the only summand that is not a multiple of 22
precisely za,1ai12a23 - - ar—1,. Therefore, the determinant is a multiple of 2?2 if and only
if at least one of the elements a,;, or ay—1 annihilates at z = 0 for some k& > 1. This
is equivalent to ask ev(p) € N for some 1 < k < r. As the evaluation map is surjective
for every parabolic vector bundle in U, we conclude that for every (E, F,) € U

r

H™Y (Do) N T gy M(r, o, €) = U

Let Ny = Us,poeu Ni(E, E,). By construction dim(Ny) = dim(2M(r, a, €) — 1). As-
sume that (E, E,,) € Nj for some k > 1. By Lemma 2.12, for every (E,E,) € U,
every x € D, every 1 < k <r and every E ; such that E, x1 2 EJ ; 2

=

Ez k+1 then
(E, E,) is a stable parabolic vector bundle. Moreover, as ¢ sends E y—1 t0 Ey x4+1, then
¢ € H(SPEndy(E, E,) ® K(D)) for every choice of E, . Therefore, for every EI, ,,
(E,E,,p) € Ho_l(Dx). As E and ¢ do not change, all those Higgs bundles lie over the
same point of the Hitchin map. The space of possible compatible steps in the filtration
is parameterized by P!, so they form a complete rational curve in T* M(r, o, €).

Therefore, the image of the complete rational curves contains H (Nk) C D, for every
k > 1. Then it is enough to prove that the image is dense for some k& > 1. Assume
that H(Ny) is not dense. Let S = H(Ny) and m = dim(M(r, o, €)). Then dim(S) <
dim(D,) = m — 1. By equidimensionality of Hy, dim H, *(S) = m +dim(S) < 2m —1 =
dim(Nk), but Nk - Ho_l(S) d
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Lemma 4.3. Let R C T*M(r,a,&) be the union of the complete rational curves in
T*M(r,a,&). Then D is the closure of Hy(R) in W.

Proof. Let P! — T* M(r, o, €) be a complete rational curve. Composing with the Hitchin
map, we obtain a morphism

Pl — T*M(r,a,§) — W

from P! to an affine space, so it is constant. Therefore, each complete rational curve
must be contained in a fiber of the Hitchin morphism.

Let s € W\D. By the previous Proposition 4.2, H; *(s) is an open subset of an abelian
variety, so it does not admit any nonconstant morphism from P!. Therefore, there is no
complete rational curve over W\D. Then, by the second part of the Proposition 4.2, we
know that for every irreducible component of D, a generic fiber contains a rational curve.
Therefore, Hy(R) is dense in D and, as D is closed in W, D =R. 0O

Proposition 4.4. The global algebraic functions T(T* M(r,«,§)) produce a map
h:T*M(r, o, &) — Spec(T(T*M(r, o, £))) =W = C™

which is the parabolic Hitchin map up to an isomorphism of C™, where m = dim W.
Moreover, consider the action of C* on T* M(r,a, &) given by dilatation on the fibers.
Then there is a unique C* action on W such that h is C*-equivariant, i.e., such that

E(Ea EO& ASO) =A- iL(Ev EO& 90)
Proof. The Hitchin map
H: Mg@y(r,a,§) — W

is projective and has connected fibers (see, for example, [1, Lemma 3.1 and Lemma 3.2]).
Then each holomorphic function f : Mg p)(r, o, §) — C factors through W and, as
W is affine, we obtain that

Spec(T(M () (1, @, €)) = Spec(D(W)) = W/

Let f: T*M(r,a,&) — C. By [15, V.(iii)], we know that the codimension of the com-
plement of T*M(r, o, ) in Mg (p)(r, @, §) is at least 2. As a is generic, Mg (py(r, a, &)
is smooth. Therefore, by Hartog’s theorem f extends to a holomorphic function f :
Mg py(r,a,§) — C, so we conclude that T'(T*M(r, o, §)) = T'(Mgp)(r, @, §)). There-

fore, we obtain a map

h:T*M(r,a,&) — Spec(T(T* M(r, o, §))) =W



D. Alfaya, T.L. Gémez / Advances in Mathematics 393 (2021) 108070 33

The C* action on the cotangent bundle then descends to a unique action on
Spec(T(T*M(r, o, £))) making h a C*-equivariant map. O

The previous Lemma allow us to recover the Hitchin map canonically with the corre-
sponding C* action up to an automorphism of the Hitchin space. The C* action stratifies
the space W in subspaces corresponding to the elements whose rate of decay is at least
IA|*¥ for each k = 2,...,7. Observe that, at first, the C* action only allows us to recover
a filtration of W, but, in particular, we can recover uniquely the subspace of maximal
decay |A|", which corresponds to

W,=HK"'D" Y CWwW
In general, for k > 1, let Wy, = HO(K*DF=1). Let
hy : H°(SPEndy(F) ® Kx (D)) — W,

be the composition of the Hitchin map H : H°(SPEndo(E) ® Kx (D)) — W with the
projection W — W.

Proposition 4.5. The intersection C := DNW,. C W, has n + 1 irreducible components

=

c=cCxulJC

zED

As r > 2, the linear series |K"D" ™| is very ample and induces an embedding X C
P(W}). Then P(Cx) C P(W,) is the dual variety of X C P(W}) and for each x € D,
P(C,) C P(W,) is the dual variety of x — X C P(W}).

Proof. A spectral curve X, corresponding to a point s = s,, € HY(K"D"~1) has equation
t" + s,(z) = 0. Therefore, it is singular precisely at the points (z,¢) = (x,0) where z is
a zero of order at least 2 of s,. Observe that the equation is an equation on the points
of the total space of KD so, as in previous lemmata, here we are considering s, as a
section of K"D". Therefore, s € C if and only if s, € H°(K" D" (—2x) for some x € X.
As we already know that s, € H*(K"D"~1) we have two possible cases

(1) s, € HY(K"D"~Y(—2x)) for some x ¢ D
(2) s, € HY(K"D"~!(—z)) for some z € D

Therefore, we can write

c=|JH K" D' (-22))u | J HOE" D"} (~x))
zeU zeD
= |J HY K" D (—22)) U | HOUE"D"} (—x))
reX xzeD
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Let us denote

Cx = |J HYK'D"'(—2x))

C, = HY(K"D"!(—x)) zeD

In the proof of Proposition 4.1 we already proved that Cx and, obviously, C, are irre-
ducible for every x € D. Moreover, for g > 2, the Riemann-Roch computations carried
out in the proof of Proposition 4.1 imply that Cx and C, have both codimension 1 in
W, and they are distinct, so they are precisely the irreducible components of D.

For the second part of the Proposition, observe that if X C P(WF) is the embedding
given by the linear system | K" D"~!|, then the set of hyperplanes in P(W,*) which are tan-
gent to X at x € X is precisely P(H?(K"D"~!(—2x))). Therefore, the dual variety of X is
P(Cx) C P(W,). Furthermore, for every x € D, the dual variety of z C P (W) identifies
with the set of hyperplanes passing through 2, which is precisely P(H°(K"D"~!(—x))).
Therefore, we conclude that the dual of z C P(W}) is P(C,) C P(W,). O

Notice that for every x € D, P(C,) is the dual variety of a point and P(Cx) is the
dual variety of a compact Riemann surface so, P(Cx) 2 P(C,,) for all z € X. For every
x € D, C, C W, is an hyperplane. In particular, this allows us to identify canonically
Cx inside C as the only irreducible component that is not an hyperplane in Wi..

Theorem 4.6 (Torelli theorem). Let (X, D) and (X', D’) be two smooth projective curves
of genus g > 4 and g’ > 4 respectively with set of marked points D C X and D' C X'.
Let £ and &' be line bundles over X and X' respectively, and let o and o' be full flag
generic systems of weights over (X, D) and (X', D") respectively. Then if M(X,r, «,§)
is isomorphic to M(X',r', o', &) then r =" and (X, D) is isomorphic to (X', D"), i.e.,
there exists an isomorphism X = X' sending D to D’.

Proof. In order to simplify the notation, let M = M(X,r,a,&) and M’ = M(X',r/,
o', &"). First, let us prove that r = /. If ® : M —+ M’ is an isomorphism, then there
is an isomorphism d(®~1) : T*M — T*M’ which is C* equivariant for the standard
dilation action. By Proposition 4.4, there exist unique C* actions - and - on I'(T* M)
and T'(T* M’) respectively that are compatible with the dilation on the fibers. Therefore,
there must exist an algebraic C*-equivariant isomorphism f : I'(T*M) = T(T*M’)
such that the following diagram commutes

d(®~1)
T*M ™M’

| a

T(T*M) — = (T M)
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As f is C*-equivariant, it must preserve the filtration by subspaces in terms of the decay
and it must send the subspace of maximum decay |A|" of T'(T*M)) to the subspace of
maximum decay |A|”" of T(T*M'’). In particular, the number of steps of the filtration
must be the same. As the filtrations of I'(T*M) and I'(T*M’) have r — 1 and ' — 1
steps respectively, then r = 7',

By Proposition 4.4, there is an isomorphism W = W', that we will denote by a slight
abuse of notation as f : W — W', such that the following diagram commutes

d(®~1)
™M ——T*M

HO\L lH(/)
f

w w’

and there exist unique C* actions on W and W’ such that Hy and H|, are C*-equivariant.
As d(®~1!) is an isomorphism, it maps complete rational curves on T*M to complete
rational curves on T*M’. By Lemma 4.3, f sends the locus of singular spectral curves
D C W to the locus of singular spectral curves D' € W’. On the other hand, the
differential map d(®~!) is C*-equivariant, so f must be a C*-equivariant map. Therefore,
it must send the subspace of W of elements with maximum decay W, to the subspace of
W’ of elements with maximum decay W/. Let f,. : W,. — W/ be the restriction of f to W,..

By definition of W,., we know that f, is C*-equivariant and homogeneous of degree r,
s0 it must be linear, and it maps C = DNW,. to C' = D'NW/. Let Cx and C’ be the only
components of C and C’ respectively that are not hyperplanes. By Proposition 4.5, the
dual variety of P(Cx) in P(W,) is X C P(W}) and, similarly, the dual variety of P(C%)
in P(W))is X' C P((W})*), so f induces an isomorphism f¥ : P(W}) — P((W})*) that
sends X to X’. Moreover, the dual of the rest of the components P(C,) of P(C) corre-
spond to the divisor D C X C P(W}*) and the dual of the components P(C.) of P(C’)
correspond to the divisor D' € X' C P((W}))*), so f¥ must send D to D’. Therefore,
fY induces an isomorphism fV : (X,D) — (X', D). O

5. Basic transformations for quasi-parabolic vector bundles

Let € X be a point. Given a vector bundle E over X and a subspace on the fiber
H C E|,, the Hecke transformation of E at = with respect to the subspace H is defined
as the subsheaf HX (E) C E fitting in the short exact sequence

0— HIE)—E— (El,/H)®0, —0

this kind of transformations were first studied in [26,20] and have been used broadly to
study the geometry of the moduli spaces of vector bundles. Let x € D be a parabolic
point. For each parabolic vector bundle (E, E,) on (X, D), each term in the parabolic
filtration E, ; C E|, for 1 <47 <[, +1 gives us a canonical choice for a linear subspace in
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the fiber E|,, so we might define subsheaves E% C E through the Hecke transformation
as

0— Ey — E — (Ely/Eri) ® Op — 0 (5.1)

Note that for each z € D and each i = 1,...,l, + 1, these subsheaves E’ coincide with
the jumps at the continuous parabolic filtration associated to (E, E,)
B, = B3 ()
In fact, the Hecke transformation gives us a one to one correspondence between parabolic
structures {E,;} on E and collections of decreasing sequences of subsheaves
E=E,2E;2 - 2 Ey DByt = E(—x)
for every x € D.

Let us restrict the short exact sequence (5.1) to the point z. If f : EL|, — E|, is the
induced map at the fiber, we get

0— E|I/Ez,z ® OX(_tz - E;:liv
I N A
Tor(E|y/Ey i, Oy) E

0/ S

Observe that the tail of the filtration E,; 2 Ey ;41 D Ey,+1 = 0 of E|,, induce a
filtration of E|,

_ Bl

Ele = f 7N (Bei) 2 F 7 (Bain) 2+ 2 F 71 (Ba,) 2 F71(0) = -

® Ox(=2)la

on the other hand, the head of the filtration FE|; = Ey1 2 Ez2 2 -+ 2 E,,; induce

canonically a filtration on glz

@,

E‘z _ Em,l 2 Ea:,2 2 2 Ex.i
E:C,'i Ex,i Ex,i Ea:,z'

thus, E¢|, gets an induced filtration at x of the same length as that of E|,

; — — Em Emi—
Ealc‘ac = f I(Ex,i) 22 f 1(Ex,lm) -,:2 E| _®Ox(—1')‘¢ 22 #®0X(_x)|x 2 0

On the other hand, E’|, is canonically isomorphic to E|, for each y € D\{z}, thus
inheriting its filtration. Therefore, for each x € D and each 1 <14 <[, +1, we can provide



D. Alfaya, T.L. Gémez / Advances in Mathematics 393 (2021) 108070 37

E! a canonical quasi-parabolic structure with the same number of steps as (E, E,). In
particular, if (E, F,) is full flag, then the induced quasi-parabolic structure on E! is full
flag. This “rotation” procedure — also called by some authors elementary transformation
of the parabolic bundle — has been used in the literature as a fruitful way to induce
correspondences between moduli spaces of parabolic vector bundles [14,21,22].

We call E2 with the induced parabolic structure the Hecke transformation of (E, E,)
at x, and we will denote it by

(‘EE? (Eg)') = HI(Ev Eo)

More generally, we will write

k
—
HE(E,Ey) =Hy 00 My (E, E,)

It is straightforward to check that for each 1 < k < [, the quasi-parabolic bundle
HE(E, E,) coincides with the vector bundle EX*! with the induced parabolic structure
previously described. Also, by construction, for every quasi-parabolic vector bundle and
every € D the following relation holds

H (B, E,) = (E,E,) ® Ox(—z)

Moreover, it is clear that two Hecke transformations at two different parabolic points
commute with each other. Let H denote an effective divisor on X supported on D =

{x1,..., 2, }. If we take H = ), hyw, then we define Hy as the composition
he he ha
He = Hai' oHay? 0.0 Hyl"

We can understand the Hecke transformation of a quasi-parabolic vector bundle in
another equivalent way working directly over the filtration by subsheaves. Let (F, E,) be
a full flag parabolic vector bundle and let € D be a parabolic point. We define the Hecke
transformation of (E, F,) at = to be the parabolic vector bundle H,(F, E,) = (H, H,)
obtained by taking the Hecke transformation of E with respect to E, 2 and “rotating”
the parabolic structure at = in the following way. We take

Vi=1,...,r Hi = Eitl
vy e D\{a}Vi=1,....,r H)=Hs"*(E})

In particular, H = E? = w2 (E). For example, for r = 3, D = x + y, we send the
parabolic vector bundle

E=E!
E = E}

E3
2
Ey

U U
U U

3 —x
(E,E.):{ % % E( )}
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to

E(-x) = Ez(-7)

E? ) B3 ) EQ(—x)}
B,
Ha'(By) 2 EX(-y)

z 2
E2=HI*(E)) 2 HE™(E2) 2

=

Hﬂc(Eon) = {

Observe that if we choose weights « on a full flag quasi parabolic vector bundle (F, E,),
then we might maintain the same system of weights « on H,(F, E,) and, in that case

pardega (Hﬁ"(E7EO)) = pardega(EvEO) -1

Nevertheless, we will see that this is not a natural choice of weights, as it does not
preserve stability.

Lemma 5.1. Suppose that g > 3. Suppose that d = deg(§) and r are coprime and let « be a
generic concentrated system of weights. For every divisor H with 0 < H < (r—1)D such
that d < |H|, there exists at least a stable parabolic vector bundle (E, E,) € M(r,a,¢§)
over (X, D) such that Hy(E, E,) is a-unstable.

Proof. Let d = deg(&). By tensoring with an appropriate line bundle, we can assume that
0 < d < r. Brambila-Paz, Grzegorczyk and Newstead [11, Theorem B (Theorem 6.3)]
proved that for every genus g > 2 smooth projective curve and every 0 < d < r, the
space of stable vector bundles E of rank r and degree d such that H°(E) > k (called the
Brill-Nether locus and usually denoted by B(r,d, k)) is nonempty if d > 0 and

r<d+(r—k)g

with (r,d, k) # (r,7,7). As we are assuming that d and r are coprime, then 0 < d and
fork=1and g >3

d+(r—k)g—r>d+3r—-1)—r=d+2r—-3>2(r—-1)>0

Then, there exists a stable vector bundle E with rank r and degree d such that H°(E) >
0. As H°(E) > 0, Ox is a subsheaf of E and, saturating, there is a line bundle L ¢ FE with
0 < deg(L) < u(E). Tensoring with a suitable degree zero line bundle, we might assume
that det(FE) = £. The weights « are concentrated and rank and degree are coprime, so
the stability of any parabolic vector bundle is equivalent to the stability of its underlying
vector bundle. Therefore, for every choice of filtrations over E|,, for € D, the parabolic
vector bundle (F, E,) is stable. In particular, we can choose a parabolic structure (E, E,)
such that E, , = L|, for every x € D.

Then, (E, E,) is stable and L is a subsheaf of E’g = ’Hf“ for every k < r. Therefore,
L is a subsheaf of Hy(E, E,). Let L be its saturation. Then

deg(L) > deg(L) >0



D. Alfaya, T.L. Gémez / Advances in Mathematics 393 (2021) 108070 39

On the other hand, as d < |H],

d—|H| _d—d

p(Ha(B.Eu) = S <

=0 < deg(L)

so the underlying vector bundle of H,(E, E,) is unstable. Therefore, as the parabolic
weights are concentrated, H.(F, E,) is a-unstable as a parabolic vector bundle. O

Lemma 5.2. Let X be a smooth compler projective curve of genus g. Let r,s,k,d be
integers such that 0 < k < r. Then if

>r—1—s+1
g k

then there exist a stable vector bundle E of degree d and rank r and a subbundle F C E
of rank k such that

kd —rdeg(F) =s
Proof. By [12, Remark 3.3], there exists a stable vector bundle E such that
s = sp(F) = kdeg(F) — r max{deg(F) | F C E subbundle with rk(F) = k}
if for every 1 <i < k
0<ilr—i)g—1) = 1 (kG —K)g—1) —s+7—1)
As k > 0, multiplying by k/i¢ > 0 yields that this is equivalent to proving that
0<k(r—i)g—1)—k(r—Fk)(g—1)+s—r+1=k(k—i)(9g—1)+s—r+1

But, as 1 <1 < k we obtain

Jrol=s o r-l=s
g k = k(k—9)

for all 1 <7 < k and the lemma follows. O

Lemma 5.3. Suppose that g > 3. Suppose that d = deg(§) and r are coprime with 0 <
d < r and let  be a generic concentrated system of weights. If H is a divisor with
|H| = 2d—r > 0, there exists at least a stable parabolic vector bundle (E, Es) € M(r, o, §)
over (X, D) such that Hp (E, E,) is a-unstable.

Proof. As 0 < |H| = 2d — r, we have d > r/2. In particular, as we assumed r > d, then
r > 3. For every vector bundle £



40 D. Alfaya, T.L. Gémez / Advances in Mathematics 393 (2021) 108070

n((Ey) = S A2 Gl _rod

Let k=r—|H|=r—(2d —r) =2(r — d) and let
dl: 2(T_d)2
r

It is easy to check that if r > 3 and 0 < r —d < d < r then

r—d d d
Z <z .2
r <k‘*r (5.2)

Assume that there exists a stable vector bundle E of rank r and degree d with a subbundle
F C Eofrank k =r—|H| =r—(2d—r) = 2(r—d) and degree d’. As the parabolic weights
are concentrated and rank and degree are coprime, parabolic stability is equivalent to
stability of the underlying bundle for any choice of the filtrations E,. We have rk(F) =
r — |H|, so we can choose a parabolic structure (F, E,) on E such that F|, = E, g
for every € D. Therefore, F is a subsheaf of Hy(FE, E,). By inequality (5.2), the
saturation of F in Hy (F, E,) is a destabilizing subsheaf of the underlying vector bundle
of Hy(E, E,). As the weights are concentrated, then Hy(E, E,) is a-unstable as a
parabolic vector bundle.

In order to find the desired E and F we can apply Lemma 5.2 for k = 2(r — d) and
s = kd—rd’. To guarantee the genus hypothesis of the Lemma, it is enough to show that

r—1-—s

> ——— 41
9>3= 2(r —d) +

Using the bound [z] < x + 1 on the d’ formula yields

r—1—s T
—_ 1< — —2d+1
2(r—d)+ <r—d+r +

Multiplying by r — d and reordering the factors, the desired inequality is then equivalent
to

r+(r—d(r—2d)—-2(r—d)=r—(r—d)(2d—r+2)<0
Let
{ r=2r
d=T+¢
Substituting in the above expression and reordering yields
r—(r—d)(2d—r+2)=—-2e(F—c—1)

which is clearly less or equal to 0, as e >0 and 7T—e=r—d>1. O
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Notice that preserving the same system of weights on the Hecke transformation is not
a natural choice, but rather an imposition if we want to restrict ourselves to analyzing the
stability with respect to a fixed set of parameters «. In fact, if the “rotation” operation on
the parabolic structure is held at the continuous filtration level, the following parabolic
weights arise as the natural ones on H,(FE, F,).

Given a system of weights a over (X, D) and a divisor H =Y _p h,x with 0 < H <

z€D
(r —1)D we define Hp(a) to be the set of parameters satisfying

Hi(a)i(z) = { iths () — 0141, (2) e ST
Qiph,—r (@) —0a4n, (@) +1 i+hy >7
Let us prove that if a parabolic vector bundle (E, E,) is a-stable, then its Hecke trans-
formation Hy(E, E.) is Hp(a)-stable. In order to do so, we will give yet another
interpretation of the Hecke transformation in terms of the parabolic tensor product.
Let 0 < H < (r — 1)D be an effective divisor, and let £(z) € [0,1) be real numbers
indexed by = € D such that

an, (z) < e(z) < aryn, (2)

Let (Ox(—D),Ox.+(—D)*~¢) be the parabolic line bundle obtained by giving Ox (—D)
the trivial filtration with weight 1 —e(x) at € D. Consider the parabolic vector bundle
(H,H,) = (E,E.) ® (Ox(—D),Ox «(—D)'7¢). By construction, for every z € D and
every a € R

H: =F

x
o a+te(x)

In particular, for a = 0, one gets

HE = B2, = E*

_ 1 l+he
€ Q1yhg () B,

Therefore H is the underlying vector bundle of H g (E, E,). A similar computation shows
that, in fact

Hu(E, E,) = (B, Es) @ (Ox(=D),0x.o(=D)' ™)

as quasi-parabolic vector bundles. Let us prove that for each admissible choice of ¢, the
right hand side is a stable parabolic vector bundle.

Proposition 5.4. Let (E, E,) be a (semi)-stable parabolic vector bundle with system of
weights «, and let (L,L%) be a parabolic line bundle with system of weights €. Then
(E,E.) ® (L, L%) is stable for the induced parabolic structure.
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Proof. We have that (F, F,) C (E, E,) if and only if (F, Fo)®(L, L5) C (E, Es)®(L, L3),
and it is straightforward to check that

pardeg ((F, Fa) ® (L, L5)) = pardeg(F, F) + rk(F) pardeg(L, L)
pardeg ((E, Eu) ® (L, L)) = pardeg(E, B.) + rk(E) pardeg(L, L%)
Therefore,

pardeg((E, Eo) ® (L, L5)) _pardeg((F, Fo) ® (L, Lg)) _ pardeg(E, E.) pardeg(F, Fy)
rk(E) tk(F) rk(E) rk(F)

so (B, E,) ® (L, L%) is (semi)stable if and only if (E, F,) is (semi)stable. O

Corollary 5.5. A full flag parabolic vector bundle (E, E,) is a-(semi)stable if and only if
Hu(E, E.) is Hi(a)-(semi)stable.

Thus, Hecke transformations preserve stability with respect to the natural induced
system of weights, but Lemmas 5.1 and 5.3 show that the induced system H (o) might
not belong to the same stability chamber as the original one a.

We can also describe an analogue of dualization in the quasi-parabolic context. Given
a quasi-parabolic vector bundle (E, E,) described as a set of decreasing filtrations

E|z:Ez,1 QEL? 2"‘2Em,lr 20

for each x € D, observe that if we take the dual of the corresponding spaces then we
obtain

EY|e = By » Eyy(—x) > -+ = (Ezy,)"(—2) > 0

taking the kernels of the successive quotients (i.e., taking the corresponding annihilators
in EV|,) we obtain

EY|, = ann(0) 2 ann(E, ;) 2 ... 2 ann(E, 5) 2 ann(E,,;) = 0

=

which clearly provides us a quasi-parabolic structure over EV with the same number of
steps. We will denote the vector bundle EV with this induced quasi-parabolic structure
as (E,E,)" and we will call it its quasi-parabolic dual. Observe that if (E, E,) is full
flag, then (F, E,)" is also full flag. Notice that this definition of dual is different to the
usual notion of parabolic dual of a parabolic vector bundle, described, for example in
[9]. Let us fix a system of weights « for (E, F,). Biswas defines the parabolic dual of the
parabolic vector bundle (E, E,) in terms of the left continuous decreasing filtrations FE,,
as the parabolic vector bundle (E, E,)* obtained by

((E,Eq)"), = lim (E_1_;)"

t—at
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It is clear that the underlying vector bundle of (F, E,)* does not, in general, coincide
with EV. In fact, the underlying vector bundle ((E, E,)*), depends on the choice of the
parabolic weights a. More precisely, they depend on whether «;(x) = 0 for the points
x € D. If ag(z) > 0 for each = € D, we have

(B, Es)")g = (E-1)" = EY(-D)

In this case, it can be checked that the induced filtration on EV(—D) is precisely the one
obtained by tensoring (F, F,)" with Ox(—D). One of the main advantages of the latter
approach in conjunction to the definition of parabolic tensor product is that it allows us
to work with sheaves of parabolic morphism in a way similar to the one used for regular
vector bundles, as the sheaf of parabolic morphism (morphisms preserving the parabolic
structure) from (F, E,) to (F, F,) simply becomes

PHom((E, E,), (F, F,)) = (E, E,)* ® (F, F.)

Suppose that « is a full flag system of weights with a4 (z) > 0 for all z € D. If (E, E,)
is a stable (respectively semi-stable) parabolic vector bundle, then (E, E,)* is stable
(respectively semi-stable) with respect to the following system of weights oV

al () =1 — a;()
Under these hypothesis on «, (E, Fe)* = (E, Ee)Y ® Ox(—D) as quasi-parabolic vector
bundles, so we just saw that if aj(x) > 0 for all x € D, then (E, E,) is a-stable if and
only if (E, FE,)V is a¥-stable.

Notice that, in particular, if the system of weights « is concentrated, then o is also
concentrated, so in the concentrated chamber a-stability is equivalent to aV-stability.

Up to this point, we have studied three types of operations that can be performed
on quasi-parabolic vector bundles (E, F,) and the corresponding transformations on the

systems of weights that must be done to ensure stability of the resulting parabolic vector
bundle

o Tensor with a line bundle (F, E,) — (E,E,) ® L
o Dualization (E, E,) — (F, Ee)"
o Hecke transformations (E, Ee) — Hy(E, E,)

Moreover, if (E, E,) is a parabolic a-(semi)stable vector bundle and ¢ : X — X is an
automorphism of X that sends D to itself (not necessarily fixing each parabolic point),

then the pullback o*(E, E,) is a o*a-(semi)stable parabolic vector bundle, where

o*ai(z) = ai(o (z))
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These four transformations can be clearly extended canonically to families of a-
(semi)stable parabolic vector bundles, so we will denote the combinations of them as
“basic” transformations of quasi-parabolic vector bundles.

Definition 5.6. Let (X, D) be a Riemann surface with a set of marked points D C X.
A basic transformation of a quasi-parabolic vector bundle is a tuple T = (o,s, L, H)
consisting on

e An automorphism o : X =+ X that sends D to itself (but does not necessarily fix
any point of D)

o Asignse{l,—-1}.

e A line bundle L on X.

e A divisor H on X such that 0 < H < (r —1)D.

Given a quasi-parabolic vector bundle (E,FE,) and a basic transformation T =
(0,s8,L,H), let

_J o (LeHu(E,E,)) s=1
T(E. E.) = {a* (LOHu(E, E,))’ s=-1

If £ is a line bundle, we define

_Jor(Lr®&(—-H) s=1
T = {U* (L" @ &(—H))" s=-1

Finally, if « is a rank r system of weights over (X, D), we define

_ [ Ha(@)ie @) s=1
T()i(z) = { 1 —Hu()r—ip1(o™H(z)) s=-1

Observe that the action of T on the space of admissible systems of weights is stable
under translations of the system in the following sense. Let ¢ = (¢(x))zep € RIP! such
that for every z € D —ay(z) < e(z) < 1 — a,-(z). Consider the system of weights ale]
defined as

we call afe] the translation of « by e.
Then for any admissible type of a subbundle 7’

smin(alel,m) =" Y Y nl(@)(@i(@) +e(@)) — 1’ Z ni (z)(ai(z) + ()

zeD i=1
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=" Z Zn;(m)ai(x) —7 an’(x)ai(x) = Smin(Q, 70)

zeD i=1

Therefore, a-stability is completely equivalent to afe]-stability. Let
A={a= () el0,)"Pl:Vee DandVi=1,...,7r — 1, a;(z) < aiy1(x)}

be the space of systems of weights over (X, D), and let AT = AN (0,1)"1P!. Let us
define an equivalence relation ~ on A as follows. a ~ 3 if and only if there exists some
e = (e(x))zep such that for every z € D we have

—oq(z) <e(z) <1—ap(x)

and such that 8 = afe]. Define A as the quotient A/ ~. Clearly A/ ~= AT/ ~.

Let a,3 € A® such that @ ~ . Then for every basic transformation 7" we have
T(a) ~ T(B). Therefore, basic transformations act on A. In particular, in A for every
x € D and every a € A

Hi(a) ~ «

By construction (E, F,) is an a-(semi)stable parabolic vector bundle with determi-
nant & if and only if T(E, F,) is an T'(«)-(semi)stable parabolic vector bundle with
determinant T'(£).

Basic transformations form a group 7, where the product rule is the composition.
We can give an explicit natural presentation, which is independent on whether we are
making 7 act on quasi-parabolic vector bundles, line bundles or weight systems.

Lemma 5.7. The group of basic transformations T is generated by

e ¥, =(0,1,0x,0)

e Dt =(1d,1,0x,0) =1dr
e« D~ =(d,-1,0x%,0)

7. =(1d,1,L,0)

e Hy =(1d,1,0x,H)

And we have the following composition rules

(1) £, 0%, = Soor

(2) 'DSO'Dt:'DSt

(3) Too T = Trom

(4) If0< H; < (r—1)D fori=1,2 then

HHI © HHz = 'TLHlJrHQ © HH1+H2—LH1+H2
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where, given a divisor F' =% _ fzx, we define

Ja
LF: \‘—Jl'
(5) Xo0D*=D%0 X,

(6) o 0Ty =Tor 055

(7) Yo o Hpyg = Hom 0 Xy

(8) D= oTr=Tp-10D~

(9) D~ oHy =Toxp)©oHrp—g o D™, for H>0
(10) TpooHyg =HpoTL

Proof. Straightforward computation. O

From these composition rules, it is straightforward to compute the inverses of each
generator

. Z;l = 2071
. (Ds)fl = PDs
. 7—L_1 = 7-L*1

o Hy' =Tox(p)© Hrp—n for H > 0.

Then, using the composition rules it is easy to check that the inverse of a basic trans-
formation T = (o,s, L, H) for H > 0 is

(071, 1,0*L7Y(D),rD —0*H) s=

LH) =
(0,5, L, H) { (071, —-1,0*L,0*H) s=—1

And the inverse for H = 0 is

= (0-717 87 U*Lis70)

(67, ~1,0*L,0) s=—1

-1 w7 —1 B
(0,5,[,70)1_{(” ,1,0*L™4,0) 31}

With this presentation we can describe the abstract group structure of 7.

Proposition 5.8. The group of basic transformations is isomorphic to the following
semidirect product

T = ((Z\D\ x Pic(X))/gD) x (Aut(X, D) x Z/2Z)
where

Gp = {(rH,Ox(H))|H supported on D} < Z'P! x Pic(X)
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Proof. Let us consider the surjective map 7 : T — (X,, D~ ) which sends a basic trans-
formation (o, s, L, H) to ¥, o D*. Let us prove that it is a group homomorphism. Let
(0,s8,L,H) and (¢’,s', L', H'") be basic transformations. Then
(0,5,L,H) o (c',s' L'\ H') = (0,5,0x,0) 0T 0 Hpr 0 Xy 0 D* 0 (1d,1, L', H')
On the other hand, by properties (6) and (7), there exist Ly and H; such that T, oHp o
Yo = Xor 0 Tr,, © Hp,. Similarly, by properties (8), (9) and (10) there exist Ly and Hy
such that Tz, o Hy, o D* = D* 0Ty, o Hp,, so we obtain that
(07 S, L7 H) o (017 5/7 L/a H/) - (Ua S, OXv 0) o (017 5/7 OXa O) o (Idv 17 L2a HQ) o (Ida 17 L/a H/)
Finally, applying (1)-(5) and property (10) we have that there exist L3 and Hs such that
(Jv S, OX7 0) © (0/7 5/7 OX7 0) © (Ida 17 L27 HQ) o (Id7 1a L/7 HI) = (Jala 55/7 L37 H3)
Therefore

W((U’SaLaH) © (0/5 SIaL/aH/)) = (UOJ’ SS/7OX70) = TF(U757L;H) 0 7T(0173/7L/aH/)

The kernel of this map coincides clearly with the subgroup (77, Hy) < T generated by
Tr, and Hp, so it is normal and we have that

T =T, Ta) x (X5,D7)

On the other hand, by property (5) we know that ¥, and D~ commute, so

(35,D7) = Aut(X,z) x Z/2Z
Therefore, we conclude that

T =T, Tu) ¥ (Aut(X,z) X Z/27) (5.3)
Finally, let us consider the following group
Gp = {(rH,Ox(H))|H supported on D} < ZIPl x Pic(X)

As generators H, for x € D and 71, commute and H} = To, (~) then we have

(T, Hu) = (Z2'° x Pic(X)) /Gp

Combining this with equation (5.3) the Proposition follows. O
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It will be also useful to consider the subgroup 7+ < 7T consisting on basic transfor-
mations of the form T = (0,1, L, H), i.e., basic transformations that do not involve the
dual. In particular, later on we will prove that every basic transformation 7 acting on
moduli spaces of rank 2 is equivalent to a transformation in 7+ (see Lemma 7.23).

Finally, we briefly describe the analogues of these constructions for projective
parabolic bundles. Given a parabolic projective bundle (P, P,), let (E, E,) be a reduction
(it always exists by Lemma 2.9)

(P,P,) = (P(E),P(E,))
we define

(P, Pa)" =P ((E,E,)")
HH(PaP-) =P (HH(Eon))

Any two reductions are related by tensorization with a line bundle. If L is a line bundle,
then

(E,E,)® L) = (E,E,)Y ® LY
Hy (E,E)®L)=Hp(E,E)®L

Therefore,

P (((E,E.,)®L)") =P ((E,E.)")
P (Hu (E,Ee) ® L)) =P (Hu(E, E))

So the definition of the dual or Hecke transformations are independent of the choice of
the reduction.

6. The algebra of parabolic endomorphisms

Let P be the parabolic subgroup of GL(r, C) consisting on upper triangular matrices.
Let S and G be the group schemes over X given by the following short exact sequences.

0—S8 — SL(r,C) x X — (SL(r,C)/(PNSL(r,C)))  Op — 0
0—G—GL(r,C)x X - (GL(r,C)/P)@ Op — 0

Let parsl = Lie(S) and pargl = Lie(G) denote the sheaves of Lie algebras of S and
G respectively. Let Aut(parsl) be the sheaf of groups of local algebra automorphisms of
parsl. Let Inn(pars() be the subsheaf of inner automorphisms, i.e., the image of the adjoint
action Ad : & — Aut(parsl). Let GL(parsl) be the sheaf of local linear automorphisms
of parsl as a vector bundle. Analogous notations will be used for patgl.
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As S is a group scheme over X, Aut(parsl) is a group scheme over X and Inn(pavsl)
is a sub-group scheme over X.

Before engaging the main classification Lemma (Lemma 6.14), let us prove some
necessary results about linear maps of algebras of matrices. Through this section, given
a ring R, let Mat,, x,, (R) be the R-module of n X m matrices with entries in R.

Lemma 6.1. Let R be a commutative unique factorization domain (UFD). Let M =
(mij) € Matyxm(R) be a matriz with entries in R. Then all the 2 x 2 minors of M have
null determinant in R if and only if there exist matrices A = (a;) € Mat,x1(R) and
B = (b;) € Matyxm(R) such that M = AB.

Proof. If M = AB, then for every pair (i, j), m;; = a;b;. Therefore, for every i, k € [1,n]
and j,1 € [1,m] with i < k and j <

ms; My
Mk; Mkl

aibj aibl
ak.bj akbl

= aibjakbl — aiblakbj =0

On the other hand, suppose that every 2 x 2 minor in M has zero determinant. If M is
the zero matrix, it is the product of two zero vectors. Otherwise, let m;; be a nonzero
element of M. By reordering rows and columns (i.e., permuting the elements of A and
B), we can assume without loss of generality that mi; # 0. Then for every i,j > 1

mi1 My,
mi1 Mgy

=0

Therefore mi1m;; = mjimy;. R is a GCD domain, so great common divisors exist and
are unique up to product by units. Then mii| GCDjs1(miimy;) = mii GCDjs1(my;)
for every i > 1. We conclude that

mi1| GCD;s1 (M1 GCDjs1(maj)) = GCD;s1(mi1) GCDjsq(ma;)

As R is a UFD, there exists a decomposition mi; = a1b; such that a;| GCD;s1(my;)
and by| GCD;>1(m;1). As ai|mq, for every j > 1, there must exist an element b; € R
such that my; = a,b;. Similarly, for every i > 1, by|m;1, so there must exist an element
a; € R such that m;; = a;b;. Finally, for every ¢,j > 1, as my1m;; = m;imq; yields

alblmij = aiblalbj
As aq,b01 # 0 and R is a commutative UFD (and, in particular, it is integral), m;; = a;b;
for every 4,5 > 1. As the latter holds also for i = 1 or j = 1 by construction, then letting

A = (a;) and B = (b;) yields M = AB as desired. O

Lemma 6.2. If R is a field and M = (m;;) € Mat,,xm(R) is a nonzero matriz such that
all the 2 x 2 minors have zero determinant, then the decomposition M = AB stated by
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the previous lemma is unique in the sense that if M = AB = A’B’ for some matrices
A = (a;), A" = (a}) € Mat,x1(R) and B = (b;), B’ = (b)) € Matyx.m(R) then there exists
a nonzero p € R such that A’ = pA and B' = p~'B.

Proof. Let m;; be a nonzero element of M. Then the i-th row of M is nonzero and we
have

a;B = a,B’

with a; # 0 and a} # 0. Then a] is invertible and we get that B’ = % B. Similarly, as
the j-th column of M is nonzero we get

Ab; = AW,

with b; # 0 and b} # 0. Then b’ is invertible and we get that A’ = g—ZA. Finally, let

p= Z—Z and note that as m;; = a;b; = a;b;, #£ 0, one gets

O M /b b
i 1]/]7J:p71 O

a;  mi/b; by
Remark 6.3. If n = m, then we can rewrite the nullity condition for the minors of M in

a more compact way. For any matrix M € Mat, «x,(R), all the 2 X 2 minors of M have
null determinant in R if and only if

AN2M =0

We will introduce some notations that will be useful in order to work with linear
morphisms between algebras of matrices.

Let us consider a bijection o : [1,n] x [1,m] — [1,n/] x [1,m/]. Abusing the notation,
let

o : Maty, xm(R) — Mat, xm (R)

be the isomorphism that sends a matrix M = (m;;) € Mat,,xm (R) to the n’ x m’ matrix
whose entry (4, j) is
(@(M))ij = Mo-1(5)
In particular, given a bijection 7 : [1,n] x [I,m] — [1,nm] x {1} = [1,nm] and a
matrix M € Mat,xm(R), 7(M) € Matymx1(R) = R™ is the column vector obtained

by placing all entries of M in a column using the bijection 7. Reciprocally, given such
vector V' € Mat,;mx1(R) = R™™, then 7—1(V) is the corresponding matrix.
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In order to simplify the notation, from now on, let us fix once and for all the bijection
7:[1,n]? = [1,n?] that places the entries of the matrix in row order, i.e.

T(,j)=(—1)n+j

We will also fix the bijection ¢ : [1,n]?> — [1,n]? sending ¢(4,7) = (j,i), so that for
every matrix M € Mat, x,(R)

(M) = M*
Lemma 6.4. Let R be a UFD. For every n > 0 there exists a bijection
o:[1,n%]? x [1,n%)?

such that given any matric M € GL(Mat,xn(R)) = GL,2(R), M is the matriz associated
to a linear transformation of the form

X — AXB
for some A, B € Mat, «x,(R) if and only if
A (o(M)) =0
In that case, we will denote M = Ma p
Proof. The matrix M € GL,2(R) induced by the given linear transformation is given by

R R
Vi——— 7(Ar71(V)B)

For the bijection 7 chosen above, it is straightforward to see that
M=A®B
One just has to check that the morphisms
End(R") 2 (R")* ® R" — End(R") =2 (R")* ®@ R"

obtained by composing on the left with A € End(R™) or on the right with B € End(R")
correspond to

Id®A : (R")* ® R" — (R")* ® R"
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and
Bi®Id: (R")*®@R" — (R")"®@R"

respectively, so the morphism represented by M is just B! ® A. In order to write the
matrix for the morphism, we need to select a basis for (R™)* ® R™. The choice of 7
corresponds to selecting the basis of (R")* ® R in row order, so the matrix M in the
basis induced by the isomorphism 7 is A ® B?.

By definition of tensor product, the entries of the matrix A ® B! are all the possible
products a;;by; of an entry a;; of A and an entry by, of B in a fixed order depending
only on the dimension n. Therefore, there exists a fixed bijection o : [1,n%]? x [1,n?]?
such that

o (A@B') =7(4) (r(B))

Therefore, the set of matrices M € GL,2(R) for which there exist A, B € Mat,,x,(R)
such that

M(V) =1 (Ar""(V)B)
is the set of matrices M such that there exist vectors 7(A),7(B) € R™ such that
o(M) = 7(A) - ((B))!
By Lemma 6.1, such vectors exist if and only if
N(e(M)=0 O

Corollary 6.5. Let R be a UFD and let o be the bijection given by the previous lemma.
Then M = (mq,3) € GL,2(R) is the matriz of an inner transformation

X AXA?

for some A € GL,,(R) if and only if N*(o(M)) =0 and for every i,j € [1,n]

n

Z Mo=1(r(i,k),7(k,5)) = Z Mo=1(7(j,k),(k,i)) = Oij
k=1 k=1

Proof. By the lemma, if A%(c(M)) = 0 then there exist matrices A, B € Mat,,x,(R)
such that M is the map induced by

X+— AXB
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then M is an inner transformation if and only if A and B are inverses, i.e., if and only
if AB = BA = I, where [ is the identity matrix. This holds if and only if for every
hL,j=1,...,n

Zaikbkj = Z bikag; = 0ij (6.1)
k=1 k=1

On the other hand, as

then for every ¢,5,k,l=1,...,n

@ijbel = Mo=1(r(i,j),r(k,1))
so equality (6.1) holds if and only if
D Mot (k) (k) = D Mo (r(5,k), (ki) = O
k=1 k=1

Reciprocally, if M is an inner transformation, A?(o(M)) = 0 and
a(M) =7(A) - (r(A7))"
so for every i,j,k,l=1,...,n

aij (A"t = Mo (r(i,g),7 (k1)

Then the corollary follows from

> ain(A e =Y (A iwar; =655 O
k=1

k=1

Note that if R is a field, Lemma 6.2 implies that if M is the matrix of an inner
transformation, then the matrix A is uniquely determined up to product by nonzero
elements of R.

Now let R be a local principal ideal domain which is not a field (i.e., a discrete
valuation ring). For example, within the scope of this article, the following Lemmas will
be applied to the local ring of a smooth complex projective curve R = Ox 5. Let m be
the maximal ideal in R and let K = Frac(R) be the field of fractions. As R is a principal
domain, m = (z) for some z € R. We will denote by

v,: K -7
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the single discrete valuation on K extending the canonical z-valuation of the elements
in R, i.e., the only possible discrete valuation for which R = {a € K : v,(a) > 0}. Let
PEnd, (R) C Mat, x,(R) be the R-module of n x n matrices whose elements below the
diagonal are multiples of z, i.e., the R-module consisting of matrices of the form

aii a12 crt Qln
2021 a22 ce Qan
Z0n1 Z2Q0n2 e Ann

where a;; € R. It is clear that PEnd, (R) forms a sub R-algebra of Mat, x,(R). If we
suppose that z # 0 (i.e., that R is not a field), then as an R-module, PEnd, (R) is
isomorphic to Mat, x,(R), but they are not isomorphic as R-algebras.

Later on we will have to work with this kind of isomorphisms with a little more
generality, so it is convenient to fix some general notation. Let us consider a formal sum
of indexes in [1,n] x [1,m]

[1]

= Z Eij - (’L,j) €z ([1,71} X [Lm])

(i,5)€[1,n]x[1,m]

Then we denote by Zz : Mat,xm(K) = Mat,xm(K) the isomorphism of K-modules
that sends a matrix M = (m;;) to the matrix Z=(M) whose element (4, j) is

Z=(M)ij = 259my
From the definition, it is clear that

Z : Z([1,n] x[1,m]) ———— GL(Mat,xm(K))
f Z=

[1]

is a group homomorphism.

Let Er = >, < ;<,(i,7) be the sum of indexes below the diagonal. Then it is clear
that the restriction of Zz, : Mat, xn(K) — Mat, x,(K) to Mat, x,(R) is precisely the
isomorphism

Z=, : Mat,xn(R) = PEnd, (R)

Using the isomorphism 7 : Mat, x, (K) = K™ we can compute the matrix Zz for the
isomorphism 7o Z= o 71, For every V € K™ let

Ve = Z=V = 7(Z=(r"1(V)))

]

Then, by definition of Zz, if V= = (v=;); then
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Vg, = 2T Oy,

Given a bijection o : [1,n] x [1,m] — [1,n/] x [1,m/], let us denote

o(2) =Y Eio(i,j) € Z[1,n] x [1,m]]

,J
Then, 70 Zz 077! = Z,(z) and the matrix Zz is the diagonal matrix
Z= = diag (257*%)

Lemma 6.6. Let R be a local principal ideal domain which is not a field. Let n > 0 and
let o be the bijection given in Lemma 0.4. There exists a formal sum of indexes

==Y Ei(i,4) € Z[1,n?]

with —1 < Z;; < 1 such that given any matric M € GL,2(R) = GL(PEnd,(R)), M is
the matriz associated to a linear transformation of the form

X— AXB
for some A, B € Mat, xn(K) if and only if
N (o(2-2(M))) =0
Moreover, if Z_z(M) € Mat,2x,2(R), then A and B can be chosen in Mat,,x,(R).

Proof. Let M € GL,,2(R) be the matrix associated to a map X — AX B. Then it sends
a vector V € R" to

MV =1 (2_2,(AZ=,(r1(V))B))

Then we can view M as the restriction to R™ of the composition of the following

morphisms
an M an
‘i'<32,75T07"1 TOZ,ET0T71
2 Ma B 2
K" K"

By the computations carried away in the previous lemmata, the matrix M is the product

M=2Z_z,(A® B") Zz,
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We will see that then there exists a formal sum of indexes = € Z[1,n?]? such that
M = Zz(A® B')

For any Z € Z[1,n]?, taking the product on the left by Zz = diag(zET”(i)) is equiva-

2

lent to multiplying the i-th row of the matrix by z=~'® for each i = 1,...,n2, so if we

set

== Z Er-1(0)(6:9)
for every matrix N € Mat,2 2 (K)

Z=N = Z=,(N)

Similarly, product on the right by Z= is equivalent to multiplying the i-th column of the
matrix by z=7~*@ for each i = 1,...,n?, so if we set

n2

Er = Z ET_I(j)(i7j)
i,j=1
for every matrix N € Mat,,2 2 (K) yields
NZ=z = Z= (N)

Therefore, setting

we conclude that
M = Zz(A® B')

Let us check that —1 < Z, g < 1. For each («, 8) = (7(4, ), 7(k, 1)) yields

—(Er))as = —(Er)i; = { IR

0 j>1

_ o 1<k
(Er)r)ap = Er)ki = { 0 1>k

So it yields —1 < E4 s < 1. As an example, we show the matrix representing = for n = 4
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o o o o0f1 0 O Of1 1 O O0Of1 1 1 O
o o0 o o1 0 0 o011 0 01 1 1 O
o o0 o o0f1 0 O Of1 1 O O0f1 1 1 O
o o0 o o0f1 0 O Of1 1 O O0{(1 1 1 O
-1 -1 1 -1]0 -1 1 =110 0 -1 110 0 0 -1
o o o o0(f1 0 O Of1 1 0 O0Of1 1 1 O
o o o o0f1 0 O Of1 1 O O0Of1 1 1 O
o o o o0f1 0 O Of1 1 O O0O}1 1 1 O
-1 -1 -1 -1{0 -1 -1 -1j0 0 -1 -1]0 0 0O -1
-1 -1 -1 -1{0 -1 -1 -1j0 0 -1 -1{0 0 0O -1
o o o o0f1 0 O Of1 1 0 O0Of1 1 1 O
o o o o0f1 0 O Of1 1 0 O0Of1 1 1 O
-1 -1 -1 -1{0 -1 -1 -1j0 0 -1 -1]0 0 O -1
-1 -1 -1 -1{0 -1 -1 -1}j0 0 -1 -1]0 0 0O -1
-1 -1 -1 -1{0 -1 -1 -1j0 0 -1 -1{0 0 0O -1
o o o o0f1 0 O Of1 1 O O0Of1 1 1 O

Given a matrix M € GL,2(R), in general Z_=(M) € Mat,2y,2(K). Following the
proof of Lemma 6.4, there exist matrices A, B € Mat,, x,, (K) such that Z_z(M) = A B
if and only if

there exist A, B € Mat,, x,(R) such that Z_=(M)=A® B'. O
Similarly to the non-parabolic case, we will denote by
EX%YB € Mat,2 xp2 (K)

the matrix associated to a map X — AXB for A, B € Mat,,x,(K). More explicitly, for
every V € K"z, let

MRV =7 (2-2,(A2=, (17 (V))B))

Note that, in general, if A, B € Mat,,x,(K), MYV € K" even if V€ R* . If MY €
GL,’%2(R), then this imposes some conditions on the structure of A and B.

Lemma 6.7. If M = MYy = MY, is a nonzero matriz for some A, A',B,B’ €
Mat,2 2 (K), then there exists a nonzero p € K such that A’ = pA and B' = p~'B.
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Proof. From the previous lemma, yields

and now we apply Lemma 6.2. O

Lemma 6.8. Suppose that there exist matrices A, B € Mat,x,(K) such that M =
MY € GL,2(R). Then there exist A’, B’ € Mat,,xn(R) such that

_ par _ par
M_MA,B/Z _MA/,B’/Z

Proof. By the Lemma 6.6, A?(0(Z_g(M))) = 0. Then A?(0(Z_z(zM))) = 0. As —1 <
Eap < 1forall o, =1,...,n% then Z_=(2M) € Mat,2x,2(R). Therefore, there exist
A', B € Maty,xn(R) such that zM is the matrix M 5,. The result yields dividing the
matrix by z. O

Corollary 6.9. Let A € GL,(K) be a matriz such that M5", . € GL,2(R). Then,
there exist nonzero matrices A', B’ € Matyxn(R) such that B'/z is the inverse of A’
m GLn2 (K)

MO = MET
Proof. By the previous lemma, there exist nonzero A’, B" € GL,,2(R) such that
par o par
My ar =My ).
Now, we apply the Corollary 6.5, to
MA,A*I = Z_E(Mia;‘,l) = Z—E<M2\a/f3’/z) = MA’,B’/z a

r

Lemma 6.10. Suppose that there exists a matric A € GLy(R) such that MY, _, €
GL,,2(R). Then A € PEnd,(R) N GL,(R).

Proof. As det(A) is invertible
A1 =det(A)"ad(A)

Let us denote by A;; the (4, 7) adjoint of matrix A, i.e., the determinant of the comple-

ment minor to the element (i,7) taken with the corresponding sign. Let M = M5, ..

Then
M =2z (A®(A™)") =det(A) ' 2= (A® ad(A4)) € GL,2(R)

Looking at the blocks of A ® ad(A) below the diagonal, Z=(A ® ad(A)) being a matrix
in R implies that
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z|aijAkl

for j < i, k <1, k < i. In particular, this implies that z|a;; A for K <i—1 <[ and
every j < i. Let us prove that this implies that z|a;; for j < ¢, so that A € PEnd, (R).
Suppose that z t a;; for some j < i. Then z| Ay, for all £ <i—1 <. Then we will prove
that

z| det ((A)j 1) = det (ad(A)) = det(A)™ det(A™")

which would lead to contradiction, as A € GL,,(R) and z is not invertible in R. More
precisely, we will prove by induction on i > 2 that if M = (mu)},—; € Mat,xn(R)
with n > ¢ satisfies that z|my, for all k < i —1 <[ then z|det(M). Then we will take
M = ad(A) to obtain the desired contradiction. If ¢ = 2, then for all n > 7 and all
M = (mm)Z,zzl € Mat, «n(R) we have z|my; for every [, so M has a row full of multiples
of z and, therefore, its determinant is a multiple of z. Suppose that ¢ > 2, that n > i and
that the statement is true for all ¢/ < ¢ and all n’ > ¢’. Let us develop the determinant
of M through the first row

det ((mp)g 1=1) = Z(—l)“’lmu det (D)
=1

where D* is the complement minor of M for the element (k,1). For I > i — 1, z|myy,
so it is enough to prove that z|det(D) for I < i — 1. D' is obtained by removing the
first row and the I-th column of (mgy/)} y—y. As 1 <i—1, D contains all the elements
myp for 1 < k' <i—1 <1 in the positions ¥/ = k' —1,1” =1’ — 1, so we know that
2| (DY) oy = My 41,741 for K < i —2 <1"”. Now, we apply the induction hypothesis
to the (n — 1)-dimensional matrix DY for i’ =i —1. O

Lemma 6.11. Let M € GL,2(R) be a matrixz such that there exists A € GL,,(K) satisfying
M = Mfi‘_l. Then, there exists a matriz A’ € PEnd,,(R) N GL,(R) and an integer
0 < k < n such that

M = ME)ZI;Hk%(A/Hk)fl

where H € GL,,(K) is the matriz

01 o0 0
0 0 1 0
o (3
z 0
0 0 O 1

I\

o
o
o
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Proof. First, let us prove that M7, 1 € GLy2(R). As
det(My 1) = det(Zz, ) det(H) det(H ") det(Zz ) = 1

it is enough to prove that ./\/lpa”r _1 € Mat,24,2(R). We can easily compute that

0o 1 0 0
0 0 1 0
/ —1\t 0 Iq
H:(H):<z—1 0>:
0O 0 O 1
2710 0 0

Now it is enough to prove that My g1 = Z_(=,),4( (H ®@ H') € Mat,2x,2(R), but

Er)r

it is straightforward to check that

0 Ini 0 Inf
Z_(ET)l"F(ET)T(H@H/): (1 % 01> ’ (1 % 01)

Observe that, as H" = zI, yields H%* = H" % /z, so

n—~k
par _ par _ par _ par
M e = M = M e = (M5 ) € GLa(R)

Corollary 6.9 allows us to find matrices A’, B’ € Mat,,«,(R) such that M = E‘a,rB,/z
and A'B’/z = B'’A’/z = I. First, let us prove that we can assume that z™ { det(A’). As
A'B'/z = I, we get that

det(A") det(B') = 2"

As z is not invertible in R and det(B’) € R, then det(A’)|z™. Suppose that 2| det(A").
Then z { det(B'), so det(B’) ¢ m and therefore, det(B’) is invertible in R. As the inverse
of B is A’/z, then

1

1 ’r n—1 _
ZA = (B) ~ det(B’)

ad(B’)*

where, ad(B’) is the adjoint matrix of B’. As the adjoint belongs to Mat, x,(R) and
det(B')~! € R, then 4 € Mat,,xn(R). Then, M = MY ., and A'/z € GLu(R).

If z t det(A’), then det(A’) is invertible and, thus, A’ € GLn( ), s0 M = ./\/lia,r(A,
Now suppose that z¥|det(A4’) but zk*1 { det(A’) for some 0 < k < n. Then

M= M5 MyS e = MU g, € GLn2(R)
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so there exist matrices A”, B” € Mat,,x,,(R) with 2" { det(A”) and (4”)~! = B”/z such
that

par _ 1 _ par
MA’H*’C,H’“B’/Z =M = MA”,B”/Z

but then, by Lemma 6.7 there exists a nonzero p € K such that

AI/ — pA/kat
Taking determinants
ndet(A")
det(A”) = p ot

We have 2% det(A’) ¢ m by hypothesis and 2" { det(A”) € R. Taking the z-valuation
v, at both sides yields

v (det(A)) = v (p)
As 0 < v,(det(A”)) < n, yields v,(p) = 0, so p is invertible in R and we get
A/ _ pflA/lHk

Moreover, v, (det(A”)) = 0, so det(A”) is invertible, and therefore, p~1A” € GL,(R).
From Lemma 6.10, p~*A” € PEnd,,(R) N GL,(R) and the Lemma follows. 0O

Lemma 6.12. Let {Uy}aer be a good cover of (X, D) such that for every x € D there
exists a unique o, € I such that x € Uy, and if x,y € D are distinct then o, # o,. Let
(E, E,) be a parabolic vector bundle of rank r described by a cocycle pap : Uag — Glu
Then Hi(E, E,) is described by the following cocycle Yap : Uag — Glu.,

aB

Pap x ¢ Uy, U UB
Vap = Hpap xcUg
(paﬂH_l zelU,

0 Ir—l

where H = <
z 0

) and z is a local coordinate in U,, centered in x.

Proof. First, let us prove that ¢ is a cocycle. Let o, 8,7 € I with U, NUg NU, # 0 and
let us compute ¥,a1gPas. If x does not belong to any of the open sets, ¥ coincides
with ¢ and

w'ya'(/)ﬂ'y'(/}aﬁ = PyaPpyPaB = 1
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Ifx e U,
Vyathprtbas = Hoyappypapd ' = HH ' =1
If x € Ug
Vya¥sy¥as = Pra@syH ~ Hous = 0rapyPap = 1
and if z € U,

Yyatpytap = ‘PvaHilH‘Pﬁ'v‘Paﬁ = PraPsyPap =1

Recall that E2 C E denotes the second step of the filtration by subsheaves defining the
parabolic structure of (E, F,) at 2 and it is precisely the underlying vector bundle of
H.(E, E,) (see section 5). The trivialization induced by ¢, at the stalk E, is precisely

1s

(Bf)e Zmo Oy, C Ok, 2 E,

A trivialization of E2 = H%**(E) compatible with the induced parabolic structure would
be the one obtained by “rotating” the given one through the procedure described in the
previous chapter

2 [1]

v :

(B2), 2 0%, =20y om=ma Oy,

where 7 is the permutation sending 7(i) = ¢ — 1 for ¢ > 1 and w(1) = r. Therefore, we
get

R
s
£

(B 2me Oy, C O,

and we are done. O

Corollary 6.13. Let (E, E,) be a parabolic vector bundle. Then PEndy(E, E,) is isomor-
phic to PEndy (H.(F, E.)) as a Lie algebra bundle and at the stalk at the parabolic point
x € D the isomorphism coincides with

M?l}ffl . PEndO(E7E.)I = PEndQ (Hx(Ea E.))z

Lemma 6.14. Let (F, E,) and (E', E,) be parabolic vector bundles of rank r such that
PEndo(E, E.) and PEndo(E', E,) are isomorphic as Lie algebra bundles. Then (E’, E\)
can be obtained from (E, E,) through a combination of the following transformations

(1) Tensorization with a line bundle over X, (E,Es) — (E® L,Es ® L)
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(2) Parabolic dualization (E, Es) — (E, Es)
(8) Hecke transformation at a parabolic point x € D, (E,Es) — H.(E, E,).

Proof. Giving a vector bundle PEnd(FE) with its Lie algebra structure is equivalent to
giving an Aut(parsl)-torsor Payg(parsry Which admits a reduction to a G-torsor (which cor-
responds to the parabolic vector bundle (E, E,)). We will analyze the possible reductions
from a given Aut(parsl)-torsor in two steps.

G — Inn(pacsl) — Aut(parsl)
First, note that there is an exact sequence of sheaves of groups
1 — Inn(parsl) — Aut(parsl) — Out(parsl) — 1

Our first step is to compute the outer automorphisms of parsl. Over a non-parabolic
point « ¢ D, taking stalks the previous short exact sequence simply reduces to

1 — Inn(sl) — Aut(sl) — Out(sl) — 1

We know that Inn(sl) = PGL, and Out(sl) = Z/2Z if r > 2 and Out(sl) = 1 if r = 2
(cf. [16, Proposition D.40]). For the sake of the exposition, let us assume that r > 2. The
proof for r = 2 is completely analogous and it will be outlined at the end. Then

1 — Inn(sl) = PGL, — Aut(sl) — Out(sl) = Z2/2Z — 1

Therefore, in order to determine Out(parsl), we only need to determine the stalk of
Out(parsl) at a parabolic point. The single nontrivial outer automorphism of sl is the
one induced by duality of the underlying vector space. Given a parabolic full flag vector
bundle (E, E,), parabolic duality induces an outer isomorphism of the algebra patsl
extending the previous one over non-parabolic points. Let € D. Let 01, 09 € Out(patsl),
be two germs of sections at the parabolic point. Composing with the dualization action
if necessary, we may assume that o; and 02 coincide generically. Then there exist germs
of sections 01,09 € Aut(parsl), such that s :== 0y o 6;1 € Aut(parsl), is a germ whose
restriction to the open set correspond to an inner automorphism.

Let Ox ; be the stalk of the structure sheaf at x € D. Let m be the maximal ideal
in Ox , and let K be the field of fractions, i.e., K = m_lox,z. As X is a smooth curve,
Ox, is a principal ideal domain, so m = (z) for some germ z € Ox ,. Therefore, an
element of patsl, is represented by an r X r matrix of elements of Ox , whose elements
below the diagonal are multiples of z, i.e., it is a matrix of the form

a11 a2 0 Alp
zZagz1 G222 - A2p

Z2ar1  2ZAp2 vt Qpy
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where a;; € Ox , and 22:1 a;; = 0. The germ s is, in particular, a germ of GL(parsl).
Trace 0 matrices form a linear codimension 1 subspace of pargl whose complement is
generated by the identity matrix. Therefore, any element of GL(parsl) extends to an
element of GL(pargl) sending the identity matrix to itself. Moreover, if an element of
GL(parsl) belongs to Aut(parsl), the extension belongs to Aut(pargl), as the identity
matrix belongs to the kernel of the Lie bracket in patgl.

Then, any germ s € Aut(parsl), can be described by an invertible r? x r? matrix of
elements of Ox , by embedding Aut(pavsl), — GL(Mat,x,(Oxz)) = GL,2(Ox ). Let
S = (si;) € GL,2(Ox ;) be such matrix. As s corresponds generically to an inner auto-
morphism, there exists a matrix G € GL,(K) such that S = MP',_,. By Lemma 6.11,
there exists a matrix G’ € PEnd, (Ox ;) N GL,(Ox ) = G, and an integer 0 < k < r
such that

k
_ par _ par par
S =Megr (v = Mer a1 © (MH,H*)

Moreover, as MII’; rH_l is a conjugation operation in Mat,.,.(K), it clearly preserves

the O-trace and it is a Lie algebra isomorphism. Therefore % is generated
by the order r automorphism induced from conjugation by the matrix H. One trivially
checks that taking the dual and conjugating by H is the same as conjugating by H~*

and then taking the dual, so the outer automorphism group is
Out(parsl), = (s,h)/{s> = 1,h" = 1,sh =h~'s} =D,

where D, is the dihedral group of order r. Therefore, Out(patsl), fits in a sequence
1— Z/2Z x X — Out(parsl) — Z/rZ @ Op — 0

The space of reductions of structure sheaf of Ppyg(parsry to Inn(parsl) correspond
to sections of the associated Out(patsl)-torsor, Pays(parst)(Out(parsl)). The associated
bundle is a 2-to-1 cover of U glued to a (2r)-to-1 cover of D through the canonical
inclusion Z/2Z < D,. Since we know that there are reductions of the torsor, the bundle
must be the disjoint union of a trivial 2-to-1 cover of X and a trivial 2(r — 1) cover of D.

We will prove that Inn(patsl) coincides with G/C* := PG. Then, a reduction of
Paut(parsy to an Inn(parsl) is a parabolic projective bundle (P,P,) = (P(E),P(E,))
together with an isomorphism

PAut(pats[) = PEndy (]Pa P.)

Let (P,IPs) — X be a reduction of Ppyt(parsy to Inn(parsl). Then the generator of
the Z /27 component of Out(parsl) corresponds to its dual parabolic projective bundle

(P,P,)" =P ((E, E,)")
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On the other hand, by Corollary 6.13, for each x € D, the generator of the Z/rZ < D,
outer automorphism corresponds to the Hecke transformation of (P, P,) at the parabolic
point z € D. As these outer automorphisms generate Out(patsl), every reduction can be
found as a composition of Hecke transformations and dualization of (P, P,).

Now consider the exact sequence of groups

1— Z — G — Inn(parsl) — 1

Let us compute the group scheme Z. As before, over z € U, Inn(parsl), = PGL, and
G. = GL,, so Z, = C*. Therefore, it is only necessary to compute Z, for x € D. By
definition, Z is the kernel of the adjoint representation. Let X € G, — Mat, x,(Ox z)
be in the kernel of the representation. Then, for every Y € parsl, — Mat, ,(Ox )

XY -YX=0
In particular, as given any G € Endo(Ox ), 2G € pars(,,
0=X(2G) - (2G)X = 2(XG - GX)

As Ox , does not have any zero divisors, XG — GX = 0 and, therefore, X belongs to
the center of Endo(Ox ), which consists on Ox ,-multiples of the identity. Clearly, all
invertible multiples of the identity belong to G, and they are in the kernel of the adjoint,
S0

Zy = 0%,

Therefore, we conclude that Z = C* x X = O% and, taking the quotient, Inn(parsl) =
G/C* .= PG. As C* belongs to the center of G, the isomorphism classes of reductions of
an Inn(pars()-torsor to a G-torsor form a torsor for the group H'(X, O%).

Let (E, E,) be the parabolic vector bundle corresponding to a reduction of the PG-
torsor (P, Ps) — X, i.e., (P(E),P(F,.)) = (P,P,). Then the other reductions correspond
to parabolic vector bundles of the form (F,E,) ® L for any line bundle L. Similarly,
(E,E.)V®L and H,(F, Fes)® L are all the possible reductions of (P, P,)" and H, (P, P,)
respectively, so all possible reductions can be computed from (E, F,) by a repeated
combination of dualization, tensoring with a line bundle and application of Hecke trans-
formations at parabolic points.

As we mentioned before, the proof for r = 2 is completely analogous. The only
difference is that we do not need duality anymore, as in this case Out(sl) = 1 and
Aut(sl) = Inn(sl) [16, Proposition D.40], so the computation gets simplified. Geometri-
cally, this reflects on the fact that the dual of every rank two bundle (respectively rank
two parabolic bundle) is isomorphic to a tensor product of a line bundle with the original
bundle (see Lemma 7.23 for more details). Following the same argument as before we
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Aut(parsl),
get that Inn(parsl),

by the matrix H, so

is generated by the order r automorphism induced from conjugation

Out(parsl), 2 Z/rZ
and thus
Out(parsl) = Z/rZ @ Op

As before, the space of reductions of Payg(parsty to Inn(parsl) = PG correspond to sections
of Paut(parst)(Out(parsl)). As we know that there are reductions, in rank 2 this bundle
must be a disjoint union of X and a trivial (r — 1)-cover of D. Then if (P,P,) — X
is a reduction of Payg(parsry to Inn(parsl) = PG the other reductions come from Hecke
transformations of (P, P,) at the parabolic points and, therefore, if (E, F,) is a reduction
of the PG torsor (IP,IP,) to G then the rest of the reductions of Pyy¢(parsy to G are
obtained as a combination of tensoring with a line bundle and application of Hecke
transformations at parabolic points to (E, F,). O

7. Isomorphisms between moduli spaces of parabolic vector bundles

Let ® : M(X, 7, a,&) = M(X',r',d/, &) be an isomorphism between the moduli space
of parabolic vector bundles of rank r, determinant £ and weight system « over (X, D)
and the moduli space of parabolic vector bundles of rank r’/, determinant £ and weight
system o over (X', D").

By Torelli Theorem 4.6, we know that r = 7’ and that ® induces an isomor-
phism between the marked curves o : (X,D) — (X’,D’). We know that the
map of quasi-parabolic vector bundles (E, E,) — ¢*(F, E,) induces an isomorphism
o+ MX',rd,&) — M(X,r,0%a’,0*¢"). Therefore, ¥, o @ : M(r,a,&) —
M(r,o*a’,0*€') is an isomorphism between moduli spaces of parabolic vector bundles
on (X, D) such that the induced automorphism on the marked curve is the identity. As
we can do this for every automorphism of the marked curve, we can assume without loss
of generality that ® induced the identity map on (X, D).

For k > 1, let W), = HO(K*D*~1). Recall that we defined

hy : H°(SPEndy(E) ® Kx (D)) — Wy

as the composition of the Hitchin map h : H°(SPEndy(FE) ® Kx (D)) — W with the
projection W — Wj. As we have assumed that ® induces the identity map on (X, D),
then the Hitchin space for both moduli spaces is the same and by Proposition 4.4, there
exists a C*-equivariant automorphism f : W — W such that the following diagram
commutes
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d(e™1h)
T*M(r,a,§) T*M(r, o, &) (7.1)
hl lh
W ! W

Moreover we know that f preserves the block W, € W. Our next goal will be to
prove that, in fact, there exist linear maps fi : Wiy — W} such that the following
diagram commutes for every k > 1 (Corollary 7.12)

d(®~1)
T*M(r, a,§) T*M(r,a, &) (7.2)
hrl lhr
Wi, e Wi

in other words, we will prove that f : W — W is linear and preserves the decomposition

W =@, W,. In order to do so, we will analyze how the geometry of the discriminant

D C W and the C*-action impose restrictions on the structure of the map f: W — W.
For every k > 1, let us denote

In particular W = W, and, in order to simplify the notation, we consider W<; = 0.

Lemma 7.1. Let f: W — W be a C*-equivariant isomorphism. If r = 2 then f is linear
isomorphism. Otherwise, if v > 2, then there exist

o An algebraic isomorphism G : W< (—2) — W< (r_2),
o linear isomorphisms A; : W; = W;, j=r — 1,7 and
o algebraic maps g; : We(pr_oy = Wy, j=7r—1,7r

such that for every s = (3,8,-1,8,) € W =Wc_g) @ W1 @ W,

f<527 ceey Sr) = (9(5)7 Ar—l(sr—l) + gr—l(g)’ AT(ST‘) + gr(g))

Proof. Assume that r > 3 and let f = (f2,...,fr). Let us fix coordinates T; =
(wj1,...,2j4,) in Wj for each j = 2,...,r, where

dj = dim(W;) = h°(K’DI™Y) = j(29 = 2) + (j — 1)n — g + 1

In these coordinates, each component of the map f; : W — W is written as a weighted-
homogeneous polynomial for the weights induced by the C*-action. This means that it

must be the sum of monomials of the form C [}, xz k, Where
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l
S tiji=j ti>0, 2<j<r
=1

In particular, the previous equation implies that for every j and everyi =1,...,n, j; <j
and, therefore, the map f; : W — W; can only depend on variables coming from W;
for | < j. Moreover, if j; = j for some ¢, then there cannot be any other factor in the
monomial, i.e., it is a linear monomial. Therefore, each f; : W — W, decomposes as a
sum

fj(SQ, .. .787«) = gj(827 .. ~78j71) + Aj(Sj)

for some C*-equivariant map g; : @5;21 Wi — W; and some linear map A; : W; — W;.
In the particular case j = r we observe that the monomials composing f, cannot contain
the variables {J:j,lﬁi}?i:ll either, because they have order » — 1 for the C* action and
there does not exist any variable of order 1. Then

fr(s2,oooy8r) = gr(S2,. ., 8p—2) + Ar(sy)

Finally, as the inverse f~! must have an analogous decomposition, we conclude that the
maps A; : W; — W; and the maps
J J
gj = (Ag,gg,-i-Ag,...,gj—l-Aj) : @Wl — @Wz

i=2 i=2

must be all invertible. The case r = 2 is proved in a completely analogous way. O

Let sing : D --+ X For each x € X, let D, C D be closure of the subset of singular
curves which are singular over the point € X. By definition of the map sing

D, = sing™(z)
Lemma 7.2. For every x € X, D, is a nonempty connected rational variety.

Proof. For x € D the subset D, was computed in Proposition 4.1

r—1
Dx — @HO(Kkafl) EBHO(KT‘DT‘fl(_I))
k=2

and it clearly satisfies the desired properties. Suppose that € X\D. Let us consider
the image of D, under the evaluation map

0— PH (KD (-22)) — W — P KD @0,/I; — 0

j=2 j=2
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Then s € D, is the preimage of

Dy sitt =0
Y=1(s5)€ c2-DigteC rtrt+ Z;;; (r—j)s;tm 771 =0

Z;ZQ sit" 7 =0

Clearly, if we prove that ) is rational connected and nonempty, then D, is rational
connected and nonempty, as it is a vector bundle over Y. For r = 2, ¥ = {(0,0)} and
we are done, so from now on assume that r» > 2. Let us consider the following diagram

—1 r—1 —1
CxCIlxCll o O, xC]

/ 7

Y J Vs
[ cr-lxcrt c !
N

N

S

where

Y sitm I =0
Y=< (tss)cC 14 Z;;;(r —j)s;tmITh =0

Z;:Q sg-trfj =0

Yy stT I =0 }

et Zg;;(r —j)stm It =0

Yy st" I =0 }

et 4 Z;;;(r —j)stm 7t =0

Vs = {(t,s) eC”

ysz{se@”‘lﬂte@

and, clearly, all horizontal and vertical arrows are surjective. Let us consider the open
subset Us C Vs corresponding to polynomials of the form p(x) = (z —t1)%(z —t2) - (z —
ty—_1) with 2¢; + 22;21 t; =0, all t; different and t; # 0. Let U ¢ Y, U Cc Y and U, C Y,
be the preimages of U under the corresponding projection maps. By definition of Y, it
is straightforward to compute that a vector (7,0) € T(4 5 Cs x Cr~1 lines in T(m)jfs if
and only if
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Y, aitt =0
r— r—1 r—q—
rtT =+ dia(r —k)ot"™? T+
—+ (r(r —)t"2 + Z;;g(r —Hlr—4- 1)sja’"_j_2> 7T=0

Therefore, the differential of the map Y, — Y, fails to be injective at (t, s) if and only if

[ V)

rr—D" 24y (r—g)(r—j—1)s;a" 772 =0
J

Il
N

i.e., if the polynomial ps(z) = 2" + Z;:2 sjz" 9 is divisible by (z — t):g’ In particular, if
s € U, the differential of the map Us; — Us is injective. Moreover, ), — )y is clearly
finite, so the map U, — Uy is a finite and bijective with injective differential. By [19,
Theorem 14.9 and Corollary 14.10], it is an isomorphism. As points (¢,s) € U, all have
t # 0, the fiber of the projection U — U, is a vector space of dimension r — 2 and it
is straightforward to check that U is a vector bundle over U,. Similarly, U is a vector
bundle over U, and it is isomorphic to U through the isomorphism U, = U,. This proves
that ) is birational to a vector bundle over U,. The latter is isomorphic to C* x C"~3
in the following way. Consider C* as the space of traceless polynomials g(x) of degree
k+ 1. Then U, is the image of the map

C*x Cr=3 Us

(t,q(z)) ———= (t, (x —t)%(q(x) + 2txr’3))

The inverse can be computed through Ruffini’s rule, thus inducing an algebraic isomor-
phism. Therefore ) is birational to a vector bundle over C* x C™—3, so it is a nonempty
connected rational variety. O

Lemma 7.3. The map sing : D --+ X commutes with f : D — D.

Proof. We will proceed as in [6, Remark 4.2]. As sing : D --» X has connected rational
fibers and is surjective, there exists a unique such map up to an automorphism of X
because of the following. Suppose that v : D --» X is another surjective map with
connected rational fibers. For a generic x € X, the map ~ restricts to a rational map
D, --+ X. As D, is a connected rational variety this map must be constant. Therefore,
the map v : D --+ X descends to a nonconstant rational map p, : X --» X. As
X is a smooth projective curve, this map extends to an automorphism of X such that
v = pyosing. Let p : X — X be the only map such that f(D,) = D, forall 2 € X. The
map f : W — W preserves W, and D, so it preserves DNW,. = Cx U{J, ¢ p C.. Moreover,
we know that P(Cx) is not isomorphic to P(C,) for any € D, so f must induce
an automorphism of Cx. By construction we assumed that the induced automorphism
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o0 : X — X on the dual variety is the identity, and it clearly coincides with p : X — X
as for each zg € X\ D we have

HO(K"D"(=2x0)) = f(H*(K"D""*(=2x0))) = f(Da NW;) = Dy N W,
= H(K"D""'(=2p(x0)))

As a consequence, for each z € X, f(D,) = D,. Then, in particular, their intersection
is preserved by f. Let

N=)D.

zeX

be the subset of spectral curves which are singular over each € X. The only way this
can happen is if the spectral curve is non-reduced, so A is precisely the set of non-
reduced spectral curves. Clearly, it decomposes in irreducible components depending on
the degree of the non-reduced factor.

Lr/2]
N=|J N
d=1

where
N ={(2% + a1z + ..+ ag)? (272 = 201272 + b2 4 4 byng) )

for d < r/2 and, if r is even,
N2 = {(mr/2 a4+ a,/Q)Q}
with aj,bj S HO(Kij_1>.

Lemma 7.4. Suppose that r > 3 and let f : W — W be a map such that f(N) = N.
Then it preserves N* C N.

Proof. We will show that the irreducible component N' C A can be identified as the
unique irreducible component with the highest dimension. Generically the polynomials
p(z) € N admit a single decomposition as a product p(z) = p1(z)?p2(z) as above.
Therefore, using Riemann-Roch theorem, the dimension of N'¢ equals

d r—2d
dim(N?) = Z (K7D~ + > (K7 DY)
j=1 j=2

for d < r/2 and, if r > 2 is even, then
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r/2
dim(N7/?) =Y " hO(KI D7)

j=2
Observe that for every d with 1 < d < r/2

r—2d

d
dim(N?) =Y " hO(KIDIT) 4+ Y T O(KIDIT) <
= g

r—2 r—2d r—2
ROK)+ Y hOKIDIY) + Y (KT DY) < Y AN(KTDIT) = dim(A?)
j=r—d j=2 Jj=1

and, if » > 2 is even then /2 <r — 2, so clearly

r/2 r—2 r—2
dim(N7/?) =" hO(KID ) < Y CRY(KIDITY) < > T hO(KIDIT!) = dim(N?)
j=2 j=2 j=1

so N1 is the irreducible component of A/ of maximum dimension, and it is the only
component with such dimension. Therefore, f(N1) = Nt O

For each a € H°(K), let
Na) = {(z —a)* (2" % + 202" 2 + boa" " + ...+ b_2)}
where b; € H(K7D7~1). Then, by definition

N'= |J NYa)

a€HO(K)

We can analyze the geometry of N in terms of N''(a). Let us consider the following
intersection variety constructed as a disjoint union of the slices N'!(a)

T= ][ {a}xN'(a) S HOK)xW

a€HO(K)
It is clearly the preimage of 0 under the map
F . HY(K)xW HO(K™'D"2) x HY(K"D"1)

ra""1 + Z;;;(r — k)spa" k1 )

r _
a” + Zk:Z Skar k

(a,82,...,8) ——> (

Lemma 7.5. There exists a basis {w;} of H'(K) such that the sections w! € H°(K"D"1)
are linearly independent.
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Proof. Assume that the lemma is false. Then let us prove that the image of H°(K) under
the algebraic map

HO(K) Y HO (KDY

is contained in some linear subspace V C HO(K"D"~!) of dimension at most g — 1. Let
m < g be the maximum rank of the images of a basis {w1,...,wy} C H°(K). Then there
is some basis {w1,...,wy} such that for each ¢ > m, w] belongs to the m-dimensional
linear space

V = Span({wj }j<m) C HY(K"D" 1)

In particular, as {w;}jgm generate a subspace of the maximum dimension, the images
of the vectors of any other basis containing {w;};<,, must be contained in V. In par-
ticular, if we pick any w), € U = H°(K)\ Span({w;};<g), then {wi,...,wy_1,w}} is a
basis of H°(K) and we get that (w})” € V. Therefore, the image of the open subset
U = H°(K)\ Span({w;}j<,) C H°(K) is contained in V. As U is dense and the map
H°(K) — H°(K"D"1) is continuous, the whole image of the map must be contained
in V. Then, by upper semicontinuity of the dimension of the fibers, all the fibers of the
algebraic map H°(K) — V must have dimension at least 1. In particular, there must
exist a nonzero w € H°(K) such that w" = 0, but this is impossible. O

Let m : Z — H°(K) and 75 : Z — N'! be the canonical projections.
Lemma 7.6. The map w2 : Z — N sending (a,s) — s is a finite map.

Proof. The fibers of the map are clearly finite, so it is only necessary to prove that C[Z]
is a finite algebra over C[N1]. We know that Z C H(K) x W is defined by the equations
F(a,3) = 0. Let Inn be the ideal defining N'' ¢ W and let {w;}?_, be a basis of H°(K)
as in the Lemma 7.5. Then it is straightforward to check that

ciy = EWh - ) [V[/I]/\[[’f1+ 'I"tg]

where I C C[W][ty,...,t4] is the ideal generated by each of the components of the vector

g r—1 r—1 g r—k—1
('r (Z tiw¢> — Z(r —k)sk (Z tiwi> ,
=1 k=2 =1
g T r g r—k
<Z tiwi> — Z Sk (Z tzwz> >

k=2 i=1

in any basis of HO(K"~1D"2) @ H°(K"D"1) extending {w’}.
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Therefore, in order to prove that C[Z] is a finitely generated C[N?] = C[W]/Iy:-
module, it is enough to find a relation in I between t] and lower order terms tf with
k < r and coefficients in C[A/!]. Observe that

9 r r g r—k g
(Z tiwi) =D sk (Z tiwi> = tiw] +O0({t;'})
=t k=2 i=1 i—1

As w] are linearly independent, taking the w] coordinate of this vector we obtain an
expression of the form ¢ + O({t;‘l}) which, by construction, has coefficients in C[N1]
and belongs to I for every i = 1,...,g. Therefore, C[Z] is generated as a C[N*']-module
by {t" - ’lji <7} O

Lemma 7.7. There is an open nonempty set U™ C N'' such that the differential of the
map o : WEI(USI“) — N1 s invertible at every point.

Proof. The differential of the map m is invertible over the points s € N! such that
HO(K) is transverse to Tia,ssT C H°(K) ® W. Let us compute the tangent space to Z.
By construction it is the kernel of the differential of F’

dF : H(K) @ W — HY(K"'D"?)@ H°(K"D" ™)

It is straightforward to compute the differential at a point (a, s) from the equations of
F.If (a,09,...,0.) € T(q o H(K) x W= HY(K) ® W, then

(a1 + Sybr — By}
dF(a7027 B Ur) = +(’I"(T - 1)a7”72 + Z;;;(T - k)(T — k- 1)8karik72)a
(@" + S h_poka"*) + (ra" " + Z;;;(T — B)spam N

As (a,s) € T = F~1(0) the last summand in the second component is zero, so the
equations of T(, 47 become

(ra” =" + X o5(r — K)oga™ 1)+
+(r(r = 1)a" 2+ 0o —k)(r — k= Dsga”F2)a =0
a"+ > _,oka’ k=0
Therefore, H(K) fails to be transverse to T, - Z if and only if

r—2
r(r—1)a" "2 + Z(r —k)(r—k—1Dspa" 2 =0
k=2

This, together with the assumption that F'(a,s) = 0, implies that the polynomial corre-
sponding to s admits a decomposition
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3

ps(z) = (x —a)’q(x)

for some q. Repeating the dimension counting argument in Lemma 7.4 we obtain that
the set of point admitting such decomposition has positive codimension in NM!, so its
complement U™ C N is an open nonempty set. For r = 2, U™ = N1, for r = 3,
Uus™ = N\{0} and for r > 3

r—3 r—2
dim(NVN\U™) = hO(K) + > hO(KIDI) < Y ChO(K/DITY) = dim(N') O
j=2 j=1

Lemma 7.8. The projection mo : T — N is a C*-equivariant birational map.

Proof. The space of points in N'' admitting at least a decomposition of the form

2

p(z) = (z - a) q(z)

for at least two different sections a € H® corresponds to the points in A"t admitting a
decomposition of the form

p(z) = (v — a)*(z — b)*q(x)

For some a, b. Again, repeating the dimension argument used in Lemma 7.4, we obtain
that the dimension of this subset is less than the dimension of N''. Let &' denote its
complement in N''. Then for r < 4, YP" = N'!. For r = 4

dim(NN\UP) = RO(K) < h°(K) + h°(K2D') = dim(N?)

and for r > 4
r—4
dim(NI\U) = 200(K) + > WK/ D7)
j=2
r—3 r—2
=Y hO(KIDITY) = (h(K"3D ) = hO(K)) < Y hY(K/ D7) = dim(N7)
Jj=1 j=1

Therefore, there exists an open nonempty subset 4P € A'! consisting on points s whose
preimage ng(s) is a single point. On the other hand, by Lemma 7.7, there exists a
subset U*™ such that the differential of the map o
we know that 7 is a finite map, so restricting it to & = U N U™, we obtain a finite
bijective map with invertible differential. By [19, Theorem 14.9 and Corollary 14.10],
7T2|7T2—1(u) ' (U) — U is an isomorphism and, therefore, it induces a birational map
between Z and N1, O

ysm is invertible. By Lemma 7.6,
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Lemma 7.9. Suppose that r > 3. Let f: W — W be a C*-equivariant isomorphism such
that f(N') = N. Then there is a C*-equivariant isomorphism g : W< (,_oy = W<(r_9)
and linear maps f; : W; — W; for j = r—1,7 such that the following diagrams commute

f f

1% W W 1% w1 w
T<(r—2) l \L T<(r—2) Tr—1 \L \Lﬂ—rl T \L lﬂ'r
g fT* fr
WS(T'—Q) - Wg(r—Q) Wiy ———= W, W, —— W,

Proof. Taking into account the block decomposition in Lemma 7.1, it is enough to prove
that the map (g,-1,9,) : W<(p—2)y = W,_1 @ W, is zero. By definition, Wc(,_oy =
N10) € N, so Lemma 7.4 implies that f(W<(,_2)) C M. The dimension of W<(,_o)

1S

r—2
dim(We(,—)) = Y hO(K/ D7)

j=2
so comparing it with the dimensions of N\U*™ and N\UP' computed in Lem-
mas 7.7 and 7.8, we obtain that dim(N"\U*™) < dim(W<(,_2)) and dim(N'\UP') <
dim(W<(,_g)). Therefore, U N f(W<(r_g)) = U™ nUuPin f(W<(r—2)) is an open dense
subset of f(W<(,._2)).

Thus, applying Lemma 7.8, we obtain a C*-equivariant rational map f(W<(_g)) --»
Z. On the other hand, let us consider the isomorphism g : W<(,_g) — Wc(._2) given
by the decomposition in blocks of f: W — W described in Lemma 7.1. Composing the
rational map f(W<(,_2)) --» Z with the canonical projection, m : Z — H°(K), and the
map f = fog !: W<(r—2) = [(W<(r—2)), we obtain a rational map t : We(,_g) -—»
H(K), satisfying the following property. Let (5,s,_1,5,) = (s2,...,87) € f(W<(r_2))
be a generic point. Then t(35) € H(K) is the only section such that

tE)" + 2 j—psit(5) 7 =0
rt(E) !+ (= )sit(s) I =0
In particular, solving for s,._; and s, we obtain that
spo1 = —rt(s)" " = I3 (r — j)sst(s)"
sp=(r—DE)" + 3,5 —j — 1)s;t(3)"

On the other hand, as (3, s,-1,5,) € f(W<(,—2)), by the block decomposition we know
that

{ Sr—1=gr—109 (5) = Gr—1(5)



D. Alfaya, T.L. Gémez / Advances in Mathematics 393 (2021) 108070 e

SO

Gr_1(3) = —rt(3)"" L = S22 (r — j)st(5)T I
{ gr1(3) = —rt(s) " 2322( 7)8;t(3) ! (7.3)

G:(3) = (r = V()" + X725 (r = j — 1)s;t(s)"

Ast:Wep_gy - H Y(K) is a C*-equivariant rational map between vector spaces there
are three possibilities for its structure

(1) t =0, in which case we would get g,—1 = 0 and g, = 0 leading to the desired result.

(2) ¢t : We(p_2y — HO(K) is an homogeneous polynomial. This is impossible because
the action of C* in W< (,_o) is of order at least 2 and the action of C* in H%(K) has
order 1.

(3) t(s) = ggg for some homogeneous polynomials « and 8 with no common factors.

Then it is only left to prove that (3) is also impossible. Substituting ¢t = /5 in (7.3) we
obtain the following equality

{ BE) L g-1(3) = —ra(3) ! = XI5 (r — f)s;a(3) I B(E)
B)4-(5) = (r = Da(3)" + Xj25(r = j = 1)s;a(5)" 7 B(5)7

Nevertheless, looking at the last equation modulo 8 we get that o is a multiple of 3,
thus contradicting that o and 8 do not share a common factor. 0O

In order to prove that f is linear and decomposes diagonally, we will apply the previous
lemma inductively. For each k > 1, let N} C @?ZZ HO(K’7D’~1') be the set of non-
reduced “rank k” spectral curves, i.e., the set of spectral curves defined by degree k
polynomials of the form

for s; € HY(K7DJ~1) which have at least a non-reduced component. With a slight abuse
of notation let us also denote by N}, C W<y, the image of the set of rank k& non-reduced
spectral curves under the inclusion

k r
Ne CEPHUE D) C PHUKIDIT)

=2 =2

In other words,

N = {2"%q(x) | q(z) = p1(x)*p2(z) for some p;(z) and po(x)}
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Lemma 7.10. Let k > 3 and let f< : W< — W<y, be a C*-equivariant isomorphism such
that f<p(Ni) = Ni. Then there is a C*-equivariant isomorphism f< o) : W< (—2) —
W< (k—2) and linear maps f; : W; — W; for j = k—1,k such that f<(,_9)(Nk—2) = Ni—2
and the following diagrams commute

f<k f<k f<k

Wk — W<k Wep ——— W< Wep —— W
7"<(k2)l lﬂ'qkz) ﬂ'k—1l \Lﬂ’k_l ﬂ'kl \me
f<k-2) fr—1 Ix
Wek—2)y — Wek-2) Wiy ———= Wiy Wy ——— Wy

Proof. Applying the Lemma 7.9 to r = k, we obtain the desired diagonal decomposition
J<k = (f<e—2) fr—15 fr) : Weh—2) @ Wi—1 @ Wi = We(4—2) @ Wi_1 © Wy Therefore,
it is enough to prove that f<(x_2) preserves Ni_2. We know that N}, decomposes in
irreducible components as

Lk/2]
N = U N

d=1
where
Ng = {(xd +az? . ag)? (22— 20 2F 2 kT2 4 br—24) }

for d < k/2 and, if k is even,
N:/Q _ {(.Z‘k/Z +a2l‘k/2_2 +-~-+ak/2)2}

By hypothesis we known that f<j(Nj) = Ny and, by Lemma 7.4, f<x(N}) = N}, so,
f<k must preserve the union of the rest of the components.

Lk/2] Lk/2]
fa | UM = U M
d=2 d=2

On the other hand, for each d > 1 consider the intersection W< j_s) ﬂN,f C W«y. The

elements in W< ;,_z) correspond to polynomials p(x) € W< which have at least a factor
2 .

x?, i.e.

Wg(k_g) = {.’E2q($) S ng}

On the other hand, the elements in N are polynomials with at least a double factor of
order d
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N = {p1(2)’p2() | deg(pr) = d}

Then when we get the intersection, for each polynomial of the form p(z) = p1(x)?p2(z) €
We(k—2y N /\/',f there are two possibilities

(1) Either the 22 factor is included in py (), so p1(z) = xq1 () for some q of degree d — 1
and then

p(z) = 2°qu(2)°pa(z) € N5
(2) or the 22 factor is included in pa(z), so pa(z) = 22¢2(x) and then
p(x) = 2°pi(2) g2 (2) € N,
and the latter can only happen if d < (k — 2)/2. Therefore, we conclude that

NEJUNE, d<(k—2)/2
Wi o ANT = k—2 k—2 >
st {/\/,f_; d> (k—2)/2

In particular, taking the full union for d > 1 yields

Lk/2] [(k—2)/2]
Wg(k—Q) N U NE = U N,g_g =Ni_2
d=2 d=1

As f<y preserves both W< (;_2) and the union of the components N,f for d > 1, we
obtain that f<p(Nip—2) = Ni_o. Finally, as N_o C Wc(_2) and we already know
that f decomposes diagonally with respect to the last two factors Wy_; and Wy, then
fg(k—z) (-N’k72) =Nj—2. O

Now we can apply the previous lemma inductively and combine it with the previous
results to recover the diagonal decomposition.

Lemma 7.11. Let f : W — W be a C*-equivariant isomorphism such that f(D) = D.
Then for every k > 1, there exists a linear automorphism f : Wy, — Wy such that the
following diagram commutes

w—" w (7.4)
W, T W,

Proof. By Lemma 7.3, the map sing : D --+ X commutes with f : D — D, so f preserves
the closure of the fibers D, = sing™!(x). Then, it preserves its intersection, but we know
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by construction that N, = (\,cx D, so f(N;) = N,. Moreover, f : W — W is C*-
equivariant by hypothesis, so we can apply Lemma 7.10 and we obtain that f = f<,
commutes with the projections into W<y_2, W,_; and W,., decomposing diagonally as

fg’r = (fg(r72)>fr717fr) : WS(T72) eW,1eW, — Wg(r72) oW, oW,

with f,_1 and f, linear maps. Moreover f<(._9)(Nr—2) = N;_2. Now we can restrict
ourselves to W< (,_3). We proved that we have a C*-equivariant isomorphism f<(,_g) :
We(r—2) = W<(p_gy such that fc_oy(N._2) = N,_2, so we can apply Lemma 7.10
again and find that f<(,._z) decomposes as

fetr—2y = (f<roay, frss fr—2) Wy @ Wi 3@ Weo — Wep gy ©@Wrz @ W,

and, moreover f<(,_4)(N,_4) = N;_4. This together with the previous part proves that
f: W — W decomposes as

[ =<ty frozseo s [r) : Wegy W 3@ OW, — We gy OW, 30O W,

Where f; are linear for j > r — 3. Repeating this argument successively, we arrive to two
different situations depending on the parity of r.

If r is even, we arrive to a diagonal decomposition f = (f2,...,f,) with f; :
W; — Wj linear, so we are done. If r is even, we obtain a diagonal decomposition
f=(f<2, f3,..., fr) with f; : W; — W, linear for each j > 2 and f<o : Wy — W5 a
C*-equivariant isomorphism. Then, simply apply the r = 2 case of Lemma 7.1 to f<2 to
prove that it is a linear isomorphism. O

In particular, combining the previous lemma with diagram 7.1, we obtain

Corollary 7.12. For every k > 1, there exists a linear automorphism fy : Wi, — Wy such
that the following diagram commutes

d(@~1)
T*M(r, a, §) T*M(r,a’, &) (7.5)
Wi, I Wi

Once we have characterized f,. : W, — W,., we can further state the following Lemma.

Lemma 7.13. Let f. : W, — W, be the linear automorphism constructed in Corol-
lary 7.12. Then for every k > 0 and every zo € X

fr (H*(K" D" (—kao))) = HY(K"D" " (—kao))
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Proof. As d(®!) is an isomorphism, it maps complete rational curves on the cotangent
bundle to complete rational curves. By Lemma 4.3, the morphism f must preserve C =
DN W,. Applying 4.5, we can decompose C = Cx U J,¢p Cs, where P(Cx) is the dual
variety of X C P(W}) and P(C,) is the set of hyperplanes going through x € X C
P(W}). Moreover, we know that P(Cx) is not isomorphic to P(C,) for any z, so f
must preserve Cx. As we assumed that the induced automorphism of the dual variety
o : X — X is the identity, then for each zy € X, the projectivization of f must
preserve all the osculating spaces at xg. The osculating k space at g € X C P(W})
is precisely P(HO(K"D"~1(—kxp))). As f : W, — W, is linear, we conclude that it
preserves HO(K"D"~Y(—kxg)). O

Lemma 7.14. Suppose that g > 4. Let (E, E.) € M(r,«,&) and (E',E,) € M(r,a, &)

be generic stable parabolic vector bundles such that ®(E, E,) = (E', E.,). Consider the
isomorphism of vector spaces

d(® ') : H(SPEndo(E) ® Kx (D)) — H°(SPEndy(E’) ® Kx (D))

Then for every x € U = X\D, the image of H°(SPEndy(E)® Kx (D —x)) under d(®~1)
is H*(SPEndo(E") ® Kx (D — z)).

Proof. Let zg € U. Let (F, E,) be a generic stable parabolic vector bundle in the sense
of Lemma 2.7. We will prove that

H°(SPEndy(E) ® Kx(D —z)) =
{4 € H*(SPEndo(E) ® Kx (D)) : Vo € hy ' (Hy,) he(t 4+ ¢) € Hyy}
where H,, = H*(K"D""}(—z0)) C W,, = H°(K"D"~1). By Lemma 7.13, H,, is pre-

served by f,. : W,. — W,., so the Lemma follows from commutativity of diagram (7.2).
As we assumed g > 4, by Lemma 2.7, for a generic (E, E,)

H'(SPEndy(E, E,) ® K(D — z0)) = H*(PEndy(FE, E,)(x0))" =0

Therefore, for a generic parabolic vector bundle the following sequence is exact

0 — H°(SPEndy(E, E,) ® K(D — x0)) — H°(SPEndy(E, E,) ® K(D))
— SPEndy(E, Ey) ® K(D)|y, — 0

Therefore, the evaluation map

HO(SPEndy(E, E,) ® K (D)) — SPEndo(E, Ey) @ K(D)|sy = End(E) s, ® K(D)|s
(7.6)
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is surjective. By definition of the Hitchin map h,(¢) € H,, if and only if det (¢ (o)) = 0.
On the other hand, ¢ € H°(SPEndo(E, E.) ® K(D — x0)) if and only if ¢ (z¢) = 0.

We will use the following algebra fact, ¥(z¢) € End(E)|z, ® K (D)|z, is zero if and only
if for every other matrix M € End(E)|, ® K(D)|s, such that det(M) = 0, det(¢(zg) +
M) = 0. Finally, as the evaluation map (7.6) is surjective, the latter is equivalent to
det(v(z0) + ¢(x0)) = 0 for every ¢ € h;1(H,,). O

Lemma 7.15. Suppose that g > 4. Let (E,E,) and (E', E,) be generic parabolic vector
bundles such that ®(E, E,) = (E', E.). Then ® induces an isomorphism of vector bundles

®spEnd, : SPEndy(E, E,) = SPEndy(E', E,)
Proof. Let £ be the sub-bundle of the trivial vector bundle
H°(SPEndy(FE, E,)) ® K(D)) ®c Ox — X

whose fiber over each z € X is H°(SPEndy(FE, E,)) ® K(D — x)). From Lemma 2.7, the
following sequence is exact

0 — & — H°(SPEndo(E, E,)) ® K (D)) ®c Ox — SPEndo(E, E,) ® K(D) — 0

where the last morphism is the evaluation map. Analogously, we define a vector bundle
&’ such that

0— & — H°(SPEndy(E', E,)) ® K(D)) ®c Ox — SPEndy(E’, E,) ® K(D) — 0

By Lemma 7.14, over U = X\D, the image of €|y under d(®~!)®@Ide,, is £'|y. As &
and &' are the saturations of £|y and &'|y in H°(SPEndy(E, E,) ® K(D)) ®@c Oy and
H°(SPEndo(FE, E,) ® K(D)) ®c Oy respectively, the image of £ under d(®~ 1) @ Idp,
must be £’. Therefore, passing to the quotient, there must exist an isomorphism of vector
bundles

Pgpend, : SPEndy(E, E,) = SPEndy(E', EL)
such that the following diagram commutes
0 — & — H°(SPEndo(E, E.) ® K(D)) ®c Ox —> SPEndo(E, Es) ® K(D) — 0

l d(<I>’1)®IdOX PspPEnd, ®Idk (D) l O

0 — & — H°(SPEndo(E’, E,) ® K(D)) ®c Ox —> SPEndo(E’, E,) ® K(D) — 0

Lemma 7.16. Suppose that g > 6. Let (E,E,) and (E', E,) be generic parabolic vector
bundles such that ®(E, E,) = (E', E.). Then ® induces an isomorphism of vector bundles
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PpEnd, : PEndg(E, Fe) = PEndy(E', E))
such that the following diagram commutes

PspPEndg

SPEndy(E, Ey) —— > SPEnd(E', E,)

|

PEndo(E, E)

PEndy(E', E.)

PpEndag

Proof. Given a parabolic point z € D and a parabolic vector bundle (E, E,), let
SPEndéx)(E,E.) be the subsheaf of SPEndg(E, E,) whose stalk over y € X\{z} is
SPEndy(E, E, ), and whose stalk over z is (PEndo(E, E,)(—x)),. It fits into a short
exact sequence

T2—7‘

0 — SPEndy” (E, E,) — SPEndo(E, Es) — P C, — 0
k=1

where the last morphism is the evaluation map at = of the elements of SPEndy(F, E,)
out of the diagonal, once a basis compatible with the parabolic filtration is chosen.
More explicitly, if (E,{E; ,}) is the parabolic vector bundle obtained by restricting the
parabolic filtration to y € D, then we define

SPEnd§”(E,E.) = () SPEndo(E,{E:,}) N PEndo(E, {Ei . })(~2)
yeD\{z}

From the definition, it becomes clear that
SPEndy(E, E,)(—x) < SPEnd{")(E, E,) — SPEnd,(E, E,) (7.7)
and these sheaves are related with PEndg(FE, E,) by the following relation

SPEndy(E, E,)(—D) < PEndy(E, E,)(—D) =

= () SPEnd{”(E, E,) — SPEndo(E, E.) (7.8)
zeD

We will prove that for every x € D, ® induces a morphism
O ena, - SPEndS” (E, E.) — SPEnd{” (£, E,)

such that the following diagram commutes
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SPEndy(E, E,)(—2) = SPEnd")(E, E,) = SPEndy(E, E,)

PsPEndy ®Ido y (—a) \L ‘I>:(31P)End0 PspEndg

SPEndy(E’, E,)(—2) = SPEnd\") (E’, E) = SPEnd(E', E,)
Then ®gprng, preserves the subsheaf SPEnd(()I)(E,E.) and @g?EndO is simply the re-
striction of the morphism. Using the relation (7.8), we conclude that ®sprnq, preserves

PEndy(E, E,)(—D), in the sense that it induces by restriction to the intersection a mor-
phism

PpEnd, : PEndg(E, E.)(—D) — PEndy(E', E,)(—D)
such that the following diagram commutes
SPEndy(E, E.)(—D)“—— PEndy(FE, E.)(— D)~ SPEnd,(E, E,)

l PspEnd ®ldo y (- b) \L PpEnd, \L PspEnd,

SPEndy(E', E,)(—D) = PEndy(E', E,)(— D) SPEnd,(E’, E,)

finally, tensoring the previous diagram by Ox (D) and taking ®pgna, = PrEnd, ®Idp < (D)
yields the desired vector bundle isomorphism.

Now let us build the morphism @é@Endo. Let (E,F,) be a generic parabolic vec-
tor bundle. Let us define the following subsets of H°(SPEndy(F, E,) @ K(D)) =
T(p p,)M(r a,§) recursively.

Fl 5.y = HO(SPEndo(E, E,) © K(D))
Vk >0 Glppy =1 € FEE )i he(¥) € HO(K"D" Y (—ka))}
VEk >0 Flo gy _{weGEE) Vo € Glg gy, ¢+ € Gl gy}
Wk >0,y € X\D Gl py, = {0 € Fly . ho(w) € H(K™D™ (~kz —y))}
vk >0,y € X\D F(E,E.)y {weG(EE )y VP EGEE gy s Y EGL gy}
(7.9)
By Lemma 7.13, f, preserves HO(K"D"~1(—kz)) for every k, so, by construction, for
every k> 0
(@) ( F (E E,) Flpr my)
a@Y) (Ghy ) = Glipriy)
(@) F(EE. ) F(E’E/)y
@) (Ghy ) = Glipr i)

We will prove the following equalities for x € D and y € X\D
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Flgby = H°(SPEnd{" (E, E,) ® K(D))
F(Ean) - H (SPEndO(Ea Eo) ® K(D — l’))

Flg .., = H(SPEnd(” (B, B.) © K (D — )
F(TE,E.),y = HO(SPEndO(Ea Eo) & K(D — T — y))

(7.10)

Assuming that (7.10) has been proven, we can build the map @é@Endo (and thus complete

the proof of the Lemma) as follows. It is straightforward to test that
() v

(SPEndO” (E,E.)® (’)X(D)) S

SPEndy(E, {E; ;})(xz) N PEndo(E, E,)(z) — Endg(E)(x)
As g > 6, Lemma 2.7 implies that for every x € D and every y € X

Vv \
H'(SPEnd{" (E, E,)® K (D—y)) = H° ((SPEndEf) (E,Es) ® Ox(D)) ® 0x(y)> =0
HY(SPEndy(F, E,) ® K(D — x —y)) = H* (PEndy(E, E,)(z + )" =0

Therefore, we have the following short exact sequences

0 H(SPEndy(E, E.) HO(SPEndo(E, E.) SPEndy(E,E.) ___
QK (D -z —y)) T ®K(D-z)) T ®K(D -1l
0 H°(SPEnd{”(E,E,) _ _ H°(SPEnd"(E,E.) _ _ SPEnd(m)( E\E) __,
®K(D{ Y)) ®K(£D)) (f? ly
o H(SPEndy(E,E.) HO(SPEndy(E, E.) SPEndO(E7E. .
®K(D —y)) ®K(D)) K(D)ly

which are reduced to the following diagram if y € X\ D using (7.10)

0— F(TE,J}:.),y g F(EE )y — SPEndo(E, E.) ® K(D — z)|, — 0

s Fr—l

r—1
0— F (E.EJ)

(E,Ee),y
N

0 — F(OE,E.),y — F(OE7E.) —— SPEndy(E, E,) ® K(D)|, —= 0
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Let F and G be the sub-vector bundles
F < H(SPEnd{" (E, E,) @ K(D — z)) ® Ox
and
G — H°(SPEndy(E,E,) ® K(D — x)) ® Ox
whose fiber over y € X is H*(SPEnd{"”(E, E,) ® K(D — y)) and H°(SPEndy(E, E,) ®
K(D — x — y)) respectively. We define the vector bundles 7’ and G’ analogously for

(E', E.). Then Lemma 2.7 implies that the rows of the following commutative diagram
are exact

0—= g —= Fly ., ® Ox — SPEndo(E, E.) ® K(D — z) — 0 (7.11)

A~

0> F — Fiyh ®Ox —> SPEnd{” (B, E.) ® K (D) —> 0

0—E&— F(OEE.) ® Ox — SPEndy(E, E,) ® K(D) —= 0
Over U, we have proven that

(d(<I>_1) ®Ido,) (Glv) =G'lu
(d(@ ") ®ldo,) (Flv) = F'lu
(d@™") ®@ldoy,) (€lv) = €'y
As before, G, F and £ are the saturations of G|y, F|y and €|y and the same holds for
G, F' and &, so
(d@™) ®ldoy) (9) =7’
(d@ M ®ldoy) (F)=F
(d@ M) ®ldoy) (€) =&
By commutativity of diagram (7.11), the morphisms between G, F and £ coincide with
the restriction of the morphism (d(®~') ®Ido, ) : F(OE’E.) ® O0x — F(OE,E.) ® Ox to

the corresponding subsheaves. Taking quotients, we obtain the following commutative
diagram proving the desired result



SPEndo(E, E.) ® K(D — )
')

Psrendy ®ld k(Do)

SPEnd(E', E

NVQK(D—z) —— 0

SPEnd{” (E, E,) ® K(D)
')

(ﬁgygEndn ®ldk (D)

SPEnd{® (B’

-
g Fle,p.) ® Ox
d(®1)@ldo
m
—1
z, Figm,) ®Ox
)
d(@™ 1) ®Idp
-1
7 Flop,) © Ox
m
£ Flg, g,y ® Ox
(>~ ®Idp
& Fp,p,) ® Ox

SPEndo(E, E,) ® K(D)

,El)® K(D) ———— > 0
~

PspEnay ®Idk (D)

SPEnd(E’,

E))® K(D) ——— 0

0L080T (1303) 68 souDPWaYID U s9ouvapy / zowon 1L ‘DAvfly "q

1.8
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Finally, we have to prove the equalities in (7.10). Let us take the image of F| (’E’ B
and G’(CE7 B by the evaluation map

7 : H*(SPEndy(E, E,) ® K(D)) - SPEndy(E, E,) ® K(D)|,

Let us identify the right hand side fiber with the vector space of traceless r X r complex
matrices and let us define for 0 < k <r

— VI0<1<FkV(i,j) el
o {¢ = (¢;) € SPEndy(E, Ey) ® K(D)|, : o 8 7) }
17 —

Glep = Flop) N {w = Wi) : ajyer ¥ = 0}

where we take F (OE’ E,

)= SPEndy(FE, E,) ® K(D)|, and
" ={(@,5) € [l,7*:5—i=k modr}
By definition of SPEnd(()x)(E, E,), it is clear that the following identities hold

7 (Flp g, ) = HY(SPEd(” (E, B.) @ K(D))

a1 (F(TEE.)) = H(SPEndy(E, E.) ® K(D — z))

Let us prove by induction that for every 0 < k <r

- _ 0k
! (G?E’E.)) = G(g,p.)
m! (F(kE,E.)) = Fp )
For k = 0 the statement is trivial by construction. Suppose that

! (F(E}s.)) = Flp i)
Let s € H°(SPEndy(FE, E,) ® K(D)) be a section in F(’E}E.). Let s, be its germ at x.
Looking at the image of the germ in (Endp(E) ® K (D)), it can be identified with a
matrix S = (5;;) € Mat, «,(Ox ). As Ox ; is a local principal ideal domain, there exists
an element z € Ox , such that (z) C Ox , is the maximal ideal. For —r < k < r, let us
denote by

DF ={(i,j) e [Lr]*:j—i=k}

the set of indexes corresponding to the k-th secondary diagonal of an 7 x r matrix. Note
that for 0 < k <r
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1" =DpruDphr

and for k = r, I" = D°. By induction hypothesis, as s € F(E Bu) then z|S;; for each
(i,5) € D' for 0 <1 < k and, moreover, z%|S;; for each (i,5) € D'=" for 0 < I < k.
We have that h,.(s) € HO(K"D"~(—kz)) if and only if 2**1|det(S). Developing the
determinant

det(S) = Y _ (-1 Hsio(i)

cEX,

the only summand with less than k + 1 factors z is the product of the elements in I*.
To check this, observe that the only factors not already divisible by z are those with
J >4+ k. Moreover, note that for i > r — k, all the elements S;; with j < ¢+ &k —r are
divisible by z2. Therefore, a permutation o : [1,7] — [1,7] for which [],_; S;,(; is not

k+1 must have

already divisible by z
(1) (i) >i+k forevery i <r —k
(2) o(i) >i+k—rforeveryi>r—k

Now the result follows from Lemma 7.17. Therefore, 2**1| det(9) if and only if

Zk+1| H Sij

(i,9)elr

As the k elements below the diagonal are already multiple of z, the product is a multiple

of zF+1

if and only if there is at least an extra z factor in some of the Sj;, i.e., if and only
if s;; annihilates for some (i,7) € I k_Therefore, taking into account that 7 is surjective,
we obtain that s € G?E £, if and only if m(z) € G

Now, let us prove that

(E,Eq)

Flyony =¥ € Glpp) V0 € Glpp 0+ 0 € Gl o)}

Suppose that an element ¢ € G’(“E’E') has some (4,7) € I* with ¢;; # 0. Let 0 £ Z C I*

be the subset of indexes in I* such that Yij 7 0. Then, let us define ¢ € G%’E. in the
following way

0 (i,j)ez
pij=41  (i,j) e INT
1/%‘;‘ (7’73) € [Ln}g\‘[k

We can test that as ¢ € F(kE{E p ¥ e F(’E}E.) and as Z # (), then H(i,j)eﬂv pi; = 0. On
the other hand, for every (i, j) € I*
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(¥ +¢)ij #0

sop+é G’(CE’E.). Now the equality

7 (Fiopn) =7 ({¥ € Glppy V0 € Glo gy v+ 0 € Glopy })

- {w € G](“E,E.) Vp € G’(“EE.), v+ € G’(“E7E.)} = F(’CEE.)

follows from surjectivity of x : G’(“E) By ™ G’(CE7 g,y The remaining equalities of (7.10)

Flp .y, = HO(SPEnd(? (B, Ey) @ K(D - y))

F(TE,E.),y = HO(SPEndO(Ea Eo) ® K(D —xr — y))

follow from the given ones using the same argument as the one used for Lemma 7.14,
taking into account that, as we have already proven, the assumption g > 6 implies that
the following morphisms are surjective for every y € X\ D

HO(SPEndy(E, E,) ® K(D — z)) - SPEndy(E, E,) ® K(D — z)|,
H(SPEnd{" (E, E,) ® K(D)) - SPEnd{" (E, E,) ® K(D)|, O

Lemma 7.17. Let o : [1,7] — [1,r] be a permutation such that

(1) o(i) > i+ k for everyi <r—k
(2) o(i) >i+k—r for everyi>r—k

Then

. e
U(i):{erk 1 <r—=k

i+k—r i>r—%k

Proof. Let us prove by induction that o(i) < i+ k for ¢ < r — k. For i = r — k, we have
that

olr—k)<r=r—k+k

Let j < r — k and let us assume that it is true for all ¢ with » — k > ¢ > j. Then
o(i) =i+k for r—k >4 > j. Therefore, the elements [j + k + 1, 7] have been selected by
the permutation, so o(j) ¢ [j +k+1,7], s0 0(j) < j+k. Once we know that o(i) =i+ k
for i < r — k, let us prove by induction that o(i) < i+ k —r for every ¢ > r — k. As
the elements [k + 1,7] have already been selected by the permutation, we know that
o(i) € [i + k —r k] for every i > r — k. For i = r, we have o(r) < k =r + k —r. Let
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j > r — k and suppose that it is true for every » > ¢ > j. Then o(i) = i + k — r for
every ¢ > j. Therefore, the elements [j + k — r + 1, k] have already been selected by the
permutation and we get 0(j) <j+k—r. O

Lemma 7.18. Suppose that g > 4. For every x € X, and every k > 1, the linear subspace
HY(K*D* ! (—kx)) C Wy,
is preserved by the linear map fr : Wi — Wi.

Proof. Let U C M(r,o, &) and U C M(r,a’,£") be the open nonempty subsets of
generic parabolic vector bundles in the sense of Lemma 2.7. Let V = ®~1(U/) N’ and
let V' = ®(V) CU'. They are also nonempty open subsets of M(r, a, &) and M(r,a’,&’)
respectively. As we assumed g > 3, we have

rdeg(K(D —z))=r(29—3+n)>1r(29—2) >2(2g —2) > 2g

Therefore, we can apply Corollary 3.3 to L = K(D — x) and the open subsets U’ and
U"”. Then we obtain that the linear subspace

é}HO(K’“Dk’l(—kx)) cw
k=2

is the space generated by the images h(H°(SPEndo(E, E.) ® K(D — x))) both when
(E, E,) runs over V and when (E, E,) runs over V'.

By Lemma 7.15, for every (E, E,) € V, if (F',E,) = ®(E, E,) € V', then the image
of H(SPEndy(E, E.) ® K(D — z)) by d(®~1) is H*(SPEndo(E', E) ® K (D — z)). As
®(V) = V', then union of the images h( H°(SPEndy(E, E4)® K (D—x))) for (E, E,) € Vis
the same as the union of the images h(H°(SPEndy(E’, E,)® K(D—x))) for (E', E.) € V',
so f: W — W preserves the subspace @, _, H*(X, K¥DF~1(—kz)) C W.

Finally, the result follows as a consequence of Lemma 7.11, as the map f: W — W
is diagonal with respect to the decomposition W = @ _, Wjy. O

For k > 1, the curve X is embedded in P(W}) via the linear system |K*D*~1| and
the osculating k-space at each point x € X is given by

Osci(z) = P (ker (H*(K*D*1)Y — HY(K*DF ! (—kz))¥) \{0})
The previous corollary, together with Lemma 7.15 proves that the morphism
P(fx) : P (H*(K*D*1)V\{0}) — P (H°(K*D*"1)V\{0})

preserves Oscy(z) for all z € X. Now, we use the following Lemma
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Lemma 7.19. Let X — P¥ be an irreducible smooth complex projective curve embedded
in the projective space. If ¢ € PGL(N + 1) is an isomorphism preserving Oscg : X —
Gr(k+1,N +1) for some k, then it preserves Oscy : X — Gr(k+ 1, N + 1) for every k.

Proof. This is a direct consequence of the following fact proved in [6, p. 1250052-23].
Let X — P be an embedding of an irreducible smooth complex projective curve X in
a projective space and let Oscy, : X — Gr(k + 1, N 4+ 1) be the map sending each z € X
to the osculating k-space of X in P¥. Then Osc; uniquely determines the embedding
X — PN, Therefore the following diagram commutes

For each k' > 0 and each x € X we can identify Oscy (z) with the intersection of all
hyperplanes in PV which intersect with X at z with multiplicity at least k. As the
embedded curve X is preserved by ¢ and ¢ € PGL(N + 1) is a linear isomorphism
it is clear that ¢ preserves the set of hyperplanes with this property and, therefore, it
preserves its intersection Oscy () for each k' and each x € X. O

As P(fx) preserves Oscy, it preserves Oscy, so fi must preserve the hyperplanes
HO(Kka‘fl(_m)) C HO(Kkafl)
for every z € X.
In particular, this implies that for every 2 € X and generic (E, F,) the image of the
set
Ng.. = {¢ € H*(SPEndy(E, E,) @ K(D)) : Vk > 1 hy(¢) € HY(K*D*1(—z))}
by d(@fl) = HO((I)SPEndo ®1Id) is

Ng/ o = {t € H*(SPEndo(E’, E}) ® K(D)) : Vk > 1 hy(¢)) € HY(K*D* ! (—x))}

For x € U, the set N, coincides with the preimage of the nilpotent cone under the
surjective map

H°(SPEndy(E, E,) ® K(D)) — SPEndy(E, E.) ® K(D)|,

Taking the image of Ng, under the evaluation map we get a subset Ng, C
SPEndy(E, E,) ® K(D)|,. Varying x over U, we get a subscheme
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NE‘U — SPEndO(E,E.)|U

such that Pspgng,|v(NEelv) = Nelu.

Therefore, if g > 6, Ppgna,|v : PEndo(E, Fe)|y — PEndy(E’, E.)|v is an isomor-
phism of vector bundles that preserves the nilpotent cone. Therefore, it is an isomorphism
of GL(patsl)|y = GL(sl) x U torsors that preserves the nilpotent cone. Let N < sl denote
the subset of nilpotent matrices. Then, let us denote by

Gy ={g € GL(sl) : g(IN) = N} < GL(sl)

the subgroup of invertible linear transformations of sl which preserve the nilpotent ma-
trices. As ®ppnd,|u preserves the nilpotent cone, it is an isomorphism of Gy-torsors.
Now, we can use the following theorem from Botta, Pierce and Watkins [13],

Theorem 7.20. The group G is generated by

(1) Inner automorphisms X + S71X S
(2) The maps X — aX for some a # 0
(3) The map X — X' that sends a matriz X to its transpose

Using the computation in [7, Lemma 5.4], we know that Aut(sl) is generated by inner
automorphisms and the map X — —X*. Therefore, we conclude that Gy = Aut(sl) x C*.
Thus, up to product by a morphism U — C*, ®pgyq,|v is an isomorphism of Aut(sl)-
torsors, i.e., it is an automorphism of Lie algebra bundles.

Lemma 7.21. Suppose that g > 6. Let (E,E,) and (E', E.) be generic parabolic vector
bundles such that ®(E,E,) = (E',E,). Then there exists a constant X\ € C* such that
the vector bundle isomorphism A - ®pgna, defined in Lemma 7.16 is an isomorphism of
Lie algebras bundles.

Proof. As PEndy(E, E,) and PEndo(E’, E,) have the same degree, det(®pgng,) €
H°(X,0x). X is projective and connected, so det(®pgpg,) is constant. The previous
discussion shows that ®pgnq, |v is an isomorphism of (Aut(sl) x C)-torsors. As its deter-
minant is constant, there exists a nonzero A € C* such that A-®pgyq, |v is an isomorphism
of Aut(sl)-torsors, i.e., it is an isomorphism of Lie algebra bundles.

A Lie algebra structure on PEndy(F, E,) is in particular a bilinear morphism

[,-] : PEndo(E, Eu) ® PEndo(E, E.) — PEndo(E, E,)

Therefore, the Lie algebra structure induced by endomorphism composition on (E, F,)
is represented by a section

P, € H(PEndy(E, E,)" @ PEndy(E, E,)" © PEndy(E, E,))
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Similarly, the Lie algebra structure on (E’, E,) is represented by a section
pe,py) € H(PEndo(E', E,)Y @ PEndo(E', E,)" ® PEndy(E', E)))
Through the isomorphism A - ®pgngq,, the section p(pr, EL) induces another section
(A - @pEndy) *P(Er, ) € H°(PEndy(E, E,)" ® PEndy(FE, E,)" ® PEndy(E, E,))

Therefore, we obtain a section pg g,y — (A - @pEndo)*p(E/,E‘). As X - Dpgpq,|u is an
isomorphism of Lie algebra sheaves, we obtain that (p(E,E.) — (A @pEndO)*p(E,,E‘)) lv =
0, 50 p(e,e.) — (A - PPEnd,) " P(Er,E;) = 0 and A - Ppgpg, must be an isomorphism of Lie
algebras. O

Theorem 7.22. Let (X, D) and (X', D’) be two smooth projective curves of genus g > 6
and g' > 6 respectively with set of marked points D C X and D' C X'. Let £ and & be
line bundles over X and X' respectively, and let o and o be full flag generic systems of
weights over (X, D) and (X', D') respectively. Let

q) : M(X7 T7a?§) ; M(X,,’/‘/,O/,gl)
be an isomorphism. Then

(1) r=r
(2) (X, D) is isomorphic to (X', D’), i.e., there exists an isomorphism o : X = X'
sending D to D’.
(3) There exists a basic transformation T such that
o 0" =T(E)
o o*d’ is in the same stability chamber as T'(«).
o For every (E,E,) € M(r,a,§), c*®(E, FE,) 2 T(FE, E,)

Proof. Let ® : M(X,r, o, &) — M(X',7',a/,£’) be an isomorphism. By Torelli Theo-
rem 4.6, we obtain that » = 7/ and there exists an isomorphism ¢ : (X, D) — (X', D’).
Pulling back by that isomorphism, we obtain an isomorphism

' M(X,r,a,) — M(X,r, 0", 0%¢)

From this point, all the moduli spaces will be constructed over the same curve (X, D), so,
in order to simplify the notation, from now on, we will denote M(r, a, &) = M(X,r, o, &).
Let £ = 0*¢' and o” = o*a’. The differential of ® induces an isomorphism of the
cotangent bundles d(®')~! : T*M(r,a, &) — T*M(r,a”,€"). Let h : T*M(r, o, €) —
W and " : T*M(r,a”,&") — W denote the Hitchin morphisms corresponding to each
choice of the system of weights and determinant. Since both moduli spaces are built
over the same marked curve (X, D) for the same rank, the Hitchin space is the same
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for both moduli spaces. By Proposition 4.4, there exists a C*-equivariant automorphism
f: W — W such that the following diagram commutes

d(®’)~t
T M(r, a, §) T*M(r,a”,£")
hl lh”
w ! 4

As f is C*-equivariant, it preserves the subspace of maximum decay W, C W. Let
hy s T*M(r,a, &) — W, (respectively h! : T* M(r,a”,&") — W) be the composition of
h with the projection to W,. Let f,. : W,. — W,. be the restriction of f to W,. Then f,
is linear and, by Corollary 7.12 we have a diagram

/)—1

T"M(r, 0, €) " M(r, o, ")
| |
WT fr WT

By Lemma 7.13 for every k > 0 and every zg € X
fr (HY(K"D" Y (—kao))) = HY (K" D"~ (—kao))

By Corollary 2.4 and Lemma 2.7, there exists an open nonempty subset U C
M(r,a, &) (respectively U C M(r,a”,&")) parameterizing o’-stable (respectively «-
stable) parabolic vector bundles (E, F,) such that

H'(SPEndo(E,E.) ® K(D —x —y)) =0

for every z,y € X. Let V=UN (®')~1U") and V" = &' (V). By definition of V", there
is a natural identification between V" and an open nonempty subset in M(r,«,&").
Let (E,E,) € M(r,a,€) and let ®'(E,E,) = (E",E)) € M(r,a,&") be its image.
Therefore, we can apply Lemma 7.21 and we obtain that PEndg(E, F,) is isomorphic to
PEndy(E"”, E]) as Lie algebra bundles. Then Lemma 6.14 proves that (E’, E.) can be
obtained from (FE, E,) as a combination of the following transformations

(1) Tensorization with a line bundle over X, (E, E,) — (E ® L,E, ® L)
(2) Dualization (E, Ee) + (E, E)Y
(3) Hecke transformation at a parabolic point z € D, (E, E,) — H,(E, E,).

This means that (E”, E)) = T(E, E,) for some basic transformation 7' = (Id, s, L, H).
In particular, we obtain that £’ = T(£). As the set of possible values for H in the
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choice of T is finite and the r-torsion of the Jacobian J(X) is finite, the space of basic
transformations

Teger ={T =(1d,s,L,H) € T|T(§) = &"}

is finite. For every T' € T¢ ¢, let us consider the composition of isomorphisms 7o (') ! :
M(r, " €7 — M(r,T(a),£&"”). By construction of V and V', it sends V" to T'(V)

(@)t T

M(Ta a”7§”) e —— M(T,O[,f) M(T7T(a)7§/l)

J J J

V! % T(V)

Both V and T'(V) parameterize parabolic vector bundles of rank r and determinant &
which are both a-semistable and o//-semistable and are generic in the sense of Lemma, 2.7,
so they can be canonically identified. Choose once and for all an identification V" = T'(V).
Let U7 : V" — V" be the automorphism of V" induced composing T o (®')~! with the
identification V" = T'(V).

For every (E,E,) € V there exists some T € T¢ ¢ such that ®(E, E,) = T(E, E,).
Therefore, for every (E”, E.) € V" there exists some T' € T¢ ¢ such that Up(E", E)) =
(E",E]) and we obtain that

V'= |J Fix(¥r)

T€7—€1€//

As the set of fixed points of an automorphism is closed and 7¢ ¢~ is finite, V" is a finite
union of closed subsets. M(r, &, £") is irreducible and V" is open, so V" is irreducible.
Then there exists some T' € T¢ ¢ such that V" = Fix(¥r). Therefore, we conclude that
there exist T' € T¢ ¢ and an open subset V C M(r, o, §) such that ®'|y, = T|y.

Let us prove that, in fact, we can find an open subset W C M(r, a, §) whose com-
plement has codimension at least 2 and such that ®'|;;, = T'|;. Let W C M(r, o, §)
be the space of parabolic vector bundles which are both a-stable and T~!(a”)-stable.
By Corollary 2.4, the complement of VW has codimension at least 2. Clearly, T is well
defined over W and it gives us a map T : W — M(r,a”,¢"). Moreover, as M(r, a, &)
is irreducible, W NV is dense in W, so every map ¢ : WNV — M(r,a”,&") admits a
unique extension to W by continuity. We know that ®'|ynw = T|yaw, and @'|yy and
Tyy are two possible extensions, so they must coincide.

As o” is a full flag system of weights, M(r, o, £") is a fine moduli space for every £”.
Therefore, ®' is represented by a parabolic vector bundle (£”,E)) over M(r, o, &) x X
whose fibers are o’’-stable as parabolic vector bundles over X. We have the following
commutative diagram
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(p/ | (6// gl/)

Hom(M(r, a,€), M(r,a”, ")) ——= M(r,a”,&")(M(r,a£))

: :

Hom(W, M(r,a” £")) M(r, o M (W)

T T(E,E)lw

where (£, &,) is the universal family of the moduli space M(r, a, ). Therefore, tensoring
the family by a line bundle if necessary, (£”,£]) is the extension of the basic transfor-
mation T(€,& )y from W to all the moduli space. Note that, T'(£,&,) is a possible
extension as a family of parabolic vector bundles over M(r, a, ). By construction, we
know that the codimension of the complement of W in M(r,a,§)) is at least 2 and
M(r,a, ) is a smooth complex projective scheme, so by Lemma 2.8

(", &)=T(E &)

As (£7,&]) is a family of o'-stable vector bundles, we conclude that T'(&,&,) is a
family of a’-stable vector bundles. Nevertheless, it is also a universal family of T'(a)-
stable vector bundles. We know that (£”,£!) is a universal family, so this implies that
every a'’-stable vector bundle is T'(«)-stable and vice versa, so o’ belongs to the same
stability chamber as T(«) and @ =T. O

If E is a vector bundle of rank 2, then there is a canonical isomorphism EV = E ®
det(EY), i.e., for rank 2, taking dual does not give new isomorphisms of the moduli
space, because taking dual can be rewritten as tensoring with a line bundle. The same
holds for parabolic bundles. More preciselly:

Lemma 7.23. Let r = 2. Then for each basic transformation T = (o,—1, L, H) defining
an isomorphism M(X,r, a,&) = M(X,r,T(a),T()) there exists a line bundle L' such
that the basic transformation T' = (0,1, L', H) satisfies the following

« T =T(§)
o T(a) ~T(a)
o For each (E,E,) € M(X,r,a,§), T(E,Es) 2T'(E, E,)

Proof. Observe that, as r = 2 and we assume that 0 < H < (r—1)D, then H is a simple
divisor and, applying the composition rule (9) described in the presentation of the group
of basic transformations 7 (Lemma 5.7) and taking into account that for every divisor
F, Hor = To () yields

D™ oHuy =Toxp)°oHep-n oD =ToymyoHuoD™
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Therefore, due to the composition rules (8), (9) and (10) described in the presentation
of the group of basic transformations 7 (Lemma 5.7), we can write T" as

T=(0,-1,L,H) =%,0D oTpoHy =%s0T-10To moHyoD "
= (0,1,L7'(H),H) oD~

As Hy and Tz, commute for each H and L', then it is enough to prove that there exists
a line bundle L” such that Tz~ (¢) = €71, Trv(a) = a ~ aV and for each (E, E,) €
M(r,a, &), D (E, Ee) 2 Trv(E, E,), i.e., that

(E,E,)" = (E,E,)® L"

First of all, let us prove that if 7 = 2 then a and «¥ = D~ (a) belong to the same
chamber. We can assume without loss of generality that a; # 0. Let ¢ = (¢(2))zep,
where e(x) = 1 — ay(z) — aa(x). Clearly, for each x € D, —ay(z) < e(z) < 1 — az(z),
so the shifted weights «a[e] form a suitable system of weights that belongs to the same
stability chamber as o. Moreover

algli(z) = ar(z) + e(x) =1 — aa(x)
alela(z) = as(z) +e(x) =1 — ay(x)
so ale] = @Y. On the other hand, for each E € M(r,a,§), there is an isomorphism

/\2 E) = . Therefore, there exists an isomorphism
EV=Eg¢!

Let us prove that under this isomorphism the filtration E} is sent to F,. Let us describe
this isomorphism explicitly. Let U; be a covering of X by open subsets such that E|y, is
trivial, and let g;; : U; NU; — GL(2, C) be transition functions for E. Let

a b
95 =\ ¢ d
Then the transition functions for EV are given by
_ 1 d —c
(VA Nt
9= (9 ) = det(gi;) (_b a )

0 1
-1 0

Let M : C? — C? given by M = < > Then

1

vyl
& det(gs;)

gijM
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As the transition functions for £ = deg(E) are det(g;;), M describes locally the desired
isomorphism EY = E ® £~1. On the other hand, the dual of any quasi-parabolic vec-
tor bundle (F, F,) corresponds to the vector bundle EV, endowed with the parabolic
structure given by

Ey,=Ey,
where, given V C E|,, V*+ C EV|, denotes the annihilator of V, i.e.,
Vi={weEY|,|wl)=0Yv eV}

Observe that, in rank 2, for every v € E|,

Therefore, as tensoring by ! acts trivially on the parabolic structure, we observe that
the isomorphism M : EY = E ® (! sends By, to Ej, for every z € D, so it is an
isomorphism of quasi-parabolic vector bundles (E, E,)Y = (E,E,)® 71, O

Lemma 7.24. Suppose that g > 4. Let T € T be a basic transformation such that T #
Idr = (Id, 1,0x,0) and such that T € T+ ifr = 2. Then for a generic a-stable parabolic
vector bundle (E, Es) of rank r we have T(E, E,) 2 (E, E,).

Proof. Assume that T # Idy but T = (o,s,L, H) acts as the identity on M(r, «, ).

First, let us prove that H = 0. Assume that H # 0. Let z € D such that H > kz, but
H # (k+ 1)z. Then for every (E, E,) € M(r,a,§)

(0,8,L,0) 0o Hy(FE,E,) = (E, E,)

By Lemma 2.11 and Lemma 2.12, for a generic (E, FE,) € M(r, «, §) if E. is the filtration
obtained by changing the step E, ; on x € D to E ; for some

i
Eop—1 S Eyy © Erptr

x

then (E, E,) is a-stable. Then there is a short exact sequence
0 — Hu(E,E,) — Hy—i.(E,E,) — E|./E, ;, — 0

Therefore, as E; . changes through all possible steps in the filtration, then the underlying
vector bundle of Xy (FE, E,) varies. Nevertheless, as

(B, B,) = (0,5,L,0)7(E, E,) = (07 ',5,0"L7",0)(E, E)
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then the underlying vector bundle of H (£, E) must be isomorphic to £ for every E ;,
so we obtain a contradiction and H = 0.

Similarly, o must fix every parabolic point. Otherwise, if o(x) # x for some z € D,
then taking any variation E, ; of the parabolic structure at x we would obtain that

(0,5,L,0)(E, E) = (E, E)

Nevertheless, the left hand side of the equation has constant parabolic structure over x,
while the parabolic structure on the right hand side varies over x.

Now, let us prove that s = 1. If s = —1, for every parabolic vector bundle (E, E,) and
every x € D the isomorphism o*(L ® E)V = F induce a nondegenerate bilinear map

w : E|x®E|x L71‘$

(u,0) ——— (o™ (u),v)

Under the isomorphism T(E, E,) = E the k-th step of the parabolic structure E, j, C E|,
is sent to

E;;,k = {'U (S E|m . Vu S Ex,kv W(U,’U) = 0}

Observe that this transformation inverts the filtration, i.e., £, j is sent to E ;1. We
know that T preserves the parabolic structure, so r = 2 and, in that case, T' € T+ by
hypothesis, so s = 1.

Now, let S € T be any basic transformation such that S(Ox) = £. Then SoT oS~ ! #
Idr, but SoT oS! : M(r,S7 a),0x) — M(r,S7 (a),Ox) is the identity on
M(r,S71(a), Ox). Therefore, we can assume without loss of generality that £ = Ox. In
this case, taking determinants yields

Ox 2 det(F) 2 det(c"LQ E) 2 o"L"

Therefore, L™ = Ox.

Then T = (0,1, L, 0) preserves « and ¢ for any system of weights and every line bundle.
Moreover, by Corollary 2.4 for any system of weights o/, there exists an open subset U C
M(r,a/, €) whose complement has codimension at least 2 and such that all the parabolic
vector bundles in U are « stable. Consider the morphism 7' : M(r, o/, &) — M(r,d/,§).
Over U this morphism is the identity, so T" = Id pq(y,a’,¢)- Therefore, we can assume that
« is any system of weights and ¢ is any fixed line bundle. In particular, we can assume
without loss of generality that « is concentrated and deg(&) is coprime with 7.

Under this choices, for each stable vector bundle £ € M(r,{) and every parabolic
structure Fo on E we have (E, E,) € M(r, a, ). Therefore, in order to prove the Lemma
it is enough to show that there exists E € M(r,§) such that o*(E ® L) 2 E. This fact
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is known (cf. [23, Remark 0.1]) but a full proof of this precise statement is not available
in the literature, so we will proceed to provide one.

Assume the contrary. Suppose that for each E € M(r,£) we have c*(E® L) = E.
Then the map ¥, 07y : M(r,§) — M(r, ) sending E +— o*(E ® L) is the identity map
on M(r,£). We will prove that in this case we have o = Idx and L = Ox.

Let P — X x M(r, ) be the projectivization of the universal bundle on X x M(r, &),
i.e., the bundle whose fiber over X x {E} is P(E). If X5 o T, = Idaq(re), then there
exists an isomorphism P =2 ¢*P. Let € X be any point. Then restricting to the fiber
over {x} x M(r,§) we have an isomorphism

Plizyxmire) = Plo(e)yxmirg)

Then [5, Lemma 4.1] implies that o(x) = x, so o = Idx.

Finally, suppose that L ® £ = E for each E € M(r,£). Then by tensoring with the
appropriate bundle we have L ® E = FE for each E € M(r,d), where d = deg(&). Let
m be the smaller positive integer such that L™ = Ox. Then we can associate to L an
m-to-1 smooth unramified cyclic cover X;, C Tot(L) — X in the following way

Xp={teL:t*"=1€0x=L"}

Let m : X1, — X denote the projection. Then, by [25, Lemma 2.6 and Proposition 3.1]
or [27, Proposition 3.46] a stable vector bundle E € M(X,r,d) satisfies L ® E & E if
and only if E = m,E’ for some stable vector bundle E' € M(Xy,r/m,d). Therefore,
the points of M(X,r,d) fixed by 7., form a closed subscheme of dimension at most
dim M (X, r/m,d). Let us compute this dimension. 7 : X;, — X is unramified of degree
m so Riemann-Hurwitz implies that

9(Xz) —1=m(g—1)

where ¢g(X1) is the genus of Xp. Then, if m > 1 we have

(2) tox0) 1) +1

2
T—(g— D+1<r?(g—1)+1=dimM(X,rd)
m

dim M (Xb%@)

so there always exist stable bundles which are not fixed by the action unless m =1, i.e.,
unless L= 0Ox. O

Theorem 7.25. Let (X, D) be a smooth projective curve of genus g > 6 and let o be a
full flag generic system of weights over (X, D) of rank r. Let £ be a line bundle over
X. Then the automorphism group of M(r,«,§) is the subgroup of T consisting on basic
transformations T such that
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« T(§)=¢
o T(a) is in the same stability chamber as «
o ifr=2, TeT™ .

Proof. If we take (X', D') = (X, D) and o/ = « in Theorem 7.22, we obtain that if @ :
M(r,a, &) = M(r, «,€) is an automorphism then there must exist a basic transformation
T € T such that ®(E, E,) = T(E, E,). Nevertheless, this implies that & = T'(¢) and
T'(«) is in the same stability chamber as a.

Clearly, the subset of transformations 7" preserving ¢ and the chamber of a form a
subgroup of 7. As the group structure of 7 coincides with the composition of morphisms
between moduli spaces of parabolic vector bundles, then this subgroup projects to the
group of automorphisms of M(r, a, £). To prove the theorem it is enough to check that if
T,T" € T are different elements in 7 which satisfy the restrictions then the induced auto-
morphisms T, 7" € Aut(M(r, o, £)) are different. Composing 7' oT~! € Aut(M(r, a, £)),
this is equivalent to proving that if T' # Id and, additionally, T' € T+ if r = 2, then there
exists at least a parabolic vector bundle (E, E,) such that T'(E, E,) # (E, E,). Now we
simply apply the previous Lemma. O

8. Birational geometry

In this section we will analyze the birational geometry of the moduli space of parabolic
vector bundles with fixed determinant and, in particular, in the birational automorphisms
of the moduli space. Boden and Yokogawa [14, Theorem 6.1] proved that for g > 3, if «
is a full flag system of weights and ¢ is any line bundle over (X, D) then M(r, a, &) is a
rational variety of dimension

7“277'

=m

dim(M(r, a,€)) = (r* = 1)(g = 1) + |D|

Therefore, we know that for every (X, D) of genus g and |D| parabolic points there is a
birational map

M(X7 T, o, 5) - ]P)m
In particular
Autpi(M(X, 7, 0, €)) = Autp; (P™)

It is then clear that two moduli spaces M (X, r, a, &) and M(X',r’, o/, £’) are birationally
equivalent if and only if their dimension coincide.

In a first approach, this result closes the problem of understanding the rational geom-
etry of the moduli space and blocks the possibility of a “birational Torelli” type theorem.
However, there is no control “a priori” of how far are the birational equivalences that
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relate two moduli spaces M(X,r, o, &) and M(X', 7/, a/,¢") from extending to an iso-
morphism. More precisely, we know that if these moduli spaces have the same dimension,
then there exist open subsets U C M(X,r, o, &) and U’ C M(X',r",a', &) and an iso-
morphism ® : U — U’. Nevertheless, U and U’ can be “small” open subsets in the sense
that their complement can have codimension 1 (and in fact, they are expected to do so).
In this section, we will be interested in understanding the birational geometry of the
moduli spaces when we restrict the allowed rational maps to those that can be extended
to subsets whose complement has codimension at least 3.

We will start by generalizing some of the core lemmata in section 4 so they can work
in the k-birational setting.

Definition 8.1. Let X’ and X’ be two varieties. We say that X and X’ are k-birational
if there exist open subsets &/ C X and U’ C X’ and an isomorphism ® : &/ — U’ such
that

codim(X\U) > k
codim(X"\U") > k

In particular, X and X’ are birational if they are at least 1-birational. Given a variety
X, we denote by Auty_pi(X) the space of k-birational automorphisms of X.

The study of k-birational maps instead of rational maps is useful in many contexts.
For example, some geometric invariants like the Picard group are invariant under 2-
birational maps, but not under 1-birational ones. Hartog’s theorem proves that if X and
X’ are 2-birationally equivalent normal algebraic varieties then I'(X’) = I'(X”). In the
context of the moduli space of vector bundles (and parabolic vector bundles), we know
that for g > 4 the moduli space of (parabolic) Higgs bundles is 3-birationally equivalent
to the cotangent bundle of the moduli space of (parabolic) vector bundles. The fact that
they are 3-birational and not just 2-birational was used in Section 4 in order to control
the geometry of some special fibers of the Hitchin map.

As we cannot distinguish the moduli spaces nor the isomorphisms between them at the
1-birational level, we will focus on the k-birational maps between moduli spaces for k > 1
and prove that if we restrict to 3-birational maps we obtain enough information to be able
to describe a birational Torelli type theorem and obtain an analogue of Theorem 7.22
which categorizes all the 3-birational maps. Although we believe that the presented
results will remain true for 2-birational maps as well and that the classification could
be attempted with similar techniques as the ones presented in this work, due to some
technical requisites, our proof is restricted to 3-birational maps.

Corollary 8.2. Suppose that g > 4. Let V C M(r,a, &) be an open subset whose com-
plement has codimension at least 3. Then the complement of T*V N H~1(Dy) inside
H~Y(Dy) has codimension at least 2.
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Proof. Let Z = M(r,a,&)\V and let m = dim(M(r, «, £)). As g > 4, by Proposition 3.7
we know that

dlm(MK(D) (Ta Q, 5)\T*M(T, Q, 5)) <2m-3
Therefore, if we denote £ = Mg (p)(r, o, )\T* M(r, a, ) then
dim(EN H Y(Dy)) < 2m — 3

Let us prove that dim(T*Z N H~1(Dy)) < 2m — 3. In that case we would have

dim(H ' (Dy)\(T*V N H Y(Dy))) =dim (ENH Y(Dy))U(T*ZN H 1 (Dy)))
<2m — 3 = dim(H Y(Dy) — 2

First, assume that dim(Z) < m—3. Then dim(T* Z) < 2m—3, so dim(T*ZNH 1 (Dy)) <
2m—-3. O

Lemma 8.3. Let g > 4 and let V C M(r,a, &) be any open subset whose complement has
codimension at least 3. Let Ry C T*V be the union of the complete rational curves in
T*V. Then D is the closure of H(Ry) in W.

Proof. The proof is analogous of Lemma 4.3. Let Hy : T*V — W be the restriction of
the Hitchin map H to T*V. If P! < T*V is a complete rational curve, then it must be
contained in a fiber of the Hitchin map. If s € W\D, then H~!(s) is an abelian variety,
so Hy, 1(5) is an open subset of an abelian variety and, therefore, it does not admit any
nonconstant morphism from P!. Therefore, we only have to prove that for a generic s in
every irreducible component of D the fiber H;, 1(s) contains a complete rational curve.
In this case Hy(Ry) is dense in D and the lemma holds.

For the components D, for x € D, we can proceed just as in the proof of Proposi-
tion 4.2, changing the subset U C M(r, «, §) parameterizing (1, 0)-stable parabolic vector
bundles (E, E,) such that H°(PEndg(E, E,)(z)) = 0 with the following open nonempty
subset Y’. For every (E, F,) € Z = M\V and every 1 < k < r, let us consider the family
of quasi-parabolic vector bundles over P! obtained by changing the k—-th step of the
filtration of E|, to all admissible subspaces E;, , such that

!
Eopy1 G By G Eop—r

Consider the union of all the a-stable points (E, E,) in such families. As the codimension
of Z in M(r,«,§) is at least 3 and the families are at most 1-dimensional, then union
of all the families must have positive codimension and therefore, there exists some open
nonempty subset W C M(r, «, ) whose points are not in the image of any family. Now
take U' =U NV N W and repeat the argument in 4.2.
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For a generic + € Dy, X has a unique singularity which is a node not lying
over a parabolic point. Then H~!(s) is an uniruled variety of dimension m. Let
Z = Mg)(r,a,\T*V) N H-(Dy). If g > 4, by Corollary 8.2 the codimension
of Z in HY(Dy) is at least 2. Let S = H(Z). If dim(S) < m — 1 then for every
s € Dy\S, H™1(s) = Hy,'(s), so the fiber of the (restricted) Hitchin map contains a
complete rational curve.

On the other hand, if dim(S) = m — 1, then H|z : Z — Dy is dominant and,
therefore, the generic fiber has dimension dim(Z)—dim(Dy) < m—2. Then, for a generic
s € Dy, Z N H~'(s) has codimension at least 2 in H~!(s). Therefore H~'(s)\Hy,'(s)
has codimension at least 2 in H~'(s) and H;,'(s) must contain a complete rational
curve. O

Proposition 8.4. Let V C M(r,a, &) be an open subset whose complement has codimen-
sion at least 2. Then the global algebraic functions T'(T*V) produce a map

h:T*V —s Spec(D(T*V)) =W = C™

which is the restriction of the parabolic Hitchin map to T*V up to an isomorphism of
C™ where m = dim W. Moreover, consider the action of C* on T*V given by dilatation
on the fibers. Then there is a unique C* action on W such that h is C*-equivariant

Proof. For V = M(r,a,§) this was proved in Proposition 4.4. As T*V C T* M(r, o, ) is
an open subset whose complement has codimension at least 2 and T* M (r, «, £) is smooth
then by Hartog’s theorem we know that T'(T*V) = T'(T* M(r, a, €)) and the Proposition
follows. O

Theorem 8.5. Let (X, D) and (X', D’) be two smooth projective curves of genus g > 4
and g' > 4 respectively with set of marked points D C X and D' C X'. Let £ and & be
line bundles over X and X' respectively, and let o and o' be full flag generic systems
of weights over (X, D) and (X', D') respectively. Then if M(X,r, «, &) is 3-birational to
M(X' v ol &) then r = ' and (X, D) is isomorphic to (X', D’), i.e., there exists an
isomorphism X = X' sending the set D to D’.

Proof. The proof will be completely analogous to the one given for Theorem 4.6. Let
YV C M(X,r,a,§) and V' € M(X',7",a/,£') be open subsets whose complement has
codimension 3 and let ® : V — V' be the 3-birational morphism between both moduli
spaces. By Proposition 8.4 there must exist an algebraic C*-equivariant isomorphism
f @ W =2 Spec(I(T*V)) — Spec(I'(T*V')) = W’ such that the following diagram

commutes
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d(®~1)
TV V'
| E
W ! w’

As f is C*-equivariant, it must preserve the filtration by subspaces in terms of the decay
and it must send the subspace of maximum decay |A|” of W to the subspace of maximum
decay \/\|7’/ of W’. In particular, the number of steps of the filtration must be the same.
As the filtrations of W and W’ have r — 1 and 7’ — 1 steps respectively, then r = 7’ and

As d(®~!) is an isomorphism, it maps complete rational curves in T*V to complete
rational curves in T*V’'. By Lemma 8.3, f sends the locus of singular spectral curves
D C W to the locus of singular spectral curves D' C W’. Moreover, we know that
fW.) =W/, soif welet C=DNW, and C' = D' N W, we obtain that f(C) =C’.

By Proposition 4.5, the dual variety of P(Cx) in P(W,) is X C P(W}") and, similarly,
the dual variety of P(C%) in P(W)) is X' C P((W))*), so f induces an isomorphism
Vo P(WF) — P((W))*) that sends X to X’. Moreover, the dual of the rest of the
components P (C,) of P(C) correspond to the divisor D ¢ X C P(W}) and the dual of
the components P(C) of P(C’) correspond to the divisor D’ C X’ C P((W))*), so [V
must send D to D’. Therefore, fV induces an isomorphism f¥ : (X, D) — (X', D). O

In contrast with the usual Torelli theorem, where there exist several non-isomorphic
moduli spaces of parabolic vector bundles for the same curve (X, D) depending on the
stability and topological data of the bundles, in the case of k-birational geometry we can
state a hard reciprocal of the Torelli theorem

Proposition 8.6. Let (X, D) be a marked smooth projective curve of genus g > 1+ %

Let £ and &' be line bundles over X and let a and o' be full flag generic systems of
weights of rank r over (X, D). Then there is a k-birational map

M(T7 «, g) - M(T) O/a 5/)
In particular, if g > 3, M(r,a, &) and M(r,o’,&") are 3-birational.

Proof. Let d = deg(§) and d’ = deg(¢’). Let us write d'—d = rm—k' for some 0 < k' < r.
Let x € D be any parabolic point. Then

deg(TOx(mx) © Hk’m(f)) = deg(gl)

Therefore, there exists a line bundle L of degree zero such that

fl =L"® (TOX(mT) ° ,Hk’ac(g)) = ,rL(mm) © Hpra (€)
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Take T = (Id, 1, L(ma), k'z). Then T induces an isomorphism
T: M(r,a,8) — M(r,T(a), &)

By Corollary 2.4 there exists an open subset U C M(r,T(«a),&’) whose comple-
ment has codimension at least k parameterizing o’-stable parabolic vector bundles in
M(r,T(a),&’). Similarly, there exists U’ C M(r,o/,€&’) whose complement have codi-
mension at least k parameterizing T'(«)-stable parabolic vector bundles in M(r, o/, &").
Then U and U’ can be canonically identified as the moduli space of parabolic vector
bundles of rank r and determinant & which are both T'(«)- stable and o’-stable. Finally,
T=YU) € M(r,a,€) is an open subset whose complement has codimension at least k
and we have an isomorphism 71 (U) = U’ so the moduli spaces are k-birational. O

Observe that we obtain analogues of this Proposition in the k-birational category by
just increasing the genus condition, while the Torelli theorem holds in the k-birational
category for any g > 4.

Now let @ : M(X, 7, o, &) --» M(X',1",a/,£') be a 3-birational isomorphism. By the
3-birational version of the Torelli Theorem we have r = v’ and the 3-birational map ®
induces an isomorphism o : X — X’ which sends the set D to D’. Pulling back by o, we
obtain a 3-birational map

' =3,00: M(X,r,a,&) -+ M(X,r,0"a’,0*¢)

Let o' =0*a’ and £’ = 0*¢'. Let V C M(X,r, 0, &) and V' € M(X,r,a”,¢") be open
subsets whose respective complements have codimension at least 3 such that ® : YV — V"
is an isomorphism. Then the differential induces an isomorphism d(®~') : T*V —
T*V". Let h : T*V — W and h” : T*V"” — W denote the restriction of the Hitchin
morphism to ¥V and V" respectively. Since both moduli spaces are built over the same
marked curve (X, D) and with the same rank r, the Hitchin space is the same. By
Proposition 8.4, there exists a C*-equivariant automorphism f : W — W such that the
following diagram commutes

d(@ 1)
T*V N T*V//

hl l’"

w w

By Lemma 8.3, f : W — W must preserve the discriminant locus, i.e., f(D) = D. We
know that it is C*-equivariant, so using Lemma 7.11, f preserves the decomposition
W = @k>1 Wi and its restrictions fr : Wi — Wy are linear. For each k > 1, let
hy : T*V — Wy, and b} : T*V" — W), denote the compositions of h and h” with the
projection W —» W}, respectively. In particular, for each k£ > 1 the following diagram
cominutes
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d(®~1)
T*Y TV
N
W, i W,

Lemma 8.7. Let g > 4. Let f,. : W,. — W, be the C*-equivariant map on the Hitchin
space such that the following diagram commutes

d(®~1)
Ty — s TP (8.1)
. v
W, Ir W,

Then for every k > 0 and every xo € X
fr (HY(K"D" ' (—kao))) = HY(K"D" ! (—kao))

Proof. As d(®~!) is an isomorphism, it maps complete rational curves on TV to com-
plete rational curves on T*V"”. By Lemma 8.3, the morphism f must preserve C = DNW,..
Therefore, the associated map of dual varieties is an automorphism of the marked curve
(X, D). Through the previous discussion, we proved that we can assume that the induced
automorphism of the curve X is the identity, so we can just proceed as in the proof of
Lemma 7.13. O

Once we have proven the 3-birational version of the Torelli theorem and the previ-
ous Lemma, we automatically obtain that if (F,E,) € V is a generic parabolic vector
bundle and ®(E, E,) = (E”,E]) € V" is also generic in the sense of Lemma 2.7 then
Lemmas 7.14, 7.15 and 7.16 hold and we obtain that there is an isomorphism

®spEnd, : PEndo(E, E,) & PEndo(E”, EY)
Moreover, we obtain an analogue of Lemma 7.18
Lemma 8.8. Suppose that g > 4. For each x € X, and every k > 1, the linear subspace
HY(K*D*1(—z)) C Wy
is preserved by the linear map fi : Wi, — W.
Proof. Let V C V the open subset of parabolic vector bundles (E, E,) € V such that both

(E,E,) and ®(FE, E,) are generic in the sense of Lemma 2.7. Applying Corollary 3.3 to
L = K(D—z) and the open subsets V and V" = ®() we obtain that the linear subspace
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éBHO(K’“D’“_l(—kx)) W
k=2

is the space generated by the images h(H°(SPEndy(E, E,) ® K(D — x))) both when
(E, E,) runs over V and when (FE, F,) runs over V.

By Lemma 7.14, for every (E,E,) € V, if (E”,E!) = ®(E,E,) € V", then the
image of HY(SPEndy(E, Fe) ® K(D — x)) by d(®~!) is H*(SPEndy(E", E)) ® K(D —
z)). Therefore f preserves @, _, H'(K*D*~1(—kz)). As it is diagonal, fj preserves
HO(K*DF-1(—kz)).

For k > 1 the curve X is embedded in P(W}) through the linear system |K"D"~1|.
The spaces HO(K*D*=1(—kx)) for € X correspond to the osculating k-spaces of X
at z, Oscg(x). As P(fy) preserves Oscg(x), by Lemma 7.19 it preserves Oscy(x) and,
therefore, fr must preserve the hyperplanes

HO(Kkafl(i‘,L,)) C HO(Kkafl)
forevery x € X. O

From this result we obtain the following Lemma, whose proof is exactly the same as
Lemma 7.21

Lemma 8.9. Suppose that g > 6. Let (E,E,) € V C V and let (E",E!) = ®(E, E,).
Then PEndg(E, E,) and PEndo(E"”, E) are isomorphic as Lie algebra bundles over X.

Now we are ready to generalize Theorem 7.22 to the 3-birational setting.

Theorem 8.10. Let (X, D) and (X', D’) be two smooth projective curves of genus g > 6
and g’ > 6 respectively with a set of marked points D C X and D' C X'. Let &€ and &' be
line bundles over X and X' respectively, and let o and o' be full flag generic systems of
weights over (X, D) and (X', D’) respectively. Let

P M(Xa rQ, f) -3 M(X/7 Tlv O/v g/)
be a 3-birational map. Then

(1) r=r

(2) (X, D) is isomorphic to (X', D’), i.e., there exists an isomorphism o : X = X'
sending D to D’.

(8) There exists a basic transformation T such that
o 0¥ 2T(E)
o For every (E,E,) € M(r,a,§), 0*®(E, E,) 2 T(FE, E,)
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Proof. By the 3-birational version of the Torelli Theorem (Theorem 8.5) we have r = 7/
and the 3-birational map ® induces an isomorphism o : X — X’ which sends the set D
to D’. Pulling back by o, we obtain a 3-birational map

' M(X,r,a,€) -+ M(X,r, 0", 0*¢)

Let o =0*a/ and £’ = o*¢'. Let V C M(X,r,a,&) and V' C M(X,r,a”,£") be open
subsets whose respective complements have codimension at least 3 such that ® : V — V"
is an isomorphism. Let V C V be the subset of parabolic vector bundles (E, E,) € V such
that both (E, E,) and (E”, E]) = ®'(E, E,) are generic in the sense of Lemma 2.7. Then
by Lemma 8.9 for every (E, E,) € V we have that PEndy(FE, E,) and PEndo(E”, EY)
are isomorphic as Lie algebra bundles over X. Then by Lemma 6.14 there exists a basic
transformation T' = (Id, s, L, H) such that (E”, E]) 2 T(E, E,).

Up to this point we have proved that for every (E,F,) € V there exists a basic
transformation T such that ®'(F, F,) = T(F, E,.). Repeating the argument given in
the proof of Theorem 7.22 we obtain that there exists some T' € T¢¢» such that for
every (E,E,) € V, ®(E, E,) = T(E, E,). Repeating the argument in Theorem 7.22, let
W C V be the open subset consisting on parabolic vector bundles (E, E,) which are both
a-stable and T~ (a”)-stable. By Corollary 2.4, the complement of W has codimension
at least 2 in M(r, o, §) and, in particular, WNV is dense in W. Therefore, for every map
¥ WNY — M(r, o, €") there exist at most a unique extension to W. By construction of
W, we know that T gives a well defined map T : W — M(r,a”,£"”). Moreover, we know
that ®'|,,~p = T|\yap and ®’|yy is another extension to W, so ®'|yy = T'|yy. Finally, let
us prove that ®' coincides with T over V, i.e., that for every (E, E,) € M(r, «,&) such
that @' is defined, ®'(E, E,) = T(E, E,).

As o is a full flag system of weights, M(r,a”,£") is a fine moduli space for every £”.
Therefore, @ is represented by a parabolic vector bundle (£”,E.) over V x X whose fibers
are o/-stable as parabolic vector bundles over X. We have the following commutative

diagram
o' (£".€))
Hom(V, M(r, ", £")) ——= M(r, o, £")(V)
’ :
Hom(W, M(r,a”,¢")) ——= M(r,a”,£")(W)
T T(E,E)lp

where (€, &,) is the universal family of the moduli space M(r, , £). Therefore, tensoring
the family by an appropriate line bundle, (£, E]) is an extension of T'(E, &, )|y from W to
V. Clearly T'(€,&,)|v is a possible extension as a family of quasi-parabolic vector bundles
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over V and the complement of W in V has codimension at least 2, so by Lemma 2.8 we
have (£”,&)) = T(€,&,)|y. Taking this isomorphism of families fiberwise we obtain the
desired result. O

Corollary 8.11. Let (X, D) be a smooth projective curve of genus g > 6 and let o be a
full flag generic system of weights over (X, D) of rank r. Let £ be a line bundle over X.
Then

Autz_pir(M(r,,8)) =Te ={T € T|IT(§) =&} <T
if r>2 and
Auts_pir(M(2,0,) =T  ={T e TTT() =& <TF
Proof. Every basic transformation 7' € T¢ induce an isomorphism
T: M(r,a,§) — M(r,T(),£)

By Corollary 2.4, there exist open subsets U C M(r,a, &) and U’ € M(r,T(«), ) whose
complement has codimension at least 3 parameterizing parabolic vector bundles of rank
r and determinant £ which are both a-stable and T'(«)-stable. Therefore, there is an
isomorphism ¥ : ¢/ — U{’. Composing with T, we obtain an isomorphism

o TN U U

so we obtain a 3-birational map M(r,a, &) --+ M(r, o, §).

By the previous Theorem, every 3-birational automorphism is equivalent to one of the
previous ones, so Auts_pi(M(r, @, &)) is a quotient of 7¢. From Lemma 7.24, different
basic transformations 7,7" € 7T¢ induce different 3-birational automorphisms of the
moduli space if r > 2, so we obtain the desired equality for r > 2. For r = 2, by
Lemma 7.23, we know that for every T' € T¢, we can find another transformation 7" €
7? whose image in Auts_p;;(M(2, @, &) is the same and, moreover, by Lemma 7.24,
two different transformations in 7? induce different 3-birational automorphisms, so we
obtain the remaining equality. O

9. Concentrated stability chamber

In the analysis of isomorphisms and k-birational transformations between moduli
spaces of parabolic vector bundles held through the previous sections the systems of
weights were allowed to belong to different stability chambers. This flexibility allowed us
to describe transformations that transcended the limits of a stability chamber and relate
moduli spaces for different choices of the stability and topological data of the bundles.

Nevertheless, by Theorem 7.22 the possible basic transformations T' € T giving rise to
automorphisms of a moduli space M (r, a, £) must satisfy two compatibility conditions.
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« T(§)=¢

e T(«a) belongs to the same stability chamber as «

While the first condition is easily computable and relies just on the choice of fixed
topological invariants of the bundles, the second one depends on an analysis of the
stability chamber where the system of weights « belongs. Therefore, it is possible that
depending on the chamber certain basic generators of 7 which preserve the determinant
fail to preserve the stability and, therefore, they do not induce an automorphism.

Observe that if T € T¢ < T then by Corollary 8.11 T' induces a 3-birational trans-
formation, but 7" induces an automorphism if and only if T'(«) and « share the same
stability chamber. Therefore, analyzing the stability chamber of T'(«) for each T' € T
is the same as studying the set of 3-birational automorphisms that extend to a regular
automorphism of the whole moduli space.

For a general a an explicit analysis may depend greatly on the geometry of the curve,
as the geometrical walls in the space of systems of weights may vary with X in low
genus. We seek for classification results that do not depend on the choice of the Riemann
surface, we will work on two directions. On one hand, we will build invariants that allow
us to distinguish stability chambers in a precise way for high genus. This will be done
in Section 10. On the other hand, we will focus on studying some chamber where we
can compute the stability conditions explicitly in low genus. In particular, in this section
we will classify the automorphisms of the moduli space for a concentrated system of
weights a.

The chamber of concentrated weights is of particular interest, as its interior cor-
responds to generic weights for which parabolic stability is roughly equivalent to the
stability of the underlying vector bundle in the following sense (see, for example, [1])

Lemma 9.1. Let a be a generic concentrated system of weights. Let (E, Eo) be a parabolic
vector bundle. Then

(1) If E is stable as a vector bundle then (E, E4) is a-stable as a parabolic vector bundle
(2) (E, E,.) is a-stable if and only if it is a-semistable
(3) If (E, E,) is a-semistable then E is semistable as a vector bundle

If moreover the rank and degree of E are coprime then E is semistable if and only if it is
stable, so the stability of the parabolic vector bundle (E, E,) is equivalent to the stability
of the underlying vector bundle E.

The constant system of weights ay = 0 lies in the frontier of the concentrated chamber.
A parabolic vector bundle is ag-stable if its underlying vector bundle is stable. If the
rank and degree of E are coprime then the numerical wall passing through o = 0 cannot
be realized in a geometric wall and, therefore, the stability is equivalent of the stability
of the underlying vector bundle.
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Theorem 9.2. Let X be an irreducible smooth complex projective curve of genus g > 6 and
let D be a reduced effective divisor over X. Let v > 2 and let o be a generic concentrated
full flag system of weights over D of rank r. Let £ be a line bundle over X such that
deg(&) is coprime with r. Let M(r,«a, &) be the moduli space of stable parabolic vector
bundles of rank r over (X, D) with system of weights o and determinant . Let ® :
M(r,a, &) = M(r,a, &) be an automorphism. Then there exists a basic transformation
T of the form T = (o,s,L,0) with T(§) = £ such that ® =T. In fact, if r > 2, then

Aut(M(r, 0, €)) 2 {T = (0,5, L,0) e T|T(E) =&} < T
and if r =2
Aut(M(r,a,€)) 2 {T = (6,1,L,0) e THT(£) =€)} < T

Proof. By Theorem 7.25, for every automorphism & there exists a basic transformation
T € T such that ®(E, E,) = T(E, E,) for all (E, E,) € M(r,a, ) and such that

. T(O) ¢

e T(w) is in the same chamber as «

Let T = (0,s,L,0) € T. The pullback of a concentrated system of weights is concen-
trated and the dual of a concentrated system of weights is concentrated, so T'(«) lies
in the concentrated chamber for every concentrated a. In particular, this proves that T
induces an automorphism whenever T'(§) = €.

Therefore, it is enough to prove that if T' = (o, s, L, H) € T¢ induces an automorphism
of the moduli space then H = 0. Let Ty = (o, s, L,0). Then T = Ty o Hy. We have

T(;l = (0_1, s,0"L™*%,0)

By the previous discussion we know that 7j (@) is concentrated, so it induces an iso-
morphism

Tyt M(r,a,€) =5 M(r,a, Ty 1 (€))
composing with ® we obtain an isomorphism
Toto® =Hy: M(r,a,&) = M(r,a, Ty H(E))

So for every (E, E,) € M(r,«, &), Hy(E, E,) must be a-stable. Let d = deg(&). Tensor-
ing with a suitable line bundle we might assume that 0 < d < r. By hypothesis T'(§) & £.
Computing degrees in the determinant equality yields the following possibilities for |H|

(1) If s =1, then |H| is a positive multiple of r and, therefore, |[H| > r > d
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(2) If s = —1, then —(d — |H| + kr) = d, so |H| = 2d + kr.

(a) If £k > 0 then |H| > 2d > d.
(b) If k <0, then as d < r yields |H| < 2r +kr = (24 k)r. As we assumed |H| > 0,
then we can only have k = —1 and, therefore, |H| =2d —r > 0.

Nevertheless, applying Lemma 5.1 in cases (1) and (2a) or Lemma 5.3 in case (2b), we
deduce that there exists some (E, E,) € M(r,«,&) such that Hy(E, E,) is a-unstable
itH#0. O

Observe that for every o : X — X preserving the set D, deg(c*¢) = deg(§). Therefore,
there exists a line bundle L, such that

L' @& (o71)%¢

on the other hand, deg(c*¢~1) = — deg(¢). Therefore, there only exists a line bundle L
such that

(07 7]‘7Lﬂ O)(f) = f

if 7|2d. Under the hypothesis that r and d are coprime this can only be attained if
r = 2. Moreover, by Lemma 7.23, for each T' = (o, —1, L, 0) there exists a line bundle L’
such that T and T" = (0,1, L’,0) induce the same automorphism of the moduli space.
Therefore, for r > 2 the automorphisms of M(r, a, £) are the ones generated by pullbacks
and tensoring with a line bundle. For every ¢ : X — X the set of possible line bundles
L such that o*(L" ® &) = ¢ is in bijection with the r-torsion points of the Jacobian.

Working in an analogous way to the proof of Proposition 5.8 we obtain a short exact
sequence of groups

1 — J(X)[r] — Aut(M(r,a,§)) — Aut(X,D) — 1

Therefore J(X)[r] is normal in Aut(M(r, o, §)) and, moreover, we have shown that the
sequence admits a splitting, so we obtain that

Aut(M(r,, €)) = J(X)[r] x Aut(X, D)

This is far less than the order of 7¢, as for every ¢ € Aut(X,D) and for every
0< H < (r—1)D and s € {1, -1} such that

s(d—|H|)®2d modr

there exists a line bundle L such that
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(0, L, H)(§) =&

where d = deg(&). If L’ is another line bundle such that (o,s, L', H)(£) = £ then there
exists an r-torsion point of the Jacobian S € J(X)[r] such that L’ = L ® S. For any
choice of o and s, the possible divisors H with 0 < H < (r — 1)D are isomorphic to the
group (Z/rZ)!P!. Nevertheless, if we impose the additional constraint

|[H| = (1—s)d modr

IPI=1 " while any two solutions for

Then solutions for s = 1 form the subgroup (Z/rZ)
s = —1 differ by a solution for s = 1. Then a direct computation using the relations

described in Section 5 (see Lemma 5.7 and Proposition 5.8) yields

Auts_pi(M(r, a,€)) = Te = (J(X)[r] . (Z/TZ)\DH) % (222 x Aut(X, D))

for r > 2 and
Auts_pir(M(2,0,8)) = TH = (J(X)[r] X (Z/QZ)\DH) x Aut(X, D)

Under the coprimality condition, if |[D| > 1, this group is 2/”I=! times bigger than
Aut(M(r,a, €)) for r = 2 and 2r/PI=1 times bigger for > 2. This is an example that
shows how the combination of the constraint on the topological invariants T'(§) = £ and
the stability constraint stating that T'(«) and « share the same stability chamber can
be really restrictive and reduce the automorphism group M(r, o, §) significantly.

In the concentrated chamber, the stability condition eliminates the Hecke transform
Hpy and all its combinations from the possible automorphisms. From the point of view
of the restrictions on the topology of the resulting vector bundles, Hecke transformation
is the most flexible transformation, in the sense that it is the only one lacking numerical
restrictions on the degree of the resulting line bundle. If £ and £’ are any two line bundles
there exist a line bundle L and a divisor H such that 7y, o Hy(€) = &’. On the other
hand, dualization can only pass from degree d line bundles to degree —d and 7, can only
reach line bundles whose degree differs from the original one by a multiple of r.

Therefore, once Hecke transformations are discarded, the constraint 7'(§) = £ (or,
more precisely, the induced numerical constraint deg(7(£)) = deg(§)) becomes a really
strong condition. This explains the huge difference with respect to 7¢. If we allow 2-
rational maps, then Hecke transformations are no longer discarded and, therefore, they
are available to be used in combination with dualization and tensorization. This relaxes
the restriction T'(§) & &, leading to more possibilities for the basic transformations
TeTe.
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10. Stability chamber analysis

From Theorem 7.22 we know that every isomorphism between two moduli spaces
of parabolic vector bundles is induced by some basic transformation. In particular, in
Theorem 7.25 we proved that the automorphism group of M(r, a, ) is the subgroup of
T consisting on basic transformations such that

« T(E)=¢
o Ifr=2TeTT".
o T(a) belongs to the same stability chamber as o

As we mentioned in the last section, the two conditions are computable and they
just impose certain numerical restrictions on the possible topological invariants of the
vector bundles, but the last one is of a different kind. Determining whether two parabolic
weights o and o’ over the same curve (X, D) belong to the same stability chamber is
highly nontrivial and depends greatly on the geometry of the curve X. Two systems of
weights a and o belong to different stability chambers if and only if there exists some
a-stable parabolic vector bundle (E, F,) which is o/-unstable or vice versa, i.e., if there
exists some o’-stable parabolic vector bundle which is a-unstable.

Assume that (E, E,) is a-stable but o/-unstable. Then there exists a maximal desta-
bilizing subsheaf F' C E such that

pardeg,. (F, F,) S pardeg,. (E, E,)
rk(F) rk(E)

but, from a-stability

pardeg, (F, F,) pardeg,(E, E,)
rk(F) rk(E)

therefore, the existence of a destabilizing subsheaf imposes some numerical conditions on
a, o and the topological invariants of (E, E,) and (F, F,). If this numerical conditions
are not satisfied by a and o’ then it is clear that they belong to the same stability
chamber. In this case we say that a and o’ belong to the same numerical chamber.

Nevertheless, the reciprocal is not always true. Even if a and o' satisfy the numerical
conditions which are necessary for the existence of a destabilizing subbundle, finding a
parabolic vector bundle (E, E,) and a subsheaf F' C E with the needed invariants is not
obvious. In fact, there might exist systems of weights o and o’ such that the numerical
conditions allowed the existence of a-stable and o’-unstable parabolic vector bundles
but such that geometrically there do not exist at all. Therefore, the stability chambers
are divided in several numerical chambers whose walls are not realized geometrically by
any parabolic vector bundle.

We will start identifying some numerical invariants that will allow us to determine
the numerical chambers uniquely.
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Let {ni(x),...,n(x)} = 7 be any set of nonnegative integers. We say that 7 is
admissible if forany i = 1,...,r and any z € D, n;(z) € {0, 1} and there exists 0 < v’ < r
such that for all z € D yields Y.\, n;(z) = r'. Let d = deg(€). We define

M(r,a,d, ) = V/d 1" wen 2im1 (@) ~ T Yuep 2in ni(a:)ai(x)J ez

r

Observe that for every ¢ € RIPI,
M(r,a,d,m) = M(r, ale],d,n)

i.e., M(r,«,d,m) only depends on the class o € A.
Recall that we say that if a subbundle F' C E of a parabolic vector bundle (E, E,) is
of type @ then

wt(F Fa) = Y ) ni(x)o(z)
zeD i=1

Lemma 10.1. Let (E, E,) be a parabolic vector bundle such that deg(E) = d. Then (E, E,
is semistable if and only if for every admissible m and every subbundle F C E of type T
we have

deg(F) < M(r,a,d,m)

Proof. The parabolic bundle (FE, E,) is semistable if for every subbundle F' with the
induced parabolic structure

deg(F) + ¥y iy m(@)ai(a) _ d+ ¥, Tiy aile)

Equivalently, solving for deg(F")

P'd+7"Y ep Yy @il(®) =1 Y0 cp Yy i) ()

r

deg(F) <

As deg(F) is an integer, its value is at most the floor of the right hand side, which is
precisely M (r,a,d,m). O

Corollary 10.2. Let o and o’ be rank r systems of weights such that for every admissible
M(T7 a’ d7 ﬁ) = M(lr’ a/7 d? ﬁ)

then o and o' belong to the same stability chamber.
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Proof. If (E, E,) is a-semistable then for every admissible @ and every subbundle F C FE
of type T

deg(F) < M(r,a,d,m) = M(r,a’,d,m)
so (E, E,) is /-semistable. O
Let N be the set of admissible 7. Let us denote
M(r,a,d) = (M(r,a,d,n))cn € v

then we say that @ and o belong to the same numerical stability chamber if and only if

M(r,a,d) = M(r,d/, d).
Proposition 10.3. There is a finite number of stability chambers in A.

Proof. For every a € A and every admissible 7, using that 0 < «;(z) < 1 and 0 <
n;(z) <1 we obtain the following bounds

rd+1" Y pep 2im1 %(8) =T X aep Xina m(x)az(x)J

r

Min (r,d) = C—l —rD|—-1< {
r

(r—1)d

< + (r — 1)|D| = Muyax(r,d)
Therefore M(r,a,d) € [Muin(r, d), Max (7, d)]N for every . In particular this implies
that there is a finite number of numerical chambers in A. As a numerical chamber is
included in exactly one stability chamber we obtain that there is a finite number of
stability chambers. O

This proposition has some further implications on the k-birational geometry of the
moduli space M(r, @, §).

Corollary 10.4. Let k > 0. Let X be a genus g > 1+ ’:%% Riemann surface and let D C X
be a nonempty set of points. Let a be any generic system of weights over (X, D) and let
& be any line bundle over X. Then there exists an open subset M"(r,&) C M(r,a,€)
whose complement has codimension at least k and such that each parabolic vector bundle
(E, E,) € M"(r,&) is o’ -stable for every generic o’ € A.

Proof. Let C denote the set of stability chambers in A. By the previous lemma it is a
finite set. Let a1,..., )¢ be a set of generic representatives for the stability chambers
in C. Then a parabolic vector bundle is o’-stable for all generic o/ € A if and only if
it is a;-stable for every ¢ = 1,...,|C|. On the other hand by Corollary 2.4, for every «;
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there exists an open subset U; C M(r, «, ) whose complement has codimension at least
k such that every (E, Eo) € U; is a-stable and «;-stable. Take

[C]
M (r &) = mui C M(r, o, §)

i=1

As C is a finite set, M"(r, ) is an open subset whose complement has codimension at
least k and such that every (E, E,) € M"(r,§) is a;-stable for every i =1,...,|C|. O

One we have classified the space of numerical chambers, our objective is to develop
a tool to determine whether some numerical wall separating two numerical chambers is
actually realized by a destabilizing subbundle of some parabolic vector bundle, at least
for big genus.

Lemma 10.5. Let X be a genus g smooth complex projective curve. Suppose that

g>1l+(r—1n-— \‘Z al(x)J

xeD

Then for every T there exist a stable parabolic vector bundle (E, Es) € M(r,a,§) and a
subbundle F C E of type m such that

deg(F) = M(r,a,d,m)

Proof. For every admissible choice of

Z Zni(x)ai(:c) > Z a1(x)

zeD i=1 xzeD

Therefore, the genus condition in [3, Theorem 1.4.3A] hold for every @ and we obtain
that there exists a stable parabolic vector bundle (E, E,) of rank r and degree d = deg(€)
with a subbundle F' C F satisfying the properties in the Lemma. Now it is enough to
tensor it with a suitable degree zero line bundle to obtain another one whose determinant
is isomorphic to £&. O

Theorem 10.6. Let o and 8 be generic full flag systems of weights of rank r over (X, D).
Let & be a degree d line bundle over X and assume that

g>1+(r—1)n—min QZ al(x)J , {Z 51(x)J>

xeD xeD

Then « and B belong to the same stability chamber of the moduli space of rank r deter-
minant £ full flag parabolic vector bundles if and only if for every admissible i
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M(r,a,d,m) = M(r, 3, d,7)

Proof. The systems of weights « and § belong to different chambers if and only if either
there exists an a-stable vector bundle (E, E,) which is not S-stable or vice versa. Suppose
that there exists an a-stable, S-unstable parabolic vector bundle. By Lemma 10.1, there
exist a subbundle F' C E and integers 7 such that

wt(F, Fy) = Z Zni(x)ai(x)

zeD i=1

and

so M(r,3,d,m) # M(r,a,d,n). Reciprocally, suppose that M (r, «, d) # M (r, 3,d). Then,
interchanging « and £ if necessary, there exists an admissible 7 such that M(r, 8,d, ) <
M(r,a,d,m). By Lemma 10.5, there exist an a-stable parabolic vector bundle (E, F,)
and a subbundle F' C F of type @ such that

Therefore, from Lemma 10.1, (E, E,) is S-unstable. O

The genus condition in this Theorem deserves some remarks. First, notice that it is
only needed for the “necessary” part of the theorem. If M (r, o, d) = M (r, 3, d) then o and
[ belong to the same numerical — and therefore geometrical — chamber, independently
of the genus of the curve.

Second, the genus condition is picked so that it is valid for any couple of systems of
weights a and (. There are stability chambers which are more easily distinguished than
others. For some choices of o and [, the bound for the genus can be really lowered.

Proposition 10.7. Let o and 8 be concentrated systems of weights and let w be an admis-
sible array such that

M('f‘,ﬁ,d,ﬁ) < M(T,O[,d,ﬁ)
Then a and B belong to different stability chambers if

[Zaep 2ima (1 — ai(@)(1 — ni(x))]

,r/

g=>1+

Proof. The proof is exactly the same as in the Theorem, but instead of using the genus
bound in Lemma 10.5, we apply the bound in [3, Theorem 1.4.3A]. O
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Finally, observe that the genus bounds for the previous results are not well defined for
a, B e A, rather they depend on the choice of representatives in A. We can play this out
in our favor and choose suitable ¢, € RIP! such that the genus bound for a[e] and 3[d]
is as low as possible. The bound for «a[e] decreases with €. The maximum possible shift
that we can take at each x € D is e(x) < 1 — a,.(x). Therefore, the previous Proposition
holds if for some 7 > 0

(X e 2imi(on(@) + 7 — ai(2))(1 — ni(z))]

,rJ

g=>1+

In particular, the more concentrated the weights in a numerical chamber are, the lesser
genus is needed in order to realize the surrounding numerical walls as geometrical walls.
This somehow justifies that our study of the concentrated chamber can be done more
explicitly in lower genus.

Finally, we can apply the previous results to obtain the following versions of Theo-
rem 7.22 and Theorem 7.25.

Theorem 10.8. Let (X, D) and (X', D’) be two smooth projective curves of genus g >
max{1l + (r — 1)|D|,6} and g’ > 6 respectively with set of marked points D C X and
D' Cc X'. Let £ and & be line bundles over X and X' respectively, and let o and o be
full flag generic systems of weights over (X, D) and (X', D) respectively. Let

(b : M(X7 r,Q, 5) L> M(XI7 T/a O/a §I>
be an isomorphism. Then

(1) r=1r
(2) (X, D) is isomorphic to (X', D'), i.e., there exists an isomorphism o : X = X'
sending D to D’.
(8) There exists a basic transformation T such that
. o2 T(E) -
« M(r,oa’,deg(¢')) = M(r,T(a), deg(¢’))
o For every (E,E,) € M(r,,§), c*®(E,E,) 2 T(E, E,)

Corollary 10.9. Let (X, D) be a smooth projective curve of genus g > max{l + (r —
1)|D|,6} and let o be a full flag generic system of weights over (X, D) of rank r. Let &
be a line bundle over X. Then the automorphism group of M(r,a, &) is the subgroup of
T consisting on basic transformations T such that

. T()=¢ B
o M(r,T(a),deg(¢)) = M(r,a,deg(¢))
o« Ifr=2,TecT*
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Unlike the original results, these versions are fully computable for each specific case, in
the sense that for every system of weights o and every line bundle ¢ we have an explicit
morphism

(dete, M,) = T Pic(X) x ZN

T (T(&), M(r,T(ar), deg(T(c))))

And for g > 14 (r — 1)|D| we know that the set of isomorphisms between M(r, a,§)
and M(r,a’,&’) is given by

(dete, Mo) (&, M(r, o, deg(£")))
In particular, the moduli spaces M(r, o, &) and M(r,a/, £) are isomorphic if and only if
(€', M(r, 0, deg(€"))) € (dete, Ma)(T)

Moreover, from the description of 7 in terms of the generators D~, 77, and Hpy given in
Proposition 5.8

T 2T, Tu) x (Aut(X,x) x Z/27)
for each chamber « and each determinant £ we can explicitly describe a presentation of
Aut(M(r, o, €)) = (dete, Ma) ™" (&, M(r, o, deg(§))) < T
or, if r =2,
Aut(M(2,a,8)) = (detg, My) 1 (&, M(r,a,deg(E)NTH < T

just by selecting generators in the right hand side.
11. Examples

Let X be a curve with an automorphism o : X — X such that there exist x,y € X

with o(z) = y and o(y) = z. Take D = {z,y}. Let 0 < a3 < 1/2 < a2 < 1. Then take
the following full flag system of weights of rank r = 2 at (X, D)
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Then, by construction Hg4, () ~ Xs(a). Let L be a line bundle of degree 1 such that
L? = Ox(z +y) Then we have that

(07 1a L,.T + y) : M(?”, Oé,g) — M(Ta Oé7§)
is an automorphism. Now let

Autt (X, D) = {0 € Aut(X)|o(z) =z, o(y) = y}
Aut™ (X, D) = {o € Awt(X)|o(z) =y, o(y) =z}

Then the following basic transformations are nontrivial automorphisms of M (r, «, §)

o T=(0",1,L,x +vy), where 0~ € Aut™ (X, D) and T(§) = ¢

o T=(0%,1,L,0), where ot € Aut™ (X, D) and T'(¢) = €.

Moreover, if || is small enough and X has genus g > 3, then the weights «;(x)
are concentrated but the weights «;(y) are not. Therefore, 7, (c) is concentrated, « is
concentrated at x, Hyy,(a) is concentrated at y and H,(a) is not concentrated. From
the genus condition, it can be proved using Theorem 10.6 from the last section, that
Hayty(), Hy(a) and H,(a) do not belong to the same chamber as «. Moreover, taking
the pullback by o~ interchange the following (distinct) chambers

o Hy(a) and Hy(a)
o aand Hayqy(w)

As all the chambers are different, in order for a basic transformation T' = (o, s, L, H) to
preserve the stability chamber of o we need either

e o€ Aut™(X,D)and H =0 or
e ce At (X, D)and H=z+y

so, taking into account that for rank 2 each transformation of the form T'= (o, —1, L, H)
is equivalent to another one of the form (o,1,L’', H) for some L', we obtain that the
automorphisms of M(r, «, &) are precisely the ones described above.

This example proves that there exist curves and systems of weights for which the Hecke
transform induces nontrivial automorphisms when combined with pullbacks by suitable
automorphisms of the curve even if the transformation Hy alone does not preserve the
stability chamber.

As we saw in the last theorem, this cannot happen in the concentrated setting and,
in general, it is not expected to happen if the parabolic chamber is stable under trans-
formations X, for all 0 € Aut(X, D).
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Now let X be any Riemann surface and let D = x for some x € X. Let 0 < e < 1/4
and let us consider the following rank 3 system of weights over (X, D)

ar(z) =¢
as(x) = 3¢
asg(z)=1-—¢

A direct computation shows us that H,(a) ~ (g,1—3e,1 —¢), so Hay(a)¥ ~ . Let £
be any degree —1 line bundle over X. Then

so deg(D~ o H,(§)) =1+ 1 =2 = deg(§) + 3. Therefore, there exists a line bundle L of
degree 1 such that

LPeg(-z)=¢!

Take T = (Id,—1,L,z). As T; does not change the parabolic weights the previous
computations shows that

Therefore, we obtain that
(Id) _17 L7 'r) : M(lr’ a’ E) H M(T7 a? g)

is an automorphism. Moreover, for any automorphism o : X — X fixing D = x we
have that

deg(D™ 0 Hy(€)) = 2 = deg((071)"¢) +3

Therefore, there exists a line bundle L, of degree 1 such that

1

Ly @&(—z) = (071)"¢!

As ¥, fixes the parabolic point then taking T' = (o, —1, L,, ) we obtain that



D. Alfaya, T.L. Gémez / Advances in Mathematics 393 (2021) 108070 125

Therefore, we obtain that
(07 _17 L07 .’13) : M(Ta «, f) — M(n «, 5)

is an automorphism. Then we have found an example of a marked curve of arbitrary high
genus and a system of weights such that the Hecke transformation induces a nontrivial
automorphism of the moduli space when combined with the dualization. In contrast
with the previous example, where the curved was supposed to have an automorphism
interchanging two parabolic points, in this example the existence of an automorphism
involving Hecke transformation is achieved even if the curve is generic and lacks nontrivial
automorphisms.

The basic transformation T' = (Id, —1, L, x) is particularly interesting. If g > 4 then
from Lemma 7.24 we know that T acts nontrivially on M(r, «, ), but a direct compu-
tation shows that T2 = Ids. Therefore, T' is an involution of M(r,, £) that does not
come from an involution of the Riemann surface X.

To complete the example, let us study other kinds of automorphisms that this moduli
space admits. Let T' = (o,s,L, H) € T. By construction D~ (a)) ~ H,(c). Moreover,
if € is small enough then Ha, () ~ (1 — 5,1 — 3¢,1 — €) is concentrated. Therefore,
s0 is D™ o Haoy (). On the other hand, o and H,(«) are not concentrated. Using the
results of the previous chapter we can prove that if € is small enough and g > 3 then
a~D” oHy(a), Hy(a) ~ D (o) and Hay(a) ~ D~ o Hay(r) belong to three different
stability chambers.

On the other hand, ¥, and 77, do not change the stability chamber, so T'(«) is in the
same stability chamber as « if and only if either

e H=0and s=1or
e H=xand s=-1

In both cases, for every o : X — X fixing D = x there exists a line bundle L such

that (0,1, L,0)(&) Z £ or (0, —1, L, z)(§) = £ respectively. In every case, such L is unique
up to a choice of a 3-torsion point in J(X). Then

Aut(M(r, 0, €)) = J(X)[3] x (Z/2Z x Aut(X, D))
An analogous example can be found for any rank. Just take « distributed as o, (z) =

1 —¢and ag(x) = (2k —1)e for k < 7. Then D~ o H(,_9),(a) ~ . If we take £ of degree
—1 then

deg(H(r—2)2(€)) = deg(é) —r+2=r—1=deg(6"") +r

Therefore, there exists a line bundle L of degree 1 such that if "= (Id, -1, L, H (;_2)5)
then
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e T(a) ~«
« TE)=¢

so T induces an automorphism T : M(r, a, &) — M(r,a, &) which is an involution of
the moduli space.
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