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1. Introduction

Let d be field discriminant, that is d = 1 (mod 4) is square free, or d = 0 (mod 4)
and % is square free with % =2 or 3 (mod 4). A lattice in R™ is a Z module generated
by n linearly independent vectors in R™. Recently ideal lattices (see Section 2.4 for the
definition in the quadratic case) have come into the forefront as a new tool for cryptog-
raphy and coding theory, claiming to defeat the possible threats of a quantum attack on
the hitherto established systems. Non-zero vectors in a lattice with least Euclidean norm
play a key role as finding these vectors is considered to be a computationally difficult
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problem. Therefore one is interested in a lattice that has a basis comprising of only such
vectors. We look for such lattices arising from ideals in the full ring of integers of a real
quadratic field Q(v/d); these ideals are called well-rounded (WR). The reader is directed
to [1], [2] and [3] for more information and results on the topic. In [2] the authors ex-
hibit infinite families of real and imaginary quadratic fields with ideals that give rise to
well-rounded lattices.

In [3] the authors prove that an imaginary quadratic field Q(v/—d) contains well-

rounded ideals if and only if d has a divisor a satisfying the inequality \/g <a < V.
In the case of real quadratic fields, they pose a question whether well-rounded ideals
lattices can exist when this condition is not satisfied. Our main theorem answers this
question in the affirmative. Indeed the necessary and sufficient condition given in the
following theorem properly contains the condition given above.

Theorem 1. Let K = Q(v/d) be a real quadratic field where d is a field discriminant. A
primitive ideal I = aZ + b_T‘/aZ in the ring of integers is well-rounded if and only if

b = a, where a is a positive integer that divides d and satisfies \/g < a < V3d. Moreover
if d =4dy and I is well-rounded then di = 3 (mod 4).

Remark 1. The well-rounded ideal I in the above theorem has order dividing 2 in the
class group. Indeed d = a? — 4ac for some integer ¢, and hence the norm of the ideal I,
a = N(I), divides d. If an ideal I is not primitive, then I = ~.J, where J is a primitive
ideal and + is a positive integer. It is easy to see that I is well-rounded if and only if J
is well-rounded. In [3, Question 2] the authors asked whether principal WR ideals exist
in the case when d = 4d;. Recall that d is a fundamental discriminant and so d; = 2
or 3 (mod 4). In [4, Proposition 4] the authors show that there are infinitely many
real quadratic fields with WR principal ideals in the case when d; = 3 (mod 4). These
authors were interested in principal ideals, however, our theorem above shows that if
d = 4dy and I is any well-rounded ideal, then d; = 3 (mod 4). Hence well-rounded
ideals (principal or otherwise) do not exist if d = 4d; and dq =2 (mod 4).

2. Binary quadratic forms, ideals and lattices
2.1. Forms

A binary quadratic form is a function f(x,y) = az? + bwy + cy?, where a,b,c are
real numbers (called the coefficients of f) and d = b? — 4ac is the discriminant. A
form is called positive definite if the discriminant is negative. We consider only integral
forms, that is a, b, ¢ are integers. In the case when ged(a, b, ¢) = 1, the form is primitive.

Often we will suppress the variables z and y, writing a form f(z,y) as simply f =
(a,b,c).
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Two forms f and f’ are said to be equivalent, written as f ~ f’, if for some A =
(: g) € SLy(Z) we have f'(z,y) = f(az + By, vz + dy). It is easy to see that ~ is

an equivalence relation on the set of forms of discriminant d.

A form f is said to represent an integer m if there exist coprime integers x and y,
such that f(x,y) = m. Note that equivalent forms represent the same integers and hence
sometimes we refer to a class of forms f that represents a given integer.

The set of equivalence classes of primitive forms is an abelian group called the form
class group, with group law as composition given in Definition 2.1 in the next section.

If f = (a,b, c), then the form (a, —b, ¢) is the inverse of f. The identity form e is defined
as the form (1,0, ’Td) or (1,1, 1%4‘1) depending on whether d is even or odd respectively.
A useful fact is that any form that represents the integer 1 is equivalent to the identity
form.

The infimum of a binary quadratic form f is defined as m(f) = inf{|f(z,y)| : z,y €
Z}, where x,y are not both 0. Note that m(f) = m(f~!) and m(kf) = km(f) for any
real number k.

A form (a,b,c) of negative discriminant is reduced if |b| < a < ¢, where b > 0 in the
case when |b| = a or a = ¢. Symmetric forms satisfy a = c.

2.2. Ideals

Recall that d = 0,1 (mod 4) denotes a field discriminant and all ideals are in the ring
of integers. We present below a description of an ideal and the rule for composing two
primitive ideals. The reader may refer to [5, Sections 1.1 and 1.2] for more information.

Let

d=1 (mod 4)
w =
\/g, d=0 (mod 4).

The ring of algebraic integers is the module with basis [1,w]. A primitive ideal I can be
written in the form

—b+\/3Z

I =aZ
ati + 5 s

(1)
where a,b are integers such that a > 0 is the norm of the ideal, 0 < b < 2a and 4a
divides b* — d.

If c = bzgd then ged(a,b,c) = 1 as d is a field discriminant and so (a,b,c) = az? +
bxy + cy? is a primitive form of discriminant d. Also, if I is not primitive then there is

a primitive ideal J such that I = ~J for some integer ~.
In the following definition we present the formula for the product of ideals which leads
to composition of forms.
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Definition 2.1. (Composition law) Let I, = axZ + _”’“TNEZ, k =1,2, be two primitive
ideals. Let f; = (a1,b1,c¢1) and fo = (ag,bs, c2) be the corresponding binary quadratic
forms of discriminant d. Let g = ged(aq, ag, (b1 +b2)/2) and let vq, va, w be integers such
that

viay + vaas + w(by + b2)/2 = g.

If a3 and b3 are given by
a1a9
9%’

b3=b2+2%(
g

as =

b1 — b
2

Vg — czw> mod 2ag,

then I - I5 is the ideal a3Z + *I’STJ”/EZ. Also, the composition of the forms (a1, b1, ¢1) and
(a2, ba, c2) is the form (ag, b3, c3), where c3 is computed using the discriminant equation.

Note that this gives the multiplication in the class group.
2.8. Lemmas on binary quadratic forms

The following lemma contains some elementary results on binary quadratic forms that
we use in the proof of the main theorem.

Lemma 2.

1. The form (a,b,c) is equivalent to the form (a,b+ 2ad,ad? +bd +c) for any integer §.

2. The form (a,b,c) is equivalent to the form (c,—b,a).

3. If f = (a,b,¢) is a reduced form of negative discriminant, then a and ¢ are the two
smallest integers represented by f.

Proof. Parts are 1 and 2 are achieved by the transformation matrices ((1) (1$> and

((1) _01) For the third part see [6, Chapter 6, Section 8§].

In the following lemma we present an elementary fact on forms of order dividing two
that is the principal tool in proving our main result.

Lemma 3. Let f = (a,b,c) be a positive definite form of discriminant d such that f? ~ e.
Then either a divides b or (61‘1722 > ldl
ged(a,b)) 4

Proof. Let the composition of f with itself using the composition law (Definition 2.1)

2
be (A, B,C). Then A = (m) and as equivalent forms represent the same integers,
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the identity form e represents A. As e is either (1,0, _Td) or (1,1, %l) (depending on

2
the parity of d), from Lemma 2, part 3, if A # 1 then A = (gcd‘(‘a_’b)) > %. Note that

A =1 corresponds to alb.
2.4. Real quadratic ideal lattices

Let I be an ideal in the ring of integers of a real quadratic field Q(\/&) with basis
[a, b_‘/a] The ideal lattice associated to I denoted by L; has a basis matrix

2
A a b—zx/E
=\, bxvd )’
2

so that if (ZLL) € Z?, the elements of the lattice are given by x = Aj (T;Z), with norm

form
@ =1l = (m ) AFAr (7). @)

The lattice is well-rounded or WR if there is a basis of elements both of which have the
shortest norm. We call an ideal well-rounded if the corresponding lattice is WR.

Lemma 4. An ideal I is WR if and only if its norm form Qp = tQ, for some positive
integer t and Q a primitive form that is equivalent to a reduced symmetric form.

Proof. Let I = ~J where J is a primitive ideal. Then A; = vA; and from the norm
equation (2), it follows that Q; = v2Q . Let @ be the primitive form obtained by dividing
the three coefficients of Qs by their greatest common divisor g. Then Q; = v2¢Q and
the least positive integers represented satisfy m(Q;) = v2gm/(Q). Clearly I is WR if and
only if @ is WR. By Lemma 2, part 3, @ is WR if and only if it is equivalent to a reduced
symmetric form and the result follows.

3. Proof of Theorem 1

Let I = aZ + b*T\/EZ be a primitive ideal. Recall that d is a field discriminant and
hence ged(a, b, c) = 1, where d = b — 4ac. The corresponding lattice L; has norm form
(given by (2))

b? +d

Q1 = 2a’*m? + 2abmn + n?.

Note that Q; is a positive definite form of discriminant —4a?d.
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Let g = ged(2a?, 2ab, 1’2—;‘1) As d = b? — 4ac we have g < ged(a, b). It follows that

242 2ab b2 +d
Q=@ _20 2 200 b Hdo
g g g 2g

is a primitive form of discriminant 74%.
Claim 1. Q? ~ e if and only if a|b.

Proof. It is easy to see from Definition 2.1 that for any primitive form (A, B,C), if
A|B, then the composition of the form with itself gives the identity form (as az = 1
in Definition 2.1). Therefore if a|b then Q? ~ e. Now assume that Q% ~ e. We have
gcd(i 2aby — 2?“ ged(a, b). By Lemma 3 either a|b or

9’9
2
2a°
(T) a2 a2
= > —d

2= 2 = 2%
2a ged(a, b) g
( . gcd(a,b))

2

The above gives d < gcdfw <1 (as g < ged(a, b)), which is not possible.

Claim 2. If a|b then Q is equivalent to a reduced symmetric form if and only if a = b and

\/g<a<\/@.

Proof. We first consider the case when d = 1 (mod 4). As 0 < b < 2a, if a|b it follows
that b =a (as b=d (mod 4) is odd) and Q; = (2a?, 242, “%d) Moreover d = a® — 4ac
and ged(a, ¢) =1 gives Q = (2a,2a,a — 2¢).

Using the equivalences given in parts 1 and 2 of Lemma 2, we have Q ~ (a —
2¢,—2a,2a) ~ (a — 2¢,4c,a — 2¢) = fo. Observe that fy is symmetric. Also, fo is re-

duced if and only if |4¢| < a — 2¢. Using ¢ = a’—d

1. it is easy to show that the condition

lde| < a — 2¢ is equivalent to Vd < a < v/3d when ¢ > 0 and to \/g < a < Vd when
c<0.

Now consider the case d = 0 (mod 4). Let d = 4d; and b = 2b;. In this case alb
gives b = a or b = 0. We look first at the case when a = b. As d; = b3 — 2b;c and
ged(a, b, ¢) = 1, we have by and ¢ are odd. Therefore it follows that Q7 = (2a?,2ab, 2(b3 +

d1)) = 2(a? ab,2b? — ac) = 8by(b1,br, 25¢) and thus @ = (b1, b1, 25¢). We have the

equivalences (using Lemma 2)

by —c by —c by —c bi—c b1 —c¢
<b17b17 12 >N(12 »_bhbl)’\’(lz ,—b1 +2 12 712 >

bl—C b1—C -
N( 2 7Ca 2 )_fo
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The form fj is reduced iff |c| < b12— €. In an identical fashion to the case above, noting

that a = b = 2by, we obtain that fj is reduced if and only if @ < a < V/3d. To complete
the proof of Claim 2 it remains to consider the case b = 0. We have d; = —ac and hence
Qr = (2a2%,0,—2ac) and Q = (a,0,—c). One of (a,0,—c) or (—c,0,a) is reduced and
clearly neither is symmetric as a # —c¢ (ged(a, ¢) = 1).

From Lemma 4 the ideal I is WR if and only if @) is equivalent to a reduced symmetric
form. From Claims 1 and 2 it follows that I is WR if and only if a = b and \/g <a<V3d.

Lastly, note that if d = 4d; is even, then b = a = 2a; so that d; = a? — 2a;c, from
which it follows that d; =3 (mod 4). O
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