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ARTICLE INFO ABSTRACT

Keywords: In this paper we analyze a generalization of the semilinear phase field model from G. Caginalp
Parabolic equations (1986, 1991) and A. Jiménez-Casas-A. Rodriguez-Bernal (1996, 2005), where we consider a
Transmission problem singular term concentrated in a neighborhood of T, the boundary of domain. The neighborhood

Singular limit

' shrinks to I' as a parameter ¢ approaches zero.
Concentrating terms

We prove that this family of solutions, of the new semilinear phase field model, converges
in suitable spaces when this parameter tends to zero, to the solutions of a semilinear phase field
problem where the concentrating potential are transformed into an extra flux condition on T

1. Introduction

There are several previous works about the phase field model (see [1-7]), given by the following semilinear parabolic system,
which is known as the “phase-field equations” :

rg, = EAp-f()+2u in(0,T)xQ
w+ie, = kdu in (0,T)x Q
% =
) > 0on (0,7)x 082 1
g— = 0on (0,T)x0R2
90,x) = @) in Q
u0,x) = uy(x)in 2

where Q is an open bounded set in IR",n > 1, with regular boundary, and f(¢) is typically %(903 — @) when considering only two
different phases, but here we consider a general sufficiently regular function.

Here u(t, x) represents the temperature of a substance at point x and time ¢ that may appear at least in two different phases,
(for example liquid—solid) and ¢(7, x) the phase-field function or order parameter, is a function depending on time and position, and
takes different values in different phases and represents the local phase average.

The positive constants / and k refer to latent heat and diffusivity, whereas = and ¢ (interface width) are positive parameters
related to time and length scales [2,3].

Phase field models are used in numerous fields of science. There are many examples of different phase transitions described by
an order parameter or phase-field function, but in all of them, we have a physical magnitude that adopts two (or more) different
phases, such as vapor-liquid transitions, the concentration of one of the two components of an alloy, or the magnetization (magnetic
moment per unit volume) in ferromagnetism, among others.
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In this paper, we assume that the time variation of the phase field also depends on a potential function, V,(x), concentrated in
w,, a neighborhood of the boundary of the domain, I = 992.

For this, we will consider an open bounded smooth set in IRY, @2, with a C? boundary, I" = 92, and we define, for sufficiently
small ¢, with 0 < £ < g, the neighborhood of I’

w, ={x—0i(x), x€T, 0 €[0,6)} C Q2 (1.2)

where 7(x) denotes the outwards normal vector at a point x € I" and &, denotes the characteristic function of the set »,. We note
that w, collapse to the boundary I when ¢ approaches zero.

In this way, starting of (1.1) we obtain the “concentrated-potential phase-field model” by considering the singular term

1
AT, 1.3)

in the first equation, i.e. now z¢{ = E2AQF — f(@°) + 2uf — éf\’wé V.(x)¢° and we get:

gt = 2Agt - f(eF)+ - 1X, V.()gt  in(0,T)XQ
W Let = kdut in (0,7)x 2
% = 0on (0, T)x T
1.4)
Ju® _
= = 0on (0, T)xTI
¢0.x) = @f(xinQ
u?(0,x) = ug(x) in Q.

The first objective of this work, (see Section 2) is to study the well-posedness of (1.4)=(2.2), using the properties of the singular
term (1.3) as in the previous works [8-10].

Next, we will get into the main objective of this work, which is the study of the asymptotic behavior of the solutions of (1.4)=(2.2)
as the parameter ¢ approaches zero; to show that the family of solutions (¢*(t, x), u*(#, x)) converges when € — 0 in a suitable sense,
to the solution (¢°(t, x), u%(t, x)), of the following limit problem:

¢} = 40" - f(e")+2u° in(0,T)x Q2
W+ 1g? = kad in (0,T)x 2
2990 0o _
&5 e 0on (0, T)xT
ou® _
o = 0on(O0,T)xTI
@°(0, %) = @) in Q
u%(0, x) = u(x)in Q

where V;(x) and the initial data (¢(x), u)(x)) is given by (3.7) and 3.3 in Lemma 3.4 (see Section 3).

2. Concentrated-potential phase-field model

First, from “concentrated-potential phase-field model” (1.4), if we now consider the enthalpy function v* = u® + %(p", we
obtain for the phase-field function ¢*(z, x) and the enthalpy function v* (¢, x), the problem given by:

gt = At - f(0F) = lgf +20F — 1X, V.()gt  in (0,T)xQ
vy = kyAV® —cAp® in (0,7)x Q
% = O0on (0, T)XTI
) 2.1)

v _
= = Oon (0, T)xTI

¢*(0,x) = ¢f(x)in Q

U(0,x) = ypx) in Q.

& — £ I £
where Up(x) = ug(x) + E(po(x).
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Hereafter, in this section we consider (2.1) for 0 < € < ¢, and in order to simplify the notations since ¢ is fixed, we denoted ¢*°
and v* by ¢ and v, respectively, that is

o = kidp—g(@)—bp+av— X, V.(x)p in(0,T)xQ
v, =  kyAv—cdgp in (0,7)Xx 2
% = 0onOTXTI
(P) = (2.2)
Jdv _
Fr = 0Oon (0, T)xTI
9(0,x) = @yx)in Q
v(0,x) = py(x)in Q.
where vg(x) =2u0(x) + Lpo(x), with &, V,(x) € L/(I"), p > £ and
kl:§—>0, ko =k >0, a:z>0, b:£>0, c:ﬂ>0, g((p):lf((p). (2.3)
T T T 2 T

To understand the local existence and properties of solutions to the given system (2.2), we reformulated it as an evolution
equation and analyze it using sectorial operator theory and semigroup techniques [11,12].

Reformulation as an evolution equation

Given the system (2.2), (0 < € < ¢ fixed, ¢ = ¢ and v = v*), we can rewrite it in a more compact form:

1
U, + AU = F,(U) where U = (¢, 0)*, F.(U) = F.(0,0* = (h(@).0) . 2.4)
with h,(¢) = —g(9) = bp — 5-X,, V.(x)p, and
[ —kdy  —al
A= < cdy  —kyAy ) (2.5)

where —Ay represents the laplacian in L?(Q), 1 < p < oo with homogeneous Neumann boundary conditions defined on Wl\zl"’ =
(u € W2r(Q), % =0}.

Properties of the operator A
The operator A is decomposed as A = A; + P where

k(-4 1 0 —kip—
Ay = 1Ay + D) andP( ¢ )= 1o=av )
0 ky(=An + 1) v cAn® — kyv
. . . _ 2a,p 2B.p : 5 _ 8\ — 2(a+d),p 2(B+6)p s

Here, A, is a sectorial operator in Y = Wy X Wy for any a,f € IR with Y° = D(AY) =Wy X Wy with 1 < p <
and 6 > 0, scale of interpolations spaces as constructed in [11,13].

We work in different powers for each component to handle the perturbation P, and using the perturbation results, from
Proposition 2.1 in [6] we have A is a sectorial operator in ¥ = W>*? x W;ﬂ *? for every a,f € IR such that 0 < « — f < 1 and

1 < p < o0, with compact resolvent and D(A) = Wi,(’””"’ X Wi,(ﬁ +p
Now we turn to the evolution Eq. (2.4) governed by a sectorial operator A in ¥ = Wfl"’” X WA2]ﬂ ? and we assumed that the

L
mapping F,, defined by F,(U) = F,(¢,v)* = (h.(9),0) , is locally Lipschitz from Y? = WI\Z](“‘”'” X Wﬁ(ﬂ P jnto Y = W;’”’ X W;ﬂ ke
with 6 € [0, 1), so from Theorem 2.2 in [6] we get the following local existence result of solutions of (2.4).
Lemma 2.1. For 1 <p< o0, a,f € IR satisfying 0 < a — f < 1 and § € [0, 1) such that the mapping

he @ € W™ — h(p) € WP

is locally Lipschitz.
If (pg, vy) € Wﬁ(‘”‘s)”’ X Wl\zl(ﬁ +OP there exists a unique solution (¢, v) of (2.4) in [0,T), with T = T (@9, vg) > 0. The solution is given
by

(@), o) = e (g, vg)" + /0 t e (h ((s)), 0) ds
with A given by (2.5) and satisfies

(@.0) € CU0, T); W™ P x WPy 0 C((0, T)s W™D s w P07y
with

(@1.0,) € CO.T); WP 5 w3 POy

for every 0 < 0 < 1, verifying (2.2) as an equdlity in W]\Z]“”’ X W]\Z]ﬁ 2.
Moreover, if h, maps bounded sets into bounded sets and we assume that the solution (¢, v) has been extended to a maximal interval of
time [0, T,,,, ), we have that either T,,,, = co, or the solution blows-up in the WI\ZJ('”’;)"’ X Wﬁ(ﬂ P norm as t — Ty [

max
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Next, we will study the solutions of system (2.2) given by (2.4) where
h (@) = —g(p) — b — Z%Xwé V.0

and we will use these results with p = 2, in this particular case we have H ]1\, = H'(Q)and H ;,1 = (H'(Q)) (the dual space), with
HY = {ue HX(Q), g— =0}.
Beside, if ¢ € lev then we obtain that —A4, (¢) € H™! and for every @ € H!(2), we have

d
-ax@0) = [ a0 = [ Vovo- [ Lo [ vove.
Q Q 00 on Q

So, the operator L = -4y : H'(Q) —» H~'(Q) defined by:

(L(p), @) = / VoV, ¢,@ € H'(Q), (2.6)
Q0

is a linear continuous operator.

Moreover, in order to treat terms, like concentrated potentials éXwEVE, we also consider the scale of Bessel potentials
H*P(2) [13], incorporating the boundary conditions, since we consider these concentrated terms as convergent sequences in
H~5P(Q) for some appropriated s, p. In this case, H™>P(2) = (H s’ (©)) with p = ﬁ.

Next, we are going to see properties about the nonlinear term g.

Lemma 2.2. Let g : IR — IR a continuous function such that for some C > 0

. N
g <CA+|s|)ywithl<r<——, s€R 2.7)
(N -2),
and
lg(s) = g(s)l < CA + 511" + 1521 Dlsy =55l 51,52 € IR.
Then,
||g((ﬂ)||L2(_Q) < C”(P“Hl(g) and
-1 -1
”g((Pl) - g(¢2)|lL2(Q) <C1+ ||(l’| ||;_11(_Q) + ”(Pz”;{l((b)”@] - (P2||HI(Q)-
In particular:

g: H'(Q) - LX(Q)

is locally Lipschitz and maps bounded sets into bounded sets.
Proof. See Lemma 3.5 in [10]. [

Remark. In order to work with the concentrated functions on w, (see Eq. (1.2)), the neighborhood of boundary I', we will use in
several times the following result given by Lemma 2.1 in [8].
Assume that u € HY" (Q) with % < ¢* <2 such that HY (Q) c LY(I), i.e. ¢* — % > —%, then there exists a positive constant C
independent of ¢ such that for any 0 < ¢ < ¢, we have
L[ <l

wE

o) (2.8)

Lemma 2.3. Let p> N — 1 and q > max{ % 1y, if we assume that the family of functions V, satisfies that:
l/ v <c (2.9)
£ ,

€

with C > 0 independent of e. Then, the linear operator
h @ e H(Q) — hi(p) = 1Xw V.p € H9(Q)
£ (3

is continuous and uniformly Lipschitz in e.

Proof. Let ¢ € H'(2) and ¢ € H%(R), from (2.9) and using Hélder inequality with exponents p, m, n together with (2.8) (see Lemma
2.1 in [8]), we have

1 1 1
(G vodl=; [ vodl <L [ o
1

wé

(L we) (2 ror) (L [ 60) <l it 210

o8 e W,
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where 1 + 1 - +1 o= =1 and p, m, n are such that 1-¥s_ le and g — = 2 > —N 1 with g > —, ie. HY(Q) c L™(I') and H9(R) c L"(I).
Therefore ||77 (@)l g-a(2) < Cll@ll g1 (o), with C > 0 independent of e and taklng into account that 4? is linear, we conclude. []

Next, we will prove the local existence of solutions for system (2.2) when we consider the initial data (¢, vy) € H'(£2) x L*(2)
and Neumann boundary conditions.

Proposition 2.4 (Local Existence of Solutions). Under the notations and hypothesis of Lemma 2.3, we also assume that ¢ < 1, i.e. V,
satisfies

-1 1
2

l/lVgl"SC, p>N—landmax{N }<q<1 .11

where C > 0 independent of . We also assume that g € C'(IR) and satisfies

180 < €A+ 18,18/ £ CA + 15~ with 1 < r < w25 € R.C >0, (2.12)
A+
If we consider the initial data (¢, vy) € H'(2) x L?(2), then there exists a unique solution (@, v) of (2.2) in [0,T), with T = T(gp,, vy) > 0
given by the variation of constants formula

t
(@), v)* = e (g, vg)* +/ eI (h, ((s)), 0) - ds
0

with A given by (2.5) and h (@) = —g(@) — by — istl/e(p
Moreover, the solution verifies

(p.v) € C([0,T); H' () x L2(£2)) n C((0,T); H*™1(2) x H'™1(2)),
with
(@;,0,) € C((0,T); H9420(2) x H~U+0+20 (),

for every 0 < 0 < 1 and satisfies (2.2) as an equality in H=9(Q) x H~1+9(Q).

Proof. We note that if p = 2, with a = 5 = ]ﬂ and f = -6, thisis a — f = 5 from Proposition 2.1 in [6], A is a sectorial
operator in Y = H2*(Q)x H*)(Q) = H~- q(g) x H <1+4)(Q) = (HY(R)Y x (H4(2)) and Y% = H!(Q) x L2(Q) = H@+0) x J2(+5),

Besides, we can consider F, : Y% = H'(Q) x L>(Q) — Y = H™9(2) x H~1*9(Q) = (H*(2))! x (H'**(Q))’ with § € [0, 1) since
O0<g<l1.

Moreover, from the above Lemmas 2.2 and 2.3, the function h, : H?@*9 = HY(Q) - H?*(Q) = H ), defined as
h (@) = —g(p) — wa @ is locally Lipschitz, since L*(Q) C H ~4(£2), and maps bounded into bounded sets.

Furthermore, 1f we assume that 22 a =0on I, then dg(“’) =g ((p) =0on .

Therefore we can apply Lemma 2.1 to conclude. D

We will show that the local solutions of Egs. (2.2) given by Proposition 2.4 satisfy the energy Egs. (2.15) and under certain sign
conditions are globally defined.

Furthermore, we will obtain estimates on these solutions which are uniform in £ > 0.

To achieve the result we can follow a methodology similar to that used in the proof of Proposition 3.1 in Ref. [9], but here we
need to account for the new singular term that depends on the parameter . The main goal is to obtain uniform estimates on the
solutions as e approaches zero. This analysis provides a understanding of the behavior of the solutions when & goes to zero, that we
will show in the next section (Section 3).

Proposition 2.5 (Lyapunov Function. Global Existence). Under the hypotheses of Proposition 2.4 i.e. V, and g satisfy (2.11) and (2.12)
respectively, if (pg, vy) € H'(2) x L2(Q2), let (p, v) be the local solution of (2.2) given by Proposition 2.4. Also denote by G(s) = fos g(rdr.
() Then the energy functional defined by

ky 2, ka0 b o a 2
E (p,0)= —|V - G —@° - — v, 2.13
(@, 0) ) IVell” + e Iloll +/Q( ((p)+2(p Iw(p)+4E /” ol (2.13)
which can also be written as
k] 2 b a 2 a 2
E _(p,0) = —|V G = -v - — V. 2.14
o0 = Vel +/Q (fp)+2/g(bv ®) +4£/wé ol (2.14)

is a Lyapunov functional for the flow of the system (2.2), in the space H'(Q) x L*(2).
In particular we have that

d 1 t
SE@0+ N0+ 2o, =02 [Clal+ [ L1, + E 0. 00) = E, (.00 (215)

for as long as the solution exists, where ||.|| and ||.||_; denote the norm in L*(2) and H~'(2) = (H'(£2))' respectively.
(I) We assume that g verifies g € C'(IR), (2.12), and dlso satisfy that:

lim inf &) > 0. (2.16)

|s]>0 S8
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Besides, the concentrated-potential function V, verifies (2.11) and is no negative, i.e.

Vi(x)20 Vx €, with0<e <e. (2.17)

Then, there exits 6, C(5) positive constants independent of &, such that for (p,v) € X = H'(2) x L*(), for any 0 < ¢ < &, we have
k b
FIV0lI” +sllel” + S1I50 -0l = CG)IQ| < Ede.0) < Edpp. vo). (218)

Therefore, the solution given by Proposition 2.4 is globally defined.
Moreover, if K ¢ H'(2) x L*(2) is a bounded set uniformly on ¢, then its orbit, i.e. {S.()K,t > 0}, where S, (t)(cpf), US) = (pt(1), v° (1)),
is also bounded uniformly on ¢, since for any 0 < € < ¢,

1@ O O g2 < C(1H 16 O O, (i + I0° O ) 2.19)

where C is also a positive constant independent of .

Proof. As we have already mentioned, the result follows slight variations in the proof of Proposition 3.1 in [9], due to the new
singular term concentrated in the first equation.

Since the new term depends on the parameter ¢, we need to obtain uniform estimates in &.

(D) In effect, it is enough to multiply in L?(£2) the first equation in (2.2) by ‘;—‘f, using [, ve, = (%( Jo ve)— [, @v;; and the second
equation by g(—A)flv,, and to integrate by parts. Thus, by adding the obtained expressions we obtain (2.15), i.e.

d o a 2
EE‘SW’ ) + llg.lI” + Z“U’”—' =0

with E, given by (2.13). It is important to note that (—4)~'v, is well defined since integrating the second equations in £2, we have
2 9
that fov, =c [ St~k [ 2 =0. .
Therefore, E, is a Lyapunov functional. Finally, taking into account that 72 = % we get (2.14).
(ID) First, working as [9], if g satisfies (2.16) then there exists § > 0 and C(5) > 0 such that G(s) > 852 — C(6) for every s € IR,
and hence we have

/ (@) > slloll? - COIQL. (2.20)
Q

Next, using (2.17) and (2.20), from (2.14) we have
k,y 2 2, bya 2
7||VCU|| +dllell” + E”ZU_ olI” < E.(p,v) + C(5)]2].

Thus, using now E,_(¢(1), v(t)) < E.(¢(0), v(0)) for t > 0, we get (2.18).

Hence, ||[Vol?, |l¢l> and ||%U — ¢||? remain bounded on finite time intervals. Therefore the solution remains bounded in
X = H'(Q) x L*(2) and from Lemma 2.1, we obtain that the solution is global.

Moreover, from (2.18) we also have

@ DI 1 g g2y < €1+ 2 (17012 + llgoll® + gl + /Q |G(eo)l +

a

v 2).
A

Now, from (2.7) we get /[, |G(py)| < C3(1 + /o |<p0|r+l) < c4(1 + ol Z—ll(g)) since from hypothesis on » we have H'(Q) c L+1(Q).

Furthermore, recording that if H'(Q) c L”(I'), i.e. 1 — 32z —T_, from Lemma 2.1 in [8], there exists a positive constant C
independent of ¢ such that for any 0 < ¢ < ¢, we have
1

= P P
; leol” < Clieolly - (2.21)

z

On the other hand, from (2.11) and using Hélder inequality with p > N — 1, together with (2.21) for p = 2/, we obtain

1 1
Lowneol < (2 [ v ) (2 [ 1) <esliool? 2.22)
€ J, I3 ol = € o, I3 € /o 0 =5 0 HY(Q)

2 (3

since p > N —1 implies that p’ < % and then H!(Q) c yoZd (I'). Thus, taking into account that c5 is a positive constant independent

of €

@), v

2 r+1
2 oz < (11000011 g o+ l20l7E )

where ¢ is also a positive constant independent of ¢, and we conclude (2.19). [

3. Limit phase-field model

We consider (¢°(z, x), v°(¢, x)) the solutions of the problem (2.1) with 0 < £ < g, this is
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o = kAg® - g(¢°) — b + avf — X, V. (x)¢*  in (0.T)xQ
v = kyAv® — cAgp® in (0,7)x Q2
% = 0on(OT)xTI
L = 0onOT)XT

?°(0.x) = @{(x)inQ

v°(0,x) = vg(x)in Q.

with (2.3), and we will study the limit of this solutions of (2.1), as ¢ — 0.

For this we will use the uniform estimates of this solutions in above Proposition 2.5 together with compactness arguments, in
order to obtain a limit function (¢°(z, x), 1°(z, x)) in H'(2) x L?(R), such that (¢ (t, x), v* (1, x)) = (¢°(t, x), 1°(¢, x)) as € — 0, in “some
sense”.

Moreover, we will prove that this limit (¢°(¢, x), 1°(z, x)) is given by the solution of the limit problem (P,)

@° = Kk Ap® - g(¢") —bp® +a® in (0,T)x 2
o? = kyA® —cAgp® in (0,T)x 2
2 L4 (0 = 0on (0,T)XT
(P) = 157 T3WMe” = 0on(0,T)x @1
= o .
0 k% + stV = 0on(O.T)xI
#°(0,x) = (pg(x) in Q
09(0, x) = () inQ

where V)(x) € L?(I) is associated to the limit of the family %Xwé V.(x), as € — 0, in “a suitable sense” (see Lemma 3.4).
First, we will study in the next section the well-posedness of this limit problem (7).

3.1. Well-posedness of limit phase-field model (P,)

In this section we consider the problem (P,) given by (3.1) and we denote by (¢(7, x), v(t, x)) the solution of this problem associated
to the initial condition (¢(0, x), v(0, x)) = (rpg, ug) € HY(Q) x L*(Q), this is

@; = kidp—g(@)—bp+av in(0,T)x 2
v, = kyAv—cAg in (0,7)x Q
(P = %2+ 4% = 0on(0,T)XT
k%2 + Voo = 0on(O.T)xT
@(0,x) = @) in Q
v(0, x) = ug(x) in Q

where Vj(x) € L*(I'),1 < p < 0.
First, we can provide a suitable weak formulation of (3.1). For this, we note that if (¢, v) is a solution of (3.1)= (P,) then (¢, v)
satisfies the initial and boundary conditions and for every ¢ € H'(2), we have
{ 0= f_Q @+ fg(g(fﬂ) + by —av)p + k, fg VoV -k, f,— 3—(§¢

0= [pvb+k [ VoV —c [, VoVh—ky [ Lp+c [ L.

Now taking into account that the boundary conditions, i.e. k; /. g_qu =5 [ Vox)pd and —k, /. g_;qf,_,,c Ir %47 _ % [ Voo —
% Jr Vox)ed = 0, we obtain
{ 0= [, 00+ [o(8(@)+bp—av)p+ky [, VoV — g [ Voo

3.2
0= fov+ky [, VoVp—c [, VoV (-2)

for every ¢ € H'(Q).
Next, using L = —4,, defined in (2.6) and the trace operator y with (V,y(¢), ) = fr Voo, for ¢ € H'(2) and ¢ € HI(2), with
q> %, we get:
¢ —kdyp—av= —g(@) by - 5Vor(®) (3.3)
v+ cAyp — kydv =0
as in equality in H~9(Q).
In order to study the local existence of solutions of (P,), we work as Section 2 and using (3.3) rewriting the system (3.1), as an
evolution equation
U, + AU = H(U) where U = (¢, v)* (3.4)

with A = A + P is the sectorial operator given by (2.5), i.e.
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A= -k Ay —al
cAy  —k,Ay
and now

1
H) = Hg.0)* = (~8@) —bp — §Vor(@).0) . (3.5)

where y denoted the trace operator. We note that y is well defined in H%?(Q) if g > i, in particular it is well defined in H'(£) and
also in H9(L) for q > %

First, using again the Proposition 2.1 in [6], we obtain that A is a sectorial operator in ¥ = H?* x H?) with «, # such that
O0<a-p<1and Y®= HX x g20+9 and § € [0, 1).

Next, working as in Proposition 2.4 if we consider a = —%, p=
Yo =H'xL2for6="12 [0,1) for § <g<1.

Moreover, we will prove now that H : Y® = H! x L2 — Y = H~9 x H~(*9 is locally Lipschitz for some suitable ¢, and p.

L)

5, then A is a sectorial operator in Y = H™ x H ~(+9) with

Lemma 3.1. Under the above notations. We assume that
(i) g € C'(IR) satisfying (2.12), i.e.

&)l < C(1+ 151, [g' ()] < C + s/ )1 <r < —N — s RC>0
(N-2),

(il) Vo € LP(I") with p > N - 1 and max{ %=1, 5
Then,

H:Y =H'XL* —Y=H9xH %

}<g< 1.

given by (3.5) is locally Lipschitz and maps bounded sets into bounded sets.

Proof. First, we consider y* : ¢ € H! — y*(p) = Vyy(p) € H™9 where y is the trace operator and we prove that |[Vyy(e)|l @) <
C“(p”Hl(Q)'
In effect, let @ € HY(£2), using again Lemma 2.1 in [8] working as in Lemma 2.3, we obtain

[oror. )| =| [ vowoo| < [ w0l <
r r

(/r|1/o<x>|f')%(/r|¢|'")i(/r @) < Clloly 1l

where i+ # +£ =1 and p, m, n are such that 1 — % > —NT_I and g — % > —NT_I with ¢ > %, i.e. H'(Q) c L"™(I') and HY(Q) c L"(I').
Therefore, |[Vyy(9)ll g-a0) < Cll@ll g1(q)- This y* is locally Lipschitz and maps bounded into bounded set.

Finally, from Lemma 2.2 g : H'(2) — L*(2) ¢ H™9() is also locally Lipschitz and maps bounded into bounded set, and we
conclude. [J

Proposition 3.2 (Local Existence of Solutions). Under the above notations and hypotheses of Lemma 3.1, for the initial condition
(), 1)) € H'(2) x LX(R2), there exits a unique solution (¢°,’) € C(10,T], H'(2) x L*()) of (Py)(3.1) with T = T(ey, vy) > 0, given by
the variation of constants formula

t
@), ") = e M (), vt + / e AI(H (9" (s)), L (s) " ds.
0

with A and H given by (2.5) and (3.5), respectively.
Moreover, for every g such that max{ %, %} <g<l,withp>N-1,

(¢°, %) € C((0,T); H () x H'™(Q)),

(@?,0") € C((0,T); H-7+(Q) x H~1+9+20(Q3)),

for every 0 < 0 < 1 and satisfies (3.1) as an equality in H~9(Q) x H-U*9(Q). In particular, H~9(2) ¢ H~'(Q) and (¢°, ") is a weak
solution of (Py)(3.1).

Besides, if the solution has been extended to a maximal interval of time [0,T,,,,), we have either T,,,.. = oo, or the solution blows-up in
the H'(2) x L*(2) norm as t = T,

Proof. Under above notations, we consider the evolution Eq. (3.4), i.e.
U, + AU = H(U) where U = (¢°,°)*

with A is sectorial operator in Y = H~9(2) x H-(1*9(Q) and using the above Lemma 3.1, this is H : ¥ — Y is locally Lipschitz
with 6 € [0,1) and ((pg, Ug) € H'(Q) x L*(2) = Y% and also maps bounded into bounded sets, so from [11-13] we conclude. []
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3.2. Convergence of the concentrated-potential phase-field model
Now, we consider the family of initial data in H'(£) x L>(£2) uniformly bounded in &, and we have the following result.

Lemma 3.3. Let (¢°(0,x), v°(0, x)) = (¢ (x), vj(x)) € H'(2) x L*(2) uniformly bounded in &, this is
||((pf)(x), vg(x))llHl(Q)xLz(Q) < C, C >0 independent of e, (3.6)
and we assume additionally that G satisfies (2.7) and V, satisfies (2.11) .

Then:
(i) There exists ((pg(x), vg(x)) € H'(Q) x L*(2) and a subsequence such that:

(9. ) = (@), v)) weakly in H'(2) x L*(2) and strongly in L*(2) x H™'(£2) as £ — 0. (3.7)
(ii) There exists K > 0 independent of ¢ such that
E, (¢y(x), v5(x)) < K 3.8
where E, is given by (2.14), i.e.

kq P b a 2 a/ 2
E (p,0)= —||V G - “v— = V. .
(@, 0) 2|I ol +/Q (w)+2/g(bv ®) t o, ol

Proof.

(i) It is enough to note that H'(2) x L?(Q) c L*(2) x H~'(L2) with compact embedding.

(i) In effect, E, (@} (x), v(x)) = %llvwf)(x)||2+fg G(fpf)(x))+§ /Q(%US(X)—(PS(X))2+ﬁ fwg Ve |(P8(X)|2 < ¢oll(pg (), g DI
Jo1G@ eI+ £ [, IVelloh(ol*.

Besides, from (2.7) we get fQ |G(@p)] < ¢ (1 + fQ |(p8|r+l> < c2(1 + ||(p6||2‘ll(g)> since from hypothesis on r we have H!(Q) c

L™*1(Q); and using (2.22) we also have Elfwé |Vs||(ﬂé|2 < c3||(p8||2&(0). Finally, taking into account that ¢; > 0,i = 0,1,2,3 are

2
H(Q)xL2(Q) +

independent of ¢, from (3.6) we conclude (3.7). [J

In order to study the convergence of solutions of (2.1) as € — 0, we will prove the next result above the concentrated-potential
functions. This result, which we include for completeness, is the consequence of several technical lemmas proved in [8].

Lemma 3.4. If V, satisfies (2.9), that is:

1 / [V.]” <C, C >0 independent of ¢
3 ,

for 1 < p < o, then:
(D There exist V, € L?(I') such that for any smooth function ¢ defined in Q, we have

1 B
g%;/% Vg¢—/FV0¢. (3.9)

(ID) Under the hypothesis from Lemma 2.3, this is p > N — 1 and q > max{ % %}, taking a function ®(t,x) € L'((0,T), H1(2)) we also
have

éxwé V.0 = Vyy(®) as € — 0 in L'(0,T), H(22)). (3.10)
(III) Moreover, under the above hypotheses if we also assume that
¢ = ¢ weakly* in L®((0,T), H' (22)) as ¢ - 0. (3.11)

Then for every function ®(t,x) € L'((0,T), H/(R)) we get
T T
l/ / V.(x)p D — / / Vo(x)q)OtD as e — 0. (3.12)
€Jo Jo, o Jr

Proof. (I) From Lemma 2.2 in [8] we have (3.9).
(ID) For fixed ¢ € [0, T] from Lemma 2.5 in [8], given ®(¢,.) € H*(R) and ¢(t,.) € H'(2) in particular, we have

lif(l) é /ws Ve ()D(1, (1, ) = /r Vo(0)@(t, )e(t,.), a.e. 1 €[0,T],

this is
}?Xw& V.(0®D(1,.) = Vo(x)y(@(t,.)) as e —» 0 in H™'(Q), a.e. 1 €[0,T].

Now, working as in Lemma 2.3 i.e. using again Lemma 2.1 in [8] from (2.10) with @(z,.) € HY(Q) for any ¢ € H'(2)
(Lx, vae ol <t [ W6l <

De
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1 1 1
1 (1 w1 n
(2 L) (2 [ 10wor)™ (7 [ tor)” <o umaloln

where/lj+$+%=1andp,m,naresuchthatq— > -t andl— >Nt w1thq>— ie. H1(Q)c L"™(I') and H'(Q) c L"(I").

Thus, ||£Xw£ V(. ) g1 < ClDGE, )l gaoy = h(®) € LI(O, T), since /0 h(t) = C||¢||L1((0!T)!Hq(g)) = K. Therefore, from the Lebesgue
dominated converge theorem we conclude.

(11D

First, we note that

1 T 1 T 0 1 T .
-/ / V()9 @ = —/ / V.(x)p’® + —/ / V.(x)(¢° — oO)P
€Jo Jo, €Jo Jo eJo Jo,

and from (3.10) in the above part (II), given ¢ € L*((0.T), H'(2)) we have L [T [ V. (x)p"® = <£XW£V£<D, q;°> = <V0y(d5), ¢0> -
/OT [ Vo(x)°® as £ — 0, where by (.,.) we denote the duality between L®((0,T), H!(£)) and L'((0,T), H='(«)).
Next, we will prove that

T
1/ /I/S(x)(¢£—(p0)¢—>0ase—>0 (3.13)
€ Jo [on

and we conclude.
T .
In effect, 1 1 [, V.()(@* = )@ = <¢e - (po,éz\’wél/g(x)d)> = (1) + () with (1) = <<,,f ~ ¢ X, Vo - Voy((p)> and
@ = (¢ — " Vor(e)).

Besides, |(1)] < ||¢f — ¢ ||Lm((0 T)Hl(_Q))ll w0 Ve® = Vor@l 1o, m-1) < C|| we Ve® — Vor( @) 1o,1), m-1 () and from (I) we
have (1) - 0 as € — 0. On the other hand using again (3.10) in the above part (ID), Vyy(e) € LY(0,T), H"1(£2)) and then from
(3.11)(2) » 0 as € — 0. So we get (3.13) and we conclude. []

Finally, before to prove the main result in this section, Theorem 3.6, we will also show the following result above the non
linearity g acting on the solutions of (2.1).

Lemma 3.5. Let g : IR — IR be a continuous function satisfying (2.7) i.e.

lg(s)| <CUA+1s]"),C>0withl <r< ﬁ s € IR.

We assume that the family ¢ € L®((0,T), H'(£)) is uniformly bounded in «, i.e.

9Nl Lo 0.1y, 11129 < €
with C > 0 independent of €, and we also assume that there exists ¢ € L*((0,T), H'(R)) such that
@°(t,x) —» @°(t,x) ae. (1,x) € (0,T)x 2 as € — 0.

Then, for every @ € L'((0,T), L>(R2)), we have

T T
/ / g(p°)® - / / g((po)d) as e = 0. (3.14)
0 Q 0 Q

Proof. Let, @ € L!((0,T), L3(R2)), since g is continuous we also have

1) g(@t(t, x))D(t, x) = g(¢°(t, x)D(1,x) as € = 0 a.e. (1,x) € (0,T) x 2 and from (2.7), we have

(ii) |g(@® (1, x)@(t, x)| < C|D@, 0)|(1 + |9, 0)|") = h(t, x).

Finally, we will show that A(t,x) € L'((0,T) x 2) and from Lebesgue dominated convergence theorem we conclude.

In effect, /OT Jo h(t,x)dxdt = C /OT Jol®l+C /OT Jo|®llef|” and using now Holder inequality together with H!(Q) c L*(Q)
(since r < ), we obtain

1 1
L L e
/ /|¢||(p| </ (L 108)2 ([ 16°7) < €Uy g, @ ornazian < €

and we get (3.14). []

Theorem 3.6. Assume that the g € C'(IR) satisfying, (2.12) and (2.16), i.e.
g < CA+]|s|D) 1@ <C+ s/ H1<r< _N_ ,lim inf & > 0,
(N - Z)Jr E

with C > 0 and s € IR.
Besides, the concentrated-potential function V, verifies (2.11) and (2.17), i.e.

l/ [Vel”? £C,  C>0independent of &,V,(x) 20 Vx € w, with 0 <e < ¢
,

where p > N — 1 and max{%,l} <g<l1.
We consider the initial data (@5, v5) € H 1(Q) x L*(Q) satisfying (3.6), i.e.

10
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”((P(g), Uf))“Hl(Q)xLZ(Q) <C

with C > 0 independent of .
Then, for any T > 0, we consider (¢*(z), v (t)) the solution of (2.2) given by Proposition 2.5 and by taking subsequences if necessary,
there exists ¢°(t, x) € L*((0,T), H'(Q)) and 1°(t,x) € L®((0,T), L*(£)) n L2((0,T), H'()) such that

(0%, 05) = (¢°,0°)  weakly* in L®((0,T), H'(2) x L*(2)) as € - 0, (3.15)
(@°, 0°) = (¢°, 0°) strongly in C([0,T], L>(2) x H™'(R)) as ¢ — 0, (3.16)
(@£, 05) = (@2, 0" weakly in L*((0,T), L*(2)x H™'(22)) as € - 0. (3.17)

Moreover, if € — 0 then
v¥ > 0 weakly in L*((0,T), H'(2)). (3.18)

Finally, taking a smooth enough function ®(t, x) we get

T T
/ /g(qf)@»/ /g(cp")dH ase—0 (3.19)
0 Q0 0 Q
nd

T T
1 / / V.(x)p*® — / / Vo(x)(pocb - ase—0 (3.20)
€Jo Jo, o Jr

).

ai

where V;(x) is the function given in Lemma 3.4 and & € L'((0,T), HY(2)) with 1 > g > max{ NT_I

=

5

Proof. We split the proof in several steps. Hereafter we will denote by C or K any positive constant which is independent of «.
Step 1. From (2.15) together with (2.18) in the above Proposition 2.5 we have the global solutions of (2.2) satisfies

t t k b
2 a 2 1 2 2 a 2
[0 [ 20 S Sl 21 - I - I <
for any ¢ > 0, where ||.|| and ||.||_, denote the norm in L?(£2) and H™'(Q) = (Hé(Q))’ respectively, &, C(5) are positive constants
independent of ¢ and EE((pg, ug) is given by (2.14).

Moreover, from the assumption on the initial data (3.6) using (3.8) in Lemma 3.3, we also have that EE((pg, vg) <C,withC>0
independent of ¢ and thus

t '
a ky b, a
/||(P,E||2+/ —||Uf||31+—||V(ﬂg||2+5||fﬂe||2+—||—UE—§05||2SK

0 0 ¢ 2 2°b

with K > 0 independent of ¢. In particular, for T > 0 as in (2.19), we have

sup ||(@®, UE)”HI(Q)xLZ(Q) = [l(¢*, UE)”LOO((O,T),HI(g)xLz(g)) <K, (3.21)
0<t<T
||(Pf ||L2((0,T),L2(_Q)) = ||(Pf||L2((0,T)><_Q) <K, (3.22)
o 20,510y < K- (3.23)

From (3.21) there exists ¢°(z,x) € L®((0,T), H'(2)) and °(t,x) € L*((0,T), L*(22)) and subsequences such that
(@, 1%) = (@°, %) weakly* in L¥((0,T), H'(2) x L*(RQ)) as € — 0,

and we obtain (3.15).
Step 2. In this part we will prove

@ — ¢ in C([0,T], L*(Q)), ¢ - °in C(0,T], H'(2)) as & — 0,

and we get (3.16).
In order to prove this, we consider the family {(¢°, v¢)}, with

(¢f,v%) 1 [0,T] - L2(2)x H™'(2)

and using (3.22) and (3.23), first we will prove that {(¢®, v*)}, is equicontinuous.
In effect, for t; € [0,T],i = 1,2 using Holder inequality together with (3.22), we obtain

5] 1) 1 1 1
2 = =
lo® ) = 1)l 200 < / 16 1200 < (/ 1051220, )12 = 111% < Clty = 1,12
5] ]
and analogously from (3.23)

1

5] ) 5 1 1

: 2 2 5 3

lof @) = v @) -1 S/ 1ol -1y < </ ||uj||H71> [t, —t;]2 < Clt, —14]2.
1 I

11
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Next, for every ¢ € [0,T] fixed, from (3.21) we also have (¢*(t,.), v*(t,.)) is uniformly bounded in H(}(Q) x L2(Q) c L2(R2)x H (@)
with compact embedding.

Therefore, from Ascoli-Arzela’s Theorem, there exists a subsequence which converge to a limit function (¢°, v°) in C([0, T], L*(£)x
H1(Q)).

In particular, for ¢ = 0, we have (¢5, v5) = (¢°(0,.), 1*(0,.)) = (¢°(0, ), 1°(0,.)) = (), v) as € — 0.

Step 3. Here, using standard techniques as in [10] we will prove (3.17), i.e.

@ — (p? weakly in L*((0,T), L*(£2)) and vf - v? weakly in L*(0,T), H'(Q)) as £ - 0.

First from  (3.22) taking  another  subsequence if  necessary, there  exists w € L?
((0,T), L*(Q)) such that ¢f —> w weakly in L*((0,T), L*(£2)).
Second, we will prove w = w?. In effect, for every @(t,.) smooth such that &(T,.) = @,(T,.) = 0 and integrating by parts, we have

T T
/ /<p§a>:_/(pg<p(0)—/ /(pfqb,.
0 Q Q 0 Q

From the convergence of @ 9° and ¢f, we obtain

T T T
[ o= toa-[ [ - [ o
0 Q 2 0 Q 0 Q

and we get w = ¢{.

Finally, from (3.23) we obtain a subsequence such that v{ — w* weakly in L*((0,T), H"'(2)) and working analogously we
conclude w* = 19.
Step 4. Now, we will show (3.18), i.e. v* — 1 weakly in L%((0,T), H'(£2)).
First from (3.21) we also have [|4¢°|l 1) n-1(0y < K, and taking into account that k,4v° = vf + cAp® we have
1401l 20,7y, -1 < K-

Next, from Proposition 2.4 taking 20 = 1 + g we note vf = —A(cg® — kyv°) € L*(2), and we use the elliptic regularity together
with (3.21) in order to prove that ||v°|| 2.1) #1(q) < K-

In effect, multiplying this equation, k,4v® = vf + cAgp® by v° and integrating by parts, we get

1d 2
ky [ VO =S Pr+e | Vo Vs,
s [ver =38 [ eiree [ vorve

thus, integrating in ¢ € [0, T] we obtain

t t
kz/ / |va|2:1/ |uf(z)|2—1/ |uf(0)|2+c/ /vqfwf.
0o Ja 2 Ja 2 Ja 0o Ja

Besides, using now Hoélder and Young inequality with p = 2 respectively, there exist a positive constant C depending on k, but
independent of ¢, such that

k
/ Vo Vit < CIVEE VeIl < VeI + CIIVec P,
Q
and using now (3.21) together with (3.6), we get
k T
—2/ / IVof|> < K and ||vf 201110 < K-
2 Jo Ja

Finally, taking another subsequence if necessary, there exists v* € L*((0,T), H'(2)) such that v* — v* weakly in L?((0,T),
H'(2)) and working analogously as above steps, we get v* = v and we conclude (3.18).

Step 5.

Using now (3.16), in particular we have ¢?(t, x) - ¢°(t,x) as e » 0 a.e. (t,x) € (0, T)x 2 and we also have oMl oo 0.1y 11 2)) < Cs
so from Lemma 3.5 we get (3.19) for @ € L'((0,T), L*(2)). .

Finally, we can use Lemma 3.4 to conclude (3.20) for every @ € L'((0,T), H4(2)) with g > max{ = %}. O

Now, we identify the limit function above as a weak solution of the limit problem (Py)(3.1).

Proposition 3.7. Under the notations and hypotheses of Theorem 3.6, if we consider the limit function (¢°, v°) in Theorem 3.6, then we
have:
(D (¢°,0°) satisfies (3.2), i.e.
0= [o0)d+ [o(8(@”) + b9’ —a)p + ky [, Vo'V = 2 [ Voo’
0= [, 0¢+k, [, V'V —c [, Vo'V

for every ¢ € H'(Q2) and it is a weak solution of limit problem (P,)(3.1).
(I1) Moreover, (¢°,1°) is the unique solution of limit problem (P,)(3.1) given by Proposition 3.2 and actually all the family (¢¢,v)
converges to (¢°, %) (and not only a subsequence).

Proof.
(D) First, we note that from (3.15),(3.16), (3.17) and (3.18) we have

12
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(¢°, %) € L=(0,T), H'(2) x L*(@2)) n C([0, T1, L*(2) x H™'()),

" € L2((0.7), H'(Q)), (¢0.0)) € L*((0,T), L*(2) x H™'(2)) with (¢°(0),°(0)) = (). v).

Second, since (¢, v°) is the solution of (2.2) given by Proposition 2.5, then if @ € L2((0,T), H'(£2)) we have

T T T T
/ /q;fd)+k1/ /V¢EV¢+/ /[g((pg)+bq)g—avg]d)+i/ / V. (x)p ® =0 (3.24)
0 Ja 0o Jo 0o Jo 2e Jo Jo,
nd
T T T
/ (V). @) +k2/ /VU£V€D—C/ /V(p‘V(D:O. (3.25)
0 0o Jo 0 Ja

Then, passing to the limit as £ — 0 in (3.24) and (3.25), from (3.15), (3.16), (3.17), (3.18), (3.19) and (3.20) respectively, we get

T T T T
/ /q;?qb+k1/ /V¢°v¢+/ /[g(¢0)+b(p0—avo]<ﬁ+g/ /Vo(xyp%:o (3.26)
0 Q 0 Q 0 Q 0 r
nd
T T T
/ (u?,«p),lﬁkz/ /VUOWD—C/ /V(pOV¢=0. (3.27)
0 0 Q 0 Q

Now, we consider @ = E(H)¥(x) € L2((0,T), H'(Q)) with &(r) € L2(0,T) and ¥(x) € H'(Q) in (3.26) and (3.27), then we obtain:

T T T T
/ H0) / O + k, / &) / Vo'V + / 0] / [g(¢") + b — a1 + £ / H0) / Vo(x)e"# =0 (3.28)
0 Q 0 Q 0 Q 2 Jo r

T T T
/ EO(O, ), +k2/ f:(t)/ Vu"Wf—c/ 5(r)/ V'V = 0. (3.29)
0 0 Q 0 Q

This is, (¢°, 1°) satisfies (3.2) a.e. r € [0, T].
By this way, in particular we get

Jo @XPF + ky [, VOOV + [,[8(0°) + bg® — al®1P* =0
(WO W) 11+ ky [ VOOV — ¢ [, VO VP* =0

al

a

a.e. t € [0,T] and for every ¥* € HS (), this is
(p? - klA(pO + 2@+ b —a® =0
0 0 0 (3.30)

v; — kyAv® + cAp =0.

Finally, taking into account that for every ¥ € H!(£2)

0 0
/—A(ﬂO’I’=/ w‘)w—/ X9y and /—Au°w=/w0w_/ Ay,
Q Q r o(n) Q Q r o)

using now (3.30) together with (3.28) and (3.29), we also have that for every ¥ € H!() and a.e. t € [0,T],

0
ky [ 2y 2 [ Voo =0

(i)
a0 @) -
k2/r ,;(ﬁ)lp_cfl" ,)(ﬁ)lp =0,
this is
A | a 0 _ e | a 0 _
kq P + 2Vo(x)(p =0 _ ky o + 2VO(x)<,a =0
o) _  ae") _ - o) | ac 0 _
k2 o@m %@ =0, kaom + a2 Voxe” =0

a.e. (t,x) € [0, T]x I.

Therefore, (¢°, v°) is a weak solution of (Py)(3.1).

(ID) First, we note that (3.24) is true for @ = & ®¥,(x) € LY((0,T), H1(Q)) with ISIORS LY0,7), ¥, (x) € H(Q) and passing to
the limit as € — 0 we also obtain (3.28), this is:

/ OO+ ky / V'V, + / [g(@°) + bp” — at® 1P, + % / Vy(x)¢"%, =0
Q Q Q r
a.e. t € (0,T) and thus

o) ~ ki1 ayo° —ar” = ~g(o") ~ b’ ~ TVor(e") in HI().

Now, we can take @ = & ()W, (x) € L*((0,T), HI*'(2)) c L*((0,T), H'(2)) in (3.25) with &(1) € L*(0,T),¥,(x) € HT*'(Q), and
passing to the limit as e - 0 we also obtain (3.29), this is:

((p?,?’z)_l’l+k2/QVUOV‘I’2—/QV(pOV'I’2=O

a.e. t € (0,T) and thus

13
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0 —kyAp 1’ +cAy@® =0 in H=4D(Q).

Therefore, U = (¢°, 1°)* satisfies U, + AU = H(U) in Y = H™9(2) x H~4*D(Q), this is U = (¢°, v*)* is the unique solution given by
Proposition 3.2. Since any subsequence of the solutions (¢, v*) that converges as in Theorem 3.6 has the same limit, then all the
family converges to (¢°,0%). [

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Acknowledgments

This research was partially supported by grants PID2022-137074NB-I100 and PID2022-140217NB-I00 MINECO, Spain; by Gr5/08
Grupo 920894 BSCH-UCM from Grupo de Investigacion CADEDIF and Grupo de Dindmica No Lineal (U.P. Comillas), Spain. I want
to thank Anibal Rodriguez-Bernal for all the suggestions on this problem.

Data availability

No data was used for the research described in the article.

References

[1] Caginalp G. An analysis of a phase field model of a free boundary. Arch Ration Mech Anal 1986;92:205-45.
[2] Caginalp G. The dynamics of a conserved phase field system:Stefan-like, Hele-Shaw, and Cahn-Hilliard models as asymptotic limits. IMA J Appl Math
1990;44:77-94.
[3] Caginalp G. Phase field models and sharp interface limits: some differences in subtle situations. Rocky Mountain J Math 1991;21(2):603-16.
[4] Caginalp G, Fife PC. Dynamics of layered interfaces arising from phase boundaries. SIAM J Appl Math 1988;48:506-18.
[5] Jiménez-Casas A, Rodriguez-Bernal A. Dindmica en dimensién finita: Modelos de campos de fase y un termosifén cerrado. (Ph. D. Thesis), U.C.M.; 1996.
[6] Jiménez-Casas A, Rodriguez-Bernal A. Asymptotic behaviour for a phase field model in higher oorder Sobolev spaces. Rev Matem Compl XV 2008;1:213-48.
[7] Jiménez-Casas A, Rodriguez-Bernal A. Linear stabilility analysis and metastable solutions for a phase-field model. Proc R Soc Edimburgh 1999;129A:571-600.
[8] Arrieta JM, Jiménez-Casas A, Rodriguez-Bernal A. Flux terms and robin boundary conditions as limit of reactions and potentials concentrating at the
boundary. Rev Iberoam Matem 2008;24(1):183-211.
[9] Jiménez-Casas A, Rodriguez-Bernal A. PDE problems:with concentrating terms near the boundary. Commun Pure Appl Anal 2020;19(4):2147-95.
[10] Jiménez-Casas A, Rodriguez-Bernal A. A nonlinear damped transmission problem as limit of wave equations with concentrating nonlinear terms away from
the boundary. Nonlin Anal-Theory Methods Appl 2024;241(2024):113492.
[11] Amann H. Parabolic evolution equations and nonlinear boundary conditions. J Differential Equations 1988;72:201-69.
[12] Henry D. Geometric theory of semilinear parabolic equations. Lectures notes in mathematics, vol. 840, Springer-Verlag; 1981.
[13] Amann H. Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value problems. In: Schmeisser/triebel: function spaces, differential
operators and nonlinear analysis. Teubner-Texte Math 1993;133:9-126.

14


http://refhub.elsevier.com/S2590-0374(24)00093-1/sb1
http://refhub.elsevier.com/S2590-0374(24)00093-1/sb2
http://refhub.elsevier.com/S2590-0374(24)00093-1/sb2
http://refhub.elsevier.com/S2590-0374(24)00093-1/sb2
http://refhub.elsevier.com/S2590-0374(24)00093-1/sb3
http://refhub.elsevier.com/S2590-0374(24)00093-1/sb4
http://refhub.elsevier.com/S2590-0374(24)00093-1/sb5
http://refhub.elsevier.com/S2590-0374(24)00093-1/sb6
http://refhub.elsevier.com/S2590-0374(24)00093-1/sb7
http://refhub.elsevier.com/S2590-0374(24)00093-1/sb8
http://refhub.elsevier.com/S2590-0374(24)00093-1/sb8
http://refhub.elsevier.com/S2590-0374(24)00093-1/sb8
http://refhub.elsevier.com/S2590-0374(24)00093-1/sb9
http://refhub.elsevier.com/S2590-0374(24)00093-1/sb10
http://refhub.elsevier.com/S2590-0374(24)00093-1/sb10
http://refhub.elsevier.com/S2590-0374(24)00093-1/sb10
http://refhub.elsevier.com/S2590-0374(24)00093-1/sb11
http://refhub.elsevier.com/S2590-0374(24)00093-1/sb12
http://refhub.elsevier.com/S2590-0374(24)00093-1/sb13
http://refhub.elsevier.com/S2590-0374(24)00093-1/sb13
http://refhub.elsevier.com/S2590-0374(24)00093-1/sb13

	Phase-field model with concentrating-potential terms on the boundary
	Introduction
	Concentrated-potential phase-field model
	Limit phase-field model
	Well-posedness of limit phase-field model (P0) 
	Convergence of the concentrated-potential phase-field model

	Declaration of competing interest
	Acknowledgments
	Data availability
	References


