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Progressive Failure of Laminated
Composites with a Hole under

Compressive Loading

SENG C. TAN*
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P.O. Box 31667

Dayton, OH 45437

JOSE PEREZ

Stanford University
Linear Accelerator Center

P.O. Box 4349

Stanford, CA 94309 

ABSTRACT: A progressive failure model that was developed earlier for tensile loading
is extended for laminated composites under uniaxial compressive loading. This model is
capable of predicting the extent of damage at any load level, the stiffness loss, the stress-
strain behavior and the residual strength of the laminates. The model is composed of the
stress analysis, the failure analysis and a degradation model for the damaged lamina.
Comparison with three sets of experimental data shows that good correlation was obtained
between the theoretical prediction and the data for the ultimate strength. The predicted
micro-damage includes matrix cracking and fiber breakage (shear crippling or microbuck-
ling) that agrees reasonably well with the experimental X-ray radiograph.

1. INTRODUCTION

C OMPRESSIVE RESPONSE IS one of the key parameters that is used in the

design of composite structures. Since most structures contain fastener holes,
the compressive response of composite structures with a cutout requires attention
and study. The existing studies include strength prediction models, experimental
study of the failure mechanisms around the hole and failure prediction using a
progressive model. They are described with more detail in the following.
Compressive strength of laminated composites containing an open hole has

been predicted with reasonably good accuracy using semi-empirical models.
These include average stress failure model [1], point stress failure model [2]
based on the work of Whitney and Nuismer, minimum strength model in con-
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junction with a first-ply-failure criterion [3], and effective average stress and
minimum strength models in conjunction with a first-ply-fiber-failure criterion
[4]. They all use a characteristic length to absorb the micro-damage near the
hole. Closed form solutions can generally be obtained for this class of ap-
proaches.
To predict the extent of damage and damage progression in composites, we

need to use progressive failure models. This class of approaches includes
Nuismer [5], Chou, Opringer and Rainey [6], Irvine and Ginty [7], Tan [8] and
Chang and Lessard [9]. The majority of these approaches deal with tensile load-
ing. However, it is expected that most of them could be extended to predict the
structural response under compressive loading. The accuracies of the modified
models are uncertain before being examined with experimental results.
More experimental work has been devoted to studying the damage mechanisms

around the hole under compressive loading rather than tensile loading. The
results [10-15] all agree that shear crippling or microbuckling is the failure mode
initiated from the hole. Visually, this shear crippling or microbuckling appears
like a crack emanating from the hole. It grows as the applied load increases.

2. FORMULATION OF THE PROBLEM

Consider a composite laminate loaded by the in-plane compressive loading Qx
and containing a central hole, as shown in Figure 1, where 2a and W denote the
hole diameter and plate width, respectively. Assume the laminate is symmetric
with respect to its mid-plane so that there is no coupling between the extensional
and the bending moment. Under this circumstance, the constitutive relations of
an anisotropic undamaged lamina, in the laminate axes, can be written as

Figure 1. A composite lammate with a hole subjected to uniaxial compression.
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where ax~ ay, Txy are the lamina stresses; Q.l’ i, j = 1,2,6 are the lamina

stiffnesses; Ex, &euro;~, &dquo;ýxy are the total strains, and &euro;~, E,,N and -y,, are the non-

mechanical strains or initial strains. The off-axis stiffnesses Q,, can be expressed
in terms of on-axis stiffnesses C,~, which are given in engineering properties En,
E22, G12 and v,2. The relations between Q,, and C,, can be found in any standard
textbook. The transformation of the nonmechanical strains between the principal
material axes and the laminate axes can be found in Reference [8].

3. FINITE ELEMENT ANALYSIS

The stress analysis was performed on the x-y plane. Each element is governed
by the following stress-strain relations

,

where an overhead bar over a variable is used to denote the laminate parameter.
The laminate stiffness A,, can be related to the lamina stiffness Q,, using the clas-
sical laminate plate theory

where k represents the kth ply and h is the total thickness of the laminate. Plane
stress assumption was used for the derivation.
A finite element method with quadrilateral isoparametric elements was used

for the modeling. Detail of the derivation has been given in an earlier paper [8]
and will not be repeated here. The final form of nodal force-displacement rela-
tions is given in the following

where nodal force {F}, nodal displacement {q) and the nonmechanical force vec-
tor are 8 X 1 column matrices and the remaining term is an 8 x 8 matrix.

4. DAMAGED LAMINA FORMULATION

As given in Reference [8], the effective in-plane constitutive relations of a
damaged composite lamina with matrix cracking and fiber breakage can be writ-
ten in the following form
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where lamina coordinates and contracted notation have been assumed. D,, D2
and D6 are the internal state variables representing the damaged state of the
lamina. D. is the stiffness degradation factor associated with fiber breakage; D2
and D6 are the stiffness degradation factors perpendicular to the fiber direction
and shear component, respectively, due to matrix cracking. The degraded
stiffnesses can be obtained from Equation (5) as

where En, E22 and G12 are the effective damaged lamina stiffnesses and E~,, E22
and G~2 are the undamaged lamina stiffnesses. In Equations (5) and (6), the inter-
nal state variables D,, D2 and D6 are less than unity if damage has occurred in
the lamina.

Assumption is made here to simplify the calculation as the case for tensile
loading [8]. Here, the internal state variables D, are treated as material properties
(constants) rather than variables depending on the constraint plies. Similar to the
tension case, no theoretical study has been done to evaluate the D1 under com-
pressive loading. It will be determined using a parametric study with one data
point, and then it is fixed for the specific material system. Unlike tensile loading,
the crack surfaces are not traction free under compressive loading. Therefore, the
values ofDi, DZ and D6 under compressive loading are expected to be larger than
those under tensile loading.

5. FAILURE CRITERIA

In-plane failure can globally be classified into matrix cracking and fiber break-
age. A matrix cracking caused by compressive loading may have a different
mechanism microscopically than that caused by tensile loading. However, in the
problem of progressive failure, it is more important to understand the stress
redistribution due to a crack rather than how the crack was generated (by tension
mode, compression mode or other modes). A cracked element has different
boundary conditions under different loading conditions but does not depend on
the failure mode. Therefore, we only need a set of failure criteria that can predict
the matrix failure and fiber breakage. A lamina based fiber failure criterion [4,8]
has been applied successfully to predict the ultimate strength of composite lami-
nates. It states that



1047

where ai is the stress along the fiber direction and X and X’ are the respective
tensile and compressive strength of a 0° laminate. When e~ * 1, the laminate has
failed. The application of this failure criterion under compressive loading is
based on the fact that a similar failure mechanism has been observed for uni-
directional composites and the 0° ply within a multidirectional laminate with a
hole [10-15].
The matrix cracking was predicted using the Tsai-Wu quadrilateral failure cri-

terion. In terms of strength ratio, the Tsai-Wu criterion states that

when R s 1, the failure has occurred. Once failure has occurred, either matrix
or fiber or both, Equation (5) is used to describe the damaged ply of the element.

6. COMPUTATION PROCEDURES

The finite element meshes used for this study were generated using the com-
puter program &dquo;FEMESH&dquo; developed in Reference [8]. The program &dquo;PROFAS&dquo;
[8] was then used for the stress and the damage analysis. Different values of inter-
nal state variables, D1, D2 and D6 were used under the compressive loading ver-
sus the tensile loading. The computation procedures are briefly described in the
following:
1. Read the laminate geometry (node number and coordinates) and boundary

conditions from the output of &dquo;FEMESH&dquo; program.
2. Store the element stiffness matrix and nonmechanical force vector in global

coordinates.
3. Solve the nodal displacements and strains at the Gaussian points. The lami-

nate and ply stresses are then calculated using laminate plate theory with the
constitutive relations given in Equation (5).

4. Examine the damage state of the laminae within all the elements using Equa-
tions (7) and (8).
Then: ,

a. If failure does not occur, go back to step 3 with additional load,
p = p + Op.

b. When matrix cracking occurs in any lamina, the damaged lamina consti-
tutive relations as shown in Equation (5) are used to recalculate the ele-
ment stiffnesses, step 2. Then proceed to step 3 with the next load incre-
ment, p = p + Ap.

c. If fiber breakage is predicted, the distribution and redistribution of the
stresses are calculated at the same load level. This step is repeated until
no additional damage is detected. Then increase the load and go back to
step 2.
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5. For fiber dominated laminates, ultimate failure is assumed to occur when
fiber breakage has occurred across the entire width (one line of elements) of
the laminate.

7. PARAMETRIC STUDIES

The accuracy of the stress-strain distribution calculated with this finite element

computer code has been proven very well in an earlier study [8]. The effects of
element size and the magnitude of load increment on the strength prediction are
discussed in this section. Three representative finite element meshes used for the
study in this article are illustrated in Figure 2. The material used for this study
is Gr/Ep (graphite/epoxy) AS4/3502 and the elastic and strength properties are
given in Table 1.

Figure 2. Representative finite element meshes.
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Table 1. Material properties of AS4/3502 graphitelepoxy laminae.

7.1 Effects of Finite Element Sizes

Since the finite element mesh was generated using a mathematic equation, the
number of elements generated is inversely proportional to the element sizes. The
effects of the internal state variables D1, D2 and D6 have been shown to be very
important to the strength prediction under tensile loading [8]. Therefore, their
significance under compressive loading was also studied and presented here.

Figure 3 presents the ultimate strength of Gr/Ep [0/90/::t: 45]s laminates con-
taining a central hole under compressive loading. The hole-to-width ratio (2alW)
is 0.3 &dquo;/1 &dquo;. The finite element meshes employed here include 42, 162, 272, 400
and 552 elements, and the magnitude of the load increment is - 2 ksi. The pa-
rameter D1 varies from 0.001 to 0.15, and D2 and D6 range from 0.01 to 0.30. For
D2 = D6 = 0.30, the predicted ultimate strengths are - 32 and - 46 ksi for D1
equal to 0.01 and 0.15, respectively. The difference is approximately 44 % . This
result shows that the ultimate strength is quite sensitive to the stiffness degrada-
tion factors. This is attributed to the relaxation of stresses due to micro-damage.
Similar rational analysis can be performed for the tension case [8] to support this
argument.

7.2 Effects of Load Increment

The effects of the magnitude of load increment were studied using the Gr/Ep
[0/90/ ::t:45]s laminates with the opening-to-width ratio 2alW = 0.3/1.0. To mini-
mize the possible effects due to the mesh sizes, a relatively fine mesh that con-
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Figure 3. Effects of element size on the ultimate strength of an AS4/3502 f0/90/* 45Js lami-
nate with 2a/V1/ = 0.3 in./1.0 in.

tains 552 elements was used for this study. The steps of load increment (As) in-
clude -1, - 2, - 3 and - 5 ksi. The result in Figure 4 shows that some
predictions with different values of D1, D2 and D6 could be the same when the
load increment was as large as - 5 ksi. From this study, we suggest that the mag-
nitude of the load increment should not be larger than 3 ksi for fiber dominated

Figure 4. Effects of magnitude of load increment on the ultimate strength of an AS4/3502
[0/90/~45]s laminate with 2a/W = 0.3 in.ll.0 m.
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laminates. For the smallest load increment, As = - ksi, the predicted ultimate
strength for D2 = D6 = 0.30 and D1 equal to 0.01 and 0.15 are - 34 and - 45
ksi, respectively. These results are very close to the predictions using As = - 2
ksi in the previous section.

8. RESULTS

The results presented in this article include the predicted ultimate strength and
the failure mechanism. The predictions are compared with experimental results.

8.1 Ultimate Strength
The load transferring mechanism of a laminate contains a cracked ply under

tensile loading different from that under compressive loading. Under tensile
loading, the crack surfaces are traction free, whereas under compressive loading,
the crack surfaces can still carry load. Therefore, the stiffness degradation factors
D1, D2 and D6 under compressive loading must be higher than those under tensile
loading. In the previous work [8], these factors were found to be D1 = 0.07 and
D2 = D6 = 0.2 for AS4/3502 laminates under tensile loading. These values
were used in the calculation of compression loading as a baseline solution. Anal-
ysis was also made by using D, = 0.14 and D2 = D6 = 0.4 that are twice the
values for those under tensile loading.
The prediction for the ultimate strength (collapse strength) of AS4/3502

[0/ t 45/90hs laminates are compared to the experimental values in Figure 5. The
specimens considered have a constant width, W = 1 inch. In the case of hole di-
ameter equal to zero, we simply mean unnotched laminates. The result for 1.5
inch wide specimens are illustrated in Figure 6. In both cases, the predictions
with D1 = 0.14 and D2 = D6 = 0.4 agree quite well with the experimental

Figure 5. Predicted and experimental strengths of AS4/3502 f0/* 45/90Js laminates with
W = 1 m.
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Figure 6. Predicted and experimental strengths of AS4/3502 f0/* 45/90Js laminates with
W = 1.5 in.

data. The prediction with D, = 0.07 and D2 = D6 = 0.2 appears to be too con-
servative.
Once the stiffness degradation factors are determined, they are assumed con-

stants for the material system and not dependent on the laminate layups. This ap-
proach is virtually the same and consistent with the treatment under tensile
loading [8]. To further validate this model, another comparison is presented in
Figure 7 for AS4/3502 [Oz/ t45]ZS laminates. The analysis and the experiment
were done for 1 inch wide specimens. Their values agree very well. It appears

Figure 7. Predicted and experimental strengths of AS4/3502 (Oz/t 45)ZS lammates with
W = 1 in.
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that the same D,, D2 and D6 can be used for the [0,/ t45]2S laminates, as well as
for the [0/ =i:45/90],, laminates. All the predictions in Figures 5-7 use 500 to 600
elements, except the case of 2a = 0.1 inch, which uses 702 elements.

8.2 Damage Progression
As we increase the applied load to a critical level, micro-damage will initiate

from the hole boundary. This micro-damage includes matrix cracking, fiber
matrix splitting, delamination, fiber kinking and microbuckling. They grow as
the applied load increases. To examine the capability and accuracy of the present
model, two examples are given in the following using AS4/3502 laminates.
Figure 8 shows the prediction of a 1.50 inch wide [02/::c 45]25 laminate with a
0.295 inch hole in the center. This finite element mesh contains 150 elements and
180 nodes. At - 58 ksi, longitudinal splitting was predicted in the 0° ply (i.e.,
parallel to the loading direction). Matrix crackings appear in the 45 and - 45 

°

plies, and fiber breakage (shear crippling or microbuckling) occurs in the 0°
layer. Figure 8(d) gives a superimposed view of Figures 8(a)-8(c).
The X-ray radiograph (with penetrant to enhance the image) in Figure 9 reveals

extensive fiber matrix splitting in the 0° layer and fewer matrix crackings in the
45 and - 45 plies. The fiber breakage (shear crippling or microbuckling) is
clearly shown by the black horizontal line emanating from the hole. The length
of the fiber breakage is 0.09 inches, which is slightly shorter than the predicted
value, of 0.12 inches.

Ultimate failure is assumed to occur when fiber breakage occurs across the en-
tire width of a layer within a laminate. When we increase the load to - 70 ksi
(Figure 10), shear crippling was predicted across the entire width of the 0° layer

Figure 8. Predicted damage of a [0/:l:45]2S laminate with 2a/W = 0.295 m./1.501 m. at
-58 ksi: (a) 0° ply, (b) 45° ply, (c) -45° ply and (d) superimposed.



1054

Figure 8 (continued). Predicted damage of a [0,/ =i: 45J25 laminate with 2a/W = 0.295 in.1
1 501 m at -58 ksi. (a) 0° ply, (b) 45° ply, (c) -45° ply and (d) superimposed.

Figure 9. X-ray radiograph of a [02/:i= 4SJ25 specimen with 2aM = 0.295 in./1. S01 in. after
loaded to - 57. 9 ksi (96% ultimate).



1055

flgure 7U. ultimate rallure ot a 102/:1:4512S lammate with 2a/W = 0.295 m.l1.501 in. at
- 70 ksi: (a) 0° ply, (b) 45° ply, (c) -45° ply and (d) superimposed.
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and passes through the hole. Shear crippling was also predicted in the 45 and
-45° plies. Extensive matrix crackings appear in all laminae. The experimental
value of the ultimate strength of this laminate configuration is - 64.2 ksi. Again,
the correlation between the prediction and the experiment is good.

9. DISCUSSION AND CONCLUSIONS

The progressive failure model that was developed earlier [8] for laminated

composites under tensile loading is extended to compressive loading in this arti-
cle. The key parameter for this extension and development is the use of the inter-
nal state variables D,, D2 and D6. From the consideration of the physical bound-
ary conditions and the load transferred mechanism of a cracked laminate under
tensile and compressive loadings, we obtained different values of stiffness

degradation factors for different conditions. For AS4/3502 laminates, the values
of the D1, D2 and D6 of a damaged ply under compressive loading were deter-
mined to be twice those for tensile loading. Although Nuismer and Tan [16] have
pointed out that internal state variables are laminate dependent, they were
assumed to be independent of laminate layups in this study to reduce the com-
plexity of the problem. Comparisons were made with experimental data for the
AS4/3502 [O/::i:: 45/90hs and [0,/ =L 45]2,, laminates (Figures 5-7). Good agree-
ment was obtained using constant values of the stiffness degradation factors,
D, = 0.14 and D2 = D6 = 0.4.
The damage progression was studied using an AS4/3502 [02/::i:: 45hs laminate

with hole-to-width ratio equal to 0.295 &dquo;/1.501 &dquo;. At - 58 ksi, microbuckling was
predicted, in addition to longitudinal splitting in the 0° layer (Figure 8). This pre-
dicted failure mechanism agrees reasonably well with the X-ray radiograph, as
shown in Figure 9.

This model is not as complicated as some other models in the literature. How-
ever, it is promising because its accuracy has been verified by experimental data.
Following the same approach, other types of loading conditions should be ap-
plicable as well. At the present time, this model does not take into account
delamination that could occur around the hole. Additional study is needed for
laminates that exhibit extensive delamination around the hole.
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