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When simulating three-dimensional flows interacting with deformable and elastic obstacles, cur-
rent methods often encounter complexities in the governing equations and challenges in numerical
implementation. In this work, we introduce a novel numerical formulation for simulating incom-
pressible viscous flows at low Reynolds numbers in the presence of deformable interfaces. Our
method employs a vorticity-stream vector formulation that significantly simplifies the fluid solver,
transforming it into a set of coupled Poisson problems. The body-fluid interface is modeled using
a phase field, allowing for the incorporation of various free-energy models to account for membrane
bending and surface tension. In contrast to existing three-dimensional approaches, such as Lattice
Boltzmann Methods or boundary-integral techniques, our formulation is lightweight and grounded
in classical fluid mechanics principles, making it implementable with standard finite-difference tech-
niques. We demonstrate the capabilities of our method by simulating the evolution of a single vesicle
or droplet in Newtonian Poiseuille and Couette flows under different free-energy models, successfully
recovering canonical axisymmetric shapes and stress profiles. Although this work primarily focuses
on single-body dynamics in Newtonian suspending fluids, the framework can be extended to include
body forces, inertial effects, and viscoelastic media.

Keywords: elasticity, interfaces, stream vector, low-Reynolds hydrodynamics, numerical meth-
ods, vorticity.

INTRODUCTION

The study of deformable objects in microfluidic environments lies at the intersection of fluid me-
chanics, soft matter physics, and biomedical engineering, offering profound insights into the behavior
of vesicles, droplets, and cells under confined flow conditions [1-4]. In low-Reynolds number regimes
typical of microfluidic systems, the interplay between hydrodynamic forces and interfacial mechan-
ics governs the deformation, mobility, and induced resistance of these soft entities[5-8]. Various
approaches can be employed to tackle this problem using computer simulations. One such strategy
involves using a phase field coupled to a lattice Boltzmann method (LBM) [9, 10]. Alternatively,
particle-based methods like smoothed dissipative particle dynamics (SDPD) [11, 12] can also be
utilized. Another option is to use mathematical functions such as Green functions or Dirac deltas,
for instance, through the use of boundary integral methods [13, 14] or immersed boundary meth-
ods [15]. These simulations have explored how parameters such as size, viscosity contrast, and
membrane elasticity influence flow dynamics. However, implementing these methods practically can
present significant challenges and computational requirements as discussed elsewhere [16-18].

Recent advances, such as the vorticity-stream function formulation coupled with phase-field mod-
els, provide a robust and computationally efficient framework to simulate 2D flows interacting with
elastic interfaces [19]. These methods capture complex phenomena like vesicle shape transitions,
lateral migration, and stress distribution, while also enabling the quantification of hydrodynamic re-
sistance as a diagnostic tool. Such developments enhance our understanding of cellular biomechanics
and droplet-based transport and pave the way for innovative lab-on-chip applications in diagnostics
and targeted therapeutics. While there are other powerful fluid solving methods like Volume-of-
Fluid (VOF) method, good for surface-tension problems, they lack the smooth variational framework
with a differentiable interface needed to reliably derive the chemical potential and bending required
for the Canham-Helfrich energy [20].

In this paper, we exploit the properties of low-Reynolds flow to study the Physics of simulating
elastic membranes or vesicles. Thev method generalizes the formalism introduced in Ref. [19] and
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is based on the evolution equations of three observables: the interface chemical potential, the fluid
vorticity, and the so-called stream vector. The stream vector is the generalization to 3D of the widely
used stream function in 2D flows, which will work as a vector potential. Importantly, adaptability is a
key feature of the approach. The method allows for studying various objects with easy customization
through modifying free energy, adding extra terms, or even a complete overhaul. Its coupling with
obstacles that adhere to two free energy models, such as Canham-Helfrich and Cahn-Hilliard or
Couette and Poiseuille, shows the method’s versatility.

Existing numerical approaches for incompressible flows with deformable interfaces have primar-
ily focused on high-Reynolds-number regimes, employing velocity—vorticity formulations and non-
staggered vorticity—vector potential methods [21-23], as well as extensions to curvilinear coordi-
nates and immersed boundary techniques for complex geometries [24, 25]. These solvers often rely
on turbulence modeling strategies such as LES or RANS [26, 27], coupled with particle or inter-
face tracking, which significantly increases computational complexity. In contrast, our formulation
targets low-Reynolds-number viscous flows dominated by interfacial mechanics. By leveraging a
vorticity—vector potential framework in time-dependent curvilinear coordinates [24], the method re-
duces the governing equations to two Poisson problems, ensuring strict incompressibility without
pressure computation and accommodating deformable boundaries without resorting to immersed
boundary techniques [25]. This distinction highlights the complementary role of our scheme relative
to existing solvers designed for turbulent multiphase flows.

Recent advances in the simulation of vesicle and cell dynamics in microfluidic flows include
mesoscale frameworks [28] and particle-based approaches like dissipative particle dynamics [4], as
well as continuum phase-field models for red blood cell rheology[9]. These state-of-the-art methods
provide accurate physical descriptions but often involve complex implementations or high compu-
tational cost. In contrast, our approach introduces a simpler Poisson-based solver coupled with a
phase-field description, enabling the incorporation of Helfrich bending and Cahn-Hilliard energies
within a unified framework. This design prioritizes flexibility and ease of modification, making it
a practical alternative for exploring membrane mechanics in confined flows. By openly sharing our
code, we aim to complement existing high-performance methods and foster benchmarking efforts in
this emerging area.

There is a clear gap in the literature regarding the use of vorticity-based formulations for de-
formable interfaces governed by Canham-Helfrich or Cahn—Hilliard energies in 3 dimensions. Most
established approaches for vesicle and cell dynamics—such as those by Noguchi et al. (2005) [28],
Fedosov et al. (2010) [4], and Lézaro et al. (2014) [9]—rely on particle-based or continuum phase-
field methods coupled with direct Navier-Stokes solvers, rather than vorticity-based schemes. To our
knowledge, no existing work combines the advantages of vorticity-velocity formalism with phase-field
models for membrane bending in 3 dimensions. Our method addresses this gap by introducing a sim-
ple Poisson-based solver that naturally integrates Helfrich bending forces and surface tension within
a unified framework, offering a flexible alternative to more complex or computationally expensive
techniques.

PHYSICAL EQUATIONS

The following mathematical procedure could be taken for various interfacial free energies. For the
derivation of the full model, we will be using a membrane free energy, the Canham-Helfrich energy.
However, we will show results for a surface tension-free energy using the Cahn-Hilliard model, as it
applies to different interfacial energies.

The membrane free energy will be written as,

K

P :/ (5 @ = Co)? + raK) dS + Aad, (1)
r

for a membrane of bending and Gaussian rigidities k and k¢, with mean and Gaussian curvatures H

and K, spontaneous curvature Cp and with an area Lagrange multiplier A 4. With this free energy,

we can get the chemical potential as a functional derivative of the chosen free energy pu = 6F/d¢.

This chemical potential is commonly used to write down the dynamic equation of the interface ¢
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field

% =MV —7-Vé, (2)
ot

where ¥ is the velocity field of the fluid, accounting for both the external and internal liquid from
the cell/droplet, and M is a suitable mobility for the field ¢.

In addition, one needs to solve the actual fluid flow to be able to compute the evolution of the
system. We can compute the flow coupled to an immersed deformable object using the chemical
potential, the vorticity &, and the vector potential ¢). To account for this, we first define the vector
potential related to the velocity field, o, as

T=V x4, ®3)
and the vorticity as
&=V xT. (4)

Using these, we can write the following system of equations

O =M(V2pu+Ay) — (VX ) Vo, (5a)
Vi = (V) x (Vi) (5b)
V2 = -3, (5¢)

where 7 is the dynamic viscosity of the fluid and Ay the volume Lagrange multiplier (details in
Supplementary Materials). We arrived at this system of equations using the phase-field approach,
which involves utilizing an order parameter called ¢. The no-slip condition at the deformable body,
the Kinematic condition, the Stress balance, and the tangential stress are derived for the both
Cahn-Hilliard and Canham-Helfrich equations in the Supplementary Materials. These conditions
are fulfilled by this flow-coupled phase field as can be seen by doing an asymptotic derivation of the
effective boundary conditions.
The Poisson equation for the vorticity (5b) comes from the curl of the Stokes equation

0=—VP+nVi—¢Vpu (6)

where the term —¢V p accounts for the effect of the cell on the fluid. This derivation can also be done
using the Navier-Stokes equation if one is interested in the inertial contribution (see Supplementary
Materials) by taking the curl of the incompressible Navier-Stokes equation. The Poisson equation
(5¢) is derived using curl properties, and vorticity can be expressed as

T=VXVX) = &=V(V-§)— V2. (7)

Taking the gauge condition V - LE =0 [21], a Poisson equation is derived from Eq. (7), leading to a
system of equations composed of two Poisson equations (5b) and (5c).

This methodology is a type of immersed boundary method that uses continuum fields to treat
boundaries and surfaces as diffusive interfaces. To represent the selected free energy, we use the
phase-field approach, either for bending with Co = 0 [29]

Bl = [ 22460 - V0PV 4 2010 ®

To evaluate simulations that use this interfacial energy term, we will be using the bending charac-

teristic time such as

_nv
=1, (9)

where V is the volume of the cell.
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This formalism can be extended to other types of interfaces, like surface-tension-driven ones. We
can model oil in water or other immiscible fluids by the use of the Cahn-Hilliard functional in place
of the membrane one

Feulol = [ (306" =17+ §IVoR av. (10)

where o is the surface tension between the two fluids. With this free energy, one can compute the
new chemical potential = §F/d¢ and substitute that into equation (5a). Therefore, changing from
simulating one type of interface to another is easy to model and to implement numerically if you
already have the code for another system.

In plane shear

We compute the in-plane stress at the interface, which we define as a tensor and intensity:

aij(z,y, 2) = n(05v; + 0;v;)

— 2 2 2
{Tt(l',y,Z) =\ Oay® + 0y2* + 0.7,

where 0; corresponds to the derivative with respect to the Cartesian coordinate 7, which can be any
from (z,y,z). This shear is especially useful for simulating cell membranes, as most cells have a
skeleton or spring-like network attached to the membrane. This skeleton can grant shear resistance
to the membrane; thus, simulations in 2D cannot completely reflect the complexity of a cell surface.

(11)

Boundary conditions

The system of equations (5a)-(5¢) can accommodate any geometry through the boundary condi-
tions. In this work, we take for all systems the no-slip boundary condition (BC) so that 7 = 0 at
the walls of the channel. And thus, the BCs of the fluid are equivalent to the conditions without
immersed bodies. For example, for a cylindrical Poiseuille flow v¥<Y = AP/(4nL) - (R? — (r — R)?)
where AP represents the applied pressure to a cylindrical channel of length L and radius R, we will
introduce Dirichlet BCs in the channel walls that comply in the Cartesian space (z,y, z)

ar o (FAPU=R) APG-R) )

2nL ’ 2nL (12)
e APy Ry, 2t R
v 74T]L((3 2)' (3 2)’0)

Obtaining the BC is easy, as one only has to compute 1/7 and & from the desired expression for .
If they are not solvable analytically, one can always use a numerical solver to obtain the numerical
value at the boundaries without bodies in the channel. So, virtually any channel shape and flow
type can be adapted to the method. As long as the channel shape is periodic, we will take periodic
boundary conditions (PBC) in the flow direction to make the channel infinitely long.

The type of flow can be adapted by changing the boundary conditions. These BCs will basically
cascade from the walls of the system to produce the desired kind of flow. We can use the analytical
solution of other flows, like Couette, to simulate these microfluidic conditions. The BCs for the
Couette rectangular channel can be computed from the Couette flow velocity. For a moving wall in
the z direction, separated from a static wall in the direction y, where the height of the channel h in
the y direction is so much smaller than one can take the width in the x direction to be infinite

vo(z,y) = Va2

h
will give the following BCs for vorticity and vector potential
2
B = vy,
hl (13)
7/)C° = 7Uwull’77
)

equations that will be evaluated only at the walls, thus at y = 0 and y = h.
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Numerical implementation

The numerical implementation of our system of equations is done using finite differences and an
unfitted interface methodology. Therefore, we define a fixed cubic grid that does not follow the
interface or change over time. In this grid, we will solve for the velocity fields and the field ¢. The
exact position of the interface ¢ = 0 can be interpolated with good accuracy from the lattice results
to plot the shape of the interface.

The time evolution of the field ¢ dynamic equation (5a) is solved using a forward Euler integration
method using a step At. This method is sufficient for the low-Reynolds scope of this paper, where
for a sufficiently small At the Euler integration method will be stable. Then, given that the flow
is assumed non-inertial in the results of this paper, the two Poisson equations (5b) and (5¢) can
be solved using an iterative method. The grid points are separated by the spatial resolution Az,
which we always take as equal in both dimensions z, y, and z. The system is solved using a
staggered scheme (also known as sequential segregated scheme or decoupled), where we solve each
PDE successively, instead of simultaneously. This scheme works properly for a small enough time
increment At. Specifically, we perform these steps: (1) advance ¢ explicitly; (2) solve the vorticity
Poisson equation; (3) solve the stream-vector Poisson equation. All during the same time iteration
and using the same time step At.

The implementation has been done in Python using an in-house code (freely available as an open
source GitHub repository [30]).

RESULTS AND DISCUSSION

A wide variety of combinations is possible for simulations; one can change the flow between
Poiseuille and Couette or the interfacial free energy between a biological membrane and Cahn-
Hilliard. On top of that, time-dependent flows like oscillatory flows can be simulated or change
the viscosity only of either the outer fluid or the object’s fluid, introducing a viscosity contrast. In
FIG.1, a set of examples of what this methodology can be used for is represented.

This figure represents the main examples used in this paper, which will be biological membranes in
Poiseuille and Couette flows, plus simulations of droplets using the Cahn-Hilliard energy functional
as a workbench for the method. Additional results and plots, especially on Cahn-Hilliard, can be
found in the Supplementary Materials.

Membranes in Poiseuille flows

We start by discussing the results for the Canham-Helfrich membrane energy in Poiseuille flows.
The reason is that there are many studies on the shape of RBCs in microfluidic flows. Looking at
(Fig.1 A-B), we can see that we recover known RBC shapes in low Reynolds flows, such as the
parachute (Fig.1 A) or the slipper (Fig.1 B), well studied in the literature [31].

For the parachute, the maximum shear stress on the membrane is on the outer rim, while the
front has a low shear due to the cylindrical symmetry. Meanwhile, a slipper-shaped vesicle has a
much more interesting shear stress, concentrating most of the shear at the bottom back of the cell.

We compute a couple of observables we started studying in a previous work [19]. These observables
are computed from the fluctuations of the vorticity and stream vector, @ and E, from the expected
results in the absence of an object inside the fluid, &y and &y, a purely Poiseuille flow vorticity and
stream vector. So we take the integral of the squared fluctuations to study the influence of the object
on the flow, as one can see in Figure 2. We found these observables to be very reactive to small
changes, and when an object stops deforming and moving around the channel, the values plateau as
they act like a rigid body [19].

Effect of shape changes on our observables

For example, inspection of the vorticity fluctuations for various bending modulus « from Figure 2.
For £ =1 and k = 2, we have two bumps during the relaxation related to the objects deforming to
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FIG. 1: First three plots correspond to a membrane inside a microfluidic flow. On the surfaces, we have
plotted the shear. The presence of the obstacle also represented the deformation of the original fluid flow
y component. A,B Membrane with Poiseuille both with k = 1 and a velocity in the center of the channel
of v = 0.35Az/At but A starting centered in the channel and B outside the channel center. Results in C
show Helfrich membrane in a Couette flow with x = 1 and a wall velocity of v,.; = 0.2. D corresponds to
an oil droplet in a Poiseuille flow starting outside of the center of the channel with a surface tension o = 1
and a central flow speed of v = 1.0.

their steady state solutions. The bump is more pronounced for k£ = 2, and as we can see in Figure 3
there is a disappearance of a dimple in the cell shape during the peak. This happens both in k = 1
and k = 2. So, shape changes in the cell shape result in changes in our observables. One could then
use them as indicators for transformation and changes in the system, to know where to look.

In Figure 3 we can observe the lack of this dimple for x = 3. This makes physical sense as we
expect that the dimples cannot appear in higher rigidities because it is a point of higher curvature,
which a high bending rigidity will penalize strongly. The higher peak in our observable for k = 2
rather than k = 1 we expect it to mainly be simulation variance and noise.

Membranes in Couette flow and non-intertial lateral migration

We simulated red blood cell (RBC)-shaped vesicles in a Couette flow, as shown in Figure 1D, to
investigate the shape deformations as well as an effect specific to Couette flows called lateral migra-
tion. We see the influence of wall velocity on system dynamics where higher wall speeds substantially
delay the attainment of steady state shape as the final shape deformations are much greater for high
speeds as seen in Figure 4A,B where it depicts the corresponding vesicle morphologies at two repre-
sentative shear rates. This delayed equilibration arises from the enhanced deformation imposed at
larger shear, even though the intrinsic deformation timescale of the membrane remains nearly un-
changed. Consequently, relaxation toward a stable configuration is prolonged under stronger flows.
More details can be seen in the Supplementary Materials.

A known effect that occurs to objects immersed in a Couette flow is called lateral migration, in
which a lift force appears to act on the object perpendicular to the flow direction. There are different
sources, like the inertial lift or Segré-Silberberg effect [32], a non-inertial lift force that seems to
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0.0 0.2 .
t/Te=1 t/Ti=1

FIG. 2: Observables computing the influence of the elastic object on the flow of fluid in the channel.
Computed using the vorticity and stream vector, & and E, from the simulations and subtracting &y and 573,
which are the vorticity and stream vector in the absence of the object. These observables are computed at
different bending rigidities x, and the cross section of the cell is also represented for x = 1 at the left and
r = 3 on the right, with the times of that cross section indicated in dotted lines.

8.0e-01

FIG. 3: (A) Shape changes around the spike in £ = 2 around ¢/7.—1 = 0.23 show the disappearance of
a dimple present before the peak. Bottom row 3D representations of the state around t/7.—1 = 0.23 for
varying bending rigidities (B) x = 1; (C) k = 2; and (D) x = 3. For k = 1, the small dimple also appears,
although less pronounced, while it does not appear for k = 3.

depend on the distance to the wall, the orientation and length of the particle, and the viscosity
contrast [33, 34]. Thus, the origins of this emerging lift force can be inertial or non-inertial; the
latter would be the case here.

This effect is properly reproduced in both 2D (using the code from [19]) and 3D simulations of vesi-
cles in Couette flows, represented in Figure 4 C, D, demonstrating the capacity of the methodology
and being a new tool to study this lateral migration effect on cells in Couette flows. In Figure 4 C
we see the effect happening for a 3D simulation, while in Figure 4 D we show how this effect changes
in 2D with viscosity contrast ¢, as 2D is much more convenient to study the parameter space that
requires to run multiple simulations. For a high enough viscosity contrast, the cell collides with the
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FIG. 4: (A) Final vesicle shape for vwe = 0.2, showing a relatively compact morphology. (B) Final
vesicle shape for vyau = 0.8, where the vesicle elongates significantly due to the higher shear. Color bars
in panels A and B correspond to the distribution of shear stress on the membrane, highlighting stronger
gradients at higher wall velocity. These results demonstrate that the temporal relaxation dynamics and
steady-state configurations of vesicles in Couette flows depend sensitively on the imposed flow strength,
with higher vwqu producing longer transients and greater in-plane stress heterogeneity. Lateral migration
of red blood cell (RBC)-shaped vesicles in Couette flow: (C) Three-dimensional simulation of a vesicle with
diameter 40Az in a channel of height 65Ax, a viscosity contrast ¢ = 1, and a At = 10~%, corresponding to
identical viscosities inside and outside the vesicle. The trajectory of the vesicle center of mass shows a clear
drift toward the moving wall at vy = 0.8. (D) Two-dimensional simulations of vesicles with diameter
80Az in a channel of height 140Ax at different viscosity contrasts ¢ = nrpc/Nouwt and a At = 1072, Each
curve represents the migration trajectory of the vesicle center of mass, normalized by the channel height,
starting from an initial offset from the channel centerline. Lower viscosity contrasts ({ < 1) lead to slower
or negligible migration, whereas higher contrasts (¢ > 1.5) produce pronounced drift toward the top wall,
where the vesicle stabilizes at distinct equilibrium positions.

wall and it cannot keep moving upwards. The equilibrium position of the cell center of mass in the
channel depends on parameters like viscosity contrast ¢ or cell reduced volume (see supplementary
materials). The time taken for a cell to reach the steady state will then depend on the velocity of
the flow and the distance between the starting position of the cell and the equilibrium steady state
position. An upper bound for this position will come from the cell reaching contact with the upper
wall and having no more room to travel.

These results confirm that the driving velocity strongly controls the equilibrium position, the
temporal pathway, and the membrane stress distribution. The stress maps in Figure 4 panels C and
D show how higher shear promotes larger in-plane tension gradients across the vesicle surface, which
may in turn trigger morphological instabilities or transitions under more extreme conditions. These
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results demonstrate the strong dependence of lateral migration on viscosity contrast and confirm
that the framework captures both the qualitative trends and quantitative scaling of cell migration
in Couette flows. Together, these observations highlight the framework’s robustness in capturing
subtle dynamical features of vesicle migration in Couette flow.

DISCUSSION AND CONCLUSIONS

The method we have introduced here offers several advantages for simulating three-dimensional
incompressible flows interacting with deformable obstacles. Its simplicity in formulation and im-
plementation makes it highly versatile and easy to adapt to diverse channel geometries and flow
configurations, provided periodicity is maintained in the flow direction. Unlike lattice Boltzmann
or other mesoscopic approaches that require proving consistency with continuum mechanics, our
framework is directly based on classical fluid mechanics and avoids additional layers of justification.

In three-dimensional incompressible flows with small Reynolds numbers, using vorticity and vector
potential remains advantageous and the dynamics simplify considerably. At low Reynolds numbers,
viscous forces dominate over inertial effects, which suppresses vortex stretching and tilting—the
mechanisms that typically complicate 3D vorticity evolution. As a result, the vorticity equation
reduces to a diffusion-dominated form, making the flow more predictable and easier to model. Ex-
pressing velocity as the curl of a divergence-free vector potential still enforces incompressibility
automatically, while eliminating the pressure term from the governing equations. Although the
full vector potential formulation requires handling gauge conditions, the absence of strong nonlin-
ear interactions at low Reynolds numbers makes this approach particularly effective for analyzing
deformable bodies in laminar regimes in three dimensions.

In Pouiseuille flow we see that by coupling the vorticity-stream-vector formulation with a phase-
field description, the method flexibly incorporates different free-energy models for the interface.
In particular, simulations using a bending-energy description reproduce experimentally observed
red blood cell morphologies in microfluidic flows, such as discocyte and parachute shapes. This
provides strong evidence of the framework’s physical fidelity. Moreover, the diagnostic observables we
propose—integrals of squared vorticity and stream-vector fields—are remarkably sensitive to shape
changes. They successfully detect transformations, continuous evolutions, and sudden morphological
transitions, plateauing when the deformable body behaves as an effective rigid particle (see Fig. 3).

The Couette flow simulations further underscore the framework’s robustness by capturing the
lateral migration of vesicles. This phenomenon, for which a unified theoretical description remains
elusive, is shown here to depend systematically on viscosity contrast, reduced volume, and initial
placement. Our results demonstrate that the method can reliably quantify equilibrium offsets and
migration dynamics, thus providing a practical computational tool for clarifying this long-standing
problem in non-inertial flows. Extensions to inertial regimes would be a natural next step.

Importantly, the framework enables investigations that 2D models cannot, particularly in cap-
turing in-plane shear dynamics essential for membrane mechanics. The phase-field approach allows
straightforward integration of additional physical effects, including magnetic interactions in fer-
rofluids, on cells feeded with iron oxide nanoparticles [35], external body forces, and multi-vesicle
suspensions, without significant computational overhead.

Finally, the method establishes a solid foundation for future developments. Incorporating vis-
coelastic suspending media, time-dependent flows such as oscillatory or transient regimes, and
multi-body interactions are all well within reach. This adaptability ensures broad applicability to
fluid-structure interaction problems across microfluidics, biological flows, and soft matter physics.

Supplementary Material

Additional mathematical details and a derivation of the sharp-interface limit of the phase-field
model are provided as Supplementary Material (PDF).
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