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ARTICLE INFO ABSTRACT
Communicated by Dr. Enrico Valdinoci This work addresses the one-dimensional Cauchy problem for the doubly degenerate nutrient
taxis model
Keywords:
Chemotaxis o du_ i(uuux) - i(uzuux) +uv, x€R, >0,
Degenerate diffusion ot z)%c dx
Cauchy problem 9 = oo uv, xeR, >0,
ot 0x2

u(x,0) =uy(x) 20, v(x,0)=0vy(x)>0, x€R,

which models pattern formation in bacterial populations. The global existence of weak solutions
is established for initial data satisfying appropriate regularity and integrability conditions. To
account for the degeneracy caused by u, not being strictly positive and the difficulties arising

from the unboundedness of the domain, we consider a family of regularized problems posed on

bounded intervals ( - % él), for € € (0, 1). Through adequate estimates uniform in e, we construct

global solutions to the system by passing to the limit using the Aubin-Lions lemma.

1. Introduction

Intricate patterns can arise in multiple scenarios in bacterial colonies as a response to changes in environmental conditions. For
instance, the availability of nutrients or the introduction of an attractant can trigger various forms of aggregation. Such patterns
can be reproduced in vitro on agar plates. In this context, for certain bacterial species as Bacillus subtilis, several studies [1,2] have
investigated the geometry of these aggregations. In [3] the shape of different aggregations is analyzed with respect to varying agar
and nutrient concentrations. For hard mediums—those with high agar concentrations—in the presence of low nutrient levels, complex
branching formations have been reported.

From a mathematical point of view, to model these phenomena, nutrient taxis systems of the following form have been considered,

ou

5= Au—V - uSu,v)Vo) + f(u,v),

o €)
— = Av —uv,

ot
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\begin {equation*}\begin {cases} \displaystyle \frac {\partial u}{\partial t} = \frac {\partial }{\partial x}(u v u_x) - \frac {\partial }{\partial x}(u^2 v v_x) + u v, & x\in \mathbb {R}, ~t>0, \\ \displaystyle \frac {\partial v}{\partial t} = \frac {\partial ^2 v}{\partial x^2} - u v, & x\in \mathbb {R}, ~t>0, \\ u(x,0) = u_0(x) \geq 0, \quad v(x,0) = v_0(x)>0, ~ & x\in \mathbb {R}, \end {cases}\end {equation*}


$u_0$


$\big ( -\frac {1}{\varepsilon }, \frac {1}{\varepsilon }\big )$


$\varepsilon \in (0,1)$


$\varepsilon $


$L^\infty $


$\mathbb {R}^d$


$\mathbb {R}^3$


\begin {equation}\label {1.1} \begin {cases} \displaystyle \frac {\partial u}{\partial t} = \Delta u - \nabla \cdot (u S(u,v) \nabla v)+f(u,v), \\[0.75 em] \displaystyle \frac {\partial v}{\partial t} = \Delta v - uv, \end {cases}\end {equation}


$u$


$v$


$S$


$f$


\begin {equation}\label {1.2} \begin {cases} \displaystyle \frac {\partial u}{\partial t} = \Delta u -\chi \nabla \cdot (u \nabla v) , \\[0.75 em] \displaystyle \frac {\partial v}{\partial t} = \Delta v +u- v, \end {cases}\end {equation}


$S \equiv 1$


$f \equiv 0$


$u \equiv a$


$v \equiv 0$


$a \geq 0$


$f = uv$


$S$


$S(u,v) = \frac {1}{v}$


\begin {equation}\label {1.3} \begin {cases} \displaystyle \frac {\partial u}{\partial t} = \nabla \cdot (uv \nabla u) - \chi \nabla \cdot (u^2 v \nabla v) + uv , \\[0.75 em] \displaystyle \frac {\partial v}{\partial t} = \Delta v -u v, \end {cases}\end {equation}


$\chi >0$


$\Omega $


$u(x,0) = u_0(x)$


$v(x,0) = v_0(x)$


\begin {equation}\label {1.4} \begin {cases} u_0 \in C^\vartheta (\bar {\Omega }) \text { for some } \vartheta \in (0,1), \text { with } u_0 \geq 0 \text { and } \displaystyle \int _{\Omega } \ln u_0 > -\infty ,\\ v_0 \in W^{1,\infty }(\Omega ) \text { is such that } v_0 >0 \text { in } \bar {\Omega }, \end {cases}\end {equation}


$u_0$


$\Omega $


$u$


$L^\infty (\Omega )$


\begin {equation}\label {1.5} \begin {cases} u_0, v_0 \in W^{1,\infty }(\Omega ), \text { with } u_0 \geq 0 \text { and } v_0 >0 \text { in } \bar {\Omega }, \\ \text {There exists } K >0 \text { such that } ||u_0||_{L^\infty (\Omega )} + ||v_0||_{L^\infty (\Omega )} + ||\partial _x \ln v_0||_{L^\infty (\Omega )} \leq K. \end {cases}\end {equation}


$\nabla \cdot (u^\alpha v \nabla v)$


$\alpha < 2$


$\alpha = 2$


$v_0$


$(u_0,v_0) \in W^{1, \infty }(\Omega )$


$\int _\Omega \ln u_0 > - \infty $


$v_0>0$


$\nabla \cdot (u^{\alpha -1} v \nabla u) - \nabla \cdot (u^\alpha v \nabla v)$


$\alpha \geq 1$


$n \leq 2$


$\alpha =2$


$+uv$


$u$


$u(1-u)$


$\Omega = \mathbb {R}$


\begin {equation}\label {sist} \begin {cases} \displaystyle \frac {\partial u}{\partial t} = \frac {\partial }{\partial x}(u v u_x) - \frac {\partial }{\partial x}(u^2 v v_x) + u v, & x\in \mathbb {R}, ~t>0, \\[0.75 em] \displaystyle \frac {\partial v}{\partial t} = \frac {\partial ^2 v}{\partial x^2} - u v, & x\in \mathbb {R}, ~t>0, \\[0.75 em] u(x,0) = u_0(x) \geq 0, \quad v(x,0) = v_0(x)>0, ~ & x\in \mathbb {R}. \end {cases}\end {equation}


$\frac {1}{\varepsilon }$


$\varepsilon \in (0,1)$


$\varepsilon \searrow 0$


$u$


$\nabla \cdot ( u^m \nabla v)$


\begin {equation}\label {hip0} \begin {cases} u_0 \in W^{1,\infty }(\mathbb {R}) \cap L^1(\mathbb {R}), \text { with } u_0 \geq 0 \text { in } \mathbb {R}, \\ v_0 \in W^{1,\infty }(\mathbb {R}) \cap L^1(\mathbb {R}), \text { with } v_0 > 0 \text { in } \mathbb {R}, \end {cases}\end {equation}


\begin {equation}\label {hip01} \displaystyle \int _{\mathbb {R}} \left | {\left (v_0^{\frac {3}{2(p+1)}}\right )}_x \right |^{\frac {2(p+1)(p+2)}{p+4}} < \infty ~\text { for all } p \geq 2,\quad \int _{\mathbb {R}} \frac {v_{0x}^2}{v_0} < \infty .\end {equation}


\begin {equation*}\begin {cases} u \in L^\infty _\text {loc}\big ((0,\infty ); L^p(\mathbb {R})\big ), \\[1.5 ex] v \in L^\infty \big ((0,\infty ); L^p(\mathbb {R})\big ) \cap L^\infty \big (\mathbb {R} \times (0, \infty )\big ) \cap L^\infty _\text {loc}\big ((0,\infty ); W^{1,\infty }(\mathbb {R})\big ), \end {cases}\end {equation*}


$p \geq 1$


$\Omega $


$\Omega $


$\varepsilon \in (0,1)$


$(u_\varepsilon , v_\varepsilon )$


\begin {equation}\label {reg} \begin {cases} \displaystyle \frac {\partial u_\varepsilon }{\partial t} = \frac {\partial }{\partial x}(u_\varepsilon v_\varepsilon u_{\varepsilon x}) - \frac {\partial }{\partial x}(u_\varepsilon ^2 v_\varepsilon v_{\varepsilon x}) + u_\varepsilon v_\varepsilon , & x\in B_{1/\varepsilon }, ~t>0, \\[0.75 em] \displaystyle \frac {\partial v_\varepsilon }{\partial t} = \frac {\partial ^2 v_\varepsilon }{\partial x^2} - u_\varepsilon v_\varepsilon , & x\in B_{1/\varepsilon }, ~t>0, \\ u_{\varepsilon x} = v_{\varepsilon x} = 0, & x\in \partial B_{1/\varepsilon }, ~t>0, \\ u_\varepsilon (x,0) = u_0(x) + \varepsilon \zeta (x)>0, \quad v_\varepsilon (x,0) = v_0(x)>0, ~ & x\in B_{1/\varepsilon }. \end {cases}\end {equation}


\begin {align*}\int _{B_{1/\varepsilon }} u_\varepsilon ^p + \int _{B_{1/\varepsilon }} v_\varepsilon ^{-\alpha } |v_{\varepsilon x}|^q, ~ \text { for }\alpha = \frac {(2p-1)q}{2(p+1)} >0,\end {align*}


$p \geq 2$


$q>1$


\begin {align*}\frac {d}{dt} \left \{ \int _{B_{1/\varepsilon }} u_\varepsilon ^p + \int _{B_{1/\varepsilon }} v_\varepsilon ^{- \frac {(2p-1)q}{2(p+1)}} |v_{\varepsilon x}|^q \right \} \leq C ||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })} \Big (\int _{B_{1/\varepsilon }} u_\varepsilon ^p + 1 +\varepsilon ^{\frac {p(q+2)+2}{q}} + \varepsilon ^{\frac {q}{2}} \Big ),\end {align*}


$u_\varepsilon $


$L^p(B_{1/\varepsilon })$


$\varepsilon $


$||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })}$


$(u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon )_{\varepsilon \in (0,1)}$


$(u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon )_{\varepsilon \in (0,1)}$


$L^2\big ((0,T); W^{1,1}_\text {loc}({B_{1/\varepsilon }})\big )$


$L^1\big ((0,T); (W^{3,2}_\text {loc}({B_{1/\varepsilon }}))^*\big )$


$u$


$v$


$u$


$v$


$\mathbb {R} \times (0,\infty )$


\begin {equation}\label {2.1} \begin {cases} u \in L^1_\text {loc} \left (\mathbb {R} \times [0, \infty )\right ), \\ v \in L^\infty _\text {loc}\left (\mathbb {R} \times [0, \infty )\right ) \cap L^1_\text {loc} \left ([0, \infty ); W^{1,1}(\mathbb {R})\right ), \end {cases}\end {equation}


\begin {equation}\label {2.2} u^2 v, ~u^2 v_x\in L^1_\text {loc}\left (\mathbb {R} \times [0, \infty )\right ),\end {equation}


$(u,v)$


\begin {align}\label {2.3} \int _0^\infty \int _{\mathbb {R}} u \varphi _t + \int _\mathbb {R} u_0 \varphi (\cdot , 0) = -\frac {1}{2}\int _0^\infty \int _{\mathbb {R}} u^2 v_x \varphi _x - \frac {1}{2}\int _0^\infty \int _{\mathbb {R}}u^2 v \varphi _{xx} - \int _0^\infty \int _\mathbb {R} u^2 v v_x \varphi _x - \int _0^\infty \int _\mathbb {R} u v \varphi ,\end {align}


\begin {equation}\label {2.4} \int _0^\infty \int _\mathbb {R} v \varphi _t + \int _\mathbb {R} v_0 \varphi (\cdot , 0) =\int _0^\infty \int _{\mathbb {R}} v_x \varphi _x + \int _0^\infty \int _{\mathbb {R}} u v \varphi ,\end {equation}


$\varphi \in C_0^\infty (\mathbb {R} \times [0, \infty ))$


$\mathbb {R}$


$\varepsilon \in (0,1)$


$u_0$


$u$


$\varepsilon \zeta (x)$


$\zeta :\mathbb {R} \to \mathbb {R}^+$


$\varepsilon \in (0,1)$


$\frac {1}{\varepsilon }$


$B_{1/\varepsilon } := (-1/\varepsilon , 1/\varepsilon )$


$\varepsilon $


$\varepsilon \in (0,1)$


$\varepsilon \in (0,1)$


$u_0$


$v_0$


$\varepsilon \in (0,1)$


$T_{\max , \varepsilon } \in (0, \infty ]$


\begin {equation*}\begin {cases} u_\varepsilon \in \bigcap _{q \geq 1} C^0\left ([0, T_{\max , \varepsilon }); W^{1,q}(B_{1/\varepsilon }) \right ) \cap C^{2,1}(\bar {B}_{1/\varepsilon } \times \left (0, T_{\max , \varepsilon })\right ), \\ v_\varepsilon \in \bigcap _{q \geq 1} C^0\left ([0, T_{\max , \varepsilon }); W^{1,q}(B_{1/\varepsilon }) \right ) \cap C^{2,1}(\bar {B}_{1/\varepsilon } \times \left (0, T_{\max , \varepsilon })\right ), \end {cases}\end {equation*}


$u_\varepsilon >0$


$v_\varepsilon >0$


$\bar {B}_{1/\varepsilon } \times (0,T_{\max , \varepsilon })$


$(u_\varepsilon , v_\varepsilon )$


$B_{1/\varepsilon } \times (0, T_{\max , \varepsilon })$


\begin {equation*}\text {if } T_{\max , \varepsilon } < \infty , \text { then } \lim \sup _{t \nearrow T_{\max , \varepsilon }} ||u_\varepsilon (\cdot , t)||_{L^\infty (B_{1/\varepsilon })} = \infty .\end {equation*}


$B_{1/\varepsilon }$


$u_\varepsilon $


$v_\varepsilon $


$\varepsilon \in (0,1)$


$t \in (0, T_{\max , \varepsilon })$


\begin {equation*}\int _{B_{1/\varepsilon }} u_\varepsilon (\cdot ,t) + \int _{B_{1/\varepsilon }} v_\varepsilon (\cdot ,t) \leq \int _{B_{1/\varepsilon }} u_0 + \int _{B_{1/\varepsilon }} \zeta + \int _{B_{1/\varepsilon }} v_0,\end {equation*}


\begin {equation*}\int _0^t \int _{B_{1/\varepsilon }} u_\varepsilon (\cdot ,t) v_\varepsilon (\cdot ,t) \leq \int _{B_{1/\varepsilon }} v_0,\end {equation*}


\begin {equation*}||v_\varepsilon (\cdot ,t)||_{L^\infty (B_{1/\varepsilon })} \leq ||v_0||_{L^\infty (B_{1/\varepsilon })} \leq ||v_0||_{L^\infty (\mathbb {R})}.\end {equation*}


$B_{1/\varepsilon }$


\begin {equation}\label {2.5} \frac {d}{dt} \int _{B_{1/\varepsilon }} u_\varepsilon = \int _{B_{1/\varepsilon }} u_\varepsilon v_\varepsilon , \quad \frac {d}{dt}\int _{B_{1/\varepsilon }} v_\varepsilon = - \int _{B_{1/\varepsilon }} u_\varepsilon v_\varepsilon , \quad \text {for all } t \in (0,T_{\max , \varepsilon }),\end {equation}


\begin {equation*}\int _{B_{1/\varepsilon }} u_\varepsilon (\cdot ,t) + \int _{B_{1/\varepsilon }} v_\varepsilon (\cdot ,t) = \int _{B_{1/\varepsilon }} u_\varepsilon (\cdot ,0) + \int _{B_{1/\varepsilon }} v_\varepsilon (\cdot ,0), \quad \text {for all } t \in (0,T_{\max , \varepsilon }).\end {equation*}


$u_\varepsilon $


$\varepsilon <1$


$L^1$


$L^\infty $


$v_\varepsilon $


$L^p$


$p \geq 2$


$\varepsilon $


$p>1$


$q \in (0,p)$


$r \geq 1$


$\theta \in [0,1]$


\begin {equation*}\frac {1}{p} = \theta \left ( \frac {1}{r}-1\right ) + \frac {1-\theta }{q},\end {equation*}


$\sigma >0$


$C>0$


$\varepsilon \in (0,1)$


\begin {equation*}||\varphi ||_{L^p(B_{1/\varepsilon })} \leq C ||\varphi _x||^\theta _{L^r(B_{1/\varepsilon })} \cdot ||\varphi ||_{L^q(B_{1/\varepsilon })}^{1-\theta } + C \varepsilon ^{(\frac {1}{\sigma } - \frac {1}{p})} ||\varphi ||_{L^\sigma (B_{1/\varepsilon })},\end {equation*}


$\varphi \in L^q(B_{1/\varepsilon })$


$\varphi _x \in L^r(B_{1/\varepsilon })$


$\varphi _1 \in L^q(B_1)$


$\varphi _x \in L^r(B_1)$


$B_1$


$C_1 = C_1(B_1)$


\begin {equation}\label {gn1-1} ||\varphi _1||_{L^p(B_1)} \leq C_1 ||(\varphi _1)_x||^\theta _{L^r(B_1)} \cdot ||\varphi _1||_{L^q(B_1)}^{1-\theta } + C_1||\varphi _1||_{L^\sigma (B_1)}.\end {equation}


$B_{1/\varepsilon }$


$\varepsilon \in (0,1)$


$\varphi \in L^q(B_{1/\varepsilon })$


$\varphi _x \in L^r(B_{1/\varepsilon })$


\begin {align*}\varphi _1: B_1 \to & ~\mathbb {R} \nonumber \\ y \mapsto & ~\varphi _1(y) = \varphi \left (\frac {1}{\varepsilon } \cdot y\right ),\end {align*}


$x = \displaystyle \frac {1}{\varepsilon } \cdot y$


\begin {equation*}||\varphi _1||_{L^m(B_1)}^m = \int _{B_1} \left |\varphi \left (\frac {1}{\varepsilon } \cdot y\right )\right |^m ~dy = \varepsilon \int _{ B_{1/\varepsilon }} |\varphi (x)|^m ~dx = \varepsilon ~|| \varphi ||_{L^m(B_{1/\varepsilon })}^m,\end {equation*}


$m>0$


$\displaystyle ||(\varphi _1)_x||_{L^m(B_1)}^m = \varepsilon ^{-(m-1)} ~||\varphi _x||_{L^m(B_{1/\varepsilon })}^m$


\begin {equation*}\varepsilon ^{\frac {1}{p}} ~||\varphi ||_{L^p(B_{1/\varepsilon })} \leq C_1 ~ \varepsilon ^{- \frac {r-1}{r} \cdot \theta } ||\varphi _x||^\theta _{L^r(B_{1/\varepsilon })} \cdot \varepsilon ^{\frac {1-\theta }{q}} ~||\varphi ||_{L^q(B_{1/\varepsilon })}^{1-\theta } + C_1 ~\varepsilon ^{\frac {1}{\sigma }} ~||\varphi ||_{L^\sigma (B_{1/\varepsilon })},\end {equation*}


$\varepsilon ^{-\frac {1}{p}}$


$C = C_1(B_1)$


\begin {equation*}-\frac {1}{p} - \theta \cdot \left (\frac {r-1}{r} \right )+\frac {1-\theta }{q} = 0,\end {equation*}


$\theta $


$L^\infty $


$r \geq 1$


$q >0$


$\theta \in [0,1]$


\begin {equation*}\displaystyle \theta \left ( \frac {1-r}{r}\right ) + \frac {1-\theta }{q} = 0.\end {equation*}


$C>0$


$\varepsilon \in (0,1)$


\begin {equation*}||\varphi ||_{L^\infty (B_{1/\varepsilon })} \leq C ||\varphi _x||_{L^r(B_{1/\varepsilon })}^\theta \cdot ||\varphi ||_{L^q(B_{1/\varepsilon })}^{1-\theta } + C \varepsilon ^{\frac {1}{q}} ||\varphi ||_{L^q(B_{1/\varepsilon })},\end {equation*}


$\varphi \in L^q(B_{1/\varepsilon })$


$\varphi _x \in L^r(B_{1/\varepsilon })$


$L^p$


$u_\varepsilon $


$||u_\varepsilon ||_{L^p(B_{1/\varepsilon })}$


$\varepsilon \in (0,1)$


$p \geq 2$


\begin {equation}\label {3.1} \int _{B_{1/\varepsilon }} u_\varepsilon ^p + \int _{B_{1/\varepsilon }} v_\varepsilon ^{-\alpha } |v_{\varepsilon x}|^q,\end {equation}


\begin {equation*}\alpha = \frac {(2p-1)q}{2(p+1)} >0,\end {equation*}


$q>0$


$p>1$


$q >2$


$\eta > 0$


$C_1 > 0$


$C_2(\eta ) >0$


$\varepsilon \in (0,1)$


$t \in (0, T_{\max , \varepsilon })$


\begin {equation}\label {3.2} \frac {d}{dt} \int _{B_{1/\varepsilon }} v_\varepsilon ^{-\frac {(2p-1)q}{2(p+1)}} |v_{\varepsilon x}|^q + \frac {1}{C_1} \int _{B_{1/\varepsilon }} v_\varepsilon ^{- \frac {(2p-1)q}{2(p+1)} -2} |v_{\varepsilon x}|^{q+2} \leq C_1 \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {q+2}{2}} v_\varepsilon ^{q - \frac {(2p-1)q}{2(p+1)}},\end {equation}


\begin {align}\label {3.3} & \frac {d}{dt} \int _{B_{1/\varepsilon }} u_\varepsilon ^p + \frac {p(p-1)}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 + \frac {p(p-1)}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon v_{\varepsilon x}^2 \nonumber \\ & \leq p ||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })} \int _{B_{1/\varepsilon }} u_\varepsilon ^p + \eta \int _{B_{1/\varepsilon }} v_\varepsilon ^{-\frac {(2p-1)q}{2(p+1)} -2} |v_{\varepsilon x}|^{q+2} + C_2(\eta ) \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {(p+1)(q+2)}{q}} v_\varepsilon ^{\frac {1}{q} \left (q+\frac {(2p-1)q}{(p+1)} +6\right )}\end {align}


$\int _{\Omega } v_\varepsilon ^{-\alpha } |v_{\varepsilon x}|^q$


$\Omega \subset \mathbb {R}$


$\alpha \in (0, q)$


$v_\varepsilon $


$\alpha = \frac {(2p-1)q}{2(p+1)}$


\begin {align}\label {3.4.2} \frac {1}{p} \frac {d}{dt} & \int _{B_{1/\varepsilon }} u_\varepsilon ^p + \frac {p-1}{2} \int _{B_{1/\varepsilon }} u_{\varepsilon }^{p-1} v_\varepsilon u_{\varepsilon x}^2 + \frac {p-1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon v_{\varepsilon x}^2 \nonumber \\ & \leq (p-1)\int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon v_{\varepsilon x}^2 + ||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })} \int _{B_{1/\varepsilon }} u_\varepsilon ^p, \quad \text {for all } t \in (0,T_{\max , \varepsilon }).\end {align}


$\frac {q+2}{2}$


$\frac {q+2}{q} > 1$


$\eta >0$


$C_2(\eta ) >0$


\begin {align}\label {3.5} (p-1) & \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon v_{\varepsilon x}^2 = (p-1) \int _{B_{1/\varepsilon }} {\left ( v_\varepsilon ^{-\frac {(2p-1)q}{2(p+1)} -2} |v_{\varepsilon x}|^{q+2} \right )}^{\frac {2}{q+2}} u_\varepsilon ^{p+1} v_\varepsilon ^{\frac {1}{q+2} \left ( q + 2\frac {(2p-1)q}{2(p+1)} + 6\right )} \nonumber \\ & \leq \frac {\eta }{p} \int _{B_{1/\varepsilon }} v_\varepsilon ^{-\frac {(2p-1)q}{2(p+1)} - 2} |v_{\varepsilon x}|^{q+2} + C_2(\eta ) \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {(p+1)(q+2)}{q}} v_\varepsilon ^{\frac {1}{q} \left ( q + \frac {(2p-1)q}{(p+1)} + 6\right )}.\end {align}


$t \in (0, T_{\max , \varepsilon })$


$p>0$


$C>0$


$\varepsilon \in (0,1)$


\begin {align*}|| \phi \psi ^{\frac {3}{p+1}}||^{p+2}_{L^\infty (B_{1/\varepsilon })} & \leq C ||\phi ||_{L^1(B_{1/\varepsilon })} ||\psi ||_{L^\infty (B_{1/\varepsilon })}^{\frac {3}{p+1}} \Bigg ( ||\psi ||_{L^\infty (B_{1/\varepsilon })}^2 \int _{B_{1/\varepsilon }} \phi ^{p-1} \psi ~\phi _x^2 +\int _{B_{1/\varepsilon }} \phi ^{p+1} \psi ~\psi _x^2 + \varepsilon ^{p+2} ||\phi ||_{L^1(B_{1/\varepsilon })}^{p+1} ||\psi ||_{L^\infty (B_{1/\varepsilon })}^3 \Bigg )\end {align*}


$\phi , ~\psi \in C^1(\bar {B}_{1/\varepsilon })$


$c_1$


$\varepsilon $


\begin {align}\label {3.6} & \displaystyle || \phi \psi ^{\frac {3}{p+1}}||^{p+2}_{L^\infty (B_{1/\varepsilon })} = || \phi ^{\frac {p+1}{2}} \psi ^{\frac {3}{2}}||_{L^\infty (B_{1/\varepsilon })}^\frac {2(p+2)}{p+1} \nonumber \\ & \displaystyle \quad \leq c_1 ||(\phi ^{\frac {p+1}{2}} \psi ^{\frac {3}{2}})_x||_{L^2(B_{1/\varepsilon })}^2 \cdot ||\phi ^{\frac {p+1}{2}} \psi ^{\frac {3}{2}}||_{L^\frac {2}{p+1} (B_{1/\varepsilon })}^\frac {2}{p+1} + c_1 \varepsilon ^{p+2}~||\phi ^{\frac {p+1}{2}} \psi ^{\frac {3}{2}}||_{L^{\frac {2}{p+1}}(B_{1/\varepsilon })}^{\frac {2(p+2)}{p+1}}.\end {align}


\begin {align*}||(\phi ^{\frac {p+1}{2}} \psi ^{\frac {3}{2}})_x||_{L^2(B_{1/\varepsilon })}^2 \leq \frac {(p+1)^2}{2} ||\psi ||_{L^\infty (B_{1/\varepsilon })}^2 \int _{B_{1/\varepsilon }} \phi ^{p-1} \psi ~\phi _x^2 + \frac {9}{2} \int _{B_{1/\varepsilon }} \phi ^{p+1} \psi ~\psi _x^2,\end {align*}


\begin {align*}||\phi ^{\frac {p+1}{2}} \psi ^{\frac {3}{2}}||_{L^{\frac {2}{p+1}}(B_{1/\varepsilon })}^{\frac {2}{p+1}} = \int _{B_{1/\varepsilon }} \phi ~\psi ^{\frac {3}{p+1}} \leq ||\phi ||_{L^1(B_{1/\varepsilon })} ||\psi ||_{L^\infty (B_{1/\varepsilon })}^{\frac {3}{p+1}},\end {align*}


$p,~r>0$


\begin {align*}\frac {(p+1)(p+2)}{p+4} \leq r < p+2.\end {align*}


$\eta >0$


$K>0$


$C(\eta ,K)>0$


\begin {equation}\label {hip1} \int _\mathbb {R} u_0 \leq K, \quad \int _\mathbb {R} v_0 \leq K, \quad ||v_0||_{L^\infty (\mathbb {R} )} \leq K, \text { and} \quad \int _{\mathbb {R}} \zeta \leq K,\end {equation}


$\varepsilon \in (0,1)$


$t \in (0, T_{\max , \varepsilon })$


\begin {align*}||u_\varepsilon v_\varepsilon ^{\frac {3}{p+1}}||^{r}_{L^\infty (B_{1/\varepsilon })} \leq \eta &\left ( \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon ~u_{\varepsilon x}^2 +\int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon ~ v_{\varepsilon x}^2 \right ) + C(\eta ,K)\Big (1+\varepsilon ^r \Big ) || v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })}.\end {align*}


\begin {align*}||u_\varepsilon ||_{L^1(B_{1/\varepsilon })} \leq \int _{B_{1/\varepsilon }} u_0 + \int _{B_{1/\varepsilon }} \zeta + \int _{B_{1/\varepsilon }} v_0 \leq 3K,\end {align*}


\begin {align*}||v_\varepsilon (\cdot ,t)||_{L^\infty (B_{1/\varepsilon })} \leq ||v_0||_{L^\infty (B_{1/\varepsilon })} \leq K,\end {align*}


$t \in (0, T_{\max , \varepsilon })$


$\phi = u_\varepsilon , ~ \psi = v_\varepsilon $


$t \in (0, T_{\max , \varepsilon })$


\begin {align}\label {3.8} || u_\varepsilon v_\varepsilon ^{\frac {3}{p+1}}||^{p+2}_{L^\infty (B_{1/\varepsilon })} & \leq C \cdot 3K \cdot ||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })}^{\frac {3}{p+1}} \Bigg ( K^2 \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon ~u_{\varepsilon x}^2 +\int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon ~ v_{\varepsilon x}^2 + \varepsilon ^{p+2} (2K)^{p+1} ||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })}^3 \Bigg )\nonumber \\ & \leq c_1 ||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })}^{\frac {3}{p+1}} I(t) + c_1 \varepsilon ^{p+2} ||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })}^{\frac {3(p+2)}{p+1}},\end {align}


$c_1 = c_1(K)>0$


\begin {align*}I(t) := \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon ~u_{\varepsilon x}^2 +\int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon ~ v_{\varepsilon x}^2 .\end {align*}


$r$


$\frac {(p+1)(p+2)}{p+4} \leq r < p+2$


\begin {equation}\label {3.9} || u_\varepsilon v_\varepsilon ^{\frac {3}{p+1}}||^{r}_{L^\infty (B_{1/\varepsilon })} \leq c_2 || v_\varepsilon ||^{\frac {3r}{(p+1)(p+2)}}_{L^\infty (B_{1/\varepsilon })} I(t)^{\frac {r}{p+2}} + c_2 \varepsilon ^r ||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })}^{\frac {3r}{p+1}},\end {equation}


$c_2>0$


$r$


\begin {align*}b := \frac {3r}{p+1} -1\geq \frac {2(p+1)}{p+4} > 0,\end {align*}


$t\in (0, T_{\max , \varepsilon })$


\begin {align*}\varepsilon ^r ||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })}^{\frac {3r}{p+1}} = \varepsilon ^r ||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })}^b ||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })} \leq \varepsilon ^r K^b ||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })}.\end {align*}


$\eta >0$


$c_3 = c_3(\eta , K) >0$


\begin {align*}c_2 || v_\varepsilon ||^{\frac {3r}{(p+1)(p+2)}}_{L^\infty (B_{1/\varepsilon })} I(t)^{\frac {r}{p+2}} \leq \eta I(t) + c_3 || v_\varepsilon ||^{\frac {3r}{(p+1)(p+2-r)}}_{L^\infty (B_{1/\varepsilon })} \leq \eta I(t) + c_3 K^a || v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })},\end {align*}


$a := \frac {3r}{(p+1)(p+2-r)} -1$


$r$


$\displaystyle p > \frac {1}{2}$


$q \in \big (1, \hspace {0.05 cm} 2(p+2)\big )$


$\displaystyle \alpha = \frac {(2p-1)q}{2(p+1)}>0$


\begin {equation}\label {3.10} \alpha \leq q - \frac {3(p+2)}{p+4}, \quad \alpha > q - \frac {3(p+2)}{p+1}.\end {equation}


$\eta >0$


$K>0$


$C(\eta , K)>0$


$\varepsilon \in (0,1)$


$t \in (0, T_{\max , \varepsilon })$


\begin {align*}\int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {q+2}{2}} v_\varepsilon ^{q- \alpha } \leq \eta \left ( \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon ~u_{\varepsilon x}^2 +\int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon ~ v_{\varepsilon x}^2 \right )+ C(\eta ,K)\Big (1+\varepsilon ^{\frac {(p+1)(q-\alpha )}{3}} \Big ) || v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })}.\end {align*}


$t \in (0, T_{\max , \varepsilon })$


\begin {equation}\label {3.11} \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {q+2}{2}} v_\varepsilon ^{q- \alpha } \leq ||u_\varepsilon ~v_\varepsilon ^{\frac {3}{p+1}} ||_{L^\infty (B_{1/\varepsilon })}^{\frac {(p+1)(q-\alpha )}{3}} \cdot \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {q+2}{2} - \frac {(p+1)(q-\alpha )}{3}},\end {equation}


$\alpha $


$\frac {q+2}{2} - \frac {(p+1)(q-\alpha )}{3} = 1$


\begin {equation}\label {3.11.2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {q+2}{2} - \frac {(p+1)(q-\alpha )}{3}} = ||u_\varepsilon ||_{L^1(B_{1/\varepsilon })} \leq 3K,\end {equation}


\begin {align*}\frac {(p+1)(q-\alpha )}{3} \geq \frac {(p+1)(p+2)}{p+4}, \quad \text { and } \quad \frac {(p+1)(q-\alpha )}{3} < p+2.\end {align*}


$r := \frac {(p+1)(q-\alpha )}{3}$


$\eta $


$K>0$


$C_1(\eta ,K)>0$


\begin {align*}||u_\varepsilon v_\varepsilon ^{\frac {3}{p+1}}||^{ \frac {(p+1)(q-\alpha )}{3}}_{L^\infty (B_{1/\varepsilon })} \leq &\frac {\eta }{3K} \left ( \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon ~u_{\varepsilon x}^2 +\int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon ~ v_{\varepsilon x}^2 \right ) + C_1(\eta ,K)\Big (1+\varepsilon ^{ \frac {(p+1)(q-\alpha )}{3}} \Big ) || v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })}.\end {align*}


$C(\eta ,K) := 3K \cdot C_1(\eta ,K)$


$\displaystyle p > \frac {1}{2}$


$q >1$


$\displaystyle \alpha = \frac {(2p-1)q}{2(p+1)}>0$


\begin {equation}\label {3.12} \alpha \geq \frac {3(p+2)q}{2(p+4)} - \frac {q+6}{2}, \quad \alpha < \frac {3(p+2)q}{2(p+1)} - \frac {q+6}{2}.\end {equation}


$\eta >0$


$K>0$


$C(\eta , K)>0$


$\varepsilon \in (0,1)$


$t \in (0, T_{\max , \varepsilon })$


\begin {align*}\int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {(p+1)(q+2)}{q}} v_\varepsilon ^{\frac {q+2\alpha +6}{q}} \leq \eta & \left ( \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon ~u_{\varepsilon x}^2 +\int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon ~ v_{\varepsilon x}^2 \right ) + C(\eta ,K)\Big (1+\varepsilon ^{\frac {(p+1)(q+2\alpha +6)}{3q}} \Big ) || v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })}.\end {align*}


$t\in (0, T_{\max , \varepsilon })$


\begin {equation}\label {3.13} \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {(p+1)(q+2)}{q}} v_\varepsilon ^{\frac {q+2\alpha +6}{q}} \leq ||u_\varepsilon ~v_\varepsilon ^{\frac {3}{p+1}}||_{L^\infty (B_{1/\varepsilon })}^\frac {(p+1)(q+2\alpha +6)}{3q} \cdot \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {2(p+1)(q-\alpha )}{3q}},\end {equation}


$\alpha $


$\frac {2(p+1)(q-\alpha )}{3q} = 1$


$p$


$q$


$\alpha $


$||u_\varepsilon ~v_\varepsilon ^{\frac {3}{p+1}}||_{L^\infty (B_{1/\varepsilon })}^\frac {(p+1)(q+2\alpha +6)}{3q}$


$\alpha $


$L^p$


$u_\varepsilon $


$p$


$q$


$p \geq 2$


$q\geq 4$


\begin {align*}\frac {2(p+1)(p+2)}{p+4} \leq q < 2(p+2).\end {align*}


$K>0$


$C(K)>0$


$\varepsilon \in (0,1)$


$t \in (0, T_{\max , \varepsilon })$


\begin {align*}\frac {d}{dt} \left \{ \int _{B_{1/\varepsilon }} u_\varepsilon ^p + \int _{B_{1/\varepsilon }} v_\varepsilon ^{- \frac {(2p-1)q}{2(p+1)}} |v_{\varepsilon x}|^q \right \} \leq C(K) ||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })} \left ( { 1 +\varepsilon ^{\frac {p(q+2)+2}{q}} + \varepsilon ^{\frac {q}{2}} +\int _{B_{1/\varepsilon }} u_\varepsilon ^p}\right ).\end {align*}


$\displaystyle \alpha = \frac {(2p-1)q}{2(p+1)}$


$c_1, c_2 >0$


$c_2 = c_1^{-1}$


\begin {equation}\label {3.14} \frac {d}{dt} \int _{B_{1/\varepsilon }} v_\varepsilon ^{-\alpha } |v_{\varepsilon x}|^q + c_1 \int _{B_{1/\varepsilon }} v_\varepsilon ^{- \alpha -2} |v_{\varepsilon x}|^{q+2} \leq c_2 \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {q+2}{2}} v_\varepsilon ^{q - \alpha },\end {equation}


$t \in (0,T_{\max ,\varepsilon })$


$\eta = c_1>0$


$C_2(\eta ) >0$


$c_3 := \frac {p(p-1)}{2} >0$


$c_4 := \max \{p ,C_2(\eta )\} >0$


\begin {align}\label {3.15} \frac {d}{dt} &\int _{B_{1/\varepsilon }} u_\varepsilon ^p + c_3 \left ( \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 + \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon v_{\varepsilon x}^2 \right ) \nonumber \\ & \leq c_4 ||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })} \int _{B_{1/\varepsilon }} u_\varepsilon ^p + c_1 \int _{B_{1/\varepsilon }} v_\varepsilon ^{-\alpha -2} |v_{\varepsilon x}|^{q+2} + c_4 \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {(p+1)(q+2)}{q}} v_\varepsilon ^{\frac {q+2\alpha + 6}{q}}.\end {align}


$q$


$p \geq 2$


$\displaystyle \eta = \frac {c_3}{2 c_4}>0$


$c_5 = c_5(K)>0$


\begin {align}\label {3.16} c_4 \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {(p+1)(q+2)}{q}} v_\varepsilon ^{\frac {q+2\alpha +6}{q}} \leq & \frac {c_3}{2}\left ( \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon ~u_{\varepsilon x}^2 +\int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon ~ v_{\varepsilon x}^2 \right ) + c_5 \Big (1+\varepsilon ^{\frac {(p+1)(q+2\alpha +6)}{3q}} \Big ) || v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })},\end {align}


$t \in (0, T_{\max , \varepsilon })$


$\eta = \frac {c_3}{2c_2} >0$


$c_6 = c_6(K)>0$


$t \in (0, T_{\max , \varepsilon })$


\begin {align}\label {3.17} c_2 \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {q+2}{2}} v_\varepsilon ^{q- \alpha } \leq & \frac {c_3}{2} \left ( \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon ~u_{\varepsilon x}^2 +\int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon ~ v_{\varepsilon x}^2 \right ) + c_6 \Big (1+\varepsilon ^{\frac {(p+1)(q-\alpha )}{3}} \Big ) || v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })}.\end {align}


\begin {align*}\frac {d}{dt} & \left \{ \int _{B_{1/\varepsilon }} u_\varepsilon ^p + \int _{B_{1/\varepsilon }} v_\varepsilon ^{-\alpha } |v_{\varepsilon x}|^q \right \} + c_1 \int _{B_{1/\varepsilon }} v_\varepsilon ^{- \alpha -2} |v_{\varepsilon x}|^{q+2} + c_3 \Bigg ( \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2+ \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon v_{\varepsilon x}^2 \Bigg ) \\ & \leq c_2 \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {q+2}{2}} v_\varepsilon ^{q - \alpha } + c_4 ||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })} \int _{B_{1/\varepsilon }} u_\varepsilon ^p + c_1 \int _{B_{1/\varepsilon }} v_\varepsilon ^{-\alpha -2} |v_{\varepsilon x}|^{q+2} + c_4 \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {(p+1)(q+2)}{q}} v_\varepsilon ^{\frac {q+2\alpha + 6}{q}} \\ & \leq c_1 \int _{B_{1/\varepsilon }} v_\varepsilon ^{-\alpha -2} |v_{\varepsilon x}|^{q+2} + 2 \cdot \frac {c_3}{2} \left ( \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon ~u_{\varepsilon x}^2 +\int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon ~ v_{\varepsilon x}^2 \right ) \\ & ~+ c_4 ||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })} \int _{B_{1/\varepsilon }} u_\varepsilon ^p + \left [ c_5 \Big (1+\varepsilon ^{\frac {(p+1)(q+2\alpha +6)}{3q}} \Big ) + c_6 \Big (1+\varepsilon ^{\frac {(p+1)(q-\alpha )}{3}} \Big ) \right ] || v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })},\end {align*}


$t \in (0, T_{\max , \varepsilon })$


\begin {equation}\label {3.18} \frac {d}{dt} \left \{ \int _{B_{1/\varepsilon }} u_\varepsilon ^p + \int _{B_{1/\varepsilon }} v_\varepsilon ^{-\alpha } |v_{\varepsilon x}|^q \right \}\leq c_7 ||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })} \left ({ 1 +\varepsilon ^{\frac {(p+1)(q+2\alpha +6)}{3q}} + \varepsilon ^{\frac {(p+1)(q-\alpha )}{3}} \int _{B_{1/\varepsilon }} u_\varepsilon ^p } \right ),\end {equation}


$\alpha $


$\displaystyle \frac {(2p-1)q}{2(p+1)}$


$L^p$


$u_\varepsilon $


$p \geq 2$


$p \geq 2$


$K >0$


$u_0$


$v_0$


\begin {equation}\label {3.19} \int _{\mathbb {R}} u_0^p \leq K, \quad \int _{\mathbb {R}} \left | {\left (v_0^{\frac {3}{2(p+1)}}\right )}_x \right |^{\frac {2(p+1)(p+2)}{p+4}} \leq K.\end {equation}


$\varepsilon \in (0,1)$


$T \in (0,T_{\max , \varepsilon })$


$C(p,k,T)>0$


$\varepsilon $


\begin {equation*}\int _{B_{1/\varepsilon }} u_\varepsilon ^p(\cdot , t) \leq C(p,K,T), \quad \text {for all } t \in (0,T).\end {equation*}


$q = \displaystyle \frac {2(p+1)(p+2)}{p+4} \geq 4$


$C(K)>0$


$t \in (0, T_{\max , \varepsilon })$


\begin {equation*}\frac {d}{dt} \left \{ \int _{B_{1/\varepsilon }} u_\varepsilon ^p + \int _{B_{1/\varepsilon }} v_\varepsilon ^{- \frac {(2p-1)q}{2(p+1)}} |v_{\varepsilon x}|^q \right \} \leq C(K) ||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })} \left ( { 1 + \varepsilon ^{\frac {p(q+2)+2}{q}} + \varepsilon ^{\frac {q}{2}} + \int _{B_{1/\varepsilon }} u_\varepsilon ^p }\right ).\end {equation*}


$\varepsilon < 1$


\begin {equation*}y_\varepsilon (t) := \int _{B_{1/\varepsilon }} u_\varepsilon ^p(\cdot ,t) + \int _{B_{1/\varepsilon }} v_\varepsilon ^{- \frac {(2p-1)q}{2(p+1)}}(\cdot ,t) |v_{\varepsilon x}(\cdot ,t)|^q + 3, \quad t \in [0, T_{\max , \varepsilon }),\end {equation*}


\begin {equation*}y'_\varepsilon (t) \leq C(K) ||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })} \cdot y_\varepsilon (t), \quad \text {for all } t \in (0, T_{\max , \varepsilon }).\end {equation*}


\begin {equation}\label {3.20} y_\varepsilon (t) \leq y_\varepsilon (0) \cdot e^{\displaystyle C(K) \int _0^t ||v_\varepsilon (\cdot ,s)||_{L^\infty (B_{1/\varepsilon })}~ds} \leq y_\varepsilon (0) \cdot e^{\displaystyle C(K) ||v_0||_{L^\infty (\mathbb {R})} \cdot t}~, \quad \text {for all } t \in (0, T_{\max , \varepsilon }),\end {equation}


$0 \leq ||v_\varepsilon (\cdot ,t)||_{L^\infty (B_{1/\varepsilon })} \leq ||v_0||_{L^\infty (\mathbb {R})}$


$t \in (0, T_{\max , \varepsilon })$


$T \in (0,T_{\max ,\varepsilon })$


$C(p,K,T) : = y_\varepsilon (0) \cdot e^{\displaystyle C(K) ||v_0||_{L^\infty (\mathbb {R})} \cdot T}>0$


$L^p$


$u_\varepsilon $


$v_\varepsilon $


$K>0$


$\varepsilon \in (0,1)$


$T \in (0,T_{\max , \varepsilon })$


$C(K,T) >0$


$\varepsilon $


$u_0$


$v_0$


\begin {equation*}||v_{\varepsilon x}(\cdot ,t)||_{L^\infty (B_{1/\varepsilon })} \leq C(K,T), \quad \text {for all } t \in (0,T).\end {equation*}


$L^p$


$u_\varepsilon $


$W^{1,\infty }(\mathbb {R})$


$v_0$


$L^p$


$u_\varepsilon $


$T_{\max , \varepsilon } = \infty $


$K>0$


$u_0$


$v_0$


$T_{\max , \varepsilon } = \infty $


$\varepsilon \in (0,1)$


$\varepsilon \in (0,1)$


$T_{\max , \varepsilon }$


$p \geq 2$


$\sup _{t \in (0,T_{\max , \varepsilon })} ||u_{\varepsilon } (\cdot , t)||_{L^p(B_{1/\varepsilon })}$


$B_{1/\varepsilon }$


$\varepsilon \in (0,1)$


$\varepsilon $


$(u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon )_{\varepsilon \in (0,1)}$


$L^2\big ((0,T); W^{1,1}_\text {loc}({B_{1/\varepsilon }})\big )$


$u_\varepsilon $


$L^p(B_{1/\varepsilon })$


$-u_\varepsilon v_\varepsilon $


$(v_\varepsilon )_{\varepsilon \in (0,1)}$


$u_\varepsilon $


$\displaystyle (u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon )_{\varepsilon \in (0,1)}$


$K>0$


\begin {equation}\label {4.1} \int _\mathbb {R} \frac {v_{0x}^2}{v_0} < K.\end {equation}


$T > 0$


$C(T)>0$


\begin {equation*}\int _0^T \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^4}{v_\varepsilon ^3} < C(T),\end {equation*}


$\varepsilon \in (0,1)$


$v_\varepsilon $


\begin {equation}\label {4.2} \frac {d}{dt} \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon } = 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}}{v_\varepsilon } (v_{\varepsilon x})_t - \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon ^2} v_{\varepsilon t}, \quad \text {for all }t >0.\end {equation}


$u_\varepsilon $


$v_\varepsilon $


$v_{\varepsilon x} \in C^{2,1}(\bar {B}_{1/\varepsilon } \times (0, T_{\max , \varepsilon })$


\begin {equation*}(v_{\varepsilon x})_t = v_{\varepsilon xxx} - u_{\varepsilon x} v_\varepsilon - u_\varepsilon v_{\varepsilon x}.\end {equation*}


\begin {align}\label {4.3} & \frac {d}{dt} \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon } = 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}}{v_\varepsilon } (v_{\varepsilon xxx} - u_{\varepsilon x} v_\varepsilon - u_\varepsilon v_{\varepsilon x}) - \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon ^2} (v_{\varepsilon xx} - u_\varepsilon v_\varepsilon ) \nonumber \\ & = - 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon xx}^2}{v_\varepsilon } + 2\int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon ^2} v_{\varepsilon xx} - 2 \int _{B_{1/\varepsilon }} u_{\varepsilon x} v_{\varepsilon x} - 2 \int _{B_{1/\varepsilon }} \frac {u_\varepsilon }{v_\varepsilon } v_{\varepsilon x}^2 - \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon ^2} v_{\varepsilon xx}\nonumber \\ &~+ \int _{B_{1/\varepsilon }} \frac {u_\varepsilon }{v_\varepsilon } v_{\varepsilon x}^2 = - 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon xx}^2}{v_\varepsilon } + \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon ^2} v_{\varepsilon xx} - 2 \int _{B_{1/\varepsilon }} u_{\varepsilon x} v_{\varepsilon x} - \int _{B_{1/\varepsilon }} \frac {u_\varepsilon }{v_\varepsilon } v_{\varepsilon x}^2, \quad \text {for all } t >0.\end {align}


\begin {equation}\label {4.4} \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon ^2} v_{\varepsilon xx} = \frac {2}{3} \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^4}{v_\varepsilon ^3}, \quad \text {for all } t>0,\end {equation}


\begin {equation}\label {4.5} - \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon xx}^2}{v_\varepsilon } \leq -\frac {4}{9} \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^4}{v_\varepsilon ^3} \quad \text {for all } t>0.\end {equation}


\begin {equation}\label {4.6} -2 \int _{B_{1/\varepsilon }} u_{\varepsilon x} v_{\varepsilon x} = 2 \int _{B_{1/\varepsilon }} u_\varepsilon v_{\varepsilon xx} \leq \frac {1}{4} \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon xx}^2}{v_\varepsilon } + 4 \int _{B_{1/\varepsilon }} u_{\varepsilon }^2 v_\varepsilon , \quad \text {for all } t>0.\end {equation}


$u_\varepsilon $


$v_\varepsilon $


\begin {align}\label {4.7} \frac {d}{dt} \int _{B_{1/\varepsilon }} &\frac {v_{\varepsilon x}^2}{v_\varepsilon } = \left (-2 + \frac {1}{4} \right ) \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon xx}^2}{v_\varepsilon } + \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon ^2} v_{\varepsilon xx} + 4 \int _{B_{1/\varepsilon }} u_{\varepsilon }^2 v_\varepsilon - \int _{B_{1/\varepsilon }} \frac {u_\varepsilon }{v_\varepsilon } v_{\varepsilon x}^2\nonumber \\ & \leq - \frac {7}{4} \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon xx}^2}{v_\varepsilon } + \frac {2}{3} \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^4}{v_\varepsilon ^3} + 4 \int _{B_{1/\varepsilon }} u_{\varepsilon }^2 v_\varepsilon \leq \left (-\frac {7}{9} + \frac {2}{3} \right ) \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^4}{v_\varepsilon ^3} + 4 \int _{B_{1/\varepsilon }} u_\varepsilon ^2 v_\varepsilon , \quad \text {for all } t>0.\end {align}


$T>0$


$L^\infty (B_{1/\varepsilon })$


$v_\varepsilon $


$L^p(B_{1/\varepsilon })$


$u_\varepsilon $


$C_1(T)>0$


\begin {equation*}4 \int _{B_{1/\varepsilon }} u_\varepsilon ^2 v_\varepsilon \leq 4 ||v_0||_{L^\infty (\mathbb {R})} \int _{B_{1/\varepsilon }} u_\varepsilon ^2 \leq C_1(T), \quad \text {for all } t \in (0,T),\end {equation*}


\begin {equation}\label {4.8} \frac {d}{dt} \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon } + \frac {1}{9} \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x^4}}{v_\varepsilon ^3} \leq C_1(T), \quad \text {for all } t \in (0,T).\end {equation}


\begin {equation*}\int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon } + \frac {1}{9} \int _0^T \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^4}{v_\varepsilon ^3} \leq \tilde {C}_1(T) + \int _{B_{1/\varepsilon }} \frac {v_{0x}^2}{v_0} \leq \tilde {C}_1(T) + K.\end {equation*}


$(u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon )_{\varepsilon \in (0,1)}$


$L^2\big ((0,T); W^{1,1}_\text {loc}({B_{1/\varepsilon }})\big )$


$\varepsilon \in (0,1)$


$\phi ^2 = \phi ^2(x) \in C_c^\infty (B_{1/\varepsilon })$


$0\leq \phi ^2 \leq 1$


$B_{1/\varepsilon }$


$\phi ^2 \equiv 1$


$(-R, R)\subset \subset B_{1/\varepsilon }$


$\phi ^2 \equiv 0$


$\partial B_{1/\varepsilon }$


$\phi ^2$


$1$


$(-R,R)$


$0$


$\partial B_{1/\varepsilon }$


$\phi ^2 \in C_c^\infty (B_{1/\varepsilon })$


$\partial _x^k \phi ^2 \in L^p(B_{1/\varepsilon })$


$p \geq 1$


$k \in \mathbb {N}$


$\phi ^2$


$(\phi ^2)_x$


$(\phi ^2)_{xx}$


$p \geq 2$


$K>0$


$\phi ^2$


$T>0$


$C(p,T)>0$


$\varepsilon \in (0,1)$


\begin {align*}\frac {d}{dt} & \int _{B_{1/\varepsilon }} u_\varepsilon ^p \phi ^2 + \frac {p (p-1)}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 + \frac {1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^2 v_\varepsilon \phi ^2 \\ & \leq C(p,T) \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon \phi ^2 + \frac {8p}{p-1} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon \phi _x^2 + C(p,T) \int _{B_{1/\varepsilon }} u_\varepsilon v_\varepsilon \phi ^2,\end {align*}


$t \in (0,T)$


$\phi ^2 = \phi ^2(x)$


\begin {align*}\frac {d}{dt} \int _{B_{1/\varepsilon }} u_\varepsilon ^p \phi ^2 &= \int _{B_{1/\varepsilon }} (u_\varepsilon ^p)_t ~\phi ^2 = p \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} \Big ((u_\varepsilon v_\varepsilon u_{\varepsilon x})_x - (u_\varepsilon ^2 v_\varepsilon v_{\varepsilon x})_x + u_\varepsilon v_\varepsilon \Big ) \phi ^2 \\ &{=} -p (p-1) \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 - 2p \int _{B_{1/\varepsilon }} u_\varepsilon ^p v_\varepsilon u_{\varepsilon x} \phi \phi _x + p(p-1) \int _{B_{1/\varepsilon }} u_\varepsilon ^p v_\varepsilon u_{\varepsilon x} v_{\varepsilon x} \phi ^2 \\ &\quad + 2p \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon v_{\varepsilon x} \phi \phi _x + p \int _{B_{1/\varepsilon }} u_\varepsilon ^p v_\varepsilon \phi ^2, \quad \text {for all } t \in (0,T).\end {align*}


$t \in (0,T)$


\begin {align}\label {4.9} \frac {d}{dt} \int _{B_{1/\varepsilon }} & u_\varepsilon ^p \phi ^2 + p (p-1) \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 \nonumber \\ & = - 2p \int _{B_{1/\varepsilon }} u_\varepsilon ^p v_\varepsilon u_{\varepsilon x} \phi \phi _x + p(p-1) \int _{B_{1/\varepsilon }} u_\varepsilon ^p v_\varepsilon u_{\varepsilon x} v_{\varepsilon x} \phi ^2 + 2p \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon v_{\varepsilon x} \phi \phi _x + p \int _{B_{1/\varepsilon }} u_\varepsilon ^p v_\varepsilon \phi ^2.\end {align}


\begin {equation}\label {4.10} - 2p \int _{B_{1/\varepsilon }} u_\varepsilon ^p v_\varepsilon u_{\varepsilon x} \phi \phi _x \leq \frac {p(p-1)}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 + \frac {4p}{p-1} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon \phi _x^2,\end {equation}


$t \in (0,T)$


\begin {align}\label {4.11} p(p-1) \int _{B_{1/\varepsilon }} u_\varepsilon ^p v_\varepsilon u_{\varepsilon x} v_{\varepsilon x} \phi ^2 \leq \frac {p(p-1)}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 + \frac {p(p-1)}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon v_{\varepsilon x}^2 \phi ^2 \nonumber \\ \leq \frac {p(p-1)}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 + \frac {p(p-1)}{2} c_1^2(T) \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon \phi ^2 \quad \text {for all } t \in (0,T),\end {align}


$c_1(T) >0$


$||v_{\varepsilon x}||_{L^\infty (B_{1/\varepsilon })} \leq c_1(T)$


\begin {align}\label {4.12} 2p &\int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon v_{\varepsilon x} \phi \phi _x \leq \frac {p(p-1)}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon v_{\varepsilon x}^2 \phi ^2 + \frac {4p}{p-1} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon \phi _x^2 \nonumber \\ & \leq \frac {p(p-1)}{4} c_1^2(T) \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon \phi ^2 + \frac {4p}{p-1} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon \phi _x^2 \quad \text {for all } t \in (0,T).\end {align}


$t \in (0,T)$


\begin {align}\label {4.13} \frac {d}{dt} \int _{B_{1/\varepsilon }} & u_\varepsilon ^p \phi ^2 + p (p-1) \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 \nonumber \\ & \leq \frac {3p(p-1)}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 + \frac {3p(p-1)}{4}c_1^2(T) \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon \phi ^2 + \frac {8p}{p-1} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon \phi _x^2 + p \int _{B_{1/\varepsilon }} u_\varepsilon ^p v_\varepsilon \phi ^2.\end {align}


$\displaystyle \frac {p}{p-1}$


$p$


$p \geq 2$


\begin {align}\label {4.14} p \int _{B_{1/\varepsilon }} u_\varepsilon ^p v_\varepsilon \phi ^2 &= \int _{B_{1/\varepsilon }} {\left ( \frac {3p}{4} c_1^2(T) \cdot \frac {p}{p-1} u_\varepsilon ^{p+1} v_\varepsilon \right )}^{\frac {p-1}{p}} \cdot \left ( p {\left ( \frac {4(p-1)}{3 p^2 c_1^2(T)} \right )}^{\frac {p-1}{p}} u_\varepsilon ^{1/p} v_\varepsilon ^{1/p} \right )~ \phi ^2 \nonumber \\ & \leq \frac {3p}{4} c_1^2(T) \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon \phi ^2 + \frac {1}{p} \left \{ p {\left ( \frac {4(p-1)}{3 p^2 c_1^2(T)} \right )}^{\frac {p-1}{p}}\right \}^p \int _{B_{1/\varepsilon }} u_\varepsilon v_\varepsilon \phi ^2, \quad \text {for all } t \in (0,T).\end {align}


$\displaystyle \frac {3p(p-1)}{4}c_1^2(T)$


\begin {align}\label {4.15} \frac {1}{2} \int _{B_{1/\varepsilon }} &u_\varepsilon ^2 v_\varepsilon \phi ^2 = \int _{B_{1/\varepsilon }} {\left ( \frac {p^2}{4} c_1^2(T) \cdot p~ u_\varepsilon ^{p+1} v_\varepsilon \right )}^{1/p} \cdot \left ( \frac {1}{2} \cdot {\left (\frac {4}{p^3 c_1^2(T)} \right )}^{1/p} (u_\varepsilon v_\varepsilon )^{\frac {p-1}{p}} \right ) ~\phi ^2 \nonumber \\ & \leq \frac {p^2}{4} c_1^2(T) \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon \phi ^2 + \frac {p-1}{p} \left \{\frac {1}{2} \cdot {\left (\frac {4}{p^3 c_1^2(T)} \right )}^{1/p} \right \}^{\frac {p}{p-1}} \int _{B_{1/\varepsilon }} u_\varepsilon v_\varepsilon \phi ^2, \quad \text {for all } t \in (0,T).\end {align}


\begin {align*}& \frac {d}{dt} \int _{B_{1/\varepsilon }} u_\varepsilon ^p \phi ^2 + \frac {p (p-1)}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 + \frac {1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^2 v_\varepsilon \phi ^2 \\ & \leq p^2 c_1^2(T) \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon \phi ^2 + \frac {8p}{p-1} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon \phi _x^2 + \left [ {\left ( \frac {4(p-1)}{3 p c_1^2(T)} \right )}^{p-1} + \frac {p-1}{p} \cdot \frac {1}{2^{\frac {p}{p-1}}} {\left (\frac {4}{p^3 c_1^2(T)} \right )}^{\frac {1}{p-1}} \right ] \int _{B_{1/\varepsilon }} u_\varepsilon v_\varepsilon \phi ^2,\end {align*}


$t \in (0,T)$


$C(p,T)$


\begin {align*}C(p,T) := \max \left \{p^2 c_1^2(T) , \displaystyle \left [ {\left ( \frac {4(p-1)}{3 p c_1^2(T)} \right )}^{p-1} + \frac {p-1}{p} \cdot \frac {1}{2^{\frac {p}{p-1}}} {\left (\frac {4}{p^3 c_1^2(T)} \right )}^{\frac {1}{p-1}} \right ] \right \}>0.\end {align*}


$\displaystyle \int _{B_{1/\varepsilon }} \frac {|v_{\varepsilon x}|^2}{v_\varepsilon } \phi ^2$


$K>0$


$\phi ^2$


\begin {align*}\frac {d}{dt} \int _{B_{1/\varepsilon }} &\frac {v_{\varepsilon x}^2}{v_\varepsilon } \phi ^2 + \int _{B_{1/\varepsilon }}\frac {u_\varepsilon }{v_{\varepsilon }}v_{\varepsilon x}^2 \phi ^2 \\ & \leq \frac {1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^2 v_\varepsilon \phi ^2 + 2 \int _{B_{1/\varepsilon }} u_\varepsilon v_{\varepsilon x} (\phi ^2)_x +4 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2 v_{\varepsilon xx}}{v_\varepsilon ^2} \phi ^2 + \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon } (\phi ^2)_{xx}, \quad \text {for all } t >0,\end {align*}


$\varepsilon \in (0,1)$


\begin {align*}\frac {d}{dt}&\int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon } \phi ^2 = \int _{B_{1/\varepsilon }} \frac {2v_{\varepsilon x} v_{\varepsilon xt} v_\varepsilon - v_{\varepsilon x}^2 v_{\varepsilon t}}{v_\varepsilon ^2}\phi ^2 \\ &= 2 \int _{B_{1/\varepsilon }} \frac { v_{\varepsilon x} (v_{\varepsilon xx} - u_\varepsilon v_\varepsilon )_x}{v_\varepsilon }\phi ^2 - \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2(v_{\varepsilon xx}-u_\varepsilon v_\varepsilon )}{v_\varepsilon ^2} \phi ^2 \\ &= 2\int _{B_{1/\varepsilon }} \frac { v_{\varepsilon x} v_{\varepsilon xxx}}{v_\varepsilon } \phi ^2 - 2\int _{B_{1/\varepsilon }} u_{\varepsilon x} v_{\varepsilon x} \phi ^2 - 2 \int _{B_{1/\varepsilon }}\frac {u_\varepsilon }{v_{\varepsilon }}v_{\varepsilon x}^2 \phi ^2 - \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2 v_{\varepsilon xx}}{v_\varepsilon ^2} \phi ^2+ \int _{B_{1/\varepsilon }} \frac {u_\varepsilon }{v_{\varepsilon }}v_{\varepsilon x}^2 \phi ^2, \quad \text {for all } t>0.\end {align*}


\begin {align}\label {4.16} \frac {d}{dt} &\int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon } \phi ^2 + \int _{B_{1/\varepsilon }}\frac {u_\varepsilon }{v_{\varepsilon }}v_{\varepsilon x}^2 \phi ^2 \nonumber \\ &= - 2 \int _{B_{1/\varepsilon }} u_{\varepsilon x} v_{\varepsilon x} \phi ^2 + 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x} v_{\varepsilon xxx}}{v_\varepsilon } \phi ^2 - \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2 v_{\varepsilon xx}}{v_\varepsilon ^2} \phi ^2, \quad \text {for all } t>0.\end {align}


\begin {align}\label {4.17} - 2 \int _{B_{1/\varepsilon }} & u_{\varepsilon x} v_{\varepsilon x} \phi ^2 = 2 \int _{B_{1/\varepsilon }} u_\varepsilon v_{\varepsilon xx} \phi ^2 + 2 \int _{B_{1/\varepsilon }} u_\varepsilon v_{\varepsilon x} (\phi ^2)_x \nonumber \\ & \leq 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon xx}^2}{v_\varepsilon } \phi ^2 + \frac {1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^2 v_\varepsilon \phi ^2 + 2 \int _{B_{1/\varepsilon }} u_\varepsilon v_{\varepsilon x} (\phi ^2)_x , \quad \text {for all } t >0.\end {align}


$v_{\varepsilon xxx}$


$f \in C^3(\mathbb {R})$


\begin {align*}\frac {d^2}{dx^2}\Big ((f')^2\Big ) = 2 (f'')^2 + 2 f' f''',\end {align*}


$t >0$


\begin {align*}2 v_{\varepsilon x} v_{\varepsilon xxx} = (v_{\varepsilon x}^2)_{xx} - 2 v_{\varepsilon xx}^2.\end {align*}


\begin {align}\label {4.17a} 2 &\int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x} v_{\varepsilon xxx}}{v_\varepsilon } \phi ^2 = \int _{B_{1/\varepsilon }} \frac { (v_{\varepsilon x}^2)_{xx}}{v_\varepsilon } \phi ^2 - 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon xx}^2}{v_\varepsilon }\phi ^2 = \int _{B_{1/\varepsilon }} v_{\varepsilon x}^2 {\left ( \frac {\phi ^2}{v_\varepsilon }\right )}_{xx} \hspace {-0.2 cm} - 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon xx}^2}{v_\varepsilon }\phi ^2 \nonumber \\ & = \int _{B_{1/\varepsilon }} v_{\varepsilon x}^2 {\left (\frac {(\phi ^2)_x}{v_\varepsilon } - \frac {v_{\varepsilon x}}{v_\varepsilon ^2}\phi ^2 \right )}_x - 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon xx}^2}{v_\varepsilon }\phi ^2 \nonumber \\ & = \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon } (\phi ^2)_{xx} - \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^3}{v_\varepsilon ^2} (\phi ^2)_x - \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2 v_{\varepsilon xx}}{v_\varepsilon ^2} \phi ^2 + 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^4}{v_\varepsilon ^3}\phi ^2 - \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^3}{v_\varepsilon ^2} (\phi ^2)_x - 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon xx}^2}{v_\varepsilon }\phi ^2 \nonumber \\ & = - \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2 v_{\varepsilon xx}}{v_\varepsilon ^2} \phi ^2 + 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^4}{v_\varepsilon ^3}\phi ^2 - 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^3}{v_\varepsilon ^2} (\phi ^2)_x + \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon } (\phi ^2)_{xx} - 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon xx}^2}{v_\varepsilon }\phi ^2, \quad \text {for all } t>0\end {align}


\begin {align*}-2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^3}{v_\varepsilon ^2} (\phi ^2)_x = 6 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2 v_{\varepsilon xx}}{v_\varepsilon ^2} \phi ^2 - 4 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^4}{v_\varepsilon ^3} \phi ^2, \quad \text {for all } t>0.\end {align*}


\begin {align}\label {4.18} 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x} v_{\varepsilon xxx}}{v_\varepsilon } \phi ^2 = 5 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2 v_{\varepsilon xx}}{v_\varepsilon ^2} \phi ^2 - 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^4}{v_\varepsilon ^3} \phi ^2 + \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon } (\phi ^2)_{xx} - 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon xx}^2}{v_\varepsilon }\phi ^2, \quad \text {for all } t>0\end {align}


\begin {align*}\frac {d}{dt}& \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon } \phi ^2 + \int _{B_{1/\varepsilon }}\frac {u_\varepsilon }{v_{\varepsilon }}v_{\varepsilon x}^2 \phi ^2 \\ &\leq \frac {1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^2 v_\varepsilon \phi ^2 + 2 \int _{B_{1/\varepsilon }} u_\varepsilon v_{\varepsilon x} (\phi ^2)_x +4 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2 v_{\varepsilon xx}}{v_\varepsilon ^2} \phi ^2 + \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon } (\phi ^2)_{xx} , \quad \text {for all } t >0,\end {align*}


$(u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon )_{\varepsilon \in (0,1)}$


$p \geq 2$


$K>0$


$\phi ^2$


$T >0$


$C(p,T) >0$


\begin {align*}\int _0^T \int _{B_{1/\varepsilon }} u^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 + \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}(\cdot ,T)^2}{v_\varepsilon (\cdot , T)} \phi ^2 + \int _0^T \int _{B_{1/\varepsilon }} \frac {u_\varepsilon }{v_\varepsilon } v_{\varepsilon x}^2 \phi ^2 \leq C(p,T),\end {align*}


$\varepsilon \in (0,1)$


$T>0$


$t \in (0, T)$


$\hat {c}(p,T) >0$


\begin {align*}\frac {d}{dt} \int _{B_{1/\varepsilon }} & u_\varepsilon ^p \phi ^2 + \frac {p (p-1)}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 + \frac {1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^2 v_\varepsilon \phi ^2 \\ &\leq \hat {c}(p,T) \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon \phi ^2 + \frac {8p}{p-1} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon \phi _x^2 + \hat {c}(p,T) \int _{B_{1/\varepsilon }} u_\varepsilon v_\varepsilon \phi ^2, \quad \text {for all } t \in (0,T),\end {align*}


\begin {align*}\frac {d}{dt} \int _{B_{1/\varepsilon }} &\frac {v_{\varepsilon x}^2}{v_\varepsilon } \phi ^2 + \int _{B_{1/\varepsilon }}\frac {u_\varepsilon }{v_{\varepsilon }}v_{\varepsilon x}^2 \phi ^2 \leq \frac {1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^2 v_\varepsilon \phi ^2 + 2 \int _{B_{1/\varepsilon }} u_\varepsilon v_{\varepsilon x} (\phi ^2)_x +4 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2 v_{\varepsilon xx}}{v_\varepsilon ^2} \phi ^2 + \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon } (\phi ^2)_{xx} , \quad \text {for all } t \in (0,T).\end {align*}


\begin {align}\label {4.19} \frac {d}{dt} & \left \{\int _{B_{1/\varepsilon }} u_\varepsilon ^p \phi ^2 + \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon } \phi ^2\right \} + \frac {p (p-1)}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 + \int _{B_{1/\varepsilon }}\frac {u_\varepsilon }{v_{\varepsilon }}v_{\varepsilon x}^2 \phi ^2 \nonumber \\ & \leq \hat {c}(p,T) \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon \phi ^2 + \frac {8p}{p-1} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon \phi _x^2 + \hat {c}(p,T) \int _{B_{1/\varepsilon }} u_\varepsilon v_\varepsilon \phi ^2 \nonumber \\ &\quad + 2 \int _{B_{1/\varepsilon }} u_\varepsilon v_{\varepsilon x} (\phi ^2)_x +4 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2 v_{\varepsilon xx}}{v_\varepsilon ^2} \phi ^2 + \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon } (\phi ^2)_{xx}, \quad \text {for all } t \in (0,T).\end {align}


\begin {align}\label {4.20} & \int _{B_{1/\varepsilon }} u_\varepsilon ^p(\cdot ,T)~ \phi ^2 + \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}(\cdot ,T)^2}{v_\varepsilon (\cdot ,T)} \phi ^2 + \frac {p (p-1)}{4} \int _0^T \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 + \int _0^T \int _{B_{1/\varepsilon }}\frac {u_\varepsilon }{v_{\varepsilon }}v_{\varepsilon x}^2 \phi ^2 \nonumber \\ & \leq \int _{B_{1/\varepsilon }} (u_0 + \varepsilon \zeta )^{{p}}\phi ^2 + \int _{B_{1/\varepsilon }} \frac {(v_0)_x^2}{v_0} \phi ^2 + \hat {c}(p,T) \int _0^T \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon \phi ^2 + \frac {8p}{p-1} \int _0^T \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon \phi _x^2 + \hat {c}(p,T)\int _0^T \int _{B_{1/\varepsilon }} u_\varepsilon v_\varepsilon \phi ^2 \nonumber \\ &\quad + 2\int _0^T\int _{B_{1/\varepsilon }} u_\varepsilon v_{\varepsilon x} (\phi ^2)_x +4 \int _0^T \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2 v_{\varepsilon xx}}{v_\varepsilon ^2} \phi ^2 + \int _0^T \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon } (\phi ^2)_{xx} =: \int _{B_{1/\varepsilon }} (u_0 + \varepsilon \zeta )^{{p}}\phi ^2 + \int _{B_{1/\varepsilon }} \frac {v_{0x}^2}{v_0} \phi ^2 + \sum _{i=1}^6 I_i.\end {align}


$L^p$


$p$


\begin {align*}I_1 = & \hat {c}(p,T) \int _0^T\int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon \phi ^2 \leq ||v_0||_{L^\infty (B_{1/\varepsilon })} \hat {c}(p,T) \int _0^T \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} \\ & \leq ||v_0||_{L^\infty (\mathbb {R})} \hat {c}(p,T) \int _0^T c(p+1,T) ~dt =: C_1(p,T) .\end {align*}


\begin {align*}I_2 = &\frac {8p}{p-1} \int _0^T \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} v_\varepsilon \phi _x^2 \leq \frac {8p}{p-1} ||v_0||_{L^\infty (B_{1/\varepsilon })} \int _0^T \int _{B_{1/\varepsilon }} u^{p+1} \phi _x^2 \\ & \leq \frac {4p}{p-1} ||v_0||_{L^\infty (\mathbb {R})} \int _0^T \int _{B_{1/\varepsilon }} \left (u_\varepsilon ^{2(p+1)} + \phi _x^4 \right ) \\ & \leq \frac {4p}{p-1} ||v_0||_{L^\infty (\mathbb {R})} \int _0^T \left ( c(2(p+1),T) + \int _{B_{1/\varepsilon }} \phi _x^4 \right ) ~dt =: C_2(p,T).\end {align*}


$I_3$


\begin {align*}I_3 = \hat {c}(p,T) \int _0^T \int _{B_{1/\varepsilon }} u_\varepsilon v_\varepsilon \phi ^2 \leq \hat {c}(p,T) \int _0^T \int _{B_{1/\varepsilon }} u_\varepsilon v_\varepsilon \leq \hat {c}(p,T) \int _{\mathbb {R}} v_0 =: C_3(p,T).\end {align*}


$I_4$


$v_{\varepsilon x}$


$\bar {c}(T)>0$


$\displaystyle ||v_{\varepsilon x}||_{L^\infty (B_{1/\varepsilon })} \leq \bar {c}(T)$


$L^p$


\begin {align*}I_4 &= 2\int _0^T\int _{B_{1/\varepsilon }} u_\varepsilon v_{\varepsilon x} (\phi ^2)_x \leq 2 \bar {c}(T) \int _0^T \int _{B_{1/\varepsilon }} u_\varepsilon (\phi ^2)_x \leq \bar {c}(T) \int _0^T \left ( \int _{B_{1/\varepsilon }} u_\varepsilon ^2 + \int _{B_{1/\varepsilon }} {{\left [(\phi ^2)_x \right ]}^2} \right ) \nonumber \\ &\leq \bar {c}(T) \int _0^T \left ( c(T) + \int _{B_{1/\varepsilon }} {{\left [(\phi ^2)_x \right ]}^2} \right )~dt =: C_4(T).\end {align*}


$I_5$


\begin {align*}I(t)&:=\int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2 v_{\varepsilon xx}}{v_\varepsilon ^2} \phi ^2 = - \int _{B_{1/\varepsilon }} v_{\varepsilon x} {\left (\frac {v_{\varepsilon x}^2}{v_\varepsilon ^2} \phi ^2 \right )}_x = - 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2 v_{\varepsilon xx}}{v_\varepsilon ^2} \phi ^2 + 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^4}{v_\varepsilon ^3} \phi ^2 - \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^3}{v_\varepsilon ^2} (\phi ^2)_x\nonumber \\ &= -2 I(t) + 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^4}{v_\varepsilon ^3} \phi ^2 - \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^3}{v_\varepsilon ^2} (\phi ^2)_x, \quad \text {for all } t \in (0,T).\end {align*}


\begin {align*}I_5 = \int _0^T I(t) ~dt = \frac {2}{3}\int _0^T \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^4}{v_\varepsilon ^3} \phi ^2 - \frac {1}{3}\int _{B_{1/\varepsilon }} \int _0^T\frac {v_{\varepsilon x}^3}{v_\varepsilon ^2} (\phi ^2)_x.\end {align*}


$4/3$


$4$


\begin {align*}- \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^3}{v_\varepsilon ^2} (\phi ^2)_x & \leq \int _{B_{1/\varepsilon }} \frac {|v_{\varepsilon x}|^3}{v_\varepsilon ^2} |(\phi ^2)_x| = \int _{B_{1/\varepsilon }} \frac {|v_{\varepsilon x}|^3}{ v_\varepsilon ^{9/4}} \cdot v_\varepsilon ^{1/4} |(\phi ^2)_x| \\ & \leq \frac {3}{4} \int _{B_{1/\varepsilon }} \frac {|v_{\varepsilon x}|^4}{v_\varepsilon ^3} + \frac {1}{4}\int _{B_{1/\varepsilon }} v_\varepsilon |(\phi ^2)_x|^4 \leq \frac {3}{4} \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^4}{v_\varepsilon ^3} + \frac {||v_0||_{L^\infty (\mathbb {R})}}{4} \int _{B_{1/\varepsilon }} |(\phi ^2)_x|^4, \quad \text {for all } t \in (0,T).\end {align*}


$\varepsilon $


$C_5(T)$


$\displaystyle I_5 \leq C_5(T)$


$I_6$


$L^\infty $


$v_\varepsilon $


\begin {align*}I_6 &= \int _0^T\int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon } (\phi ^2)_{xx} \leq \int _0^T\int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^4}{v_\varepsilon ^2} + \frac {1}{4} \int _0^T\int _{B_{1/\varepsilon }} {\Big [(\phi ^2)_{xx}\Big ]}^2 \\ & \leq ||v_0||_{L^\infty (\mathbb {R})} \int _0^T\int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^4}{v_\varepsilon ^3} + \frac {1}{4} \int _0^T\int _{B_{1/\varepsilon }} {\Big [(\phi ^2)_{xx}\Big ]}^2 \leq C_6(T),\end {align*}


$C_6(T)>0$


$\displaystyle \int _0^T\int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^4}{v_\varepsilon ^3}$


$C(p,T)>0$


\begin {align*}\int _0^T \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 + \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}(\cdot ,T)^2}{v_\varepsilon (\cdot , T)} \phi ^2 + \int _0^T \int _{B_{1/\varepsilon }}\frac {u_\varepsilon }{v_{\varepsilon }}v_{\varepsilon x}^2 \phi ^2 \leq C(p,T).\end {align*}


$(u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon )_{\varepsilon \in (0,1)}$


$L^2\big ((0,T); W^{1,1}_\text {loc}({B_{1/\varepsilon }})\big )$


$\varepsilon $


$T>0$


$p \geq 2$


$K>0$


$u_0$


$v_0$


$T>0$


$C(p,T)>0$


\begin {align*}||u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon ||_{ L^2\big ((0,T); W^{1,1}_\text {loc}({B_{1/\varepsilon }})\big )} \leq C(p,T),\end {align*}


$\varepsilon \in (0,1)$


$T>0$


$B_{1/\varepsilon }$


$\phi ^2$


$\varepsilon \in (0,1)$


\begin {align*}||u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon \phi ^2||&_{ L^2\big ((0,T); W^{1,1} (B_{1/\varepsilon }) \big )}^2 = \int _0^T {\left (||u_\varepsilon (\cdot ,t)^{\frac {p+1}{2}} v_\varepsilon (\cdot ,t) \phi ^2||_{W^{1,1} (B_{1/\varepsilon })} \right )}^2 dt \\ & = \int _0^T\left \{\int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon \phi ^2 + \int _{B_{1/\varepsilon }} \left |{\left (u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon \phi ^2\right )}_x \right | \right \}^2 dt \\ & \leq 2 \int _0^T \left \{\int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon \phi ^2 \right \}^2 dt + 2 \int _0^T \left \{\int _{B_{1/\varepsilon }} \left |{\left (u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon \phi ^2\right )}_x \right |\right \}^2 dt,\end {align*}


$L^p$


$u_\varepsilon $


$L^\infty $


$v_\varepsilon $


\begin {align}\label {4.21} \left \{\int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon \phi ^2 \right \}^2 & \leq ||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })}^2\left \{\int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} \phi ^2 \right \}^2 \nonumber \\ &\leq \frac {||v_0||_{L^\infty (\mathbb {R})}^2}{4} \left \{\int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} + \int _{B_{1/\varepsilon }} \phi ^4 \right \}^2 \leq C_1(p,T), \quad \text {for all } t \in (0,T),\end {align}


$C_1(p,T)>0$


\begin {equation*}\left \{\int _{B_{1/\varepsilon }} \left |{\left (u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon \phi ^2\right )}_x \right | \right \}^2 \leq 2 \left \{\int _{B_{1/\varepsilon }} \left | {\left (u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon \right )}_x \right | \phi ^2 \right \}^2 +2 \left \{ \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon \left |{\left ( \phi ^2 \right )}_x \right |\right \}^2, \quad \text {for all } t \in (0,T),\end {equation*}


\begin {align}\label {4.22} &\left \{\int _{B_{1/\varepsilon }} \left | {\left (u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon \right )}_x \right | \phi ^2 \right \}^2 \leq \frac {(p+1)^2}{2} \left \{\int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p-1}{2}} v_\varepsilon ~ |u_{\varepsilon x}| ~\phi ^2 \right \}^2 + 2 \left \{\int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} ~ |v_{\varepsilon x}| ~\phi ^2 \right \}^2 \nonumber \\ & \quad \leq \frac {(p+1)^2}{2} \left \{\int _{B_{1/\varepsilon }} v_\varepsilon \phi ^2 \right \} \cdot \left \{\int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 \right \} + 2\left \{\int _{B_{1/\varepsilon }} u_\varepsilon ^p v_\varepsilon \phi ^2 \right \} \cdot \left \{\int _{B_{1/\varepsilon }} \frac {u_\varepsilon }{v_\varepsilon } v_{\varepsilon x}^2 \phi ^2 \right \}, \quad \text {for all } t \in (0,T),\end {align}


$L^1$


$L^\infty $


$v_\varepsilon $


$||u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon \phi ^2||_{ L^2\big ((0,T); W^{1,1} (B_{1/\varepsilon }) \big )}^2$


${\Big (\partial _t(u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon )\Big )}_{\varepsilon \in (0,1)}$


$L^1\big ((0,T); (W^{3,2}_\text {loc}({B_{1/\varepsilon }}))^*\big )$


$(u,v)$


${\Big (\partial _t(u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon )\Big )}_{\varepsilon \in (0,1)}$


$L^1\big ((0,T); (W^{3,2}_\text {loc}({B_{1/\varepsilon }}))^*\big )$


$K>0$


$q \in (0,1)$


$T>0$


$\phi ^2$


$C(q,T) >0$


\begin {align*}\int _0^T \int _{B_{1/\varepsilon }} u_\varepsilon ^{q-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 \leq C(q,T),\end {align*}


$\varepsilon \in (0,1)$


$T>0$


\begin {align*}-\frac {1}{q} & \frac {d}{dt} \int _{B_{1/\varepsilon }} u_\varepsilon ^q \phi ^2 = - \frac {1}{q} \int _{B_{1/\varepsilon }} q u_\varepsilon ^{q-1} \left [(u_\varepsilon v_\varepsilon u_{\varepsilon x})_x - (u_\varepsilon ^2 v_\varepsilon v_{\varepsilon x})_x + u_\varepsilon v_\varepsilon \right ] \phi ^2 \\ & =\int _{B_{1/\varepsilon }} (u_\varepsilon ^{q-1} \phi ^2)_x (u_\varepsilon v_\varepsilon u_{\varepsilon x}) - \int _{B_{1/\varepsilon }} (u_\varepsilon ^{q-1} \phi ^2)_x (u_\varepsilon ^2 v_\varepsilon v_{\varepsilon x}) - \int _{B_{1/\varepsilon }} u_\varepsilon ^q v_\varepsilon \phi ^2 \\ & \leq (q-1) \int _{B_{1/\varepsilon }} u_\varepsilon ^{q-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 + 2\int _{B_{1/\varepsilon }} u_\varepsilon ^q v_\varepsilon u_{\varepsilon x} \phi \phi _x \\ &\quad - (q-1) \int _{B_{1/\varepsilon }} u_{\varepsilon }^q v_\varepsilon u_{\varepsilon x} v_{\varepsilon x} \phi ^2 - 2 \int _{B_{1/\varepsilon }} u_\varepsilon ^{q+1} v_\varepsilon v_{\varepsilon x} \phi \phi _x, \quad \text {for all } t \in (0,T),\end {align*}


$- \int _{B_{1/\varepsilon }} u_\varepsilon ^q v_\varepsilon \phi ^2$


\begin {align}\label {5.1} -\frac {1}{q} & \frac {d}{dt} \int _{B_{1/\varepsilon }} u_\varepsilon ^q \phi ^2 + (1-q)\int _{B_{1/\varepsilon }} u_\varepsilon ^{q-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 \nonumber \\ & \leq (1-q) \int _{B_{1/\varepsilon }} u_{\varepsilon }^q v_\varepsilon u_{\varepsilon x} v_{\varepsilon x} \phi ^2 + 2\int _{B_{1/\varepsilon }} u_\varepsilon ^q v_\varepsilon u_{\varepsilon x} \phi \phi _x - 2 \int _{B_{1/\varepsilon }} u_\varepsilon ^{q+1} v_\varepsilon v_{\varepsilon x} \phi \phi _x, \quad \text {for all } t \in (0,T),\end {align}


\begin {align}\label {5.2} (1-q)& \int _{B_{1/\varepsilon }} u_{\varepsilon }^q v_\varepsilon u_{\varepsilon x} v_{\varepsilon x} \phi ^2 \leq \frac {1-q}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^{q-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 + (1-q) \int _{B_{1/\varepsilon }} u_\varepsilon ^{q+1} v_{\varepsilon } v_{\varepsilon x}^2 \phi ^2 \nonumber \\ &\leq \frac {1-q}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^{q-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 + (1-q) ||v_0||_{L^\infty (\mathbb {R})} c_1^2(T) \int _{B_{1/\varepsilon }} u^{q+1}, \quad \text {for all } t \in (0,T),\end {align}


$L^\infty $


$v_\varepsilon $


$c_1(T)>0$


$||v_{\varepsilon x}||_{L^\infty (B_{1/\varepsilon })} \leq c_1(T)$


$\phi ^2 \leq 1$


\begin {align}\label {5.3} 2&\int _{B_{1/\varepsilon }} u_\varepsilon ^q v_\varepsilon u_{\varepsilon x} \phi \phi _x \leq \frac {1-q}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^{q-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 + \frac {4}{1-q} \int _{B_{1/\varepsilon }} u_\varepsilon ^{q+1} v_\varepsilon \phi _x^2 \nonumber \\ & \leq \frac {1-q}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^{q-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 + \frac {2 ||v_0||_{L^\infty (\mathbb {R})}}{1-q} \int _{B_{1/\varepsilon }} u_\varepsilon ^{2(q+1)} + \frac {2 ||v_0||_{L^\infty (\mathbb {R})}}{1-q} \int _{B_{1/\varepsilon }} \phi _x^4, \quad \text {for all } t \in (0,T),\end {align}


\begin {align}\label {5.4} - 2 & \int _{B_{1/\varepsilon }} u_\varepsilon ^{q+1} v_\varepsilon v_{\varepsilon x} \phi \phi _x \leq 2 \int _{B_{1/\varepsilon }} \left | u_\varepsilon ^{q+1} v_\varepsilon v_{\varepsilon x} \phi \phi _x \right | \leq 2 c_1(T)||v_0||_{L^\infty (\mathbb {R})}\int _{B_{1/\varepsilon }} u_\varepsilon ^{q+1} \phi |\phi _x|\nonumber \\ & \leq c_1(T)||v_0||_{L^\infty (\mathbb {R})}\int _{B_{1/\varepsilon }} u_\varepsilon ^{2(q+1)} + c_1(T)||v_0||_{L^\infty (\mathbb {R})}\int _{B_{1/\varepsilon }} \phi ^2 \phi _x^2, \quad \text {for all } t \in (0,T).\end {align}


\begin {equation}\label {5.5} -\frac {1}{q} \frac {d}{dt} \int _{B_{1/\varepsilon }} u_\varepsilon ^q \phi ^2 + \frac {(1-q)}{2}\int _{B_{1/\varepsilon }} u_\varepsilon ^{q-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 \leq c_2(q,T) \left (\int _{B_{1/\varepsilon }} u^{q+1} + \int _{B_{1/\varepsilon }} u^{2(q+1)} + 1\right ), \quad \text {for all } t \in (0,T),\end {equation}


$c_2(q,T)>0$


$1 < q+1 < 2$


$L^1$


$L^2$


$u_\varepsilon $


$c_3(q,T)>0$


$\int _{B_{1/\varepsilon }} u^{q+1} \leq c_3(q,T)$


$c_4(q,T)>0$


$\int _{B_{1/\varepsilon }} u^{2(q+1)} \leq c_4(q,T)$


$\varepsilon \in (0,1)$


$t \in (0,T)$


\begin {align}\label {5.6} \frac {1}{q} \int _{B_{1/\varepsilon }} {\big (u_0 + \varepsilon \zeta (x)\big )}^q \phi ^2 &+ \frac {(1-q)}{2}\int _0^T \int _{B_{1/\varepsilon }} u_\varepsilon ^{q-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 \leq C(q,T) + \frac {1}{q} \int _{B_{1/\varepsilon }} u_\varepsilon ^q(\cdot ,T) \phi ^2,\end {align}


$\varepsilon \in (0,1)$


$C(q,T):= c_2(q,T) \cdot \Big (c_3(q,T) + c_4(q,T) + 1\Big ) \cdot T >0$


$\int _{B_{1/\varepsilon }} u_\varepsilon ^q(\cdot ,T) \phi ^2$


$\frac {q+1}{q}$


$q+1$


\begin {align*}\int _{B_{1/\varepsilon }} u_\varepsilon ^q(\cdot ,T) \phi ^2 \leq \frac {q}{q+1} \int _{B_{1/\varepsilon }} u_\varepsilon ^{q+1}(\cdot ,T) + \frac {1}{q+1}\int _{B_{1/\varepsilon }} \phi ^{2(q+1)},\end {align*}


$\varepsilon $


${\Big (\partial _t(u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon )\Big )}_{\varepsilon \in (0,1)}$


$L^1\big ((0,T); (W^{3,2}_\text {loc}({B_{1/\varepsilon }}))^*\big )$


$p \geq 2$


$K>0$


$u_0$


$v_0$


$T>0$


$C(p,T)>0$


\begin {align*}\Big |\Big |\partial _t\big (u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon \big )\Big |\Big |_{ L^ 1\big ((0,T); (W^{3,2}_\text {loc}({B_{1/\varepsilon }}))^*\big )} \leq C(p,T)\end {align*}


$\varepsilon \in (0,1)$


$T>0$


$B_{1/\varepsilon }$


$\phi ^2$


$\varepsilon \in (0,1)$


$\partial _t \big (u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon \phi ^2 \big )$


$L^ 1\big ((0,T); (W^{3,2}(B_{1/\varepsilon }))^*\big )$


$\varepsilon $


\begin {align*}\Big |\Big |\partial _t \big (u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon \phi ^2 \big )\Big |\Big |_{ L^1\big ((0,T); (W^{3,2}(B_{1/\varepsilon }))^*\big )} = \int _0^T \Big |\Big |\partial _t \big (u_\varepsilon (\cdot , t)^{\frac {p+1}{2}} v_\varepsilon (\cdot , t) \phi ^2 \big )\Big |\Big |_{{\big (W^{3,2}(B_{1/\varepsilon })\big )}^*} ~dt.\end {align*}


${\big (W^{3,2}(B_{1/\varepsilon })\big )}^*$


$\psi \in W^{3,2}(B_{1/\varepsilon })$


$||\psi ||_{W^{3,2}(B_{1/\varepsilon })} \leq 1$


\begin {align}\label {5.7} & \int _{B_{1/\varepsilon }} \partial _t \big (u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon \phi ^2 \big ) \psi = \frac {p+1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p-1}{2}} v_\varepsilon \Big ((u_\varepsilon v_\varepsilon u_{\varepsilon x})_x - (u_\varepsilon ^2 v_\varepsilon v_{\varepsilon x})_x + u_\varepsilon v_\varepsilon \Big ) \phi ^2 \psi +\int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} \big (v_{\varepsilon xx} - u_\varepsilon v_\varepsilon \big ) \phi ^2 \psi \nonumber \\ & = - \frac {p+1}{2} \int _{B_{1/\varepsilon }} {\Big ( u_\varepsilon ^{\frac {p-1}{2}} v_\varepsilon \phi ^2 \psi \Big )}_x (u_\varepsilon v_\varepsilon u_{\varepsilon x} - u_\varepsilon ^2 v_\varepsilon v_{\varepsilon x}) + \frac {p+1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon ^2 \phi ^2 \psi - \int _{B_{1/\varepsilon }} {\Big (u_\varepsilon ^{\frac {p+1}{2}} \phi ^2 \psi \Big )}_x v_{\varepsilon x} - \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+3}{2}} v_\varepsilon \phi ^2 \psi ,\end {align}


$t \in (0,T)$


\begin {align}\label {5.8} \int _{B_{1/\varepsilon }} &\partial _t \big (u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon \phi ^2 \big ) \psi = -\frac {p+1}{2} \cdot \frac {p-1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p-1}{2}} v_\varepsilon ^2 u_{\varepsilon x}^2 \phi ^2 \psi - \frac {p+1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon u_{\varepsilon x} v_{\varepsilon x} \phi ^2 \psi \nonumber \\ & -(p+1)\int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon ^2 u_{\varepsilon x}\phi \phi _x \psi - \frac {p+1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon ^2 u_{\varepsilon x} \phi ^2 \psi _x \nonumber \\ & + \frac {p+1}{2}\cdot \frac {p-1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon ^2 u_{\varepsilon x} v_{\varepsilon x} \phi ^2 \psi + \frac {p+1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+3}{2}} v_\varepsilon v_{\varepsilon x}^2 \phi ^2 \psi \nonumber \\ & + (p+1) \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+3}{2}} v_\varepsilon ^2 v_{\varepsilon x} \phi \phi _x \psi + \frac {p+1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+3}{2}} v_\varepsilon ^2 v_{\varepsilon x} \phi ^2 \psi _x \nonumber \\ & - \frac {p+1}{2}\int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p-1}{2}} u_{\varepsilon x} v_{\varepsilon x} \phi ^2 \psi - 2 \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} v_{\varepsilon x} \phi \phi _x \psi - \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} v_{\varepsilon x} \phi ^2 \psi _x \nonumber \\ & + \frac {p+1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon ^2 \phi ^2 \psi - \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+3}{2}} v_\varepsilon \phi ^2 \psi =: \sum _{i=1}^{13} I_i, \quad \text {for all } t \in (0,T).\end {align}


$\varepsilon \in (0,1)$


$W^{3,2}(B_{1/\varepsilon }) \hookrightarrow W^{1, \infty }(B_{1/\varepsilon })$


$c_1(R)>0$


$||\psi ||_{L^\infty (B_{1/\varepsilon })} + ||\psi _x||_{L^\infty (B_{1/\varepsilon })} \leq c_1(1/\varepsilon )$


$c_1(1/\varepsilon )$


$\varepsilon \to 0$


$\phi ^2$


$\phi $


$\phi _x$


$B_{1/\varepsilon }$


$c_2>0$


$\varepsilon $


\begin {equation}\label {5.9} ||\phi ^2 \psi ||_{L^\infty (B_{1/\varepsilon })} + ||\phi \phi _x \psi ||_{L^\infty (B_{1/\varepsilon })} + ||\phi ^2 \psi _x||_{L^\infty (B_{1/\varepsilon })} + ||\phi _x \psi ||_{L^\infty (B_{1/\varepsilon })}\leq c_2,\end {equation}


$\varepsilon \in (0,1)$


$\phi ^2 |\psi |$


$C^\infty $


$C^3$


$I_1$


$q \in (0,1)$


\begin {align}\label {5.10} |I_1| & \leq \frac {p^2 -1}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p-1}{2}} v_\varepsilon ^2 u_{\varepsilon x}^2 \phi ^2 |\psi | \leq c(p,q) \cdot \frac {p^2 -1}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon ^2 u_{\varepsilon x}^2 \phi ^2 |\psi | + c(p,q) \cdot \frac {p^2 -1}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^{q-1} v_\varepsilon ^2 u_{\varepsilon x}^2 \phi ^2 |\psi | \nonumber \\ & \leq c(p,q) ||v_0||_{L^\infty (\mathbb {R})} \cdot \frac {p^2 -1}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 |\psi | + c(p,q) ||v_0||_{L^\infty (\mathbb {R})} \cdot \frac {p^2 -1}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^{q-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 |\psi |, \quad \text {for all } t \in (0,T),\end {align}


$q-1 \leq \frac {p-1}{2} \leq p-1$


$q \in (0,1)$


$c(p,q)>0$


$u_\varepsilon ^{\frac {p-1}{2}} \leq c(p,q) \Big ( u_\varepsilon ^{q-1} + u_\varepsilon ^{p-1}\Big )$


$\phi ^2 |\psi |$


$|I_1|$


$I_2$


$c_3(T)>0$


$||v_{\varepsilon x}||_{L^\infty (B_{1/\varepsilon })} \leq c_3(T)$


$t \in (0,T)$


$t \in (0,T)$


\begin {align}\label {5.11} |I_2|& \leq c_3(T) \cdot \frac {p+1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon |u_{\varepsilon x}| \phi ^2 |\psi | \nonumber \\ & \leq c_3(T) \cdot \frac {p+1}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 |\psi | + c_3(T) \cdot \frac {p+1}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^2 v_\varepsilon \phi ^2 |\psi | \leq c_4(p,T) \left (\int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 |\psi | + 1 \right ),\end {align}


$L^\infty $


$v_\varepsilon $


$L^2$


$u_\varepsilon $


$I_3$


\begin {align}\label {5.12} |I_3| &\leq (p+1)\int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon ^2 |u_{\varepsilon x}|\phi |\phi _x| |\psi | \leq ||v_0||_{L^\infty (\mathbb {R})} \cdot \frac {p+1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 |\psi | + \frac {p+1}{2} ||v_0||_{L^\infty (\mathbb {R})}^2 \cdot \int _{B_{1/\varepsilon }} u_\varepsilon ^2 \phi _x^2 |\psi | \nonumber \\ & \leq c_5(p,T) \left (\int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 |\psi | + 1 \right ), \quad \text {for all } t \in (0,T).\end {align}


$I_4$


$I_5$


$c_6(p,T), ~c_7(p,T)>0$


$t \in (0,T)$


\begin {align}\label {5.13} |I_4| & \leq \frac {p+1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon ^2 |u_{\varepsilon x}| \phi ^2 |\psi _x| \leq ||v_0||_{L^\infty (\mathbb {R})} \cdot \frac {p+1}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 + + \frac {p+1}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^2 v_\varepsilon ^2 \phi ^2 |\psi _x|^2\nonumber \\ & \leq c_6(p,T) \left (\int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 + 1 \right ). \nonumber \\ |I_5| & \leq \frac {p^2-1}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon ^2 |u_{\varepsilon x}| |v_{\varepsilon x}| \phi ^2 |\psi | \leq ||v_0||_{L^\infty (\mathbb {R})} \cdot \frac {p^2-1}{8} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 |\psi | + \frac {p^2-1}{8} \int _{B_{1/\varepsilon }} u_\varepsilon ^2 v_\varepsilon ^2 \phi ^2 |\psi |\nonumber \\ & \leq c_7(p,T) \left (\int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 |\psi | + 1 \right ).\end {align}


$I_6$


$c_3(T)$


$||v_{\varepsilon x}||_{L^\infty (B_{1/\varepsilon })}$


$L^p$


$u_\varepsilon $


$c_8(p,T)>0$


$t \in (0,T)$


\begin {align}\label {5.14} |I_6| \leq \frac {p+1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+3}{2}} v_\varepsilon v_{\varepsilon x}^2 \phi ^2 |\psi | \leq ||v_0||_{L^\infty (\mathbb {R})} c_2 c_3(T) \cdot \frac {p+1}{4} \left (\int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} + \int _{B_{1/\varepsilon }} u_\varepsilon ^2 \right ) \leq c_8(p,T).\end {align}


$I_7$


$I_8$


$c_9(p,T), ~c_{10}(p,T)>0$


$t \in (0,T)$


\begin {align}\label {5.15} |I_7| &\leq (p+1) \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+3}{2}} v_\varepsilon ^2 |v_{\varepsilon x}| \phi |\phi _x |\psi \leq c_2 \cdot c_3(T) \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+3}{2}} v_\varepsilon ^2 \nonumber \\ & \leq \frac {c_2 c_3(T)||v_0||_{L^\infty (\mathbb {R})}}{2} \left (\int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} + \int _{B_{1/\varepsilon }} u_\varepsilon ^4 \right ) \leq c_9(p,T).\nonumber \\ |I_8| & \leq \frac {p+1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+3}{2}} v_\varepsilon ^2 |v_{\varepsilon x}| \phi ^2 |\psi _x| \leq c_2 \cdot c_3(T) \cdot \frac {p+1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+3}{2}} v_\varepsilon ^2 \leq c_{10}(p,T).\end {align}


$I_9$


$c_{11}(p,T)>0$


\begin {align}\label {5.16} |I_9| & \leq \frac {p+1}{2}\int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p-1}{2}} |u_{\varepsilon x}| |v_{\varepsilon x}| \phi ^2 |\psi | \leq \frac {p+1}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 |\psi | + \frac {p+1}{4} \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon } \nonumber \\ & \leq c_{11}(p,T) \left (\int _{B_{1/\varepsilon }} u_\varepsilon ^{p-1} v_\varepsilon u_{\varepsilon x}^2 \phi ^2 |\psi | + 1 \right ), \quad \text {for all } t \in (0,T).\end {align}


$I_{10}$


$I_{13}$


$||\psi ||_{W^{3,2}(B_{1/\varepsilon })} \leq 1$


$t \in (0,T)$


\begin {align}\label {5.17} |I_{10}| & \leq 2 \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} v_{\varepsilon x} \phi \phi _x \psi \leq c_3(T) \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} \phi ^2 \phi _x^2 + \int _{B_{1/\varepsilon }} \phi ^2 \leq c_{12}(T),\nonumber \\ |I_{11}| & \leq \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} |v_{\varepsilon x}| \phi ^2 |\psi _x | \leq \frac {c_3(T)} {2} \left ( \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} + \int _{B_{1/\varepsilon }} \phi ^4 |\psi _x|^2 \right ) \leq c_{13}(T), \nonumber \\ |I_{12}| & \leq \frac {p+1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon ^2 \phi ^2 \psi \leq \frac {p+1}{4} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+1} +||v_0||_{L^\infty (\mathbb {R})}^4\frac {p+1}{4} \int _{B_{1/\varepsilon }} \phi ^4 \psi ^2 \leq c_{14}(p,T),\nonumber \\ |I_{13}| & \leq \int _{B_{1/\varepsilon }} u_\varepsilon ^{\frac {p+3}{2}} v_\varepsilon \phi ^2 \psi \leq \frac {1}{2} \int _{B_{1/\varepsilon }} u_\varepsilon ^{p+3} + \frac {||v_0||_{L^\infty (\mathbb {R})}^2}{2} \int _{B_{1/\varepsilon }} \phi ^4 \psi ^2 \leq c_{15}(T),\end {align}


$c_{12}, c_{15} >0$


$C(p,T)>0$


\begin {align*}\Big |\Big |\partial _t\big (u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon \big )\Big |\Big |_{ L^ 1\big ((0,T); (W^{3,2}_\text {loc}({B_{1/\varepsilon }}))^*\big )} \leq C(p,T)\end {align*}


$\varepsilon \in (0,1)$


$(u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon )_{\varepsilon \in (0,1)}$


$v$


$(v_\varepsilon )_{\varepsilon \in (0,1)}$


$u$


$K>0$


$T>0$


$C(T)>0$


\begin {align*}\int _{B_{1/\varepsilon }} \ln \left (\frac {||v_0||_{L^\infty (B_{1/\varepsilon })}}{v_\varepsilon (\cdot ,t)} \right )\phi ^2 \leq C(T),\end {align*}


$t \in (0,T)$


$\varepsilon \in (0,1)$


$\int _{B_{1/\varepsilon }} \ln \left (\frac {||v_0||_{L^\infty (B_{1/\varepsilon })}}{v_\varepsilon (\cdot ,t)} \right )\phi ^2$


\begin {align*}\frac {d}{dt} & \int _{B_{1/\varepsilon }} \ln \left (\frac {||v_0||_{L^\infty (B_{1/\varepsilon })}}{v_\varepsilon } \right )\phi ^2 = - \frac {d}{dt} \int _{B_{1/\varepsilon }} \ln v_\varepsilon \phi ^2 = - \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon xx}}{v_\varepsilon }\phi ^2 + \int _{B_{1/\varepsilon }} u_\varepsilon \phi ^2 \\ & = \int _{B_{1/\varepsilon }} {\left (\frac {\phi ^2}{v_\varepsilon } \right )}_x v_{\varepsilon x} + \int _{B_{1/\varepsilon }} u_\varepsilon \phi ^2 = 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon _x}}{v_\varepsilon } \phi \phi _x - \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon ^2} \phi ^2 + \int _{B_{1/\varepsilon }} u_\varepsilon \phi ^2,\end {align*}


$t\in (0,T)$


\begin {align}\label {5.18} \frac {d}{dt} & \int _{B_{1/\varepsilon }} \ln \left (\frac {||v_0||_{L^\infty (B_{1/\varepsilon })}}{v_\varepsilon } \right )\phi ^2 + \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon ^2} \phi ^2 = 2 \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon _x}}{v_\varepsilon } \phi \phi _x+ \int _{B_{1/\varepsilon }} u_\varepsilon \phi ^2 \nonumber \\ & \leq \frac {1}{2} \int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon ^2} \phi ^2 + 2 \int _{B_{1/\varepsilon }} \phi _x^2 + \int _{B_{1/\varepsilon }} u_\varepsilon \phi ^2, \quad \text {for all }t \in (0,T).\end {align}


$t \in (0,T)$


\begin {align*}\frac {d}{dt} \int _{B_{1/\varepsilon }} \ln \left (\frac {||v_0||_{L^\infty (B_{1/\varepsilon })}}{v_\varepsilon } \right )\phi ^2 + \frac {1}{2}\int _{B_{1/\varepsilon }} \frac {v_{\varepsilon x}^2}{v_\varepsilon ^2} \phi ^2 \leq 2 \int _{B_{1/\varepsilon }} \phi _x^2 + \int _{B_{1/\varepsilon }} u_\varepsilon \phi ^2\leq c_1,\end {align*}


$c_1$


$\varepsilon \in (0,1)$


$u_\varepsilon $


$\varepsilon \searrow 0$


$(u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon )_{\varepsilon \in (0,1)}$


$p \geq 2$


$u_0$


$v_0$


$(\varepsilon _j)_{j \in \mathbb {N}} \subset (0,1)$


\begin {equation}\label {6.1} \begin {cases} u \in L^\infty _\text {loc}\big ((0,\infty ); L^r(\mathbb {R})\big ), \\ v \in L^\infty \big ((0,\infty ); L^r(\mathbb {R})\big ) \cap L^\infty \big (\mathbb {R} \times (0, \infty )\big ) \cap L^\infty _\text {loc}\big ((0,\infty ); W^{1,\infty }(\mathbb {R})\big ), \end {cases}\end {equation}


$r\geq 1$


$u\geq 0$


$\mathbb {R} \times (0,\infty )$


$v > 0$


$\mathbb {R} \times (0,\infty )$


$\varepsilon _j \searrow 0$


$j \to \infty $


\begin {align}& u_\varepsilon \to u \quad \text {a.e. in } \mathbb {R} \times (0,\infty ) \text { and in } L^q_\text {loc} (\mathbb {R} \times (0,\infty )) \text { for all } q \in [1,p), \label {6.2} \\ & v_\varepsilon \to v \quad \text {a.e. in } \mathbb {R} \times (0,\infty ) \text { and in } L^q_\text {loc} (\mathbb {R} \times (0,\infty )) \text { for all } q \in [1,\infty ), \label {6.3} \\ & v_{\varepsilon x} \overset {\ast }{\rightharpoonup } v_x \quad \text { in } L^\infty _{\text {loc}}\big ((0,\infty ); L^\infty (\mathbb {R)\big )}, \label {6.4}\end {align}


$\varepsilon = \varepsilon _j \searrow 0$


$(u,v)$


$v_\varepsilon $


$||v_\varepsilon ||_{L^1(B_{1/\varepsilon })}$


$||v_\varepsilon ||_{L^\infty (B_{1/\varepsilon })}$


$t >0$


$\varepsilon \in (0,1)$


$T>0$


$||v_{\varepsilon x}||_{L^\infty (B_{1/\varepsilon })}$


$\varepsilon $


$t \in (0,T)$


$(v_\varepsilon )_{\varepsilon \in (0,1)}$


$L^\infty \big ((0, \infty ); L^r (B_{1/\varepsilon }) \big )$


$r \geq 1$


$L^\infty \big (B_{1/\varepsilon } \times (0,\infty ) \big )$


$L^\infty \big ((0, T); W^{1,\infty } (B_{1/\varepsilon }) \big )$


$\varepsilon \in (0,1)$


$(v_\varepsilon )_{\varepsilon \in (0,1)}$


$L^q\big ((0, T); W^{1,q}_{\text {loc}} ({B_{1/\varepsilon }}) \big )$


$q \in [1, \infty )$


$T>0$


$\varepsilon $


$(v_{\varepsilon t})_{\varepsilon \in (0,1)}$


$L^2\big ((0,T); (W^{1,2}_\text {loc}({B_{1/\varepsilon }}))^*\big )$


$-u_\varepsilon v_\varepsilon $


$v_{\varepsilon t}$


$L^2_\text {loc}\big ({B_{1/\varepsilon }} \times (0,\infty ) \big )$


$v_{\varepsilon xx}$


$(\varepsilon _{j_1})_{j_1 \in \mathbb {N}} \subset (0,1)$


$\varepsilon _{j_1} \searrow 0$


$j_1 \to \infty $


\begin {align*}v \in L^\infty \big ((0,\infty ); L^r(\mathbb {R})\big ) \cap L^\infty \big (\mathbb {R} \times (0, \infty )\big ) \cap L^\infty _\text {loc}\big ((0,\infty ); W^{1,\infty }(\mathbb {R})\big ), \quad \text {for all } r \geq 1,\end {align*}


$v_\varepsilon \to v$


$\varepsilon = \varepsilon _{j_1}$


$\mathbb {R} \times (0, \infty )$


$L^q_\text {loc} (\mathbb {R} \times (0,\infty )) \text { for all } q \in [1,\infty )$


$v$


$v \leq ||v_0||_{L^\infty (\mathbb {R})}$


$\ln v \in L^1_{\text {loc}}\big (\mathbb {R} \times (0,\infty )\big )$


$v$


$\mathbb {R} \times (0,\infty )$


$^*$


$v_{\varepsilon x}$


$||v_{\varepsilon x}||_{L^\infty (B_{1/\varepsilon })}$


$t \in (0,T)$


$T>0$


$v_\varepsilon $


$v_{\varepsilon x}$


$v_x$


$u_\varepsilon $


$(u_\varepsilon ^\frac {p+1}{2} v_\varepsilon )_{\varepsilon \in (0,1)}$


$p \geq 2$


$T > 0$


\begin {align*}(u_\varepsilon ^\frac {p+1}{2} v_\varepsilon )_{\varepsilon \in (0,1)} \quad & \text { is bounded in } L^2\big ((0,T); W^{1,1}_{\text {loc}}({B_{1/\varepsilon }})\big ), \\ {\Big (\partial _t(u_\varepsilon ^{\frac {p+1}{2}} v_\varepsilon )\Big )}_{\varepsilon \in (0,1)} \quad & \text { is bounded in } L^1\big ((0,T); (W^{3,2}_\text {loc}({B_{1/\varepsilon }}))^*\big ).\end {align*}


$\varepsilon = \varepsilon _{j_1}$


$v_\varepsilon $


$(\varepsilon _{j_2})_{j_2 \in \mathbb {N}} \subset (\varepsilon _{j_1})_{j_1 \in \mathbb {N}} \subset (0,1)$


$\varepsilon _{j_2} \searrow 0$


$j_2 \to \infty $


\begin {align*}z \in L^1_{\text {loc}}\big (\mathbb {R} \times (0, \infty )\big ), ~ \text { satisfying } ~ u_\varepsilon ^\frac {p+1}{2} v_\varepsilon \to z ~\text { a. e. in } \mathbb {R} \times (0,\infty ) \text { and in } L^1_{\text {loc}}\big (\mathbb {R} \times (0, \infty )\big ),\end {align*}


$\varepsilon = \varepsilon _{j_2}$


$v$


$u :=\displaystyle {\left ( \frac {z}{v} \right )}^{\frac {2}{p+1}}$


$(u_\varepsilon )_{\varepsilon \in (0,1)}$


$L^\infty _{\text {loc}}\big ( (0, \infty ); L^r(B_{1/\varepsilon }) \big )$


$r \geq 1$


$\varepsilon \in (0,1)$


$u \in L^\infty _\text {loc}\big ((0,\infty ); L^r(\mathbb {R})\big )$


$u_\varepsilon \to u$


$\mathbb {R} \times (0,\infty )$


$L^q_{\text {loc}} \big (\mathbb {R} \times (0,\infty ) \big )$


$q \in [1,p)$


$(u,v)$


$\varphi \in C_0^\infty (\mathbb {R} \times [0, \infty ))$


$\varepsilon \in (0,1)$


$(u_\varepsilon , v_\varepsilon )$


\begin {align*}\int _0^\infty \int _{B_{1/\varepsilon }} u_\varepsilon \varphi _t + \int _{B_{1/\varepsilon }} (u_0 + \varepsilon \zeta (x))\varphi (\cdot , 0) = & -\frac {1}{2}\int _0^\infty \int _{B_{1/\varepsilon }} u_\varepsilon ^2 v_{\varepsilon x} \varphi _x - \frac {1}{2}\int _0^\infty \int _{B_{1/\varepsilon }} u_\varepsilon ^2 v_\varepsilon \varphi _{xx} - \int _0^\infty \int _{B_{1/\varepsilon }} u_\varepsilon ^2 v_\varepsilon v_{\varepsilon x} \varphi _x - \int _0^\infty \int _{B_{1/\varepsilon }} u_\varepsilon v_\varepsilon \varphi ,\end {align*}


\begin {align*}\int _0^\infty \int _{B_{1/\varepsilon }} v_\varepsilon \varphi _t + \int _{B_{1/\varepsilon }} v_0 \varphi (\cdot , 0) =\int _0^\infty \int _{B_{1/\varepsilon }} v_{\varepsilon x} \varphi _x + \int _0^\infty \int _{B_{1/\varepsilon }} u_\varepsilon v_\varepsilon \varphi ,\end {align*}


$\varepsilon = \varepsilon _{j_2} \searrow 0$


$(u,v)$
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where u represents the bacterial density and v the nutrient concentration. Functions S and f respectively represent the taxis sensitivity
coefficient and the bacterial proliferation model. System (1) is usually posed in bounded convex domains together with no-flux
boundary conditions. This setting is essentially different from the widely studied classical Keller-Segel system

3—’: =Au—yV-uVvo),

av

E =Av+u-uv,
and its extensions, in the sense that the chemotaxis migration is directed by a signal substance—in this case the nutrient—which is
not produced but instead consumed by the bacteria.

In the case of system (1), the current knowledge is much more limited, particularly concerning results capturing the above
mentioned aggregation structures. In particular, for .S = 1 and f = 0, solutions approach the spatially homogeneous steady statesu = a
and v = 0 for appropriate a > 0 [4] and similar dynamics are obtained when f = uv [5]. For other choices of .S such as S, v) = %,
traveling wave solutions have been obtained in [6], but still leading to eventual spatial homogeneity.

However, substantially different dynamics occur when bacterial diffusion is considered such that it degenerates at small signal
densities. The system proposed in [7], given by

(2)

’;—“ =V - @oVu) — yV - @PoVo) + uv,

o 3)
— = Av —uv,

ot

for y > 0 has recently been a source of interest. In the numerical simulations presented in the original article, the authors showed the
emergence of complex patterns, which resemble the branching structures from the previously mentioned experimental records. The
system was also formally derived by means of parabolic limits in [8].

From an analytical perspective, the first work in this direction, presented in [9], successfully addressed the global solvability of
system (3) over a bounded one-dimensional domain Q together with no flux boundary conditions. Under the assumption that the
initial data u(x, 0) = uy(x) and v(x, 0) = vy(x) satisfy

uy € C*(Q) for some 9 € (0, 1), with uy >0 and / Inuy > —oo, @)
Q
vy € W (Q) is such that vy, > 0 in Q,

globally bounded weak solutions are constructed by the limit of a sequence of regularized problems that prevent the degeneracy
caused by u, not being strictly positive over Q, which is the case in most experiments. Moreover, in the same contribution, the large
time behavior of the solutions is analyzed, showing that u converges to a limit function in L*(Q), which is obtained as a fine time
evaluation of a porous medium type equation. This behavior greatly differs from the stabilization properties that solutions of system
(1) undergo, thus offering an explanation to the aggregation phenomena empirically observed. In [10], hypotheses (4) are weakened,
by only assuming that

{'40’ vy € W (Q), with uy > 0 and vy > 0in Q, ©)

There exists K > 0 such that ||uy|| po(q) + [[Vg]] L) + 1105 N0l Loy < K.

Global solvability has also been proved in convex and bounded two dimensional domains in [11], under similar hypotheses. The
global boundedness of such solutions was obtained in [12] for a broader class of systems including (3). In particular, for a taxis term
of the form V - (u*vVv), the global boundedness is established if a < 2 for arbitrarily large and regular initial data, and for « = 2—the
case corresponding to system (3)—if an additional smallness hypothesis for v, holds. Such smallness requirement has recently been
removed in [13], provided that (uy, vy) € W' (Q) are such that [, Inuy > —co and v, > 0.

Related developments include models with more general motility mechanisms. For instance, Zhang and Li[14] considers a cross-
diffusive setting of the form V - u*'vVu) — V - (u*vVv), @ > 1, and establishes global existence and boundedness results in dimension
n < 2. Moreover, again in the case a = 2, on which the present work is focused, when the term +uv on the u equation is replaced by a
logistic growth term u(1 — u), the existence of global continuous weak solutions for regular initial data was proved in [15] on a two-
dimensional domain. On higher dimensions, a generalized logistic term is studied in [16], similarly obtaining global weak solutions
under an appropriate parameter relationship. In [17], a two-species model with corresponding logistic and competitive dynamics is
also investigated.

While these results provide a detailed understanding of this class of doubly degenerate systems when posed on bounded domains,
the corresponding problem on the whole space requires a separate analysis. Thus, the aim of this work is to study the global solvability
of system (3) posed over the whole one-dimensional space, with Q = R, this is

3—’: = aix(uvux) - (%(uzuvx) + uv, x€eR, t>0,

2
9 _ 00 x€R, t>0, (6)
ot 0x?

u(x,0) =uy(x) >0, v(x,0)=1vy(x) >0, xeR.
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For this setting, both assumptions in (4) and (5) become incompatible, as integrability properties of the initial data cannot be sustained
by boundedness or integrability of their logarithms. To address the problem over the whole space, a regularized version of (6) will
be studied over balls of radlus for € € (0, 1), obtaining domain-independent estimates, with the aim of passing to the limit when
e \\ 0.

Over the years, several other Cauchy problems have been studied for Keller-Segel related systems. For instance, in [18], the
minimal Keller-Segel system is studied over the whole two-dimensional space, obtaining a critical mass threshold for the initial data
of u. For higher dimensions, blow up phenomena at the origin for radially-symmetric functions has been determined [19], whereas
boundedness can be obtained for small enough initial data in critical spaces [20,21]. In [22] a logistic growth is incorporated, studying
the global boundedness of the Cauchy problem in arbitrary dimensions. Regarding nonlinear sensitivity, in [23] a taxis term of the
form V - (u"Vv) is considered, obtaining global existence in Besov spaces. However, to our knowledge, system (3) remains unstudied
over the whole space.

Main results For our case, the one-dimensional Cauchy problem (6) will be studied under the hypotheses

)

uy € WheoR)n LI(R), withuy > 0in R,
vy € WHe[R) n L'(R), with vy > 0in R,

as well as the additional assumptions
2+ D(p+2)

_3 pa
/ (L)g(”l)) ‘ < oo forall p>2, /—<oo 8)
R

Our main result guarantees that under such requirements, a global weak solution to the Cauchy problem (6) can always be found.

Theorem 1.1. Assume that (7) and (8) hold. Then problem (6) admits a global weak solution in the sense of Definition 2.1 below, which
moreover satisfies

u € Ly ((0,00); LA (R)),

v € L*((0,00); L (R)) N L= (R X (0,00)) N L ((0, 00); WH>(R)),

forall p > 1.

It is worth noting that both hypotheses in (8) are already included in [10] in the appropriate sense over the bounded domain Q
considered. However, the boundedness of Q ensures that (4) are sufficient to obtain them. In our case, the extension to the whole
real line implies that both bounds have to be independently assumed, and are key for establishing Lemmas 3.7 and 4.1, respectively.
Moreover, the integrability of both initial values is independently required in the whole space setting and is particularly utilized in
Lemmas 3.3 to 3.5.

Structure of the work After this introduction, the article begins with some preliminaries in Section 2, which are needed in
order to establish the concept of weak solutions to the problem, as well as the regularization approach followed. In particular, we
consider ¢ € (0, 1) and solutions (u,, v,) to the regularized system (13), which allows us to deal both with the degeneracies and with
the unboundedness of the domain.

Next, the starting point of the analysis in Section 3 relies on a functional of the form

_ @p—1)q
u? +/ v v, |, fora= >0,
/Bl A 20+ 1)

for arbitrary p > 2 and suitably chosen ¢ > 1. Upon suitable estimates of the quantities involved, in Lemma 3.6 we arrive at a differ-
ential inequality given by

(22(1’ +‘1))‘1 Pa+2)+2 ¢
”p+ P ol S Cllogllpo(n )( w+l+e +52>,
dt 1/¢
By /e Bl/t By /e

which leads to bounds for u, in L?(B, /e) that are uniform in e. The bounds obtained are time dependent, in contrast to those in [9,10],
as those rely on the assumptions on the logarithm of the initial data given in (4) and (5), yielding the integrability of ||v,||pe( B0 in

time. However, the temporal dependency is enough to obtain local compactness for ultimately passing to the limit.
st

The following Sections 4 and 5 are focused on obtaining compactness properties of the sequence (u,> v,).¢(,1), as similarly done in

[11]. The main difference relies on localizing the approach by means of a cutoff function as introduced in Definition 4.1, to eliminate
p+l

any domain dependency. Lemma 4.5 provides a bound for (u,* v eec0.1) 11 Lz((O T);, W, loc (Bl /E)), while Lemma 5.2 ensures that its

time derivative is bounded in L!((0,7); (ng CZ(B1 /8))*).
Lastly, in Section 6, an application of the Aubin-Lions lemma allows us to obtain a subsequence though with limit functions u and

v can be defined, such that they form a weak solution to our problem (6). The article finishes with a proof of Theorem 1.1.

3
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2. Preliminaries: Regularized problems and basic estimates

Given the degenerate nature of system (6), we consider the concept of weak solutions in the following sense.

Definition 2.1. Let u and v be nonnegative functions defined on R x (0, o) satisfying

u€ L (Rx[0,00)), C)
veE LX Rx[0,00))n L ([0,00); WH(R)),
and
W, o, € L (RX[0,00)), (10)

then, (u, v) will be called a weak solution to system (6) if

/ /M(pt+/u0(p('90):__/ /MZUx(pX— _/ /sz(pxx—/ /MZUUx(pX—/ /MU(p, (11)
o Jr R 2Jo Jr 2 /o Jr o Jr o Jr
nd
[so] (o] (o]
/ /vw,+/vo<p(-,0)=/ /Uxfﬂx"r/ /uvqo, 12)
o Jr R o Jr o Jr

forall p € CP (R X [0, 00)).

a

The main analytical challenges in system (6) lie on the one hand, on the presence of the degenerate cross-diffusive terms, and on
the other hand, on the fact that the system is posed on the unbounded domain R. To address these issues and construct a solution,
we employ a regularization approach involving a parameter ¢ € (0, 1). Specifically, to prevent degeneracy—arising when u, is not
strictly positive—we modify the initial value of u by adding a small positive perturbation £{(x), where ¢ : R — R* is a fixed, smooth,
bounded and integrable function.

Additionally, to deal with the unbounded spatial domain, for each ¢ € (0, 1) we restrict the problem to the bounded one-dimensional
ball of radius é, By, :=(-1/e 1/e). Over each of these balls, we aim to derive estimates uniform in e.

Thus, for any ¢ € (0, 1), we consider the following approximate initial-boundary value problem

ou, 9 0 »

ot = a(ueueuex)_ a(uevsvsx)"'usvs’ XEBl/é’ 1>0,

av v

a: = ax; —uv,, X € By, 1>0, (13)
u£x=U5x=Os xEdBl/g, l>0,

u (x,0) = ug(x) +€6(x) >0, v.(x,0)=vy(x)>0, x€ Bl/e.

Given system (13), for each fixed ¢ € (0, 1) standard cross-diffusive parabolic theory can be applied to obtain local existence of
solutions as follows.

Lemma 2.1. Assume that u, and v, are such that (7) holds. Then for each ¢ € (0, 1), there exists T,,,, . € (0, o] and functions
ug € ﬂqzl CO([O’ Tmax,e); Wl’q(Bl/e)) n Cz’l(Bl/f X (0’ Tmax,g))’
v € ﬂqzl CO([O’ Tmax,e); W]Yq(Bl/s)) n CQVI(BI/E X (0’ Tmax.e))’

withu, > 0 and v, > 0in By, X (0, T,,
the property that

ax.e) Such that (u,, v,) solves the regularized system (13) in the classical sense in B ;, X (0, Tpyay . ), With

if Thaxe < o, then lim  sup ||ug(-,t)||Lm(Bl/¥) = 0.
t/Tlnax,s

Proof. We omit the details, as the local existence of the regularized system over a bounded domain, in this case B, is standard
following the theory developed in [24], and has been already established in [9-11]. We refer for instance to [10] Lemma 2.2 for the
details. O

Next, we prove some basic estimates for u, and v,.

Lemma 2.2. Assume (7). Then for all € € (0, 1), t € (0, T}, ) We have

/ ”g('7t)+/ v (-, 1) S/ U +/ C+/ Vg,
Byje Byje By, By. By

as well as

t
// ue(-,t)ve(-,t)S/ Vgs
0 JBy By e
d

NoeCs Dl om0 < NoollLeoes, ) < 0ol o @)

an
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Proof. Given the Neumann homogeneous boundary conditions for system (13), integrating both equations over B, ;, yields

% / U, = / UUg, % / Ve = _/ UV, forallt e (0’ Tmax,f)7 (14)
Byje Byje By e B

1/e

so adding them and integrating in time leads to

[ wens [ =/
B/ B B

The initial value of u, combined with the fact that ¢ < 1 proves the first property. Next, a time integration of the second identity in
(14) entails the second property, while the maximum principle applied to the second equation leads to the third one. O

ug(~,0)+/ ve(-,0), forallz € (0,T,,,)
B

1/¢€ 1/ 1/¢€

Notice that having L' and L* bounds for v, leads to L? estimates for p > 2 uniform in time and in e.

For the analysis developed in the subsequent sections, we also consider the following versions of the Gagliardo-Niremberg in-
terpolation inequality in one dimension. In this case, the constant is domain-independent, with the dependency only present in the
penalization term in a non increasing factor, if the parameters are chosen adequately. The proof strategy relies on a scaling argument,
as done in [25].

Lemma 2.3. Letp>1, g€ (0,p), r > 1, 6 € [0, 1] such that

Lop(to) =2,
p r q

and arbitrary ¢ > 0. In dimension one, there exists C > 0 such that for any € € (0, 1)

11
0 1-6 (5=3)
Il ’(31/5)'“(‘0| La<31,5)+C£ p ||(P||L6(B]/{)»

”‘/’“LP(B]/{) < Cllgy
forall p € LB ) such that ¢, € L"(Bye)-

Proof. For any given ¢, € LY(B,) with ¢, € L"(B,), by means of the standard Gagliardo-Niremberg inequality in B,, there exists
C, = C|(By) such that

0 1-9
||(/’1||LP(BI) < Clll((pl)x“Lr(Bl) ' ||(/71||Lq(3]) +C1||¢1||L6(B])~ (15)

Next, to extend the inequality to B, ,, for an arbitrary € € (0, 1), given ¢ € L(B, ) with ¢, € L"(B, ;,), we define the function
¢ B —=>R
1
ye oy = rp(; : y),

for which, given the one-dimensional setting, following the change of variables x = 1 y we have
€

1
m = —.
”(pl”Lm(Bl)_/Bl ‘(p(‘g y)

for any m > 0, as well as similarly computing the derivative ||(¢,),

m
— m — m
dy= 5/1, " dx = 110117y,

€

S [X]

||)‘Vl m
L™(By) L™(By/e)”

Thus, substituting in (15), we obtain

1-0
q

1 r—1 1
1 -l 0 10 1
e ollrp, ) < Cre 7 Tlloudlig, )€ el )+ Crer llelles,,).

1
which upon multiplying by £ » implies the result with C = C;(B,), as

_1_0.<r—1)+1—0=0’
p r q

for the considered value of 6. [

The same argument can be used in order to estimate the L norm. As the proof relies on the same steps, we omit it for brevity reasons.

Lemma 2.4. Letr>1, ¢ > 0and 0 € [0, 1] be such that

0(1:’)+%=o.

Then, in dimension one, there exists C > 0 such that for any ¢ € (0,1)

“9 1-6

1
el Lo, ) < Cllecll s,y 110110, + Ce? 101, -

forall g € L9(B, ;) with ¢, € L"(B,/,)
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3. LP estimates for u, and global existence of regularized solutions

The main objective of this section is to derive an estimate for ||u,|| s, P that remains uniform with respect to ¢ € (0,1) for
arbitrary p > 2. Although the resulting bounds will generally depend on time, they will be enough to grant the convergence in the
sense of Definition 2.1. Moreover, these estimates will allow us to prove that regularized solutions indeed exist globally.

To this end, we follow an approach similar to that in [9] Section 4, based on introducing a functional of the form

/ u? +/ v v, |9, (16)
By, B /e

_(@p-1yg
200+ 1
for an adequately chosen ¢ > 0. The main difference from the arguments in [9] relies on our need for domain-independent estimates.
For conciseness, we outline the main parts, leaving out some of the details that can be traced back to the original work. As a first
step, we begin by computing the time derivative of (16).

with

Lemma 3.1. Let p> 1, ¢ > 2, and n > 0. Then, there exists C; > 0 and C,(#) > 0 such that for all ¢ € (0,1) and t € (0, T, )

d _ @p=Dg 1 _ (@p=Dg ) 4+2 q7<2p—1)q
T R N Y a7
By /e 1 J By B /e
and
4 uP + pp—D W o i + pp-b wtly ?
dt (3 2 (3 E7ex 2 (3 € ex
By /e B¢ By
_Cra_, @HD@+)  L(g, @r-lg g
2 1 1)
§p||v£||Lm<Bl/6)/ uf+;1/ v, 20D |U5x|q+2+cz(71)/ u, ° Ueq( o+ ) (18)
By, By/e Bi/e
Proof.
Firstly, estimate (17) follows directly from [9] Lemma 4.1, where the time derivative of fQ v-*|v.,|? is computed for a general
domain Q ¢ R and a € (0, g). Since the equation satisfied by v, is the same one, (17) is obtained as a particular case for « = (j(pp +11))[’ .
With respect to (18), a standard testing procedure results in
1 -1 -1
4 ul + L. / wlva? + L. / ultly, o2
I3 di Bi/e 2 By/e 2 By/e
1
<(p-1 b ygu5x+||v ||L°°(B]/>/ ul, forallt € (0, T ,)- 19
BI/E 1/e
The mixed term on the right hand side can be estimated by Young’s inequality with exponents "+2 ‘1:2 > 1. For a given 5 > 0, there
exists C,(n) > 0 such that
2
@p=Dg _, q+2 g2 @p=Dg ¢
(-1 up+lv U =(p-1 <U£ 2(p+1) |Uex|q+2> uZ+lUEq < 2(p+1) )
By. Bye
_@p=Dg_, (+Dhg+2) 1 +(2;"—1)11 +6
< n / v, 2(p+1) |U€X|q+2 +Cy(n) u, U:( (p+D) ) (20)
P JBy, By/e

Directly combining (19) and (20) provides (18) for all 7 € (0, T, O

max, E)

Next, the domain-independent versions of the Gagliardo-Niremberg inequality introduced in Lemmas 2.3 and 2.4, allow us to prove
the following auxiliary result.

Lemma 3.2. Let p > 0, then there exists C > 0 such that for any ¢ € (0, 1)

3
51 |1PF2 P+l 2 p—1 2 p+1 2 P2 p+l1
by #1152, C||¢||L.<Bl,£)||w||m3]/)<||w||Lm(BI/S)/B]/ " W¢x+/31/ R T (U I A

for any positive functions ¢, y € C'(B, /e)-

Proof. By Lemma 2.4 there exists ¢; independent of ¢ satisfying

3 2 ptl 2"’+12)
P ||P =|l¢p z w2|| 2"
[y ||LW(BI/E) e w2l ks, ,)

pl 3 p% +2 3 2(::12)
<all@Twiidt, TV, eyl : @1)
Ve L7 (By),) LT (Bise)
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The terms appearing on the right hand side can be estimated as in Lemma 4.3 in [9], resulting in

+1)
16 v, s, )<(pT L°°<Bl/)/ Pl /Bl/ v

and
2 3
P _
16T w27 o= $ i < bl 1101172,
LPT(By)0) 1/e
which upon substitution in (21) yields the result. O

Next, using Lemma 3.2 we prove a technical result that will later be used to control the right hand side terms in (17) and (18) in
order to estimate the time derivative of the functional defined in (16).

Lemma 3.3. Let p, r > 0 be such that

P+ DpP+2)

<r<p+2.
p+4 P

Then, for any n > 0 and K > 0 there exists C(n, K) > 0 such that whenever (7) holds as well as

/M()SK, /U()SK, ool Lowy < K, and /{SKa (22)
R R

we have that for any € € (0, 1), t € (0, Tjax )

3
P+l p—1 2
lu, v ||Lm(31/é) <n / ul o, u£x+/
By B

Proof. Combining the estimates proved in Lemma 2.2 with assumption (22) yields

”utllL'(Bm)s/ u0+/ C+/ vy < 3K,
By /e Byje Byje

as well as

uf“ug fo) +C(n, K)(l + 5’>||UE||LM(BI/E).
1/e

||Ug('st)||L°°(Bl/£) < ||U0||Lw(3]/é) <K,

for all 1 € (0, Tyax . )- Next, applying Lemma 3.2 to ¢ = u,, w = v,, we obtain that for any r € (0, T,

max.,e » 7 max,, E)

3 3
P P2 P+l 2 p—1 2 p+1 p+2 p+1
0PI < C 3K ||u5||LW(BI/é)<K /Bl/ . vgugx+/Bl/ TR STl [PATI
(3 (3

3 3p+2)
1 2 1
<erllecllZ g, 1O+ e el Sy s 23)

for a certain ¢, = ¢;(K) > 0, where
. p—1 2 p+1 2
1(1).—/ ul= o, u£X+/ U Uz,
By /e By /e
Thus, for any r satisfying (‘H;)%”) <r < p+2,we can bound
3 3r 3r

: >
P+l (p+D(p+2) 2 +1
P s, ) < Ml 1O + o N0l 72 24)

|lu,vf

for a certain ¢, > 0. The assumptions on r grants that

=L—12M>O,
p+1 p+4

with which for all 1 € (0,7, .) we obtain
3r
el |§<Bl/ y= € "llv, ||L00(B )||U5||L°°(B]/F) < 5,Kb||Ug||L°°(B]/F)'
The remainder of the proof follows the same steps as Lemma 4.4 in [9]. By Young’s inequality, for any » > 0 there exists ¢; = ¢3(n, K) >
0 such that

3r 3r
(p+D(p+2) (p+D)(p+2-r)
lleclI T 107 <T@+ llecll FZ7 <010 + Kl s,

3r

where again a := 0D

— 1 is nonnegative by the choice of r. Direct substitution into (24) gives the result. O
Next, the estimate provided by Lemma 3.3 can be used to bound the right hand side term in (17).

7
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2p—1)q

> 0 be such that
20p+ 1)

Lemma 3.4. Letp> % g€ (1,2(p+2) anda =

3(p+2) 3(p+2)
q— >q - .

> 25
p+4 *7a p+1 (25)

Then, for all n > 0 and K > 0, there exists C(n, K) > 0 such that if (7) and (22) hold, the following inequality is satisfied for all € € (0, 1)
and all t € (0, Ty )

q+2

= _ (p+Dg=a)
/ u? v <p / uP Yo, u§x+/ "5“”5 U?x +C(I1,K)(1 +e 3 )IlUEIILW(BI/é).
By/. By /e By/e

Proof. The result follows directly by noting that for all 7 € (0, T}, )

a+2 i] (P+Dg-a) q+2 _ (p+Dg-a)
2 —a prt 3 2 3
/ Ug UZ < ”ug Ve ||L°°(Bl/5) ’ / Ue ’ (26)
Bl/s Bl/e

¢ 2 _ prDig-)
2 3

where precisely the choice of « ensures tha =1, and therefore

g+2 _ (ptD(g—a)
/ ugz } = ||u5||L1(51/£) <3K, 27)
Bl/s
by Lemma 2.2 and hypothesis (22). Moreover, assumption (25) implies that
(g - 1 2 (g -
@+ D¢ a)Z(p+ )p+ )’ and P+ D a)<p+2.
3 p+4 3

In this way, by Lemma 3.3, considering r := (”“)#, for any choice of # and K > 0, there exists C;(n, K) > 0 such that

3 b=

=Y 3 n 1 b +1 5 (p+1)(g—a)
[lu,vf ”L""(Bl/f) sﬁ</3 ul™ o, u€x+/B ul™ o, v£x>+C1(n,K)(1+s 3 ||v£||Loo(Bl/L).
- 1/e 1/e

Combining this with (27) and substituting into (26) finishes the proof by defining C(n, K) :=3K - C;(n,K). O

Lastly, a similar argument can be followed for estimating the last term in (18).

Lemma 3.5. Letp > l,q>1anda:w>0besu0hthat
2 20+ 1)
3(p+2)q q+6 3(p+2)q q+6
A e ik G L 28
20+ 2 “T2p+n 2 (28)

Then, for all n > 0 and K > 0, there exists C(n, K) > 0 such that whenever (7) and (22) are satisfied, the following estimate holds for all
e€ (0. )andallt € (0, )

(p+D(g+2)  g+2a+6 ' ) . ) (p+D)(g+2a+6)
q q — ot g+ath)
/ u, U, <n / ul™ v, ugx+/ ul* o, vz +C(n,K)(1 +e K )||UE||LW<BI/£).
B¢ Bi/e Bi/e

Proof. The proof follows the same steps as in Lemma 3.4. Firstly, for all # € (0, T, )

(p+1)(g+2)  g+2a+6 3 (ptD(g+2a+6) 2(p+1)(g—a)
q q p+l1 3q 3q
Ug Vg < |ug vf ||L00(B y Ue s (29)
B 1/e B
1/e 1/e

where again, the chosen « is such that w

= 1, therefore having a global bound for the last term in (29). Lastly, the conditions
3 (p+1)(g+2a+6)

on p, g and « in (28) ensure that Lemma 3.3 can be applied again to ||u, v/ + , concluding the proof. O

[P
L=(By /)

A combination of these lemmas allows us to estimate the time derivative of the functional (16) for the selected «. This eventually
leads us to the desired L? bounds for u,. It is important however to select a range of values of p and ¢ such that assumptions (25) and
(28) are simultaneously met.

Lemma 3.6. Let p > 2 and q > 4 be such that

20+ D +2)

<g<2(p+2).
FEw <q<2p+2)

Then for all K > 0 there exists C(K) > 0 such that if (7) and (22) are satisfied, we have that for all e € (0, 1) and all t € (0, T, )

d - (5(”1]1))" plg+2)+2 q
— / u£+/ U T ogl? p < C(K)llvgllLoo(Bl/g) 1+4e ¢ +¢2 +/ ub .
dt Bije Biye Biye

8
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. . 2p—1 . . . -
Proof. Fixing again a = H, beginning with Lemma 3.1, by (17) there exist ¢;, ¢, > 0 (being ¢, = cl‘l) such that
p
d a+2
Sl R (DM LRy / e N e / u vl (30)
dt Byje By /e By /e

for all 7 € (0, T} )-
Next, for # = ¢; > 0, (18) provides C, () > 0 such that for ¢; := 1@ > 0 and ¢, := max{p, C,(n)} > 0, we have

d -1, 2
P P p+l1 2
2 u, +c3 u, v.u, + u; U U,
By/e By. By.
(P+D(g+2)  g+2a+6

—a—2 2
§c4||v£||LW(Bl/t)/B u£+c1/B v [0, ]7F +c4/ u, v, 4. (3D
1/e

1/e By
One can check that the range of values for ¢ entails (25), and having p > 2 implies (28). Thus, we can apply Lemmas 3.4 and 3.5. In
particular, for 5 = ;i > 0, by Lemma 3.5 there exists ¢5 = ¢5(K) > 0 such that
€4

PrD(@+2) - g+2a+6 c3 | 5 | ) (P1)(g+2a+6)
q/ w Tou <5 / o, i, +/ wto 2 )+es(14e 0 )llvellie, (32)
By By By
for all t € (0, Ty, . )- In the same way, for = 2% > 0, by Lemma 3.4 we obtain ¢; = ¢5(K) > 0 for which, for all 1 € (0, T}, .) we have

a2 c (+Dg=a)
2 q-a 3 p—1 2 p+1 2
cz/ u <2 / wlo i+ [ wto, 2 ) reg(1+e 3 )llvcllism,,- (33)
B/e B/e B /e
—a—2 +2 —1, 2 1, 2
U " 0, |77 + 5 / u? uguéx+/ ult o v
B By,

1/e e

Lastly, upon combining (30)-(33), we get

d _
r / uf+/ U£“|U£X|‘1 +c1/
By By By
q+2
> -
Scz/ u > vl a+C4||UE||Lm(BI/£)/ uf+cl/
B By/e B

1/e 1/e

c
—a—2 q+2 .3 p—1 2 p+1 2
<¢ / e N > / ™o, uZ + ult o, vZ,
By /e Byje Bye

c5(1+£ 30 )+c6(l+5 ) Noellpeos, 0)s

(p+D(g+2) g+2a+6

—a=2 +2 q q
Ué |U5x|q +C4/ Ug Ve
By/e

P+Dg—a)

+c4||”g||L°°(B|/E)/ ul +
By /e

for t € (0, Tyyux . )- Equivalently, we obtain
d (p+1)(g+2a+6) (ptD(g—a)
— / u£+/ U ol o < ellogllpom, | 14 0 +e3 / ul |, (34)
dt Bye Bi/e Bise
o . Q2p—1q .
and lastly, substituting a by its value, oD’ yields the result. O
p

Lastly, as a conclusion to the previous lemmas, we obtain a time-dependent L? bound for u, for arbitrary p > 2.

Lemma 3.7. Let p >2, K > 0 and assume u, and v, satisfy (7) and (22) as well as

2(p+D(p+2)

_3 p+d
/ ub <K, / <ug‘”+”> <K. (35)
R R

Then, for alle € (0,1), T € (0, T, ) there exists C(p,k,T) > 0 independent of ¢ such that

ax,e

/ ub(,1) < C(p,K,T), forallte (0,T).
By.

2 1 2
Proof. By Lemma 3.6, with ¢ = w
p

> 4, there exists C(K) > 0 such that for all 7 € (0, T,

max,s)
d - (5(”1]1))" plg+2)+2 q
d_ / u£+/ Ve ! |U5x|q SC(K)“UE“L“’(BI/S) 1+¢e ¢ +e2 +/ ué’ .
! By, By, By,

Thus, as € < 1, by defining

Ye(®) 2=/
B

_@p=1)g
2 1
w0+ /B v 2D D0 DI+ 3, 1 €0, Tan o)

1/e 1/e
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we obtain
Vo) S C vl oo, ) Ve (@) for all 1 € (0, Ty o).

Integrating the inequality yields

t
C(K)/ NoeCs ) oo, ) A5
0

() < 3, (0) - € < 3.0 - CEONllL=@) 1 for all 1 € (0, Ty ). (36)

where we used that by Lemma 2.2, 0 < ||vg(-,t)||Lm(Bl/E) < gl peo(r) for all # € (0, Ty -
Thus, for any T € (0 ), taking C(p, K, T) := y,(0) - eC(K)”UO“L""(R) T > 0 finishes the proof. O

g Tmax,e

As a direct consequence of the L? bounds for u,, well-known properties of the Neumann heat semigroup can be applied to obtain
the following result for v,.

Lemma 3.8. Let K > 0, then forall e € (0,1), T € (0,7, ), there exists C(K,T) > 0 independent of € such that if u, and v satisfy (7),
(22) and (35), then

oee (5Dl oo, ) < C(KT), - for all 1 € 0, T).

Proof. The result is a consequence of standard semigroup theory based on the L? bound for u, derived in Lemma 3.7 (which, although
time dependent, is always finite) and the W1 (R) bound for v. A detailed proof can be found in Lemma 2.2 in [11]. O

As a second consequence of the L? estimates for u,, we can prove that indeed T,
do exist globally in time.

axe = oo and therefore the regularized solutions

Lemma 3.9. Let K > 0 and assume that u, and v, are such that (7), (22) and (35) hold. Then T,,,, , = o for all € € (0, 1).

aX,E

Proof. Again, the proof is standard and relies on the fact that if for any € € (0, 1), T,,,, . was finite, then for all p > 2, the quantity
SUP;e(0.7,4 o) e G DI Lo (B, P would also be finite. In this case, we refer the reader to Lemma 4.1 in [10] for more details. O

Once the global existence of regularized solutions has been established on each ball B, , for all € € (0, 1), we derive further estimates
uniform in ¢ to pass to the limit in order to construct a global solution to the original problem in the whole space.

Ill
4. Further temporal estimates: A bound for (u,? v,).cq in L*((0,T); Wkl)’:(Bl 7¢))

In this section, we obtain further time-dependent estimates with the aim of proving compactness properties of the sequence of
regularized solutions, which will allow us to extract a converging subsequence by means of an Aubin-Lions type lemma.
First, given the local boundedness of u, in L”(B,,), the nonlinear term —u, v, in the second equation of the regularized system

(13) can be easily handled. This will result in the necessary features of (v,).¢(,) to grant the existence of a converging subsequence.
ast
With respect to u,, we consider the auxiliary sequence (u,> v,).( ) In order to obtain boundedness in suitable spaces, we start

by a first technical result which will be of key importance on the later analysis.

Lemma 4.1. Let K > 0 be such that (7), (22) and (35) are satisfied, as well as

2

UOx
< K. (37)
R Y0

Then, for all T > O there exists C(T') > 0 such that

T vt
/ / - <€),
0 By U

forall e € (0,1).

Proof. By the positivity of v,, we can compute

2 2
v v v
d [ Do [ P o[ Ty foralleso. (38)

ex/t o €t
dt By Ve Bije Ve By Ug

By standard parabolic theory, due to the regularity of u, and v, provided by Lemma 2.1, we have that v,, € C>!(B, 7e X (0, T, ) and
satisfies the differentiated version of the second equation in (13), this is

(ng)t = Ugxxx — UexUg — UgUgy.

Thus, substituting in (38) and integrating by parts we obtain
d 2 2

v v 1%
£x ex £x
E = 2/ (stxx T U Ug — Uy st) - / B (Uexx — U Ue)
By/e Ve By De B v,

1/e 3

10
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2 2 2
v v u v

= _2/ == +2/ Vs —2/ Uy Ugy —2/ <02 —/ ~Vexx
By Ve By Ug By, Bije Ve By U

3

uE 2 U?xx U?x ue 2
+/ —v, = —2/ == +/ — Vexx — 2/ Ug Vg —/ —uv:,, forallz>0. (39)
By Ve By Ve By Vg By, By, Ve
To estimate the terms in the right hand side, firstly integrating by parts one obtains
2 4
v v
/ - / %x forall >0, 40)
By /€ U& 3 B, /€ U&
and moreover, using Lemma 3.2 in [9] we can prove that
vgxx 4 Uix
—/ S——/ - for all ¢ > 0. 41)
By Ve 9 By Vg
Lastly, integrating first by parts and then using Young’s inequality, we get
1 v2 )
EXX
_2/ UpyUpy = 2/ U Vg < Z/ o +4/ uZv,, forallt>0. (42)
By, By /e By e By /e

Substituting bounds (40)—(42) into (39) and using the positivity of u, and v, yields

2 2 2

d v 1 v v u
TSR A VY P )
dt /gy, Ve By Ve By U By By Ve

1/e €

v? vt vt
S—Z/ ﬂ+z/ %+4/ uzvgs(—z+g)/ ﬂ+4/ uzug, for all > 0. 43)
4 By Ue 3 By Ug B¢ 9 3 By, vl By,

In this way, for any given T > 0, by the L*(B, ;) bound for v, from Lemma 2.1 and the L”(B, ) bound for u, provided by Lemma 3.7
there exists C;(T') > 0 such that

',

after which (43) can be rewritten as

v, s4||v0||Lm(R)/ u? <C(T), forallt e (0,T),
By,

€

1/e

d sz 1 Ugxt
— —_— 4 = / 3 <C|(T), forallre (0,T). 44)
dt Bl/e Ue 9 Bl/e UE
Integrating with respect to time provides
v (T ot vk
/ ﬂ+—/ / L;SCI(TH/ X <&M +K.
By, Ut 9 Jo By U By Yo
by assumption (37). Thus, the positivity of the first integral on the left hand side finishes the proof. O

ast
Next, to derive the desired compactness properties of the sequence (u. > v,).c(,1), We consider the following lemmas that will allow
us to obtain local boundedness in L2((0,T); I/Vkl)'cl(B1 /6)).
In order to obtain estimates that remain uniform with respect to the domain size, we consider a general smooth, nonnegative, and

compactly supported cutoff function as defined below which will allow us to localize the analysis.

Definition 4.1. Let ¢ € (0, 1). We define a cutoff function ¢* = ¢*(x) € C*(B, ) such that

* 0<¢?<1in By,

e ¢* =1 on a fixed compact subset (—R, R) CC By/e,

* ¢? =0 in a neighborhood of 0B, .,

e ¢? connects smoothly the values 1 in (=R, R) and 0 near 9B, Je-

We note that, since ¢ € C=(B, /,), it follows that 9*¢* € L”(B, ) for all p > 1 and k € N. In particular, all integrals involving ¢?,
(@), or (¢?),, that appear in the sequel are finite. For such a class of functions, we prove the following results.

Lemma 4.2. Let p >2 and K > 0 be such that (7), (22) and (35) are satisfied. Then for any ¢ as in Definition 4.1 and T > 0 there exists
C(p,T) > 0 such that following inequality holds for all € € (0, 1)
-1
% / uf¢2 + _p(p4 ) uf‘lvtugxd>2 + % / ugvs(;bz
By e By Bye
<con) [ wtog s L
-

+1 2 2
/ o ¢+ C(p, T) u U P,
By e Bye

By,
forallt € (0,T).

11
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Proof. Using the first equation in (13), as ¢* = ¢$?(x), and integrating by parts we obtain

d _
a ugqbz = / (3) ¢ = p/ uP l((usvsusx)x - (ugvgvex)x + usvs)qﬁz
dt By, By, By,

2

=—ppp-1 uf U, ”q&z / wou. dd, + plp— 1)/ ué’z)guexvmq.’>2
Bi/e Bi/e Bije

+2p/
By

Thus, it follows directly that for all 1 € (0, T)

uﬁ“vé Ve Py + p/ ufqu.')z, for all t € (0, T).
By.

d
— W +p(p—1) u o2 ¢
dt By/e By /e

= —Zp/ wou, pd, +plp—1) ufuguuvsxqﬁz + 2p/
B

1/e By, By

ui*luguexqﬁqﬁx +p/ ufvsq.')z. (45)

By/e

We estimate the terms appearing in the right hand side using Young’s inequality as follows

1/e 4 By

pp-1)
=2 / Wby < = | wl ol ¢+ / u vl (46)
B By/e

for all t € (0,T), as well as

=1 - pp=1
pp=1) | v vt <= u vl ¢ + = up*l ooy ¢
By, Bye By e
-1
< I% Ve, @ + p(p D 2(T)/ utly,¢* forallt € (0,T), 47)
B]/é

where we used that by Lemma 3.8 there exists ¢;(T") > 0 such that ||, ||« L (T). Again by the same argument we have

pp—1) 4p
2p/ o, v do, < - ultlo, 02 ¢ + o1 ultly, 2
By Bl/s Bie

1
p(p ) c(T) / wtly, % + / ultly,¢* forallt € (0,7). (48)
Bi/e p-1 Biye
Substituting (46)—(48) in (45) one obtains for all 1 € (0, T)

d
- uf¢2+p(p—1)/ w2 ¢

By,
3p(p—1 3 1
<BOZD [ty 2 g ”(” de2r) / W, ¢ + / WHo g +p / Wo B 49
4 By, Byje p=1 By By,
For the last term, which we are yet to estimate, Young’s inequality, this time with exponents Ll and p—both greater than 1 as
-
p > 2—yields
p-l1 =8
3p p +1 o Ap-1 VIRV B
p ulv ¢2=/ (—C (T) —uP"'p Al ——— u/'"v, ¢
/Bl/g °F B N4 e 3p2c(T) T
p*l P
3 4 1
<oy [ wrp g+ L[ 222D / u,v,¢* forallte (0.7). (50)
4 By p 3p? cf(T) Bie

In this way, the first summand on the right hand side here cancels the same term arising from the negative contribution in
3p(p—1 .
Mc%(T) in (49).

Lastly, following the same strategy, we obtain

1 2 2 P 5 1 /r 1 4 " LS P
= v, ¢* = —c(T)-pu"*U) = w,v,)? | ¢
2/31/5 o /BI/E ( 47 € 2\ P o

p_
-1

1/p
. <p3c‘2‘(T)> /B uv,¢?, forallte (0,T). (51)
1 1/e

12

2

) 1 2, P—1)1
< —ci(T) o "+ ——3 =
41 By, e ¢ p |2
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Therefore, combining (50) and (51) into (49) yields

d pip—1 - 1
o uﬁd)z + T u? lvgugxqﬁz + 5 uivsqﬁz
! By, By By,

3

1

-1 —
8p 4p-1) p—1 1 4 1
2.2 +1 2 +1 2 2
Spc(T)/ u? v¢+—/ Wty ¢ + | —— + | —— u. v, P,
! By € p=1Jg, € e 3pclz(T) p zﬁ p3c12(T) I e

for all 7 € (0, T), which gives the result considering C(p,T) as

p-1 —
4(p—1 -1 1 4 !
C(p,T) := max pch(T), % + LA - ) > 0.
3pei(T) Pyt \ P

O

2
. o v . .
Next, we study the time derivative of ﬂ(ﬁz in the following Lemma.
B /e Vg

Lemma 4.3. Let K > 0 such that (7), (22) and (35) are satisfied. Then for any ¢?* as in Definition 4.1 we have

2
d v u
TN
dt Bl/s U B 2

1/e €

< l/ ufv5¢2+2/
2 /By, B

for any choice of € € (0, 1).

2

2
1258 %) 1)

U U (9D, +4 / “U—;”¢2+ /B XM, forallt>0,
1/e "€

1/e B /e €

Proof. Computing the time derivative, we have

2 2
i / Uex ¢2 _ / ZUEXUEXTUS ~ UexVer ¢2
- 2
dt Bl/e Ue Bl/s Us

2
U, (U, —u,0,) U2 (Uggy — U U,)
EX EXX EVE/X 2 EX EXX ETE 2
=2/ === 7 —/ )
B Bl/s

2
1/e Ve UE

2
o v u ) u
=2/ Pexllxns f*%Z—Z/ usxuexasz—z/ P / pa s / “Cvi ¢’ forall 1> 0.
By Ve By, By, Ve By U By, Ve

3

Rewriting the expression, we have

2
d v u
X2 4 /B =02 ¢?

dt By Ve 1je Ve

=

Next, first integrating by parts and then using Young’s inequality we have

_2/ ueerx(xbz = 2/ usvsxx¢2 + 2/ uevex(¢2)x
By/e Byje Bi/e

2
<2/ UgXX¢2+l/
= JBy, Ve 2/

1/e

2

) o)

Uee Uy + 2/ X EX 42 / ”—;quﬁz, for all > 0. (52)
By Ve By U

1/e £

ufvsq.')z + 2/ uevm(q’)z)x, for all 7 > 0. (53)
1/

2

1/e

Now we deal with the term involving v, .. To do so, we make use of the following identity for any f € C3(R)
d? VAT 11\2 1o
S(u?) =20 2rs"

which in particular for all + > 0 implies
2

exx’

Q‘Uexvsxxx = (ng)xx -2v

Hence, after integrating by parts we obtain

2 2

2
U0, (G v ¢? v
2 EXTEXXX 42 _ £X 2 _ 2 exx 42 _ U2 ) EXX 42
/B Ve ¢ B Ve ¢ B Ug ¢ B e Ve B Ve ¢
1/¢ 1/€ xx 1/e

1/€ 1/€

2 2
v 1%
:/ sz<(¢ )x _ 52x¢2> _2/ £XX ¢2
By, Ue Ve . By Ve

13
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2 3 2 4 3 2
v v U2 Ugxy v v v

=/ ﬁ(qu)xx—/ i;«ﬁz)x—/ ”—2¢2+2/ i;qu—/ L;<¢2>x—2/ el
Bije Ve By U By U By Ug By Ug Bije Ve

(3 & I3
2 4 3 2 2
U 1% U U 1%
= _/ £x ;"" @+ 2/ =7 - 2/ =P+ / X (pP)ey — 2/ X2 forallt>0 (54
By U Bije U By Vg By, Ue By Ve

Notice that the last term precisely appears on the right hand side of (53) with opposite sign. One last integration by parts reveals

=),

Now, substituting this (54) yields

2 4 2 2
[ ) V-V, 1% 1% 12
2/ exVexxx ¢2 _ 5/ £x 2woc ¢2 _ 2/ e3x ¢2 +/ £x (d)z)xx _ 2/ £XX ¢2, forallz> 0 (55)
B Ve B D, By, U, By, Ve By Ve

1/e 1/e € 1/e e

where the last term can be dropped due to its non-positivity. Thus, by (53) and (55), (52) can be rewritten as
2
4 T g2y / L2 g
dt By Ue By Ve

< l/ ufvg¢2+2/
2 /sy, B

which finishes the proof. [

3 2 4

v vZD v

E;(¢z)x:6/ w_;m¢2_4/ “ag? forallr>o.
e U By Vg Bije Ve

2 2
U U (), + 4/ fexVexx X S+ / X (¢p?),,, forallz>0,
B v? By Ve

1/e 1/e €

Next, we can readily join both previous lemmas to obtain integrability properties that will later grant adequate compactness of
Pl

(Ue® V)ee.1)

Lemma 4.4. Let p > 2 and K > 0 be such that (7), (22), (35) and (37) are satisfied. Then for any ¢* as in Definition 4.1 and T > 0, there
exists C(p, T) > 0 that verifies

: p—1 2 42 sx( T)z 2
W ou, ¢ + —U "< C.T),
o JBy, By U 0,(\T) T) By Ve

forall e € (0,1).

Proof. We begin by combining the results of Lemmas 4.2 and 4.3. In this way, given any fixed T > 0, for all 7 € (0,T) by Lemma 4.2
there exists é(p, T) > 0 such that
-1
% u£¢2+17(1?4 ) W0l B + 2/ o
By/e Bye By/e
S

<epT) [ ot o

/ MQHI U d’;zc +é(p,T) UgUg ¢2’ forallr € (0.7),
By Bije

By

Similarly, Lemma 4.3 ensures that

2
v u

4 —”dz2+/ <2 ¢ < l/ u§u5d>2+2/

dt By, Ve By, Ve 2 By/e By,

Adding both expressions we obtain

2
d v plp—1) U,
R B e R s
4 Bi/e Byje Ve Bi/e Byje Ve

1/e

2 vzxuéxx 2 sz V)
U Ve (97, +4 — ¢+ - (¢)yy, forallze (0,T).
1/ By,

€ 3 Ve €

N 3p N
<épD [ utlog?+ — / wto g2 +e(p.T) | uov ¢
By/e P B]/g By
2
U
+2 / (@), +4 / Dexlexx X T+ / =X (¢p?),,, forallte (0,7T). (56)
By/e By, v2 Byse Ve

A time integration hence provides

e T)2 p(p—l)
D(. 2 24 2 $?
/31,2“5("”4’ +/Bl,é o (T) 7 / /BI/L vetic / /Bl/ Vex?
u”+1U¢2+c(pT)//
1/ B

2 T
< (u0+6C)”¢2+/ %&M@,T)/ / u5+1u£¢2+8—”/ /
By, By Yo 0o JBy, p=1Jo Jp
o0y (), + 4 / / o fe gy / / g, = [ wreras [ °"¢2+21 57)
Bl/s E Bl/e Ue Bl/e Bl/s Yo

T
+2//
o JB
14

1/

1/e
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The first two terms on the right hand side are bounded by (22) and (37), so to conclude the proof, we bound the other six terms
involved.
Firstly, due to Lemma 2.2 and the L? for arbitrary p bounds proved in Lemma 3.7 we have

T T
I, =, T) / / W0, < Nlogll s, 602 T) / / urt!
0 JBy, 0o JBy,

T
< llopll o) &, T) / e(p+ L.T) di =: C,(p.T).
0

Next, with similar bounds and making use of Young’s inequality

8p g 1, 42 ! 142
12 :—1/ / u£+ U£¢x < 1||UO||L°°(B|/[)/ / ubt ¢X
p=1Jo Jp, o JB

1/e

4p r 2(p+1 4
1||”o||L°°<R>// (27D + ¢7)

- 0 JBy,

4 T
<L ||u0||LW(R)/ c(2(p+1),T)+/ ¢t ) dt=: (.1
p—1 0 By

For I, the time integrability property of Lemma 2.2 directly provides

T
13=é(p,T>// uu¢<c<pT>//
0 B B

With respect to I, considering the bound for v,, in Lemma 3.8 there exists &(T) > 0 such that ||vg,|| g, Jo S ¢(T). Hence, again
using Young’s inequality and the L? bounds provided by Lemma 3.7

T T T 5
I;=2 / / U Ug (9, < 26(T) / / u (), < &(T) / / u? + / [(¢)s]
0 JBy 0 JBy 0 Byje By
T
< &T) / (c(T)+ / [(¢2)X]2) dt =: Cy(T).
0 By

The analysis of I5 is slightly more involved, and requires the key estimate provided by Lemma 4.1. First, integrating by parts we have

2 2 2 4 3
) v v v v

1) ;:/ ”_25’”‘¢2 - _/ UEX<L2X¢2) = _2/ £x zexx¢2+2/ Lsxq.)z_/ sz(‘ﬁz)x
By U By/e Ug . By U By Vg By U

(3 I3 £

e < CA(ILT)/ v =: G3(p. 7).
R

1/€ 1/e

3

U4 U3
=-21(r) +2/ X 2 —/ X (¢?),, forallre (0.T).
B 3 By 2
Therefore we have

1%
T T
15=/ I(t)dt=§// Ve // ”‘(d)z
0 0 Bl/é Bl/

1/€ £
As a direct consequence of Lemma 4.1, the first term is indeed bounded, whereas for the second one, using Young’s inequality with
exponents 4/3 and 4 we obtain

EX 2 |st|3 2 |ng|3 1/4 2
- 2(¢ ) < — @) = o e [N
By Ug By Vg By v,

4 vt ol
< §/ _|v£§| +l/ U (@), 14 < / L;‘ e ® (R)/ (@), |*, forallte (0,T).
4 By Ug 4 By 4 By Uy 4 By

3

5

The time integral of the first term is again bounded by Lemma 4.1, while the second term is a constant independent of ¢ that can be
integrated, granting the existence of Cs(T') such that I5 < C5(T).
Lastly, for I, a similar argument can be applied. Using Young’s inequality combined with the L*® bound for v,, one has

Ig = / / ”(¢2>xx_ / / fex / / <¢2>xx
B Ve B 5 Bl/

1/¢
Uax 1 2
< ||U0||L°°([R)/ / -t Z/ / [(¢ )xx] < Co(D),
0 Bl /€ UE 0 Bl/e

for a certain C¢(T) > 0, thanks again to Lemma 4.1 that allows us to bound / /
Bie e

15
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Thus, combining the bounds ensures the existence of C(p,T) > 0 such that in particular

s e
D 2 sx 2<C T
/0 /B Ay /B e s scen,

1/€

p+l

With these results, we can finally bound the sequence (u.> v, )¢, in L2((0,T); chl) CI(B1 /¢)) uniformly in ¢ for any T > 0.

Lemma 4.5. Let p >2, K > 0 and assume that u,, and v, satisfy (7), (22), (35) and (37). Then, for all T > 0 there exists C(p,T) > 0 such
that

ptl
2

HNue® vl < Cp, 1),

2(0mway)
fordl e € (0,1).

Proof. Given a fixed T > 0, to prove the local boundedness in space, we restrict the analysis to an arbitrary ball B, ,,. Moreover, we
localize the results by means of a cutoff function ¢? in the sense of Definition 4.1.
In this way, for any ¢ € (0, 1), we construct a bound for the quantity

p+ 2

Lo ’ )ﬂ 2 d
= u(-,1) 2 v (-t R t
I @I iy =y (60T 008
T Pl Pl 2
:/ / u* Ug¢2+/ <u62 vgqbz) dt
0 By /e By /e x
T el 2 T el 2
52/ / u 2 v’ dt+2/ / (usz UE¢2> dt
0 By 0 By x

The first term can be easily bounded for instance by combining Young’s inequality with the L? bound for u, and L* bound for v,. In
particular, we have

2 2
ptl ) ) ptl )
0”0 b <10y u” &

B /e B
1/e 1/¢

ool ?
< —® / w4 / ¢* Y <C(pT), forallre(0,T), (58)
4 Byje Bye

for some C,(p,T) > 0 provided by Lemma 3.7.
With respect to the second term, one obtains
ptl 2 ptl 2 ptl
/ <u52 Ué(,bz) <2 / <u£2 v&) ) / u? v,
Bye X By e X By e
where we can estimate the last element as in (58). For the remaining integral, the Cauchy-Schwarz inequality yields
2 2 2
e (p+1)? st el
{/ (ugz UE) ¢2} ST / u? v, lug| ¢ +2 / u.2 vl
By/e x By/e By,
1 2
< M{/ u5¢2} . {/ u o u Exqbz} {/ u?ugd)z} . {/ ”iufxqbz}, forall 7 € (0,T), (59)
2 By By /e By/e By Ve

where all the terms are bounded by combining the L! and L® bounds for v, proved in Lemma 2.2 with Lemmas 3.7 and 4.4. Therefore,

2
(qbz)x‘} , forallte(0,T),

Pl
a time integration of the constants allows us to bound ||u,2 v qbzll2 , yielding the desired result.. O

22 (W (B, /)

ptl
5. A bound for (a,(u Ty )) ey LN, ) (W22(B,,,)")

>

In a last step towards establishing a solution (u, v) to the original system (6) as a certain limit of the regularized problems, we
p+l

bound the time derivative (!3,(%T Ug)> on in L'((0,T); w? 2(Bl/g))*). In this way, an application of an Aubin-Lions type lemma
e€(0,

loc
will allow us to extract a convergent subsequence that defines the limit solution. We start by proving the following auxiliary result.

Lemma 5.1. Let K > 0, g € (0,1), T > 0 and ¢? as in Definition 4.1. Then, if (7), (22), and (35) are satisfied, there exists C(g,T) > 0 such

T
/ / ul~tv? ¢ < C(q,T),
0 JBy,

forall e € (0,1).

16
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Proof. For a fixed T > 0, integrating by parts we have

1d 1 _
L[ = [ (- ot 0
qdt By, By,

= / W 7 (U v ugy) — W' M), (WPv,v,) — / ulv, ¢?
By e

Bi/e By e

<(@-1 uZ"vgugxq}z + 2/ ulv u, ddy

By, Byje

—@-1 Ul v U b — 2/ utv v, g, forallre (0,T),
Byje By,

where we dropped the non-positive term — /, By ulv,¢?. Next, rewriting the above expression we obtain
(3

1d

—-——= Wt +(1—q | u ol ¢
qdt Bi/e By,
<(-¢ Ul vl U b + 2/ ulv by — 2/ ul*'v, v p¢,, forallr e (0,T), (60)
By, By Byje

where we now seek to bound the three terms on the right hand side.
First, by Young’s inequality, we obtain

l-¢q _
(1-¢9q) ulv U U < T/ ul~ v ¢* +(1-¢) ultly, v? ¢?
Bye Bye Byje

1-—
< —q/ ug_lvéuzx¢2+(1—q)||UO||Lm(R)cl2(T)/ witl, forallr € (0,T), (61)
By By e

where we relied on Lemma 2.2 for the L* bound for v,, Lemma 3.8 for obtaining a ¢,(T) > 0 such that |[v .|| =g, oS (T) and the

fact that ¢> < 1 by Definition 4.1.
Similarly, we have

1- _ 4
2/ wlv o, pp, < —1 ul~ o2 ¢ + —/ ul*tly, >
B/e 4 By e I-q B/e
1- 2||vpll peo 2||vpll g
<=4 [ ety R gy TXEE® ey ZTOERE gt gorall s e 0,7), (62)
4 Jp,, e e 1=q  Ju, ' 1=q  Ju, ™
/e 1/e 1/e
as well as
2 [ utowadt <2 [ [ owadn] <2 Dllvlie [ ol
Bl/E Bl/f Bl/g
< e (Mllvoll o) / WD 4 e (D)ol L ) / ¢*¢2, forallte (0.T). (63)
Bl/s Bl/e

Thus, combining the three estimates (61)—(63) and substituting into (60), we have

1-—
_li uz¢2+&

T 3 u‘g’_lugugxqﬁ2 < (g, T) /
q By By B

for a large enough c,(¢q, T) > 0. Notice that as 1 < g + | < 2, a convex interpolation between the L' and L% bounds for u, via Young’s
inequality allows us to obtain c3(¢, T') > 0 such that f By, utt! < ¢5(q, T), while the same argument proves the existence of a ¢,(¢,T) > 0

satisfying /Bl/ W?@t) < ¢,(q,T), forall e € (0, 1), t € (0,T).
Thus, a time integration of (64) reveals

T
l/ (u0+£C(x))q¢2+¥/ /
9 JBy, o JB

for all € € (0, 1), where C(q,T) :=¢,(¢q,T) - (03(q, T)+cy(q,T) + ]) -T > 0.
The last step is to prove that indeed /; B, ul(-, T)¢? is bounded, which can be easily obtained thanks to the presence of the cutoff

uitl 4 / u2<q+“+1>, for all r € (0,7), (64)
1/e By,

W0l P < Clg T+ / Wl (- TP, (65)

1/€ Bl/e

function. In particular, using Young’s inequality with exponents % and g + 1 yields

/ ul(-, T)¢? < L/ u‘j“(',TH'; P2+,
1/e a+1 /g, a+1J/p,

where we have that both quantities are bounded independent of ¢, which finishes the proof. O

17
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p+l

Once this is proved, we can obtain the desired bound for the time derivative (c),(uE2 ué)) on in L'((0,7); (I/I/'lz’cz(Bl /é))*).
e€(0,

Lemma 5.2. Let p>2, K >0 and assume that u, and v, are such that (7), (22), (35) and (37) hold. Then, for all T > O there exists
C(p,T) > 0 such that

or(u v,)

forall e € (0,1).

<C(p,T)

32 .
|L' (3w (B1007)

Proof. As in Lemma 4.5, given T > 0, we treat the local boundedness in space by considering an arbitrary ball B, ., as well as a

cutoff ¢? as in Definition 4.1.
p+l

Thus, for any ¢ € (0, 1) we bound the norm of 9, (u.? v,¢?) in L' ((0,T); (W3*2(Bl/£))*) independently of £. We have

fady T
o )|, (omarssa) = 0T o0 e

To compute the norm in (W32(B, /E))*, we consider an arbitrary y € W3*(B, ;) that satisfies ||y|| 3.2 B S1.In this way, proceed
to bound the dual pairing integrating by parts as follows

ptl

p+1 p—1
fiany p+ 1 - sty
-/B at(uez U5¢2)W: TA usz Ue((”svsuex)x _(uzvsvsx)x"'usvs)d’zl//""/B uez (Uexx_usvs)¢zw
1/ 1/e 1/e

ptl 3
(w7 6w vec- /B w? o, v, (66)

p+1 et p+1 ol
= - (uﬁ2 U£¢2y/)x(u£vgugx - u?uEU”) + 5 u.? qubzx// -
1/

2 /By, By Bi/e

for all 7 € (0, T). Computing all the derivatives appearing, one obtains

ptl p-1 ptl
52 p+l p-1 5 290 00 ptl 5 2
/ at(usz Ue¢ )V/ = _T . T Ug Ugugx¢ Y- T uez Uguexuex¢ "4
By /e B¢ By,
ptl ptl
) p+1 ) 2
- (P+ 1) uez Ugu£x¢¢xw - T/ u£2 Uguex¢ Yy
Byye By,
p+1 p-1 gl p+l el
+ - u.’ vguéwid)zy/ + — u? v, vzxd)zy/
By, Bi/e
3 p+3
+(+1) u.? U§U£X¢¢xl[/ + - u.? vguexqﬁzqfx
By Biye
P+ 1 =t et Pl
- T uez usxvex¢zw -2 uez U£x¢¢xw - uez st¢2‘l/x
B¢ By/e B¢
13
+1 el i3
”T u,? ufqbzw—/ u? vy =: ZI,-, for all 1 € (0, T). (67)
By By/e i=1

To conclude the proof, we bound each of these terms individually. It is important to take into account is that, for every fixed ¢ €
(0, 1), the embedding W32(B, ;) & W'*(B, ) is continuous, so there exists ¢;(R) > 0 such that ||| |osy ) + Wil s, ,) < r(1/e).
However, without extra decay properties, ¢,(1/¢) grows unboundedly as € — 0. The key aspect comes from employing the cutoff, ¢*.
As both ¢ and ¢, are compactly supported in B, ,, there does exist c, > 0 independent of ¢ such that

||¢2W||Lw(31/£) + ||¢¢xW||Lw(31/é) + ”d)ZWX”L“’(Bl/J + ||¢xll/||Loc(Bl/€) <o, (68)

for all & € (0, 1). Moreover, up to a scaling constant, ¢*|y| behaves essentially as a cutoff function (not necessarily in C® but at least
in C3), which makes our previous results applicable to the terms involving it.
In this way, starting with 7,, we have that for any ¢ € (0, 1)

-1 I -1 1,22 42 -1 1,22 42
5] < 4 A usz Ugugx(ﬁ lwl <cp.q - 4 -/B ug Usuexqb lwl+c(p.q)- 4 A ”Z Ueusx¢ lwl
1/e 1/¢ 1/e

2 2

p =1 _ p—1 _

< e @llvollo@) - /B ul™ vl Bl + . DIl | Loy - = /B u ol Plwl, forallie 0.T),  (69)
1/e 1/e

=
where we used that, g — 1 < ’%1 < p-1 for any q € (0, 1), so by convexity, Young’s inequality provides c(p, q) > 0 such that u,> <
c(p, q)(uf1 + ufl ) Notice that, as previously remarked, ¢*|w| behaves as a cutoff function, and thus the time integral of |I;| can be

bounded by Lemmas 4.4 and 5.1.
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Next, for I, first by Lemma 3.8, there exists ¢;(T)) > 0 with |[v,, || e B < ¢3(T) for all € (0, T). Hence, after applying Young’s

inequality we obtain for all € (0,T)

p+l

p+1 =
|12| < C3(T) 2 u£2 U5|u£x|¢zlwl
Bl/s
p+1 p—1 2 2 D— 2
<o 2= [ wreal @l B [ e vl <eo D [ w vl ¢l + 1 (70)
By, Bi/e

thanks to the L* bound for v, from Lemma 2.2, (68) and the L2 bound for u, provided by Lemma 3.7.

We treat I; in a similar way, leading to

p+1
[13] <(P+1)/ gz v |”gx|¢|¢x||lll| <Mlvoll ey - > / u£ Ve gx¢2|lll|+
BI/E

242
el [ w1
BI/E

< cs(p,T)</ w o ¢yl + 1) forall € (0,T). (71)
1/¢€
For I, and I5, once again we obtain c4(p, T), c¢;(p,T) > 0 such that for all r € (0,7)
p+1 el p+1 p+1
Il < == [ el @yl < llvollpo - == [ wTvad @ ++=—= | i eyl
By, By, By
< ¢g(p, T)</B uf v U 5X¢2 + l>
1/¢€
2 prl 2
p-—1 = p-—1 -1
11s] < / e Ul 10|21 < ool sy - —— [l v &7l +Z s Wil
By B¢ By,
<o, T)( /B Wl 6wl + 1> (72)
1/e

For I, a combination of Young’s inequality with the previous ¢;(T") bounding [|v, || e, /0 and the L? bounds for u, yield cg(p,T) > 0

such that for all r € (0,T)

p+1 el 2 p+1 o1 2
gl £ —— U’ v £x¢ Wl < logll peoycacs(T) u; "+ u; | <e(p, T). (73)
2 By, 4 By, Bye

Next, for I; and Iy we have c¢y(p,T), ¢,o(p,T) > 0 that satisfy for all r € (0,7)

|I7|<(p+1)/ uE Rl dplgly <cr-ax® [t o
Bi/e

CZCS(T)||UOI|L°°(R) 1 4
T / u? +/ u; | <co(p,T).
Bye Byye

p+1 2] p+1 23
sl < =—— U V0 | |yl < g - e3(T) - —~ u? v* < e, T). (74)
By, By,

Concerning Iy, again by Young’s inequality, and by the estimate provided by Lemma 4.4, we have ¢;;(p,T) > 0 such that

IA

IN

-1 2

p+1 = > p+1 ) p+1 v
[l £ —— ue? ueel vl ly| < —— Wl 6wl + T UEX
By/e Biye Bi/e

Sc”(p,T)</ ub™! ”X¢2|w|+1> for all t € (0, 7).
1/

Biye

(75)

Lastly, from I}, to I3, the analysis is standard again using that ||y ||y32 B <1, forall 7 € (0,T) we have

ptl

2 2 42 2

[T} < 2/ U Uy by < c3(T) ulg’+1¢ ¢+ ¢ < epp(T),
By By/e By,

ul 5(T)
3
|Il1|$/ e oex| ¢yl < = </ uy* + ¢4|wx|2)3c13(T>,
B¢ By

p+1 el p+1 p+1
|112| < T/ usz quszl// < T up+l + ||UO||LDO(|R) 4 ¢4W2 < C14(p’ T),
By By, By

p3 ol
1 0l poo(R)
115 s/ u? vy < —/ Wty ——— dry? < op5(T),
2 Byje 2 By
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for certain cy,, c;5 > 0. Integrating these estimates, in view of the properties of Lemmas 4.4 and 5.1, we can conclude that there exists
C(p,T) > 0 verifying

or(u v,)

foralle € (0,1). O

<CpT)

32 .
|L' (OT3W22(B1007)

ptl
Lastly, before passing to the limit on our sequence (1> v,).¢(.1), We require one last result that will grant the positivity of v, the limit

of the sequence (v,).¢(,1), in order to adequately define the limit u.

Lemma 5.3. Let K > 0 and assume (7), (22), (35) are satisfied. Then, for any T > O there exists C(T') > 0 such that

||Uo||L°°(B )
/ In| —— |¢? < (D).
By v (-, 1)

foralt e (0,T), € € (0,1).

HUOHLW(B]/E)
U (1)

||U0||L°°(B ) v
di ln<—m ¢2=—di 1nv5¢2=—/ ﬂ¢2+/ u
! By, Ve ' By/e By Ve By /e

2
¢ Ve, v
=/ <U— Uex + up* =2 — b = =+ u $?,
Bije \ Ve /x By By Ve By U By/e

Proof. We compute the derivative of /, 5, In ( >¢2 and integrate by parts as follows

3

for all € (0, T). Thus, rewriting the expression and using Young’s inequality, we obtain

ool Lo, ,,) v? 15
L) —— ¢2+/ —2"¢2=2/ 5"¢¢x+/ ucd®
dt By, Ve By Vg By Ve By,
2
1 vex 2
<= ex
< 2/ 2 b +2
By Ug B

Hence, for all t € (0, T) one has

||U0||L°°(B ) v?
a [ 2 ¢2+1/ Lz"qbzsz/
dt /g, Ve 2/, v B

3 1/€

P+ / u $?, forallre (0,T). (77)
1/e By/e

2 2
¢x+/ ug¢ <¢p
By

for a given ¢, independent of ¢ € (0, 1) obtained by the integrability of u, as proved in Lemma 2.2. A time integration directly provides
the result. [

6. Passing to the limit € \, 0

Pl
In this final section, thanks to the estimates obtained for the sequence (u,*> v,).c( ) in Lemmas 4.5 and 5.2, as well as by

Lemma 5.3, we prove the existence of a subsequence converging to the global weak solution of the original problem (6) in the
whole real line.

Lemma 6.1. Let p > 2 and assume that u, and v, satisfy (7) and (8). Then, there exists a subsequence (¢;) ey C (0, 1) and functions

{Z 2 iﬁc((((oo,,:));’LLf(([S))))’n L*(R X (0,00)) N LZ:’C((O, o0); W (R)), 78)
forallr > 1, such thatu > 0 in R X (0,00), v > 0in R x (0,00) and £; \, 0 as j — oo satisfying

u, —»u ae inRx(0,0c0) and in quoc(R % (0, 00)) for all g € [1, p), (79)

v, > v ae inRx(0,00) and in L;'OC(R % (0, 00)) for all q € [1, ), (80)

Dey = 0y i1 L ((0,00%; LY(R)), (81)

as € = £; \, 0. Moreover, the pair (u, v) is a global weak solution to system (6) in the sense of Definition 2.1.

Proof. We start by the convergence of v,. By Lemma 2.2 we know that both ||v,|| LBy and |[v, || peo By/,) are uniformly bounded
for all 1 > 0 and € € (0, 1). Moreover, by Lemma 3.8 for any 7 > 0, ||vz, |l (g, /o) is also uniformly bounded in ¢ for all 7 € (0,T).

Hence, this provides bounds for (v,).q) in L®((0,0); L"(B,)) for any given r>1, as well as in L®(B, X (0,00))
and in L*® ((O, T), Wh(B, /E)) uniformly in & € (0,1). In particular, this implies that the sequence (v,).c(,, is bounded in
L7((0,T); Wll"’(Bl/e)) for any g € [1, ) and any T > 0 uniformly in e.

oc
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Furthermore, it is direct to check that (v,,).¢(,) is bounded in L2((0,T); (W1<13c2 (B1/¢))*). This can be proved easily by taking into
account that the non-linear term —u, v, appearing in v,, is bounded in leoc(Bl /e X0, 00)), as well as a standard duality argument for
Uexx'

Thus, by means of an Aubin-Lions type lemma [26], we can obtain (e i)jen € 0,1) with € i \0asj — such that there exists

v € L®((0,00); L'(R)) N L™ (R X (0, 00)) N L

loc

((0,00); Wh*(R)), forallr>1,

satisfying v, > vfore =¢ i almost everywhere in R X (0, o) and in L;’OC(R % (0, 00)) for all ¢ € [1, ). Moreover, the strict positivity
of v follows from combining the fact that v < [|vy|| Lw(r), Lemma 5.3 and Fatou’s lemma, ensuring that Inv € Llloc(R X (0, oo)) and
indeed v is positive almost everywhere in R x (0, o).

The weak* convergence of v, follows from the Banach-Alaoglu theorem, as a consequence of the boundedness of ||v || e (g, /0
for all t € (0, T) for arbitrary T > 0. The strong convergence of v, guarantees that indeed the limit of v,, coincides with v,, granting
(81).

ptl

Next, we assess convergence of u, by means of the results derived for the sequence (.2 v, )ee(o,1) gathered in Lemmas 4.5 and 5.2.
Specifically, for arbitrary p > 2 and T > 0, we have

pHl
(. v)eery Iis bounded in LZ((O,T);I/I/kl)’cl(Bl/E)),
pl
(6,(1452 Uf))gem,l) is bounded in L' ((0.T): (W >2(B, ))").

In particular, these bounds hold for the subsequence € = ¢; previously extracted to ensure the convergence of v,. Thus, a further
application of the Aubin-Lions lemma provides a second subsequence (¢ i)jen € (€j)jen €0, 1) with & 5 N 0asj, > such that
there exists

p+l

(Rx(0,00)), satisfying u,? v, >z a.e.inRx(0,00) and in L} (R x (0,0)),

1
ze L loc

loc

2
for & = ¢;,. In this way, thanks to the positivity of v, we can define the limitu := (i) ! Moreover, by Lemmas 2.2 and 3.7, (u, )ec(0.1)

is bounded in L®. ((0, 00); L"(B, /6)) for all r > 1 uniformly in ¢ € (0, 1), which together with the Vitali convergence theorem implies
thatu € Lfgc((O, 0); L"(R)) with u, — u almost everywhere in R X (0, o) and in L;’OC(R x (0, 00)) for all g € [1, p).

The last step is to check that (u, v) indeed solve system (6) in the sense specified in Definition 2.1. To this end, we consider a test
function ¢ € Cy (R X [0, 00)). As for all £ € (0, 1), (u,, v,) classically solve the regularized system (13), in particular we have

/ / u @, + (uy + e€(x)@(-,0) = — 3 / / ufvsx(px ~5 / / ufug(pxx —/ / ”stUex‘Px —/ / U U @,
0 Bye Bye 0 By, 0 By 0 By, 0 By/e
nd
(s8] (o) (s
/ / Ve + / vop(+,0) = / / Uex @y + / / UV @,
0 Byje By, 0 Byje 0 Byje

Therefore, by passing to the limit with e = ¢ n \ 0, given the convergence properties (79)-(81), we deduce that the limit functions
(u, v) satisfy the weak formulation of system (6) in the sense of Definition 2.1, which concludes the proof. O

a

This allows us to lastly prove the main result.
Proof of Theorem 1.1. We only need to employ Lemma 5.3. Notice that hypotheses (22), (35) and (37) assumed for the previous
lemmas are a direct consequence of (7) and (8).
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