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Aquifers are known to enhance the heat exchange between geothermal boreholes and the ground. To
accurately assess this enhancement, theoretical models for the thermal interaction of geothermal boreholes
with groundwater flows are necessary. Such models already exist in the literature but rely on ideas and
methodologies intended for purely conductive grounds. Despite their satisfactory performance, the lack of
mathematical rigor limits their capabilities and future development. The present work aims to overcome
these limitations by deriving a mathematically rigorous and physically sound model for the case of creeping

groundwater flows. This allows to evaluate, for the first time, the conceptual merits and limitations of the
current state of the art and to envision ways of improving it.

1. Introduction

Mankind has embarked on a large-scale decarbonization of all hu-
man activities to counteract climate change. The European Union, for
instance, aims to achieve net-zero CO, emissions by 2050 [1]. To
accomplish this herculean task, activities with the highest potential
for savings need to be addressed first. Since heating, ventilation, and
air conditioning (HVAC) of buildings represent almost 23% of global
energy consumption [2], replacing coal, fuel, and gas boilers with
efficient, electricity-driven systems has become a top priority.

HVAC systems that rely on low-temperature geothermal energy
represent an attractive solution to the aforementioned challenge. A
geothermal HVAC system consists of an electricity-driven water-to-
water heat pump connected to a geothermal heat exchanger composed
of vertical boreholes. As shown in Fig. 1, each borehole is equipped
with several pipes, forming coaxial or U-shaped probes, through which
a heat-carrying liquid flows and exchanges heat with the surrounding
ground. The space between pipes and ground is often filled with
impermeable grout to prevent the cross-contamination of aquifers.

The correct design and sizing of geothermal heat exchangers ensures
that the prescribed efficiency of the HVAC system is met throughout the
building’s lifetime, typically around 100 years. This requires long-term
predictions of the thermal response of the boreholes and the surround-
ing ground during the design stages of the installation. Unfortunately,
these forecasts cannot be obtained from detailed numerical simula-
tions of the underlying heat transfer problem due to their excessive
computational cost [3-12]. Instead, simplified models are needed that
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trade some flexibility and accuracy for improved computational speed,
allowing for the design and sizing of geothermal heat exchangers to be
accomplished within reasonable timeframes.

Numerous theoretical models for the thermal response of geother-
mal boreholes already exist in the literature. The first of these were in-
troduced in the 1980s by researchers in Sweden [13-16]. By exploiting
the significant disparity in time and length scales of the problem, they
succeeded in deriving models for geothermal boreholes constructed
in purely conductive grounds. These models proposed the use of net-
works of thermal resistances to represent the quasi-steady thermal
response of the grout filling the boreholes and the ground close to
the boreholes [16]. They also introduced the concept of borehole wall
temperature, also known as apparent ground temperature [17], as a
representation of the thermal state of the surrounding ground.

The validity and correctness of these two concepts were taken for
granted at the time, and comparisons with experiments and numerical
simulations supported this assumption [18,19]. However, the lack of
a formal mathematical proof led to the exploration of alternative
definitions for the network of thermal resistances and the borehole
wall temperature in the quest for better results [20-22]. In 2014, a
formal mathematical proof was finally given, nearly 30 years after the
seminal work by Per Eskilson [15], providing clarity on the topic and
allowing researchers to distinguish between mathematically correct and
incorrect models [17].

Theoretical models that account for the presence of aquifers and the
resulting convective heat transport in the ground also exist [23,24].
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Uniform temperature level imposed by the
outer region onto the inner region [K], its
non-dimensional counterpart [-], and its
non-dimensional Laplace-transformed coun-
terpart [—]

mth harmonic of the Fourier series expan-
sion of T around the borehole [K], its
non-dimensional counterpart [-], and its
non-dimensional Laplace-transformed coun-
terpart [—]

Weight of q,/(2zx) in A, [-]

Thermal diffusivity of grout [m?/s]
Effective thermal diffusivity of ground
[m?/s]

Uniform temperature level imposed by the
outer region onto the inner region [K], its
non-dimensional counterpart [-], and its
non-dimensional Laplace-transformed coun-
terpart [—]

Integration constants in 0, [-]

Coefficient specifying the temperature gra-
dient imposed by the outer region onto
the inner region [K], its non-dimensional
counterpart [—], and its non-dimensional
Laplace-transformed counterpart [—]
Weight of F;, in the multipole expansion of
0 [-]

Subweight of q,/(2z«) in C;, [-]
Subweights of C and of its complex conju-
gate Cin C,,, respectively [—]

Coefficient of Performance [—]

Thickness of the wall of pipe j [m]
Kronecker’s delta [—]

Exponential integral [—]

Non-dimensional fictitious heat injection
rate per unit borehole length [—]

Multipole n centered at pipe i [—]

mth harmonic of the Fourier series expan-
sions of F;, and of its radial derivative,
respectively, around pipe j or around the
borehole (j = 0) [-]

mth harmonic of the Fourier series expan-
sions of ®, and of its radial derivative,
respectively, around the borehole [—]
Euler’s constant [—]

Convective heat transfer coefficient of
pipe j [W/(m?K)]

Depth of borehole [m]

Heating, Ventilation, and Air Conditioning
Imaginary unit [—]

Thermal conductivity of grout [W/(mK)]
Effective thermal conductivity of ground
[W/(mK)]

Thermal conductivity of the wall of pipe j
[W/(mK)]

Ratio between the thermal conductivity of
grout and the effective thermal conductivity
of ground [—]

Non-dimensional Laplace operator [—]
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Dummy non-dimensional integration vari-
able [—]

Number of pipes in the borehole [—]

Peclet number of groundwater flow [—]
mth harmonic of the Fourier series expan-
sions of ®, and of its radial derivative,
respectively, around pipe j or around the
borehole (j = 0) [—]

Weights of q,/(2zx) in P, and Pj’.m,
respectively [—]

Heat injection rate per unit borehole
length [W/m], its non-dimensional
counterpart [-], and its non-dimensional
Laplace-transformed counterpart [—]

Heat injection rate per unit pipe length of
pipe j [W/m], its non-dimensional counter-
part [—], and its non-dimensional Laplace-
transformed counterpart [—]

Characteristic value for ¢ and ¢ ; [W/m]
Borehole radius [m]

Radial coordinate of the polar coordinate
system centered at pipe j or at the bore-
hole (j = 0) [m] and its non-dimensional
counterpart [—]

Radial position of pipe j in the polar coor-
dinate system centered at the borehole [m]
and its nondimensional counterpart [—]
Radius of pipe j or of the borehole (j = 0)
[m] and its non-dimensional counterpart [—]
Non-dimensional borehole’s inner thermal
resistances [—]

Non-dimensional borehole’s outer thermal
resistance [—]

Non-dimensional thermal resistances of the
borehole [—]

Thermal resistances of the borehole
[(mK)/W] and their non-dimensional
counterparts [—]

Zeroth-order solution and first-order cor-
rection of the thermal resistances of the
borehole, respectively [—]

Inner thermal resistance of pipe j [(mK)/W]
and its non-dimensional counterpart [—]
Non-dimensional position in the complex-
valued Laplace plane [—]

Time [s] and its non-dimensional counter-
part [—]

Characteristic transversal diffusion time [s]
Characteristic residence time of the ground-
water stream in the vicinity of the borehole
[s]

Characteristic longitudinal diffusion time
[s]

Characteristic timescale of the variations
in the heating and cooling needs of the
building [s]

Characteristic residence time of the heat
carrying liquid in the pipes [s]
Unperturbed ground temperature [K]
Perturbed grout/ground temperature [K]
and its non-dimensional counterpart [—]
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apparent ground temperature [K] and its

non-dimensional counterpart [—]

Apparent ground temperature for pipe j [K]

and its non-dimensional counterpart [—]

0; Temperature of the fluid in pipe j [K] and
its non-dimensional counterpart [—]

0, Angular coordinate of the polar coordinate

system centered at pipe j or at the borehole

(j = 0) [rad]

Angular position of pipe j in the polar co-

ordinate system centered at the borehole

[rad]

Zeroth-order solution and first-order cor-

rection of the grout/ground temperature,

respectively [—]

Zeroth-order solution and first-order correc-

tion of the apparent ground temperature for

pipe j, respectively [—]

G)Sn) Exogenous and endogenous first-order cor-

rections of the grout/ground temperature,

respectively [—]

Zeroth-order solution and first-order correc-

tion of the temperature of the fluid in pipe j,

respectively [—]

Exogenous and endogenous first-order cor-

rection of the temperature of the fluid in

pipe j, respectively [—]
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o, Particular solution of the governing equa-
tion in the ground [—]

0, Non-dimensional weighted mean fluid tem-
perature of the borehole [—]

0, Particular solution [—]

U, Effective seepage velocity of the groundwa-
ter flow [m/s]

v; Secondary weighting coefficient of pipe j
(-]

U, V, Radial component of the effective veloc-
ity of the groundwater flow [m/s] and its
non-dimensional counterpart [—]

Vg, Vg Azimuthal component of the effective veloc-
ity of the groundwater flow [m/s] and its
non-dimensional counterpart [—]

|4 Bulk velocity of the heat carrying liquid
[m/s]

w; Primary weighting coefficient of pipe j [—]

These models replicate the methodology and ideas of those designed
for purely conductive grounds. So, they use a network of thermal
resistances to represent the quasi-steady thermal response of the grout
filling the boreholes and the ground close to the boreholes [25,26],
and they employ a borehole wall temperature, or apparent ground
temperature, to describe the thermal state of the surrounding ground.

The validity and correctness of these two concepts, now in the con-
text of groundwater flows, are again taken for granted in the literature,
with comparisons to experiments and numerical simulations supporting
this assumption [24]. However, without a formal mathematical proof,
it is impossible to fully assess the merits and limits of the current state
of the art and to envision mathematically sound ways of improving it.

The present work addresses the aforementioned lack of mathe-
matical rigor by providing a formal proof for the case of creeping
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groundwater flows. In this flow regime, which forms the basis of most
theoretical models available today, heat convection near the borehole
is weak compared to heat conduction.

Three main conclusions are drawn from the presented proof. First,
the quasi-steady thermal response of the grout filling the borehole and
the ground near the borehole can also be represented by a network of
thermal resistances when groundwater flows are present. Second, the
structure of this network differs from the one employed in the liter-
ature. The same applies to the temperature representing the thermal
state of the surrounding ground. Third, the identified inconsistencies
in the state of the art do not affect the performance of existing models
as long as creeping groundwater flows are considered.

The present work is organized as follows. Section 2 extensively
discusses the thermal interaction of geothermal boreholes with ground-
water flows. It begins by examining the state of the art and the findings
of the present study, then formulates the governing equations for
general groundwater flows, and subsequently particularizes them for
the case of creeping groundwater flows. Next, Section 3 introduces
a modified version of the enhanced multipole method to account
for creeping groundwater flows. Following that, Section 4 solves the
formulated problem using the modified enhanced multipole method.
The obtained solutions are then exploited in Sections 5 and 6 to infer
the structure of the network of thermal resistances and the appropriate
temperature, or temperatures, to describe the thermal state of the
ground surrounding the borehole. Subsequently, numerical examples
are provided in Section 7. Finally, Section 8 presents the conclusions
of the work.

2. Interaction of boreholes with aquifers

A geothermal borehole, like the one shown in Fig. 1, is a slender
hole, of depth H and radius r, drilled vertically into the ground. It is
equipped with several pipes forming one or more coaxial or U-shaped
probes. A heat carrying liquid is then forced to flow through these
pipes, with a bulk velocity V, to exchange heat with the surrounding
ground.

The thermal response of a geothermal borehole is known to depend
on five characteristic times [27]. Three of them are directly linked to
the aforementioned characteristics of the borehole and to the effec-
tive thermal diffusivity of the ground a,. These are the characteristic
residence time 7, ~ H/V of the heat carrying liquid in the pipes, the
characteristic transversal diffusion time 7, ~ r% /@, in the ground, and
the characteristic longitudinal diffusion time ¢ ~ H?/a,, also in the
ground [17]. Considering realistic values for the involved parameters,
the sequence of characteristic times is 7, < 1, <ty [17].

The fourth characteristic time, associated with the presence of an
aquifer, is the characteristic residence time ¢, ~ r,/U,, representing
the time the groundwater stream spends near the borehole [27]. Here,
U, denotes the effective seepage velocity of the stream [26,28,29].
The present work focuses on creeping groundwater flows for which
t, < t, [27]. Hence, the extended sequence of characteristic times
becomes 1, <1, <1, < ty.

The fifth characteristic time, 7,, represents the timescale of varia-
tions in the heating and cooling requirements of the building. Given
that these needs fluctuate on an hourly, daily, weekly, monthly, and
yearly basis, ¢, encompasses a broad spectrum of values ranging from
minutes to decades [17]. This work focuses on the most relevant case of
slowly varying heating/cooling demands for which 7, <1, <1y [27].
Therefore, the complete sequence of characteristic times for the prob-
lem under consideration is

Ky L1, L1, L1y
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Fig. 1. Sketch of a typical geothermal borehole.

2.1. Negligible axial heat transfer

The extreme slenderness of geothermal boreholes allows for the
simplification of the three-dimensional heat transfer problem in the
ground. On one hand, heat conduction along the borehole is negligible
compared to heat conduction in the radial direction, primarily due to
1, and 1, being significantly smaller than r;; [17]. On the other hand,
aquifers predominantly flow perpendicular to the boreholes due to the
small slopes of piezometric pressure levels in the ground.

The aforementioned simplifications enable the reinterpretation of
the three-dimensional heat transfer problem as two-dimensional heat
transfer problems formulated in planes perpendicular to the borehole,
with coupling between these planes occurring solely through the con-
vective transport of heat along the pipes [17,27]. Fig. 1 illustrates one
such plane perpendicular to the borehole. This reinterpretation does not
alter the potential dependence on depth of the thermal characteristics
and state of the ground, aquifer, grout, etc., as each two-dimensional
heat transfer problem is solved using values corresponding to the
respective depths.

2.2. Two-region structure

The present work focuses on slowly-varying heat injection rates
for which ¢, is small compared to 1, [17,27]. This limit is extensively
exploited in the literature for the development of theoretical models for
the thermal response of geothermal boreholes [15,16,30-37].

In the limit of slowly-varying heat injection rates, a two-region
structure emerges in each plane [17,27]. The inner region, situated at
radial distances from the borehole comparable to the borehole radius,
r ~ r,, exhibits a quasi-steady thermal response of the grout filling
the borehole and the ground located close to the borehole. Conversely,
thermal inertia of the ground plays a fundamental role in the outer
region, located farther away from the borehole, at radial distances of
order r ~ ry\/t,/t, > ry.

The described two-region structure has been addressed recently [17]
using matched asymptotic expansion techniques [38]. These techniques
solve each region separately and then interweave, or match, the result-
ing solutions at an intermediate distance from the borehole, situated
between the two regions. In this context, the present work focuses
solely on solving the inner region and its matching, as the outer region
is well described and understood in existing literature [23,24,27].

The influence of aquifers in the inner region is determined by the
Peclet number of the groundwater flow [27],
_ r bUco

Pe =

e

This non-dimensional number gauges the relative importance of heat
convection compared to heat conduction in the energy conservation
equation within the ground [39]. Two distinct cases are subsequently
discussed to elucidate the objective of the present work and its findings.

2.2.1. Purely-conducting limit

In the absence of groundwater flows, heat transfer in the ground is
solely driven by conduction, resulting in a Peclet number of zero for
the problem. The exact solution to the quasi-steady inner region can
then be obtained using the enhanced multipole method [40,41]. The
key result is the following relationship between heat injection rates per
unit pipe length ¢;(r), specified at the N, pipes of the borehole, and
resulting temperatures 7;(¢) of the liquid in the pipes:

N,

»
Zﬁiij(t) =T;() - T, (. W

Jj=1

The thermal resistances R, ;» which link the two quantities of interest
in the preceding expression, depend on the geometry and thermal
properties of the borehole, as well as the thermal conductivity of the
ground. As provided by the enhanced multipole method, their values
remain constant over time in the limit of slowly-varying heat injection
rates [40].

The apparent ground temperature T,(r) represents the temperature
at which the borehole perceives its surrounding ground [41]. It is a
quantity imposed by the outer region onto the inner region that in-
cludes three phenomena: the unperturbed ground temperature T,,, the
thermal influence exerted by neighboring boreholes, and the thermal
influence exerted by the borehole on itself [17,42].

2.2.2. Creeping groundwater flows

The heat transfer problem to be solved in the inner region changes
with the presence of a groundwater stream in the ground, leading to an
important question: Does a network of thermal resistances, similar to
Eq. (1), still connect heat injection rates per unit pipe length ¢;(¢) with
fluid temperatures T;(r) in the pipes?

The present study addresses this specific question for the particular
case of creeping groundwater flows, where the Peclet number is small
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compared to unity. To find the answer, the asymptotic analysis of the
thermal interaction of geothermal boreholes with creeping groundwa-
ter flows, recently conducted by the authors [27], is used as starting
point. The solution to the inner region, previously obtained numeri-
cally [27], needs to be derived analytically instead to enable the correct
identification and precise definition of thermal resistances and apparent
ground temperatures. This task is accomplished in the present work by
developing a modified version of the enhanced multipole method.
Anticipating the results of Sections 5 and 6, the exact solution to
the inner region yields the following relationship between the heat
injection rates per unit pipe length ¢;(#) and the fluid temperatures 7;(¢)
in the pipes:
N

Y Ryjq,(0) = T,(0) = T,i(0). @
j=1

There are two differences compared to the purely-conducting case
discussed before. Firstly, each pipe perceives the surrounding ground
at a different apparent temperature 7,,(¢). This discrepancy arises from
the asymmetry introduced by the convective heat transport in the outer
region, which manifests as a temperature gradient imposed on the inner
region. The thermal response of the inner region to this gradient results
in distinct apparent ground temperatures for each pipe.

The second difference with the purely-conducting case is that ther-
mal resistances R, ; now depend on the Peclet number of the ground-
water flow. This stems directly from the convective heat transport near
the borehole, even in the case of creeping groundwater flows under
consideration.

2.3. State of the art

As emphasized in the preceding subsection, the presence of a
groundwater stream alters the mathematical structure and the values
of the network of thermal resistances that connect heat injection rates
per unit pipe length ¢;() with fluid temperatures T}(?) in the pipes. This
has significant implications for the current state of the art.

Numerous theoretical models exist in the literature for the ther-
mal interaction of boreholes with aquifers. Most of these models ex-
plicitly [15,25,26,43-51] or implicitly [28,29,52-60] incorporate a
network of thermal resistances to represent the quasi-steady thermal
response of the grout filling the borehole and the ground close to
the borehole. The adoption of this modeling approach is rooted in
the successful utilization of such networks by theoretical models for
the thermal response of geothermal boreholes constructed in purely
conductive grounds.

All reviewed models adopt without changes the structure and values
of the network of thermal resistances, Eq. (1), valid for purely conduc-
tive grounds. In the absence of mathematical proofs guiding researchers
on how to proceed in a mathematically sound manner, the decision
taken seems to be the most logical one. However, with the availability
now of Eq. (2), derived from a mathematical proof valid for creeping
groundwater flows, it is now possible for the first time to assess the
strengths and limitations of the current state of the art.

Consequently, two conceptual errors are identified in the existing
body of literature due to the differences discussed in the previous sub-
section. Firstly, current models for the thermal interaction of boreholes
with aquifers overlook the influence of the aquifer on the thermal resis-
tances. Secondly, they only consider one apparent ground temperature
for all pipes. The examination of the practical implications of these two
discrepancies is the focus of Section 7.

2.4. Formulation of inner problem
Consider the two-dimensional heat transfer problem represented in

the right half of Fig. 1. The borehole, with a radius of r,, is outfitted
with N, pipes and filled with impermeable grout, characterized by its
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thermal conductivity k, and thermal diffusivity a,, which differ from
the effective thermal conductivity k, and effective thermal diffusivity
a, of the ground, respectively.

Each pipe j is defined by its outer radius r,;, wall thickness d;, and
thermal conductivity k;. The position of pipe j within the borehole
is determined by the coordinates (ry;,6;) of its center in the polar
coordinate system (r, 6,) centered at the borehole. The orientation of
the coordinate system (ry, 6,) aligns such that §, = 0° corresponds to
the flow direction of the unperturbed groundwater stream.

The temperature T within the impermeable grout is governed by
the following quasi-steady energy conservation equation, where heat
conduction is the sole heat transfer mechanism:

10<H>1W
0= ——(ro— |+ =
ro 0rg or,

2 592"
s 000
Conversely, the quasi-steady energy conservation equation govern-
ing the temperature T in the ground also includes heat convection [27],

LT wor _ 1o ( o) 10T

Torg " rg 08, f|roorg\ "org) " 2 962 |’

with the effective velocity components (v,, vy) of the groundwater flow
given by the following expressions [27]:

2

v,= Ug l——g cos(6‘0),
r
0
i

vg =-Ug, 1+—2 sin(GO).
"o

At the borehole wall, where r, = r,, continuity in temperatures and
normal heat fluxes must be ensured so that

oT X oT

—ky— =
a"0 ro=ry

T =T and

= —
ro=ry ro=ry

ar, r0=r;'.

Next, boundary conditions at the N, pipes inside the borehole must
be specified, for which a polar coordinate system (r;,6;) centered at
each pipe j is introduced for convenience. A prescribed heat injection
rate per unit pipe length ¢;(7) is then specified at each pipe j using the
following expression:

Toar
() = —k,—
4 ,/_ bor

z J

rj=rpj

This condition, however, is not mathematically sufficient, so an
additional condition is enforced at each point on the outer surface of
pipe j [17]:

oT
7 pi G,
J

rj=ry;

:Tj(t)_T ="
R, ’

Tj=rpj pJ

-k

with the bulk temperature 7;(#) of the fluid in pipe j conveniently set
to ensure the prescribed heat injection rate per unit pipe length ¢;() is
satisfied at all times [27]:

R . 1 z
Tt="qg0+—[ T
(@) o ql()+2”1” r

do;.

=rpj

J

The pipe’s inner thermal resistance R,;, appearing in the previous
two expressions, accounts for heat conduction within the pipe wall and
for the convective transport of heat within the fluid. Modeling the latter
phenomenon using a convective heat transfer coefficient #; leads to the
following expression for R,; [17]:

1 pj >
R, = + — ln( .
pJ —
(r pi dj)hj kj oy 4

2.4.1. Matching with outer problem

The problem formulated thus far requires one additional boundary
condition to be enforced far from the borehole. However, that boundary
condition cannot be the unperturbed ground temperature 7, because
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the unsteady outer region lies in between, altering the borehole’s
perception of its surrounding ground [27].

The condition to enforce far from the borehole must therefore be
the compatibility between solutions obtained for the inner and outer
regions. This is achieved through the asymptotic matching of the two
solutions at a distance located between the two regions [38].

In the absence of aquifers, which corresponds to a zero Peclet
number, the matching condition to enforce at the outer boundary of
the inner region is well known and was mathematically proven by the
second author in 2014 [171]:

rg— oo T—»Ta(t)—ﬂln<r—0>, €)

2zk, ry

with the heat injection rate per unit borehole length ¢(¢) representing
the total amount of heat exchanged between the borehole and ground
per unit time and unit borehole length:

NP
a) =Y q;).
j=1

The first term in Eq. (3) is the apparent ground temperature, which
also appears in the network of thermal resistances given in Eq. (1).
This term represents a uniform temperature level imposed by the outer
region onto the inner region [17], with its value derived from the
solution to the outer region. The second term in Eq. (3) is imposed
by the inner region onto the outer region. It is an inherent part of
the solution to the inner region and is ultimately responsible for the
thermal reaction of the ground located in the outer region.

The corresponding matching condition when groundwater flows are
present differs from Eq. (3). For creeping groundwater flows, where
Peclet numbers are small compared to unity, the authors have math-
ematically established the new matching condition using two distinct
approaches.

In the first approach, they employed the matching condition re-
sulting from the asymptotic analysis of the thermal interaction of
geothermal boreholes with creeping groundwater flows [27]. In the
second approach, they utilized the asymptotic analysis of the thermal
interaction of geothermal boreholes with strong groundwater flows,
where the Peclet number is of order unity [61]. In this case, the
proposed matching condition is derived by analyzing the behavior of
the outer solution near the borehole when the Peclet number is made
small compared to unity.

Both approaches yield the same expression for the matching condi-
tion, which can be extended to incorporate the thermal influence from
neighboring boreholes. The resulting expression, wherein 1 = \/—_1, is

rg = 00! T%A(I)—ﬂln<r—0>

2k, rp
+Pe [B(t) + ) Retio 4 E(z)’—"e—'%] C))
Ty Ty
A )+ Ay_y (@)
4P| 20D 0D 40 o cos ()| In D).
2 drkgy ry, ry

The uniform temperature level imposed by the outer region onto the
inner region is now represented by A(r) and B(r). Its value encompasses
not only the unperturbed ground temperature and the thermal self-
influence of the borehole but also the effects of the groundwater flow
and the influence of neighboring boreholes.

The pair C(f) and C() represents a temperature gradient also im-
posed by the outer region onto the inner region. These quantities are
complex conjugates that specify both the intensity and spatial direc-
tion of the temperature gradient. This direction does not necessarily
coincide with the groundwater flow direction when the borehole is
influenced by the thermal wakes of upstream neighboring boreholes.
However, in the absence of such neighboring boreholes, C(t) and
C(1) become real numbers, aligning the imposed temperature gradient
perfectly with the flow direction of the aquifer.
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The remaining terms in Eq. (4) are imposed by the inner region
onto the outer region and are intrinsic to the inner region’s solution. In
addition to the heat injection rate per unit borehole length ¢(r), these
terms involve the first harmonics Ay () and Ag_;)(t) of the Fourier
series expansion of the grout/ground temperature around the borehole
wall. These harmonics correspond to the solution to the inner region
without any convection, i.e., with zero Peclet number:

1 n
Ao =5; [ 7
-

The significance and rationale for this will become clear in Section 2.5,
with further details and insights available in previous work by the
authors [27,61].

e¥% dg,.
ro=rp.Pe=0

2.4.2. Non-dimensionalization

The formulated heat transfer problem in the grout and ground is
non-dimensionalized for convenience. For it, the borehole radius r; is
used to define the non-dimensional radial coordinates p, = ry/r, and
p; =r;/ry, while ri /o, ~ 1, is used to define the non-dimensional time
7= ayt/ rZ.

The radial and azimuthal components of the velocity field are
non-dimensionalized using the effective seepage velocity of the ground-
water flow U, so that

v, = (1 - %)cos(&o)
Py
1 .

Vg =— <l + —2>sm(€0).
Py

Next, all heat injection rates are non-dimensionalized using a char-
acteristic value g,, which could be, for example, the mean or maximum
value attained by g;(t) or q(7):

q:
=2 and q=2%.
qc qC

Finally, temperatures are non-dimensionalized with the characteris-
tic temperature difference g, /k, so that

T-T T, -T,
= © and 0= £ =
9. / kg qc/ kg
With the introduced definitions for the non-dimensional variables,

the energy conservation equations in grout and ground become, respec-
tively,

q;

0_i1<,, @)+w_@
Po 9Py 0 9py p(z) 093
and
00 Vg 00 1 a( a@) 1 0’0
Pelv, —+ 2 —|=——(py— |+ =—. (5)
[paﬂo P00y | py dpg \" 9py P 002

while the non-dimensional continuity conditions at the borehole wall
introduce the parameter x = k,/k,:

00
A
dpy

)

0‘ po=1" - _%

_- = ®| 1+ .
=1 =]t
P0 P0 po=1+

The heat injection rate per unit pipe length specified at pipe j

non-dimensionalizes as follows:

q,-(r>=/ <29

p,;40;,
- apj bJ J

Pj=Ppj

with the non-dimensional pipe radius being p,; = r,;/r;,. The boundary
condition specified then at the outer surface of pipe j introduces the
. . o . _
non-dimensional pipe’s inner thermal resistance R,; = k,R,;,
0;(1)-©

Pj=ppj RP]

)
pj a/)j

Pj=Ppj

-p
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The same non-dimensional quantity R,; also appears in the expression
that relates the non-dimensional fluid temperature in pipe j to the
specified heat injection rate per unit pipe length:

r

R,; 1
12
0= 2 a 0+ 5 [ 0

-

do,.

Pj=Ppj

Finally, the matching condition enforced far from the borehole
involves the non-dimensional counterparts of the temperature level and
gradient imposed by the outer region,

_A-T, __B __C
qc/kg ’ qc/kg’ qc/kg,
as well as the non-dimensional counterparts of the heat injection rate

per unit borehole length and the first harmonics of the Fourier series
expansion of the grout/ground temperature around the borehole wall:

%”: i A Ao

9= 2,9 an o) =

=it qc/ke

With all this, the matching condition non-dimensionalizes as
pp—> . 0= A(r) + %;) ln(po)

+Pe [B(T) +C(z)ppeto + E(T)poe*'%]

Ag1)(7) + Ag_y(7) B M

+Pe [ 5 ypald) cos(eo)] In(pg).

2.5. Asymptotic expansion of inner problem

No exact solution is known for the formulated heat transfer prob-
lem. Consequently, an approximate solution is sought by exploiting
the presence of a small parameter using asymptotic expansion tech-
niques [38]. These methods expand the unknowns of the problem in
powers of this small parameter, which, in the present case, is the Peclet
number of the creeping groundwater flow. The resulting expansions for
the grout/ground temperature and the fluid temperatures in the pipes
are as follows:

0 =00 +Pe0) + O(Pe?)
— 00 (1) 2
©; =0, +Pe®.’ +0O(Pe’).

It is well known that for two-dimensional convection-diffusion
problems these expansions are not enough and so-called logarithmic
switchback terms, which are powers of 1/In(Pe), need to be incor-
porated for completeness [38,62]. In this study, an unconventional
approach is taken, treating these logarithmic terms as numerical con-
stants inherent to the problem, thereby excluding them from the afore-
mentioned expansions [27]. This approach significantly streamlines
the analysis and resolution process without negatively affecting the
obtained results.

The above expansions for the grout/ground temperature and the
fluid temperatures in the pipes are then substituted into the formulated
problem. Terms with equal powers of the Peclet number are grouped
together to define a series of simpler problems whose sequential so-
lution delivers the sought results. The following subsections detail
the simplified problems corresponding to the first two terms of the
expansions [27].

2.5.1. Zeroth-order problem
The zeroth-order solution, ®® and ©, is derived by solving the
heat transfer problem that results from neglecting all terms of order
Peclet and higher. This preserves the energy conservation equation in
the grout, expressed as
oo L9 ( a®<0>> 1 9?0
Po 9P 0 9py p(z) 098

)
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while simplifying the energy conservation equation in the ground,
Eq. (5), as the convective terms are of order Peclet. Consequently, the
same differential equation governs the temperature distribution in both
the grout and ground in the zeroth-order approximation of the problem.

The zeroth-order grout/ground temperature must also satisfy the
continuity conditions at the borehole wall,

00
dpg

00©
==

0 0
o )‘m:]_ e )‘m:]h e

po=1" po=1%

as well as the heat injection rates per unit pipe length q;(z) specified
at the N, pipes inside the borehole:

T 900
qj'(T)=/ —K 3

ﬂ J

pp; d6;. (6)

Pj=Ppj

Also the additional boundary condition enforced at the outer surface
of each pipe j must be obeyed by the zeroth-order grout/ground
temperature,

90O

Oy _ a0
_ ®j (1)-© Pj=Ppj

5
Rﬂj

Pj=Ppj

with the zeroth-order fluid temperature given by

de;.

Pj=Ppj

00 = 2 g4 L [Te0
i 2z 2r J_,

Finally the matching condition to enforce at the outer edge of the
inner region is

. 0 q(z)
po = 00 - A(r) - ﬁln(po).

Once the zeroth-order grout/ground temperature is determined, the
first harmonics Ag.y(z) of its Fourier series expansion around the
borehole wall are computed. These harmonics are necessary for the
matching condition in the subsequently formulated first-order problem:

1 [" -
Ao (0) = 5— / 00|, ™% do,.
-7

2.5.2. First-order problem

The next level of approximation in the asymptotic expansion of the
problem is achieved by retaining the terms of order Peclet. The energy
conservation equation in the grout remains thereby unchanged:

(1) 2@
0= 1 (4000), 150
o 9po 9py

7 o
In contrast, the energy conservation equation in the ground now
includes convective terms on its left-hand side. However, these are
evaluated using the zeroth-order grout/ground temperature, causing
the convective terms to act as forcing terms in the governing equation
for @1:
000 v 90©® 1 9 < ae“))
+— =———\p=—
dpg  po 98 Py 9pg 9py

1 02

YY)
py 965

Vo
Also the first-order correction to the grout/ground temperature
must comply with the continuity conditions at the borehole wall:

00
9po

900
9py

1 1
oW poml- = [ po=1*> —x

po=1- po=1*

Regarding the specified heat injection rates per unit pipe length,
q;(7), the first-order correction to the grout/ground temperature does
not need to satisfy these rates, as this requirement is already fulfilled
by the zeroth-order solution through Eq. (6). Consequently, zero heat
injection rates per unit pipe length must now be specified at the pipes
to ensure that the overall problem accurately satisfies the given values
for q;(7):

4 (1)
0 :/ _Kz)@
_r dpj

Ppj 4.

Pj=Ppj
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The additional boundary condition enforced at the outer surface of
each pipe j also appears in the first-order problem,

00M
PpikK apj

Pj=Ppj

R, ’
Pj=Ppj i

B (9;1)(1) o

with the first-order correction to the fluid temperatures being

) 1[0
o) = ﬂ/_,[@ ,

Finally, the matching condition enforced at the outer rim of the
inner region is in this case

de.

i=Ppi

po = 001 0N 5 B(z) + C(r)ppet™™ + C(r)pe™

N [A0(+1>(T) +Aon(®)  q(o)

2 - Epocos(t%) In(py)-

To address the formulated first-order problem, its solution is di-
vided into two parts by exploiting the linearity of the governing equa-
tions and boundary conditions. Thus, the first-order corrections to the
grout/ground temperature and the fluid temperatures in the pipes are
expressed as
oV =el+0, and e =) +el.

The exogenous first-order problem, comprising G(E'X) and @5.2){, ac-
counts for the influence of the outer region on the inner region.
This includes the temperature level B(r) and the temperature gradient
specified by C(r) and C(r). The governing equations and boundary
conditions for this problem are summarized in Table 1.

The endogenous first-order problem, comprising @33 and @5.1;[1,
addresses aspects solely related to the inner region. This includes the
forcing term in the energy conservation equation in the ground and all
terms that the inner region imposes on the outer region through the
matching condition. The governing equations and boundary conditions
for this problem are summarized in Table 2.

3. Modified enhanced multipole method

To solve the three problems formulated in the previous section,
the enhanced multipole method is employed [40,41]. This method
provides the exact solution to the quasi-steady heat conduction problem
in grout and ground, thus yielding the exact solution to the zeroth-order
problem formulated in Section 2.5.1.

For the exogenous and endogenous first-order problems, summa-
rized in Tables 1 and 2, the enhanced multipole method must be
modified to account for the presence of forcing terms in the governing
equation in the ground and a temperature gradient in the matching
condition. The resulting procedure, termed the modified enhanced
multipole method, is described in the present section.

3.1. Multipole expansion

The enhanced multipole method involves expanding the grout and
ground temperature using conveniently chosen functions F,,, com-
monly referred to as multipoles in the literature [13,14,40,41,63]. Each
pipe i contributes an infinite number of these functions, with subindex n
indicating the azimuthal order of each multipole. The expansion of the
grout/ground temperature is then expressed as follows:

N, o
0(p0:00:7) = ©,(20,00:7) + 2, X, Cin(D)F; (00 6).- )

i=1 n=—c0

Each multipole F,, is obtained from solving a quasi-steady heat
conduction problem in grout and ground [41],

0= L1<poaﬂn> L LPF
Po 9pg 9py pg 603
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Table 1
Formulation of exogenous first-order problem.

Energy conservation in ground:

0- L2 (%)
Po 9pg 9py
Energy conservation in grout:
oo L i(ﬂo 00V ) s el

Po 9P apy P 06}
Continuity conditions at borehole wall:

00y
and —x—=
po=1* dpg

1 %0y
) 2
/7[] agll

e
po=1- 9P

[

=0
ex =0

ex

po=1"

po=1*

Boundary condition at wall of pipe j:

oM (z)— oW

- Ka(‘)(clx) _ () ~ O =Py
" 3/),» PPy Rpi

with

) L/["

ol m=—/ eV do,

Matching condition far from borehole:

o= 01 O = B(r) + C(r)pye™® + Clr)ppe ™

Table 2
Formulation of endogenous first-order problem.

Energy conservation in ground:

000 % 900 _ 1 0 ( 0®L'n’> .

. 1o, 106y
"9py  po 90, pg dpy \ " 9ng

P 002

with

vp:<l—l2>cos(90) and vS:—(l+%>sin(€o)
o o

Energy conservation in grout:
a@(l)

0= 19 2o @)+
Po 9pg 9py

Continuity conditions at borehole wall:

1
and -« 90
po=1* dpg

1 %0
) 2
/7” ()9“

el

@(1) =
=1 9p0

en

0
en

n=1- n=1t

Boundary condition at wall of pipe j:

00 = 0|

_
’ =Py

1
e}
op;

“PpiK

R

Pi=Ppj P

with

oW (1)=L/”®(”
jen 27 )., Oen

Matching condition far from borehole:

Aoy (D) + Agy(1)  q(r)
— = Poeos(0)|n(ey)

do,

Pi=Ppj

. el
po— @Ln) - [
with

1 n
Ao(t])(‘[)zﬁ/ eV

23

Fi0,
e™% do,
po=1

with its continuity conditions at the borehole wall:
oF,, oF,,
i —_in

0pg

F.

in

F,

in

po=1- 9py

po=1" = po=1%*>

po=1*
Different behaviors far from the borehole are enforced depending on n.
While for n # 0 the corresponding multipole F;, decays to zero,

pp—> o F,—-0,
for n = 0 the multipole F;, grows logarithmically as
po— o Fy— —K'ln(po).
Finally, each multipole F;, is allowed to diverge at the center of its
pipe i.

Explicit expressions for the multipoles F;, are provided in the liter-
ature in terms of the eigenfunctions of the underlying mathematical
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problem [40]. However, these expressions are not necessary for the
theoretical considerations of this work or for the numerical examples
presented in Section 7.

The proposed expansion for the grout/ground temperature also
includes a particular solution to the problem, denoted as ®©,. This par-
ticular solution incorporates all aspects not covered by the multipoles
F,,, such as the forcing terms in the governing equation in the ground
and the influences exerted by the outer region on the inner region.

Finally, the proposed expansion includes a-priori unknown weights

» Which multiply the corresponding multipoles F;,. Their values are
determined by ensuring the expansion of the grout/ground temperature
satisfies the boundary conditions at the N, pipes. That is, the specified
heat injection rates per unit pipe length,

g q;(7)
/ | e =-L ®)
-z 9p; Pj=Ppj

K

and the additional boundary condition enforced at the outer surface of
the pipes:

— R 00

pJ p/apj J

9

Pj=Ppj’
Pj=Ppj

3.2. Fourier expansion of F;, and ©,

To enforce the previous two conditions at the pipes, the Fourier
series expansion of the grout/ground temperature around each pipe j
is obtained. For this purpose, the Fourier series expansions of the
multipole F;, and its derivative with respect to p; are employed [41]:

oo
_ 1mo;
Fin _ - Z 7:'irljme /
Pi=Ppj e
(oo
aEn _ Z b e””"/
Poi 5, = injm ’
J

Pj=ppj M=

with the Fourier series coefficients being

1 (" e,
Pinjm=§/ Fme ""/dﬁj
-

Pj=Ppj
T,, _ aPinjm
injm = Ppj T
, . . .
Explicit expressions for F;,;, and Fljm are readily available in the

literature [40]. These expressions are necessary for certain theoretical
considerations in this work as well as for the numerical examples
presented in Section 7.

The Fourier series expansions of the particular solution ®, and its
derivative with respect to p; are defined following the same approach
as for the multipoles:

[s+]
(€] = P
’ Ppj mzz_oo
00 had
%% _ ,
Ppj 5~ op = Z P
b pj=ppj M=T00

with the Fourier series coefficients being given by

1 T

_ —1mé;
Pin=5- ] ©peidoy
o Pj=Ppj
P,
m pJ appj

As the particular solution ®, varies with time, its coefficients P;,,
and PJ’ also turn into functions of 7. This differs from the Fourier
series coefficients 7;,;, and FI.’njm, which, under the assumption of
slowly-varying heat injection rates, remain independent of time [40].
For simplicity, the time dependence of P;, and P;m, as well as of
Cins q;, and A,,,, will be explicitly indicated only where necessary or

convenient.
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3.3. Heat injection rates enforcement
To enforce the prescribed heat injection rates per unit pipe length

q,(z), the multipole expansion for the grout/ground temperature, as
given in Eq. (7), is inserted into Eq. (8):

/” pﬂj@ +Z Zcmpp/
_x 9p; 0pj

Pj=Ppj  i=l n=—c0
Substituting the Fourier series expansions of F;, and ©, for their
radial derivatives around pipe j yields

P
q.
0; J
/ a0 a, = -2
T m=—o0

i=1 n=—00 K
Azimuthal integration of all terms in the Fourier series expan-
sion around pipe j reveals that the only non-zero contribution to the
resulting expression comes from m = 0:

g, = -~

J K :

Pj=Ppj

/ _ J /

2 CF o= 5=~ Pl (10)
In contrast to the original enhanced multipole method [40,41], a
new term emerges on the right-hand side of the equation. This term
represents the heat injection rate per unit pipe length at pipe j due to
the particular solution @,.

3.4. Boundary condition at pipe walls enforcement

Substituting the multipole expansion for the grout/ground tempera-
ture, Eq. (7), into the boundary condition enforced at the outer surface
of the pipes, Eq. (9), yields
N,

+ z Z C,nppj aﬂl

Pj=Ppj  i=1 n=—c0

90,
—KRp; | £y op,
j

Pj=Ppj

(S)

i~ |P =0y +Z Z inFln

i=]1 n=—c0

Pj=Ppj

Utilizing the Fourier series expansions around pipe j of ®, and
F,,, as well as their derivatives with respect to p;, allows the previous
expression to be rewritten as

© N

oo
Z Zp Zcin [F[njm KR ijm] elmgj =

m=—co j=]1 n=—00
o - Y [P

m=—co

~ kR, /ij]

This condition can now be enforced independently for each har-
monic of the Fourier series expansion around pipe j, resulting in an
infinite set of linear algebraic equations, with m ranging from —co to
+o0, where §,,, represents Kronecker’s delta:

=z

P

— kR, P! ] an

©
2 Cin [Fi”jm KR Fln/m:| = ®j5m0 - [ pi” jm

=] n=—00

In contrast to the original enhanced multipole method [40,41],
these equations feature additional terms on their right-hand sides.
While in the enhanced multipole method only the equations with m=0
present additional terms to ©;, all equal to the apparent ground tem-
perature, now contributions from the particular solution ©, are present
in all equations, no matter the value of m.

3.5. Fluid temperatures
An infinite system of linear algebraic equations is solved to deter-

mine the values of the weights C;, required for the expansion of the
grout/ground temperature, Eq. (7), to meet the boundary conditions
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at the N, pipes. This system consists of Eq. (10) and all equations in
Eq. (11) where m # 0. Thus,

2

M

q4
! ___ Y _pt
Ci"FinjO_ 2rk PjO
1n

i —00

N, o
z Zcin[rinjm

i=1 n=—oc0

(12)

! —
KR[’Iijm] = [P

/
jm ~ KRI’Iij]’

where index j ranges from 1 to N, in both sets of equations, and
index m ranges from —oco to +oo0 excluding m = 0.

Once the weights C;, are determined, the N, fluid temperatures ©;
that ensure the prescribed heat injection rates per unit pipe length are
met result from the N » equations in Eq. (11) with m = 0:

N, o
Z _Z n[ injo = KR ijo] @ _[

i=1 n=—

kR, P ] (13)

Pi’ jo
3.6. Temperature around the borehole wall
Besides the fluid temperatures ©;, another valuable result for the

present work is the temperature distribution around the borehole wall.
Particularizing Eq. (7) at the borehole wall, where p, = 1, yields

‘001 ®|ﬂ0 1+Z Z

i=]1 n=—o00

n|po=1-

If the borehole is considered merely another pipe, denoted as pipe 0
with p,, = 1 [40,41], this expression for the temperature distribution
along the borehole wall can also be expressed as

0

G‘p():l = z 7)Om + Z zcm inOm etmgo’

m=—00 i=] n=—0o0

(14)

with Fourier series coefficients P, and F,,,, being fully equivalent to
the ones defined in Section 3.2. Additionally, explicit expressions for
Finom are readily available in the literature [40].

4. Solution to inner problem

The modified enhanced multipole method is employed next to
address all three problems formulated in Section 2.5. By properly
combining their solutions, Sections 5 and 6 will yield the desired
conclusions regarding the impact of creeping groundwater flows on the
network of thermal resistances and the apparent ground temperature.

4.1. Zeroth-order solution

The first problem to address is the zeroth-order one formulated
in Section 2.5.1. Since there are no forcing terms in the governing
equations, the only phenomenon to incorporate into the particular
solution ©, is the temperature level A(r) imposed by the outer region
onto the inner region. Consequently, ®, = A(r).

Next, the coefficients P;, and P/ of the Fourier series expan-
sions around pipe j for ®, and its derivative with respect to p; are
obtained. Since the particular solution is uniform in space, they are
straightforward to determine:

Pim = A7) 60> P, =0. (15)

These Fourier series coefficients are then substituted into Eq. (12) to
derive the infinite system of linear algebraic equations whose solution
yields the weights C;,:

p )
PR —
4 n= injo 2k
i=1 n=—c0
Np 0
2 Zcm[ injm KRD] mjm] =0,
i=1 n=—o0

10
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where index j ranges from 1 to N, in both sets of equations, and
index m ranges from —oo to +oo0 excluding m = 0.

This system of equations coincides with the one solved by the
original enhanced multipole method [40,41]. This is expected as the
zeroth-order problem is a purely conductive one, with no additional im-
position by the outer region other than a spatially uniform temperature
level.

The original enhanced multipole method expresses the solution to
the formulated system of equations as a linear combination of the heat
injection rates per unit pipe length q;(r) [40,41]. A similar approach is
adopted here, expressing the weights C;, as follows:

Np
4u(7)
Cin(r) = ‘; Cina 207”( : (16)
Substituting this relationship into the formulated system of linear al-
gebraic equations results in an alternative system of equations directly
for the subweights C;,,. In this system, the indices j and a range from

1 to N, in both sets of equations, and index m ranges from —co to +oo
excluding m = 0:

N, o
2 X CndPip =0

i=1 n=—

a7

4
<

©

Z ma[ injm KR ijm] =0.

1 n=—00

Once the subweights C;,,, which are time-independent, are deter-
mined, the zeroth-order fluid temperatures @50)(1-) can be obtained. This
is done by combining Eq. (16) with Eq. (13) and the values for Py and

/.
J

3
3

Z

Mg

Z

q,(7)
2wk

Cirm [Pi A(T)’

1

(©0)
njo = i = ®j (r) -

1 n=—00

W
8
1l

4.1.1. Network of thermal resistances

The final result of the previous section can be conveniently reinter-
preted as a network of thermal resistances, resulting in the mathemat-
ically equivalent expression
NP

0 0 0

> Rq;(1) =0 (1) - 6 (x).
j=1

The zeroth-order thermal resistances Rg.)), which do not depend on
time, are given by

p )

ZEKR(O) z Z anj[ ani0 —

a=1 n=—c0

= KRpléu + Z Z Can] ani0>

a=1 n=—o00

KR, F!

ani'

where the latter expression is derived by simplifying the former using
the first set of equations in Eq. (17).

The zeroth-order apparent ground temperature for pipe i, G(a?)(r), is
equal to the temperature level A(zr) imposed by the outer region onto
the inner region. Consequently, in the zeroth-order approximation of
the problem, all apparent ground temperatures for the pipes are equal:

0% (1) = A(x).
4.1.2. Borehole wall harmonics

The grout/ground temperature distribution around the borehole
wall is determined next, as its Fourier series expansion is required
for solving the endogenous first-order problem. The coefficients of this
Fourier series expansion are given by

L 760
55 /.9

Agp(7) = e mbodg,.
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Using Eq. (14) for the temperature around the borehole wall, the
Fourier series coefficients are directly obtained:

N, o
AOm(T) = pOm(T) + Z z Cin(r)rin()m'
i=]1 n=—co

Taking into account Eq. (15) for P, and the linear dependence of
the weights C;, on the heat injection rates per unit pipe length q;(z),
Eq. (16), yields

q,(7)
2wk

>

Agn(7) = A(T) 8,0 + Z Agpa =2

where the weights A,,, do not depend on time and are given by

N,
AOma = Z z ina mOm

i=1 n=—c0
4.2. Exogenous first-order correction

The second problem to address is the exogenous first-order problem
summarized in Table 1. In this case, the particular solution ®, includes
both the imposed temperature level B(r) and the thermal response to
the imposed temperature gradient specified by C(r) and C(z).

To obtain the latter, the particular solution must satisfy the govern-
ing equations in both the grout and ground, as well as the continuity
conditions at the borehole wall. This is achieved with the aid of
the Appendix, leading to the following expressions for the particular
solution:

2
B(0)+ - po

(C(r) et 4 C(r) e_‘90> if <1

B(r) + if py > 1.

00 + i - K pl ](cm et 4 C(r) e-’90>

Next, the coefficients of the Fourier series expansions around pipe j
for ®, and its derivative with respect to p; are obtained. To calculate
them, complex arithmetic is used to express the position (p),6,) in
the polar coordinate system centered at the borehole in terms of the

position (p;, §;) in the polar coordinate system centered at pipe j:
poeiu‘)o — pojeilgoj +ppjeil9/~

By combining this relationship with the expression for ®, valid
inside the borehole, where p, < 1, it can be shown that all Fourier
series coefficients P;,, and P;m with |m| > 1 are zero. For m = 0, the
coefficients are given by

2P0j +16, ~
] —16,
1+K(C(‘L')C J +C(r)e /)

Po(r) =

and ijo =0, while for m = +1 they are given by

2pp;
Pin(m) = J(H)(T) ?C(T)

/( ])(T) J( 1)(1)

Thereafter, weights Cm are determined by substituting the previous
Fourier series coefficients into Eq. (12). When writing the resulting
system of linear algebraic equations, two additional remarks need to
be made. First, in the exogenous first-order problem, no heat injection
rates per unit pipe length are specified at the pipes, so the first set of
equations in Eq. (12) will have zero right-hand sides. Second, only C(z)
and C(r) trigger the thermal response of the inner region. Consequently,
weights C;, can be expressed as linear combinations of these two
quantities:

Ciu(1) = Gy, C(7) + Cy, s C(1).

11

International Journal of Thermal Sciences 204 (2024) 109222

Substituting this relationship into Eq. (12) yields independent sys-

tems of linear algebraic equations for each set of subweights C;, . and
C,,z- Thus, the equations to solve for the former set are
N,
Z inc ij
i=1 n=—00
N,
Z 2 Cin,c |:7:injm KRij‘,,,jm] =0 Vm 7’2 0, +1 (18)
i=1 n=—co
NI’
20y
Z Z ClnC[ inj(+1) ~ Ple/(+l)] =- [1 - KRP/] T+
i=]1 n=—c0
while the equations to solve for the latter set are
N,
z Z Ci"“ injo — =0
i=1 h=—c0
N,
X Coni[Fm = KRy Fipy| =0 Vm#0,-1  (19)
i=1 n=—00

z

Ms

» 20 .
[1—KRp,]lﬂ.

/ _
rnc[ inj(=1) — RPfFinj(—l)] - + K

i=1n

)

In both cases, the index j ranges from 1 to N, and the middle set of
equations applies to all values of m ranging from —co to +o0, excluding
the two values specified on the right.

Once the subweights C;, . and C;,;
the previous two systems of linear algebraic equations, the exogenous
first-order corrections @;le)x(r) for the fluid temperatures in the pipes

are determined by Eq. (13):

are known, obtained by solving

4

P

’ (6]
KRP! Prnj()] O/ ex (0) -

3 [CuncCl6) + €z €[ P - Pyo(a).

=] n=—00

The term P, i0(7) has not been substituted for the sake of clarity and
compactness.

4.2.1. Network of thermal resistances

The last expression can be conveniently reinterpreted as a net-
work of thermal resistances, leading to the mathematically equivalent
expression

0=0 @) -6 ).

Since the prescribed heat injection rates per unit pipe length q;(z) do
not participate in the exogenous first-order problem, no left-hand side
appears in the expression.

The first-order correction to the apparent ground temperature for
pipe i is defined as

V() = 0(7)+Z Z [CWC(TH WC(T)] ani0»

a=1 n=—c0

where advantage has been taken of the first set of equations in Egs. (18)
and (19). Substituting P,,(r) and rearranging the output leads to

©

2po;
1 0,
0, () =B() +| e +”"°'+Z 2 CancFanio | C®)
a=1 n=—o00
i _IHO‘ + Z Z Can LramO E(T)
a=1 n=—o0
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The first term, B(r), is common to all pipes and represents a cor-
rection to the uniform temperature level A(r) defining the zeroth-order
apparent ground temperatures for the pipes. The remaining terms are
due to the temperature gradient imposed by the outer region on the
inner region. The first part of the coefficients multiplying C(r) and C(r)
is the particular solution evaluated at the position of pipe i, while the
second part is the thermal response of the inner region to that particular
solution.

The dependence of the apparent ground temperatures for the pipes
on the thermal response of the inner region complicates their computa-
tion compared to purely conductive grounds, as both regions are now
interwoven and can no longer be treated separately.

4.3. Endogenous first-order correction

The final problem to address is the endogenous first-order prob-
lem summarized in Table 2. The particular solution ®, now includes
all forcing terms present in the governing equation for the ground
and all terms imposed by the inner region on the outer region. This
makes ©, significantly more complex, so its derivation is detailed in
the Appendix. The same applies to the corresponding Fourier series
coefficients P;,(z) and ijm(r).

Next, the weights C;,(z) are determined by substituting the Fourier
series coefficients given in the Appendix into Eq. (12). Significantly,
PJ’_O(T) = 0, which combined with the absence of specified heat injection
rates per unit pipe length, leads to zero right-hand sides in the first set
of equations in Eq. (12).

Additionally, the Appendix shows that Pjp(T) and P;m(r) are linear
combinations of the heat injection rates per unit pipe length specified at
the pipes. This dependency arises from the presence of the zeroth-order
solution in the forcing terms of the governing equation in the ground.
Thus, the Fourier series coefficients Pju(T) and ijm(r) can be expressed
as

qu(7)

jma Qg

4a(7)

and
jma 27r1<

m(T) = Pl (1) = Z
which implies that the weights C,,(r) can also be expressed as linear
combinations of the heat injection rates per unit pipe length specified
at the pipes:

CIM(T) 2 Clnﬂ (lzu(r)

Substituting all these dependencies with q, into Eq. (12) provides
the system of linear algebraic equations for the subweights C;,,, where
indices j and a range from 1 to N, and index m ranges from —oo to +co

excluding m = 0:

(20)

2 C!na[ injm —

i=1 n=—00

’
mjm == [ijﬂ KRﬂJ ija]

Once the subweights C;,,, which do not depend on time, are known,
the endogenous first-order corrections 9( ) ,(7) for the fluid tempera-

tures in the pipes can be obtained from Eq 13):

N, « N,
q,(7)
Z Ctnu[ injo — KR P, i0 =
i=1 h=—00 g=1 " 27”( N
»
(1) ; 19a(7)
o' () - Z‘T[Pj — KRy, Py, | 2.
P
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4.3.1. Network of thermal resistances

Previous expression can be conveniently reinterpreted as a net-
work of thermal resistances, leading to the mathematically equivalent
expression

1
Z%@m

Since the endogenous first-order problem is characterized by the ab-
sence of constraints imposed by the outer region on the inner region,
no apparent ground temperature appears on the right-hand side of the
expression.

o) (o).

ien

The first-order corrections fifjl) to the thermal resistances, which are
time-independent, are given by

Z Z Canj [Fanio =

a=1 n=—c0

2m<R“> KR, F!

aniQ

|+ [Py = <R, P |-
This expression can be simplified in two steps. First, as demonstrated
in the Appendix, Pi’o(r) = 0. Consequently, PI.’OJ_ = 0. Second, the first
set of equations in Eq. (20) also applies. Therefore, the final expression
for the first-order corrections to the thermal resistances is

N, o
22kR) = 30 N ConyFoio + Proy-

a=1 n=-co

5. Apparent ground temperature

Each of the three problems solved in the previous section introduces
a network of thermal resistances that links the specified heat injection
rates per unit pipe length with the resulting fluid temperatures in the
pipes and the apparent ground temperatures for these pipes. In this
section, these results are combined to form a single network of thermal
resistances that models the thermal interaction of geothermal boreholes
with creeping groundwater flows.

The combination procedure aims to reconstruct the fluid tempera-
tures in the pipes from their asymptotic constituents:

0,(r) = 0)°(r) + Pe[0(), (1) + B, (7)].
Following this combination procedure, the resulting network of thermal
resistances is obtained as follows:

N,

Y R;jq;(0) = 0,(r) = 0,,(v).

=1

2D

in which thermal resistances R, ; and apparent ground temperatures for
the pipes ©,(z) are given by

R —nO® )

R, = RZJ) +PeR(] . -
0,(7) =0, (v) +Pe® (7).
5.1. Single borehole

Next, the case of a single borehole is considered to obtain more
specific expressions for the apparent ground temperatures of the pipes.
The goal is to use these expressions in a forthcoming section to assess
the merits and limitations of the state of the art.

To derive these expressions, values for A(r), B(z), and C(zr) are
required. These are obtained from the study of the outer region in
the thermal interaction of single geothermal boreholes with creeping
groundwater flows [27]. In that work, the Laplace transform is used
to address the time dependence of the problem [64], providing expres-
sions for the Laplace transforms of A(z), B(r), and C(z). In the following,
a tilde (~) denotes the Laplace-transformed variable, and s represents
the position in the complex-valued Laplace plane.
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By comparing the matching condition, Eq. (4), with the work done
by the authors [27], the following expressions result for the Laplace
transforms of A(z), B(r), and C(r):

4s

noy o IO [ (P [
A(s) = oy [ln<4 1+P62>+y]

- _A0(+1>(S)+A0(71)(5) Pe 4s 1

B(s)—+[1n<4 1+ >+y+§]
q(s) 4s

C()——g[l’l(4 1+Pe >+J/:|

In these expressions, y represents Euler’s constant, d(s) denotes the
Laplace transform of the heat injection rate per unit borehole length,
given by

NF
d(s) = Y q;(s),
Jj=1

and A, ,(s) stands for the Laplace transforms of the first harmonics of
the Fourier series expansion of the grout/ground temperature around
the borehole wall:

N, _
Ao () = ; Ao<¢1>ac;a7(i)-
5.1.1. Time-domain recovery
To retrieve the time evolution of the problem, the inverse Laplace
transform needs to be applied to the previous expressions for A(s), B(s),
and C(s). Generally, performing the inverse Laplace transform cannot
be achieved analytically and requires numerical methods instead [65].
Fortunately, this is not necessary in this context, as an exact inversion
is feasible, leveraging the known Laplace transform of the exponential
integral E,(z) [66]:
4s
111(1 + Q)

el ()| - ==

The Laplace inversion will be detailed for A(s), with the inversion
of B(s) and C(s) following identical procedures. Firstly, A(s) must be
reformulated to resemble the aforementioned Laplace transform of the
exponential integral. Then, the initial value q(0) for the heat injection
rate per unit borehole length is both added and subtracted strategically
to construct the Laplace transform of the time derivative of q(z). The
outcome is

q(s)s—q(@‘“(‘* o)+ (55 ) +2r

As) = 4r K
4 1n(1+ )+1n( )+2y
4r s ’

Thanks to the convolution theorem or integral [64], obtaining the
inverse Laplace transform of the previous expression is straightforward:

A(r) =— — /qu[ (PTSZ(T—AQ +1n<F;—e62> +2y]d/1
2
() (3) ]

Ar
Upon integration by parts, this yields the sought result for A(z):

o2 2
At )-—? E]< 7 >+ln<};iﬁ>+2y]
_i/’q(r)
4 0

q(4) ——(‘r »

_ dAa.
T—A

To facilitate the outcome of the Laplace inversion of B(s), it is more

convenient to express it in combination with A(r) as follows:

13

International Journal of Thermal Sciences 204 (2024) 109222

f(T) 2 2
—4—[E1< n ‘L'> +1n< 16 ) +2y]
/ f(zr) — (1) e-#(r-ﬁ) QA
T 4z

T—4
eA0(+1)(1) + Ag-1y(7)
) .
This combination highlights the emergence of the fictitious heat injec-
tion rate per unit borehole length f(r) in the expression:

f(z) = q(r) = Pe (Ag(y 1y () + Agp)(0).

This quantity is identical to that present in the solution to the outer
region found in the literature [27]. This consistency is expected, as the
outer solution needs to be expanded close to the borehole to perform
its asymptotic matching with the inner solution.

Lastly, the Laplace inversion of C(s) yields the following expression
for C(r):

2 2
Cr)=— % E]<T >+1n<Pli6> +2y
q(z) — q(4) ——(r D4

1 T
_E/O T—21

As anticipated in Section 2.4.1, for a single borehole interacting
with a groundwater stream, the temperature gradient imposed by
the outer region onto the inner region aligns perfectly with the flow
direction, resulting in C(z) being real-valued.

A(r) +PeB(7) =

5.1.2. Constant heat injection rates

When heat injection rates per unit pipe length remain constant over
time, f(7) and Ay )(r) also become constants, leading to a significant
simplification of the previous expressions for A(r), B(r), and C(r).
Specifically, for A(r) and B(z),

f Pe Pe?
A(T) +PeB(r) =— — |E In( =) +2
A + Ay
+ Pe—th — 0D - Ly (23)
while for C(z) the simplification leads to
_ q Pe? Pe?
C(r) = Tom E,( 7 T) +ln< 6 > +2y]. (24)

Over time, A(r), B(r), and C(r) gradually approach steady-state
values, which can be computed from the previous expressions by
allowing = to tend to infinity:

f Pe Ageen) + Aoy
——11 2 Pe—m—MM ——
4z[”(16>+y]+° 4

q Pe
. I 2
167 “( 16>+ y]

For non-zero Peclet numbers, steady-state values are always at-
tained, as indicated by the expressions just presented. However, when
the Peclet number is zero, no steady-state is achieved due to the
divergent behavior of these expressions when Pe = 0. The absence of
a steady-state solution under these conditions is not surprising and is
well documented and explained in the literature [27,67].

[A+PeB] =

T—00

C

T—00

5.1.3. Purely conductive limit

For completeness, the present section recovers the purely conduc-
tive limit from the results presented thus far. As the Peclet number
tends to zero, the first-order correction to the apparent ground tem-
peratures for the pipes disappears, leaving only the zeroth-order values
@fg)(r) intact. Therefore, only A(z) is relevant in the purely conductive
limit. Computing its behavior as the Peclet number tends to zero yields
the following result for the apparent ground temperatures for the pipes:

&)[m@ ) — / Rl PN
T an 0 T—1

This expression matches the one found in the literature for the
apparent temperature of purely conductive grounds [17,41].

G')ai(ﬁr) Pe—0 —
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6. Borehole thermal resistances

Next, the impact of a groundwater stream on the thermal resistances
of the borehole is analyzed. In the literature on purely conductive
grounds, it is common practice to invert the network of thermal resis-
tances. This inversion allows for explicit expression of the heat injection
rates per unit pipe length in terms of fluid temperatures and the
apparent ground temperature [16,17,36,41].

Proceeding similarly with Eq. (21) leads to

M ©.(c) - 0,:(r)
q;(r) = Z JR—I

j=1 ij

(25)

where the thermal resistances R;; are defined as in Rivero and Her-
manns (2021) [41]:

L A -
R] 1 R12 R11 R12

L L = Rz] RZZ

R21 R22 .

Eq. (25) is typically reformulated in a more insightful manner, as
detailed in the literature [41]. Applying the same steps and concepts
to the present problem, where different apparent ground temperatures
are defined for each pipe, leads to

N (0.(2)=0,.(0)) - (0.(r) -8,
+2( i(7) m(T))R ( /(T) aj(f)).

Jj=1

0,,(1) - 0,(1)
R,

q;(7) = w; (26)

a,ij

Most quantities are defined as in the existing literature for purely
conductive grounds [41]. Thus, the borehole’s outer thermal resistance,
R, which governs the overall heat exchange between the borehole and
the ground, is defined as:

The primary weighting coefficients w;, which represent the contri-
bution of each pipe to the overall heat exchange between the borehole
and the ground, are defined as

Z

P

w; = 1.

i=1

with

<~
I
<

The weighted mean fluid temperature ©,,(z), representing the tem-
perature at which the borehole exchanges heat with the ground, is
defined as

N

0, = uj®j,
j=1

~

with the contribution of each pipe specified by the secondary weighting
coefficients v;:

NP
with Z v; =1
j=1

The borehole’s inner thermal resistances R,;;, which govern the
heat exchange between pairs of pipes within the borehole, are also
defined as in the existing literature for purely conductive grounds,

1 w;v; 1

R, R

Rgj i
with the complete set of inner thermal resistances satisfying the fol-
lowing relationship, which is necessary, among other things, for the

recasting of Eq. (25) into Eq. (26):

N, N,
Z Rl = z Rl =0.
i=1 @i j=1 aij

27)

14

International Journal of Thermal Sciences 204 (2024) 109222

A completely new concept introduced here for the first time is the
weighted apparent ground temperature ©,(r), which represents the
temperature at which the borehole as a whole perceives the surround-
ing ground:

Ny
0, =Y 0,0,
=

The physical meaning of this concept becomes clear by summing the
equations for all pipes in Eq. (26). This summation results in the heat
injection rate per unit borehole length q(z) on the left-hand side, while
several terms on the right-hand side cancel out due to Eq. (27):
0, -0,

R, ’

(28)

In this context, ®,, is the temperature with which the borehole
exchanges heat with the ground, ©, is the temperature at which the
borehole perceives the surrounding ground, and R, is the thermal
resistance governing the overall heat exchange between the borehole
and the ground.

In addition to introducing the weighted apparent ground temper-
ature ©,, another difference arises in contrast to the state of the art,
as Eq. (26) also includes the apparent ground temperatures ©,; in the
rightmost terms representing the heat exchange between pipes. This
distinction emphasizes that the excess temperature of the fluid in each
pipe, relative to its apparent ground temperature, is the critical factor
in the heat exchange between pipes, rather than the fluid temperature
itself.

7. Numerical examples

To evaluate the impact of creeping groundwater flows on the ap-
parent ground temperatures for the pipes and the borehole’s thermal
resistances and weighting coefficients, this section numerically solves
the systems of linear algebraic equations outlined in Egs. (17)-(20).
Given that these systems entail an infinite number of equations, in-
dexes n and m must be truncated, introducing truncation errors into
the results. Thankfully, the spectral convergence of the enhanced mul-
tipole method [41] ensures that these errors diminish rapidly with the
number of multipoles retained in the expansion of the grout/ground
temperature. Hence, limiting » and m to values between —20 and +20
already guarantees an accuracy level surpassing the requirements of the
present work.

7.1. Borehole description

All comparisons and discussions in the subsequent subsections are
based on the borehole configuration depicted in Fig. 2. Although other
borehole configurations with varying geometrical and thermal charac-
teristics, including coaxial probes, have been examined, their results
are not included here as they align with what is presented.

The selected configuration, adopted from the literature [27], com-
prises a borehole with a diameter of 2r, = 152mm housing a single
U-shaped probe with heterogeneous properties. The first pipe of the
probe has an outer diameter of 2r,; = 40mm and a wall thickness
of di = 3.7mm, while the second pipe has an outer diameter of
2r, = 50mm and a wall thickness of d, = 4.6mm. Positioned 5mm
from the borehole wall, the two pipes are oriented at +45° from
the rear stagnation point, resulting in their center coordinates being
(51 mm, +45°) and (46 mm, —45°), respectively.

The space between the pipes and the ground, with an effective ther-
mal conductivity k, = 3.00W/(mK) and effective thermal diffusivity
@, = 2.24 - 107" m?/s [4], is filled with conventional grout having a
thermal conductivity k, = 1.50 W/(mK) [68].

Pure water serves as heat carrying liquid. Its density, specific heat
capacity, thermal conductivity, and dynamic viscosity are 999 kg/m>,
4184J/(kgK), 0.577W/(mK), and 1.138 - 1073 kg/(ms), respectively. A
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Fig. 2. Borehole configuration for the numerical examples.

turbulent flow regime is maintained in both pipes due to a pumped
mass flow rate of 0.25kg/s, with turbulent heat transport inside the
liquid modeled using convective heat transfer coefficients 4, and h,,
determined using Gnielinski’s correlations [69]. Together with the ther-
mal conductivities of the pipes k; = k, = 0.42W/(mK), the following
inner thermal resistances for the pipes result:

R, =0.535 mK. R, = 0.544 0K
W P W
In all results presented in the subsequent sections, time-constant
non-dimensional heat injection rates per unit pipe length are specified
for the pipes, such that q,(r) =5 and g,(z) = 1.

7.2. Apparent ground temperatures

The first quantities under scrutiny are the apparent ground tem-
peratures for the two pipes, ©,,(r) and 0 ,(z). Fig. 3 illustrates their
temporal evolution alongside the apparent ground temperature em-
ployed by the state of the art. That is, @S:)(‘r) = A(7). Initially, a uniform
logarithmic growth is observed across all depicted temperatures and
for all considered Peclet numbers of the groundwater flow. This shared
behavior ceases once the system reaches the steady-state discussed in
Section 5.1.2. The transition between these behaviors occurs at non-
dimensional times z ~ 4Pe2, where the argument of the exponential
integral E, in Eqgs. (23) and (24) becomes of order unity.

The attained steady-state value is influenced by the Peclet number
of the groundwater flow, with smaller Peclet numbers yielding higher
steady-state values. Notably, in the absence of groundwater flows, no
steady state is reached, as previously noted in Section 5.1.2. This
scenario of zero Peclet number is depicted in Fig. 3 by an oblique
dashed line.

Examining individual pipes, differences in their apparent ground
temperatures arise solely from the first-order corrections @21[.)(1'). Gen-
erally, these differences are marginal, reflecting the similarity between
the two pipes. However, significantly larger differences may arise when
considering highly dissimilar pipes or assigning heat injection rates of
opposite signs to the pipes. Yet, these scenarios are too divergent from
reality to be practically meaningful.

Of greater significance is the disparity between the two pipes and
the apparent ground temperature used by the state of the art, A(z).
For small Peclet numbers, this difference is minimal, rendering A(z)
sufficiently accurate. However, as the Peclet number increases, so does
the difference, reaching 5.5% for Pe = 0.5. Such elevated Peclet num-
bers are indeed encountered in real-world installations, particularly in
settings involving unconsolidated grounds or energy piles [70].
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Fig. 3. Time evolution of the apparent ground temperatures for the pipes ©,(r) for
different Peclet numbers of the groundwater flow.

The first-order correction, responsible for these discrepancies, also
reveals a novel phenomenon. In the zeroth-order solution, equivalent to
the state of the art, the borehole’s orientation is irrelevant, as the outer
region imposes a uniform temperature level A(z) onto the inner region.
Consequently, all pipes perceive the same apparent ground temperature
952)(7) = A(r), ignoring their position within the borehole. However,
with the first-order correction, the outer region enforces a temperature
gradient onto the inner region. This spatial gradient, combined with
the pipes’ positions within the borehole, leads to apparent ground
temperatures that vary based on the borehole’s orientation relative to
the groundwater flow.

To illustrate this phenomenon, four different borehole orientations
are analyzed next. In addition to the original orientation depicted in
Fig. 2, three counterclockwise rotations of 90°, 180°, and 270° are
considered. As shown in Fig. 4, varying borehole orientations result
in distinct weighted apparent ground temperatures. For Pe = 0.5, for
example, a variation of 15.2% exists between the 90° rotation, where
0,(r) reaches its peak, and the 270° rotation, where ©,(z) is at its
lowest.

Given that the weighted apparent ground temperature reflects how
the borehole as a whole perceives the surrounding ground, the observed
variations in ©,(r) translate to differing heat exchanges between the
borehole and the ground. However, capitalizing on this effect in real-
world installations is challenging, as there is no control over the
positioning of pipes within the borehole during construction, resulting
in arbitrary variations in pipe positions with depth.

7.3. Borehole thermal resistances and weights

The first thermal resistance to analyze is the borehole’s inner ther-
mal resistance R, ;,. As elaborated in Section 6, this thermal resistance
dictates the heat transfer between the two pipes. Its expected depen-
dence with the Peclet number of the groundwater flow can be deduced
from its expression in terms of the thermal resistances R,,, which
emerges from applying the formulas outlined in Section 6:

ijs

Roip =Ry = Rij +Ry —Rpp =Ry

Since the thermal resistances f{,-j display linear variations with the
Peclet number of the groundwater flow, as demonstrated in Eq. (22),
it follows that the inner thermal resistance must exhibit a similar
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Fig. 4. Time evolution of the weighted apparent ground temperature ©,(r) for different
Peclet numbers of the groundwater flow and for four different orientations of the
borehole.

behavior. However, numerical findings indicate that its value remains
constant, fixed at R,;, = 1.0996, irrespective of the Peclet number of
the groundwater flow. While most of the heat exchange between the
two pipes occurs through the grout, the absence of any correlation with
the groundwater motion around the borehole is unexpected. Further
investigation is necessary to fully understand this phenomenon.

The next thermal resistance to consider is the borehole’s outer ther-
mal resistance R,, which regulates the overall heat exchange between
the borehole and the ground [41]. Fig. 5 illustrates its dependence
with the Peclet number of the groundwater flow across the same four
borehole orientations of the previous subsection. A clear dependence
with the Peclet number is observed, leading to spreads of nearly 8%
when the Peclet number reaches one. These substantial spreads are
observed for borehole orientations where the pipes are positioned
at the rear and front of the borehole, such as the original borehole
configuration and its 180° rotation.

Given that R, directly influences the overall heat exchange between
the borehole and the ground, positioning the pipes at the back of the
borehole, as depicted in Fig. 2, is optimal for enhancing this heat ex-
change. The advantage of this pipe placement over the others lies in the
prompt removal of advected heat from the borehole. In contrast, in the
other three locations, the supplied heat must initially circulate around
the borehole, which disrupts the heat exchange at various points along
the borehole wall. Unfortunately, capitalizing on this effect in real-
world installations is challenging due to the unregulated positioning
of pipes within boreholes.

The observed dependence of R, on the Peclet number of the ground-
water flow can be explained using the expression for R, in terms of
the thermal resistances R; ; derived from the formulae presented in
Section 6:

o RuRn-RuRy
b — A ~ ~ = .
Ryp + Ry =Ry =Ry,

This expression shows a rational dependence where the numerator is a
quadratic polynomial and the denominator is a linear polynomial in the
Peclet number. Notably, the denominator coincides with the borehole’s
inner thermal resistance, which remains constant. As a result, the bore-
hole’s outer thermal resistance, R, exhibits a quadratic dependence on
the Peclet number. This quadratic behavior is most evident for borehole
orientations corresponding to rotations of 90° and 270°.
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Fig. 5. Dependence of outer thermal resistance R, on the Peclet number of the

groundwater flow for four different orientations of the borehole.
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Fig. 6. Dependence of primary weighting coefficients w, on the Peclet number of the
groundwater flow for four different orientations of the borehole.

Finally, the primary and secondary weighting coefficients, w; and
v;, are discussed. They represent the contribution of each pipe to the
overall heat exchange between the borehole and the ground, and to the
weighted mean fluid temperature, respectively [41]. In the absence of
thermal inertia in the grout and ground, these weighting coefficients
are identical, and no distinction is made between them [71]. However,
this equivalence applies only to purely conductive grounds. In the
present case, the coefficients differ, though the discrepancies are small,
within the range of 0.1% for the considered borehole configuration.
Therefore, only the primary weighting coefficients w; will be discussed
next.

Fig. 6 depicts the primary weighting coefficients for the two pipes,
w, and w,, as functions of the Peclet number of the groundwater
flow, considering the four borehole orientations of interest. Due to the
differences between the two pipes, their contributions to the overall
heat exchange are unequal, with w;, = 0.477 and w, = 0.523 in the
absence of groundwater flow. When groundwater is in motion, the
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primary weighting coefficients vary linearly with the Peclet number.
This linear dependence can be explained using the expressions for w;
derived from the formulae presented in Section 6:

__ Ry-Ry Ry Ry

Rip+ Ry —Rpp =Ry, Ry + Ry =Ry =Ry,

Since the denominators coincide with the invariant borehole’s inner
thermal resistance R, |,, the linear dependence of the numerators on
the Peclet number explains the overall linear relationship.

The most interesting borehole orientations to discuss are those
corresponding to rotations of 90° and 270°. For both orientations, the
influence of the Peclet number is the highest, consistently increasing
the heat exchange of the downstream pipe while decreasing that of the
upstream pipe. For example, at Pe = 1 with a 90° rotation of the original
borehole, pipe 2’s contribution increases by 14.6%, while pipe 1’s
contribution decreases accordingly. When the borehole is rotated 270°,
this trend reverses: pipe 1’s contribution increases by 16%, and pipe 2’s
contribution decreases accordingly. As shown in Fig. 6, these significant
changes in the primary weighting coefficients result in an inversion of
the pipes’ relevance for Peclet numbers greater than 0.30.

For the sake of completeness, expressions for the secondary weight-
ing coefficients v; are also provided. These are derived from the formu-
lae presented in Section 6:

wy

wy

_ Ry — Ry
Ryp + Ry =Ry =Ry,

_ Ri —Rpp
Ry + Ry =Ry =Ry,

Uy Uy

7.4. Weighted mean fluid temperature

The thermal response of the borehole is characterized by the time
evolution of its weighted mean fluid temperature, ©,,. This temperature
directly impacts the efficiency of the heat pump driving the geothermal
installation, as its coefficient of performance (COP) depends on the
temperature of the heat-carrying liquid.

Fig. 7 illustrates the time evolution of the weighted mean fluid
temperature for different Peclet numbers of the groundwater flow
and the four borehole orientations considered thus far. Overall, the
behavior of ©,, closely mirrors that of the weighted apparent ground
temperature ©,. This similarity is expected, given the tight relationship
between the two temperatures as described in Eq. (28).

As observed in previous results, the orientation of the borehole
plays a secondary role at low Peclet numbers of the groundwater flow.
However, its influence becomes more significant with increasing Peclet
numbers. For instance, the difference in ©,, between the best and worst
performing borehole orientations reaches 6.3% for Pe = 0.5. This is less
than half of the previously reported relative difference in the weighted
apparent ground temperature, a direct consequence of the larger values
attained by ©,, compared to ©,,.

7.5. Fluid temperatures

The present work builds on the asymptotic analysis of the ther-
mal interaction of geothermal boreholes with creeping groundwater
flows [27]. By retaining terms beyond the zeroth-order, the authors
have advanced the state of the art in understanding of the problem and
numerical accuracy of the results.

This study, with its mathematically exact derivation of the zeroth-
order solution and first-order correction to the inner region, shares the
benefits of the underlying asymptotic analysis. However, assessing the
accuracy of the quantities introduced here (©,, ©,, Ry, R,;;s w;, U),
and ©,,) is impossible since their very definitions are based on the de-
veloped theory. Thus, their numerical values cannot be independently
computed, which is essential for any accuracy assessment.

The same challenge arises when determining the range of validity of
the developed theory, specifically identifying the Peclet number values
beyond which the underlying asymptotic analysis, and consequently the
results of this work, become invalid. To address this limitation, fluid
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Fig. 7. Time evolution of the weighted mean fluid temperature ©,,(r) for different
Peclet numbers of the groundwater flow and for four different orientations of the
borehole.

temperatures in the pipes, ©;, are used for this determination. These
values can be obtained from both the developed model and detailed
numerical simulations of the complete heat transfer problem. Full
details regarding the complete heat transfer problem and its numerical
solution can be found in Rico and Hermanns (2024) [27].

Fig. 8 shows the steady-state fluid temperatures ®, and ©,, at-
tained as 7 tends to infinity, as functions of the Peclet number of the
groundwater flow and for the four borehole orientations considered in
previous subsections. For Peclet numbers of order 10~! and below, the
differences between the developed model and the reference solution are
small. However, errors become significant for Peclet numbers of order
unity, clearly restricting the validity of the developed model to creeping
groundwater flows.

The results shown in Fig. 8 indicate three key points. First, the de-
veloped model works well for creeping groundwater flows, performing
better than the state of the art, which cannot capture the influence of
the borehole’s orientation (The state-of-the-art results are not shown in
the figure as they overlap with those of the developed model for the
original borehole orientation). Second, the influence of the borehole’s
orientation is strong for Peclet numbers of order unity, regardless of the
developed model’s performance. This leads to the third point: a model
specifically tailored for Peclet numbers of order unity is required to
address the needs of energy piles and boreholes constructed in strongly
fractured or unconsolidated grounds [70].

8. Conclusions

The presence of aquifers in the ground significantly impacts the
thermal response of geothermal boreholes. To account for this during
the design stages of a geothermal HVAC system, theoretical models
are required to accurately represent the mechanical and thermal in-
teractions between geothermal boreholes and groundwater flows. Such
models already exist in the literature and adapt concepts, ideas, and
procedures designed for purely conductive grounds to address these
interactions.

While existing models perform reasonably well, the approach of
“adopting what is done for purely conductive grounds” leads to theoretical
inconsistencies and overlooks interesting and/or relevant phenomena
introduced by aquifers. To overcome these limitations, a mathemati-
cally rigorous derivation of a physically sound model is necessary. The
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Fig. 8. Steady-state fluid temperatures ©, and ©, as functions of the Peclet number
of the groundwater flow and for four different orientations of the borehole.

present work, along with another manuscript recently published by
the authors, addresses this need specifically for creeping groundwater
flows, where the Peclet number of the flow is small compared to unity.

The previous work by the authors dissected the overall heat trans-
fer problem using asymptotic expansion techniques, identifying the
existence of two distinct regions and formulating the mathematical
problems to solve in each region. In contrast, the present work focuses
entirely on the inner region, encompassing the borehole, its pipes and
grout, and the ground located close to the borehole.

To obtain exact, rather than numerical, solutions to the formulated
problems in the inner region, the present work has modified the en-
hanced multipole method to address new phenomena introduced by the
aquifer. These phenomena include the spatial temperature gradient en-
forced by the outer region on the inner region and the weak convective
transport of heat in the vicinity of the borehole.

Through the precise manipulation and combination of the resulting
solutions, a network of thermal resistances has been established. This
network represents an exact relationship between the heat injection
rates per unit length of the pipes, fluid temperatures in the pipes, and
apparent ground temperatures for the pipes, with thermal resistances
serving as the proportionality constants.

Compared to the state of the art, which also utilizes a similar net-
work of thermal resistances, two important differences emerge. First,
each pipe perceives the surrounding ground at a different apparent
ground temperature, whereas the state of the art assumes a uniform ap-
parent ground temperature for all pipes. This difference arises from the
temperature gradient enforced by the outer region on the inner region,
originating from the flowing aquifer. Second, the thermal resistances
depend on the Peclet number of the groundwater flow, while in the
state of the art their values are constant. This change results as the
state of the art neglects the weak convective transport of heat in the
vicinity of the borehole.

In addition to uncovering these theoretical inconsistencies, the
present work also assesses the accuracy of the state of the art using
the newly developed model as a benchmark. For creeping groundwater
flows, accuracy is not affected by the identified inconsistencies, ex-
plaining why the state of the art performs well. However, for larger
Peclet numbers, significant discrepancies are observed. Variations of
up to 15% exist in the apparent ground temperatures for the pipes,
and changes of up to 8% are reported for the thermal resistances.
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Although this work shows that the identified discrepancies worsen
with increasing Peclet numbers, no confident conclusion regarding
their real magnitude and relevance can be drawn since the validity
and accuracy of the developed asymptotic model are not assured for
such large Peclet numbers. Therefore, the rigorous development of a
theoretical model for the thermal interaction of geothermal boreholes
with strong groundwater flows is the target of future work.
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Appendix. Endogenous particular solution

The solution to the endogenous first-order problem necessitates, as
an intermediate stage, determining the particular solution ®, to the
problem outlined in Table 2. This particular solution encompasses all
the forcing terms of the governing equation in the ground and all the
terms imposed by the inner region on the outer region. Subsequent
subsections detail the steps involved in obtaining the aforementioned
particular solution. Additionally, the coefficients P;,, and P/  of the
Fourier series expansions around pipe j for ®, and its derivative with
respect to p; are determined.

A.1. Particular solution to ground equation

First, a particular solution ®, to the governing equation in the
ground is proposed. It must also include all terms imposed by the inner
region onto the outer region, which is not a challenging task as they
are closely related to the forcing terms of the governing equation in
the ground:

Ao+ 1)(7) + Ag-1)(7) !

Gg(/’o,eo,f) = 5 npgy
q@ 1
- — + — | Inpg cos 6, Al
4 <P0 % > Po 0 (A1)
i AOm(T) |:el::|(|m|+1)90 e‘ﬁ(lm\—l)ﬂu
e 4 [m]—1 [m]+1
" ) Py

This particular solution ©, is only valid in the ground. Consequently,
it does not comply with the governing equation in the grout and
the continuity conditions at the borehole wall. Thus, further work is
required to obtain ©,.
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A.2. Fourier expansion around the borehole wall

Next, Fourier series expansions around the borehole wall of ®, and
its derivative with respect to p, are obtained. These are required to
enforce the continuity conditions at the borehole wall and to extend
©, towards the interior of the borehole.

Following the definitions introduced in Section 3.2 and treating the
borehole as pipe j = 0, as discussed in Section 3.6, the Fourier series
expansions for ®, and its radial derivative with respect to p, are defined
as

[so]
O, = Z Gor ¢
PO=P0  f=—oco
[o]
98, _ Z )
P05~ = 0¢ ‘
P0 lpo=rp0 om0

The expressions for G, and g, are derived by comparing these
Fourier series expansions with Eq. (A.1) and its derivative with re-
spect to p,, evaluated at the borehole wall. Thus, for /| > 1, the
corresponding Fourier series coefficients are

Ao (@) + Ageoy(7)
- 4

and

/ 121 Ao+ 2] Age-1)(7)
=——{C+2)———— - — (¢ -2)————.
0z ¢ D ¢ ( 73
For # = +1, the expressions to use are
AO(12)(T)

(1)
Co1) = 2 4

3
and Q(Kil) = —v - ZAO(iZ)(T)‘

Finally, for # =0,

_ Ao n(7) + Ao (7)

d
00 ) an

o
Goo =0

In addition to the expressions for the Fourier series coefficients,
an important result of this subsection is that G,, and g(’) , are linear
combinations of the specified heat injection rates per unit pipe length
q;(r), owing to the inherent properties of all involved quantities.

A.3. Continuity at borehole wall

To enforce the continuity conditions at the borehole wall and extend
the particular solution @, to the interior of the borehole, homogeneous
solutions to the governing equations in both the grout and ground must
be added to ®,. This yields the following expression for ©,:

o0
121 126,
2 Pocry €
f=—00

0, =

if pg <1
- (A.2)
z Bofpalf‘e'ﬁo +0, ifpy =1
=—00
The values for P, and 53, are determined by enforcing the continuity
conditions at the borehole wall. They are given by
_ ng - K|f|g0f
T A+ nlf]
For ¢ = 0, the expression for the latter integration constant is B, = 0.

Both P;, and B, are linear combinations of the specified heat injection
rates per unit pipe length, q;(z), as all involved quantities possess this

property.

Py = Bys + Gy and

A.4. Computation of P;,, and P/,'m

Finally, the coefficients of the Fourier series expansions around
pipe j for ®, and its derivative with respect to p; are obtained. To
do this, the series defining ©, inside the borehole (where p, < 1) is
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particularized at the wall of pipe j and split into two parts. After the
strategic addition and subtraction of P, the result is

)

> [Pt)f [0 ] + Py, [Poeﬂ%]f]

£=0 Pj=Ppj

0, = Pyo- (A.3)
Next, complex arithmetic is employed to express the position (p, 6,)
in the polar coordinate system centered at the borehole in terms of the

position (p;, ;) in the polar coordinate system centered at pipe j:

+10) _ +16,; +10
Poe™"0 = po;e "0 + p, e "

The method for combining these two expressions is demonstrated
next using the first series in Eq. (A.3) as an example. After substituting
one expression into the other and applying the binomial theorem to the
result,

o0 4
Poc o] = TR0 Y, <ri> [pose ] " [pyye®] "
=0  m=0

After carefully inspecting the involved pairs of # and m, it becomes
evident that the order of summation can be reversed, resulting in

2 Poclooe™]” =3 X P <m> [pose™]" " [ppye®]"
=0

m=0¢=m

)

=0

Proceeding in the same manner with the second series in Eq. (A.3)
allows to rewrite ®, particularized at pipe j as follows:

0 (s
_ 4 10y;12—m +im0;
pj=pp; — Z [ZPM <m> [0 /’Z"/] e
m=0 | £=m
o | © 4 ¢
—10, —m
+2 [27’0(_/) <m> [poje™™/] /’;}]e
m=0 | £=m

Now it is straightforward to identify the coefficients 7;,, of the
Fourier series expansion of ©, around pipe j. For m > 0, it can be
concluded that

o0
¢ 6=
Pim = ;PM <m> lroje® ] ™" .
=m

while for m < 0 it can be shown that

9,

—1mb;
7= Py

Pim =P j-m):

Finally, for m = 0 the corresponding coefficient is

(s}

— 1] 126,

Pjo = 2 Poepy; €7
f=—00

The coefficients P;.m for the Fourier series expansion of the deriva-
tive of ®, with respect to p; around pipe j are straightforward to
obtain:
Pim

Zm_mp,
0py; "

P/,'m =/, pj

The case m = 0, where Pfo = 0, is of particular interest as it is
utilized in Sections 4.2 and 4.3 to simplify the formulated systems of
linear algebraic equations.

As in all previously presented intermediate steps, the Fourier series
coefficients P;,, and Pj’,m are linear combinations of the specified heat
injection rates per unit pipe length q;(r). This property is crucial for
solving the endogenous first-order problem in Section 4.3.
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