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Abstract

Due to recent technological advances in science and computing, the collection and analysis of
high-dimensional data has become a relevant topic in the field of applied statistics. Many of
these observations arise from continuous processes observed over time, which can be naturally
expressed as functions. Thus, the name functional data is commonly given to such observations.
Statistical methodologies that deal with the analysis of functional data belong to the Functional
Data Analysis (FDA) framework, a field of research devoted to the exploration and modelization
of these data.

If these functional data are collected sequentially over time, it is natural to expect a time
dependence between functional observations. The term Functional Time Series (FTS) is often
used to refer to these processes. These series of functional observations appear frequently in
numerous fields, such as medical research, finance and ecology. Nevertheless, this thesis is
concerned with the applications in electricity markets that involve FTS. Particularly, the bidding
information of market auctions can be used to define Residual Demand Curves (RDC), functions
that model the market-clearing price as a function of the energy that agents are willing to trade.
Having accurate estimations of the hourly series of RDCs is of utmost importance for market
agents, as it would provide them with an accurate description of the bidding strategy of its
competitors. RDCs often exhibit complex dynamics, as the bidding behaviour of the market
agents is often influenced by external factors and often exhibits a strong seasonal dependence.
The SARMAHX model is a generalization of the scalar ARMAX model to the functional data
framework, which has proven to be an adequate model to obtain accurate short-term forecasts
of FTS that appear in electricity markets.

The work described in this thesis is aimed at developing a novel functional probabilistic
model that is able to generate coherent scenarios of functional time series. Probabilistic forecasts
of the series are obtained by quantifying the uncertainty associated with the forecasts of a
fitted SARMAHX model. Hence, a forecasting methodology for functional time series has been
developed, which involves the identification and diagnosis of the SARMAHX model fitted to the
series. Once deterministic forecasts of the series have been obtained, the conditional distribution
of the residuals is characterized by the proposed probabilistic model, which then is used to
generate future scenarios of the curves.

The proposed probabilistic forecasting methodology has been successfully applied to the
short-term estimation of the series of hourly Residual Demand Curves in different electricity
markets, outperforming other reference models commonly found in the functional data
literature.
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Resumen

En las ultimas dos décadas el registro y analisis de datos de alta frecuencia ha cobrado una
gran importancia dentro del &mbito de la Estadistica. Muchas de estas observaciones provienen
de procesos continuos que pueden ser tratados como funciones, por lo que comtinmente se les
conoce como datos funcionales. Los métodos estadisticos desarrollados para analizar este tipo
de datos se engloban dentro del &mbito del Andlisis de Datos Funcionales (FDA, por sus siglas
en inglés), un campo de la Estadistica que busca desarrollar técnicas que permitan analizar y
modelar conjuntos de observaciones funcionales.

Un tipo de datos funcionales muy importante por sus numerosas aplicaciones son las series
temporales funcionales (STF), secuencias temporales de observaciones donde cada elemento
de la serie es una funcion continua definida en un intervalo cerrado. Las series temporales
funcionales aparecen con frecuencia en el dmbito de la investigacién médica, las finanzas,
la ecologia y la energia, entre otras. El objetivo principal de esta tesis es el estudio de las
series temporales funcionales que aparecen en distintas aplicaciones del sector de los mercados
eléctricos, como pueden ser las Curvas de Demanda Residual. Estas curvas son funciones que
determinan el precio de casacién de la subasta en funcién de la cantidad de energia que los
agentes estdn dispuestos a comprar y vender. Un agente que sea capaz de tener estimaciones
precisas de estas curvas podrd optimizar su propia estrategia de oferta, ya que las curvas
contienen informacidn relevante sobre las estrategias de sus competidores. Sin embargo, existe
una gran dificultad en obtener estimaciones robustas de las Curvas de Demanda Residual,
debido a que suelen presentar una estructura dindmica compleja influenciada por numerosos
factores externos. Uno de los modelos que han obtenido mejores resultados al modelar este
tipo de series funcionales ha sido el modelo SARMAHX, un modelo que generaliza el modelo
ARMAX clasico al ambito funcional.

El objetivo principal de esta tesis es el desarrollo de un modelo probabilista funcional que
permita generar escenarios funcionales coherentes de una serie temporal funcional. Estas
predicciones probabilistas se obtienen caracterizando la distribucion de los residuos de un
modelo SARMAHX ajustado a la serie funcional. Para ello, se ha desarrollado una metodologia
de prediccion probabilista para series temporales funcionales que requiere de un nuevo método
de identificacion y diagnostico del modelo SARMAHX. Una vez que se ha ajustado el modelo
SARMAHX se usan técnicas no-paramétricas para caracterizar la distribucién condicional de
los residuos del modelo, lo que permite generar escenarios realistas de la serie temporal
funcional.

La metodologia de prediccion probabilista propuesta se ha aplicado con éxito a la prediccidon
a corto plazo de Curvas de Demanda Residual en varios mercados de electricidad, obteniendo
mejores resultados que el resto de modelos probabilistas funcionales de referencia.
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Introduction

This first chapter introduces some justifications of this thesis as well as its main objectives.
In addition, it provides the reader with a general overview of the organization and the
outline of the dissertation in order to make it easier to follow.

1.1. Motivation

Due to recent technological advances in science and industry, the collection and analysis of high-
dimensional data has become an important topic in the field of applied statistics. Many of these
observations arise from continuous-valued processes over time, space or frequency domains,
among others. These observations can be naturally expressed as functions; thus the name
functional data is commonly given to such observations. The need of statistical methodologies
to explore and analyze the structure of these high-dimensional data has led to the development
of the Functional Data Analysis (FDA) framework, an active field of research that deals with the
theory and methods required to extract information from functional observations.

Functional Data Analysis techniques have been successfully applied in numerous fields where
the observations arise from a continuous process. These new statistical tools have been used
in the study of demographic curves (Hyndman and Shang, [2009), the analysis of pollution
curves (Aue, Norinho, et al., 2015) and finance, where FDA techniques have been used to
model the dynamic evolution of yield curves (Sen and Kliippelberg, 2019). The applicability
of functional methods to medical sciences is illustrated in Ullah and Finch (2013|), where the
authors perform a systematic review of the different applications of FDA to biomedical and
public health problems. The ability of extracting information from a set of curves or finding
relationship between two functional datasets was crucial to many of the case studies analyzed
by the authors, highlighting the importance of these statistical tools across different research
fields.

If these functional data are collected sequentially over time, it is natural to expect a time
dependence between functional observations. This motivates the consideration of functional
time series (FTS), a relevant type of functional data due to its wide range of applications in the
industry. Due to the dependence structure and complex dynamics often exhibited by FTS, the
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Figure 1.1. Top: discrete observations of the electricity load in the Spanish electricity market for three
consecutive days together with the daily load profiles obtained using FDA smoothing techniques. Bottom:
Residual Demand Curves for the Spanish Day-Ahead electricity market for three different hours.

analysis of these series requires the development of new statistical techniques that are able to
take into account the infinite-dimensionality nature of these data.

Functional time series appear in numerous applications in electricity markets.
shows two different examples of these series: the top panel shows the daily demand profile
of three consecutive days in the Spanish system. Electricity load values have been registered
each hour. However, the demand is a continuous process, having a different value for each time
instant, which makes FDA techniques suitable for analyzing this dataset. Functional smoothing
techniques have been used to obtain functional observations from the discrete consumption
values, which exhibit continuous variations of demand throughout the day. Once the functional
time series of daily demand profiles has been obtained, functional forecasting methods can
be used to obtain short-term estimations of these curves, which is crucial for market agents
and System Operators. Traditional demand forecasting methods aimed at estimating the 24
hourly values of the demand using non-functional models. However, the use of smart meters is
increasing the sample frequency of electricity consumption from hourly values to a few minutes,
highlighting the necessity of modelling the demand as a continuous-time process.

The previous series was obtained by slicing a continuous-time process into segments of equal
length. However, there are certain types of functional time series where each observation is
a high-dimensional process. An illustrative example of these series are Supply and Demand
curves, which are a relevant part of electricity markets. Many Day-Ahead electricity markets are
based on sealed-bid auctions where agents submit offers as price-quantity pairs (p, ¢), which
refers to the amount of energy ¢ the agent is willing to sell (buy) at price p. If these selling
(buying) offers are sorted in increasing (decreasing) prices, the aggregated supply (demand)
curve of the agent is built, which represents the bidding behaviour of the agent.
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The analysis of Supply and Demand curves are of utmost importance to electricity companies,
as having accurate estimations of the bidding strategy of its competitors allows them to optimize
its own strategy in the market. Residual Demand Curves (RDC) are often used by market agents
in this situation. RDCs expresses the clearing price of energy auctions as a function of the
amount of energy the agent is willing to buy or sell. Hence, each auction defines one different
Residual Demand Curve, which then can be used to market agents to analyze the bidding and
offering behaviour of its competitors. The bottom panel of shows a set of three
hourly Residual Demand Curves (RDC) for the Spanish Day-Ahead electricity market.

When modelling functional time series it is necessary to quantify the serial dependency
exhibited by each element of the series, as well as identifying any trend or seasonal behaviour
of the series. Classical identification methods for scalar time series, such as the Box-Jenkins
methodology (Box et al., |2008), use the sample autocorrelation and partial autocorrelation
function to identify the underlying serial correlation structure of the series. The generalization
of these techniques to the functional data framework would be of great interest, as it would
allow practitioners to include this information into functional forecasting models, improving its
performance and obtaining more robust forecasts of the series.

Once a forecasting model has been identified and fitted to a given functional time series,
future values of the series can be estimated. Although point-forecasts may be adequate in
some cases, the vast majority of real-world applications require having probabilistic forecasts
of future events. For example, market agents are often interested in having probabilistic
forecasts of Residual Demand Curves, as it provides them with a measure of the future volatility
of the market prices. This can be achieved by quantifying the uncertainty associated with
the model’s point-forecasts, in order to capture changes in the distribution of the residuals.
Although there is a growing literature about deterministic functional forecasting models, the
same cannot be said for the development of probabilistic models for functional time series. The
infinite-dimensionality of the data hinders the definition of a proper density function, which
makes measuring the probabilistic uncertainty of forecasts not as straightforward for functional
datasets than for scalar series.

This dissertation contributes to the current state of the art by proposing a novel forecasting
methodology that can be used to obtain sharp probabilistic forecasts of functional time series
observed in electricity markets. The first original contribution is the definition of a functional
version of the autocorrelation and partial autocorrelation functions for functional time series
based on the L? norm of its lagged autocorrelation operators. These functions can then be used
for selecting the order and assessing the adequacy of functional forecasting models, obtaining
more robust estimations of the curves. The second contribution of this thesis is the proposal of
a novel conditional probabilistic model for functional time series that it is able to capture the
variations in the distribution of a set of functional residuals using a set of exogenous covariates.
The proposed probabilistic model is able to outperform other reference models found in the
functional data literature in several real-world applications involving Residual Demand Curves,
obtaining coherent scenarios of the curves as well as sharper prediction bands for the forecasts.
Additionally, scenario generation methods are of utmost importance in stochastic optimization
(Kaut and Wallace, 2007), as they provide a method to represent the distribution of the input
data of the problem. Henceforth, the scenario-generation model proposed in this thesis could
be used to improve certain stochastic optimization models proposed in the literature, such as
the offering optimization model proposed in Baillo et al. (2004).
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1.2. Thesis objectives

The main objective of this thesis is to develop a novel functional probabilistic model that
is able to generate coherent scenarios of the functional time series being modelled as well
as quantifying the uncertainty associated with the forecasts of a given deterministic model.
The scenarios obtained must reflect this forecasting uncertainty as well as exhibiting similar
shape features as the original functional time series. This requires the definition of a new
forecasting methodology for functional time series involving the identification and diagnosis
of functional parametric models as well as the development of a probabilistic model that is
able to capture changes in the distribution of the residuals of the aforementioned model using
exogenous variables. Hence, the specific objectives pursued in this dissertation are summarized
below:

* Development of an identification and diagnosis methodology for functional forecasting
models, which can be used to identify relevant features of a functional time series and to
asses the adequacy of a forecasting model fitted to that series.

* Development of a probabilistic model for functional time series that fills an existing
gap in the functional probabilistic literature. The proposed model must obtain sharper
probabilistic estimations about the series. Additionally, the new model must be able to
generate functional scenarios that are coherent with both the actual functional time series
and the point-forecasts of the deterministic model used to estimate the series, exhibiting
similar shape features as the actual curves.

* Validate the proposed forecasting methodology by applying it to different real-world
datasets obtained from electricity markets. The performance of the proposed models
must be compared against other reference models found in the literature, highlighting the
improvements made by the techniques developed in this thesis when applied to real-world
problems.

1.3. Dissertation outline

This dissertation consists of six chapters including this first introductory one. The aim of
Chapter 2|is twofold: on the one hand it provides a taxonomy of the different FDA techniques
proposed in the literature, introducing the main tools used when analyzing functional data. The
representation of curves using basis functions is addressed, together with the use of summary
statistics as a tool for describing a functional dataset. On the other hand, functional time series
are introduced, together with a review of the different forecasting models proposed in the
literature for these data. Special emphasis is given to the SARMAHX model, a generalization
of the scalar ARMAX model to the functional framework using linear operators. This model is
able to model complex relationships between curves, proving itself to be a competitive model
against other well-known methods for price forecasting. This makes the SARMAHX model a
suitable model for forecasting functional time series from electricity markets, such as Supply
Curves and Residual Demand Curves. Finally, a review of probabilistic models for functional
time series is performed, analyzing how an analogue for the density function of a functional
dataset can be defined, as well as describing the different probabilistic models proposed in the
literature.

presents a functional version of the autocorrelation and partial autocorrelation
functions for functional time series based on the L? norm of the lagged autocovariance operators
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of the series. The proposed tools can be used to select the order and assessing the adequacy of
functional SARMAHX models. The applicability of this identification and diagnosis methodology
is illustrated with an application to several real-world datasets.

Chapter 4|is devoted to the development of the conditional probabilistic model for functional
time series proposed in this dissertation. The model estimates the conditional density of the
residuals of a fitted deterministic model using non-parametric techniques. By characterizing
the distribution of the residuals, prediction regions and scenarios of a functional time series
can be obtained. The applicability of the proposed model is validated in both a simulation
study using synthethic data and a real-world problem using Complex Residual Demand Curves
from the Iberian Day-Ahead market, outperforming the probabilistic forecasts obtained by other
reference probabilistic models found in the functional data literature.

The applicability of the forecasting methodology to electricity markets is illustrated in
Chapter 5, where two different real-world case studies are analyzed. Firstly, an application
to the short-term forecasting of Supply Curves in the Italian Day-Ahead electricity market is
presented. The identification methodology is used to select the order of a SARMAHX model,
which is then fitted to the data to obtain one-step and 24-step ahead forecasts of the series.
Additionally, probabilistic forecasts are obtained using the proposed conditional probabilistic
model, which uses exogenous variables to capture changes in the distribution of the curves.
Secondly, the short-term forecasting of Residual Demand Curves in the Spanish Day-Ahead
electricity market is addressed. Similarly to the previous study, a SARMAHX model is identified
and fitted to the hourly series. Once deterministic forecasts of the series have been obtained,
the conditional probabilistic model is used to generate future scenarios of the Residual Demand
Curves. The model is compared against other reference probabilistic models, obtaining sharper
estimations of the series with the proposed model. These scenarios are used to obtain density
forecasts of the market clearing price, illustrating the applicability of the probabilistic forecasts
obtained.

Finally, [Chapter 6| provides the concluding remarks of the dissertation, summarizing the
contributions and future developments.
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Functional time series analysis
models and methods

This chapter serves the dual purpose of introducing the necessary concepts that will be
used throughout this thesis and to provide an extensive review of the main functional
forecasting methods found in the literature, with a discussion about probabilistic
techniques proposed in the literature. The information is organized from the general to
the more specific, starting with the definition of the main concepts and terms used in
functional data analysis, and gradually progressing to the specific forecasting models and
techniques proposed in the literature. Finally, probabilistic models for functional time
series are introduced, including a review of scenario generation methods and measures
to evaluate the performance of such probabilistic methods.

2.1. Introduction

The main purpose of statistics is to obtain information from a set of observations x1, xs, ..., N.
In classical statistics, it is typically assumed that the observations are elements of R?, where
each dimension of the feature space corresponds to a measured feature of the data. However,
due to recent technological advances the collection and analysis of high frequency data has
become an important research topic in the field of applied statistics. Many of these data X arise
from continuous-valued processes over time, space or frequency domains, among others. The
observation of each continuous-valued process over a given value v € R of its domain will be
denoted by X (v).

Due to the high frequency of these processes, the values of each function X, X, ..., X are
not often observed, only the values of the curves measured on a reduced set of d discretization
points wvy,ve,...,v4. As such, classical multivariate techniques would only capture the
information of the values of the curves in those discretization points X;(v1), X;(v2), ..., X;(vg),
without accounting for relevant information of the curves such as the shape of the curves.
In addition, treating the observations as curves provides a more flexible framework for such
data, as it does not require that the observations are measured at equally spaced intervals, nor
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that there are the same number of measurements for all curves. This makes multidimensional
techniques obsolete for modeling these continuous-valued processes, highlighting the need
for developing new statistical techniques that are able to model the behavior of these high-
frequency processes without losing information about the infinite-dimensionality of the original
curves. As these observations can be naturally expressed as functions; the name functional data
is used to refer to this kind of data. This curve-based treatment of these functional data makes it
possible to take into account the underlying structure of the curves, providing a more accurate
description of the data.

This dissertation is concerned with these functional data, which are viewed as functions
defined over some bounded interval V' C R. Therefore, a random function is defined as a
function X defined over a probability space (2, #, P), where (2 is a set,  denotes a c—algebra
on H and P denotes a probability measure on ({2, 7). A probability space is a mathematical
model of a random experiment whose exact outcome cannot be told in advance (Cinlar, 2011).
The set €2 stands for the collection of all possible outcomes of the experiment, which means that
for each element w € Q, X (w) is a deterministic function:

X:Q—= F

2.1
w — X (w) @D

Throughout this dissertation, it will be assumed that all realizations X'(w) are elements of
the functional space L?(V) of square integrable functions defined over the bounded interval
V. Following the standard definition, a functional stochastic process {X;}2 ; is defined as a
collection of random functions ordered in time.

The need of statistical methodologies to explore and analyze the structure of these high-
dimensional data has led to the development of the Functional Data Analysis (FDA) framework,
an active field of research that deals with the theory and methods required to extract information
from functional observations. The field of FDA has seen rapid development over the last two
decades, with many of its methods being applied quite broadly in several diverse fields. FDA
has been applied in medical research, such as Erbas et al. (2007), where functional data
models are used to forecast age-specific breast cancer mortality; or Hermanussen (2010), where
human growth curves are analyzed. Functional time series models were used in Besse, Cardot,
et al. (2000) to study the annual cycle of sea surface temperatures, illustrating the application
of functional data to meteorology. Regarding the application of functional data in finance,
the process of price formation in online auctions was studied in Bapna et al. (2008) using
a functional regression model. The growing interest in functional data highlights the need
for new methodologies that improve the treatment of this data. The work by Ramsay and
Silverman (2005) provides a solid introduction to functional data, covering topics such as
smoothing techniques and functional principal component analysis and laying the foundations
of FDA as a formal sub-branch of statistics. The book Ramsay, Hooker, et al. (2009) explains
how to implement those techniques using the R package fda, developed by the authors as a
companion package to the book. Nonparametric regression models for functional data and
their mathematical foundation are presented in Ferraty and Vieu (2006), while the monograph
Bosq (2000) presents the mathematical theory behind functional linear time series models,
establishing properties behind the functional autoregresive model within an even more general
Banach space framework. Finally, the monographs Horvath and Kokoszka (2012) and Kokoszka
and Reimherr (2017) present a general introduction to functional time series analysis and
statistical inference methods.
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2.2. Tools for functional data analysis

This thesis is concerned with the study of functional time series (FTS), defined as the
realization of a functional stochastic process collected over time. The temporal dependence
exhibited by these curves must be taken into account when analyzing them, hence techniques
for FDA have to be extended to include this information. Similarly to its scalar counterpart,
functional time series appear in numerous real-world problems, such as electricity load
forecasting (Antoniadis, Brossat, et al., 2016; Vilar, Aneiros, et al., |2018), the analysis of
yield curves (Sen and Kliippelberg, 2019; Horvath, Liu, et al., 2020) and the prediction of daily
pollution curves (Aue, Norinho, et al., 2015} Alvarez-Liébana and Ruiz-Medina, 2019), among
others. As such, the analysis and modelization of such high-dimensional data is one of the most
relevant topics in applied functional data analysis, and a vast portion of the functional data
analysis literature has been devoted to this area.

The purpose of the following sections is to present the basic concepts in FDA that will
be used throughout this document and the current state of the art in forecasting models for
functional time series. The outline of this chapter is as follows: [Section 2.2|introduces the
mathematical background for operating with functional data, summarizing the most commonly
used techniques when working with functional datasets. [Section 2.3|is devoted to functional
time series, introducing this particular case of functional data and performing a literature review
of the the forecasting models proposed in the literature for these high-dimensional data. Finally,
details the background for functional probabilistic models, analyzing the definition
of a density function for functional data and reviewing the models proposed in the literature to
obtain probabilistic forecasts of a functional dataset.

2.2. Tools for functional data analysis

FDA is concerned with obtaining information from a sample of curves. Due to the infinite nature
of the curves, new statistical tools have been developed to facilitate the analysis of the data.
The main purpose of this section is to introduce the mathematical framework used in FDA,
along with providing a description of the essential concepts and tools commonly used when
analyzing a functional dataset, such as representation of functional data using basis expansions,
summary statistics for functional data and a brief introduction to linear operators in Hilbert
spaces. This section will follow the monographs Ramsay and Silverman (2005), Horvath and
Kokoszka (2012) and Kokoszka and Reimherr (2017).

2.2.1. Basis expansion

A functional stochastic process {X;}YY, has been defined as a sequence of random functions
ordered in time. However, in practice the value of each curve X; is measured on a discrete grid
V1,02, ..., 04, obtaining a (possibly high-dimensional) vector observation:

Xi(’Ul), Xi(’Uz), N X’L(Udz) (22)

Although it might be tempting to analyze these data as multivariate, there are several
disadvantages to this approach: firstly, the curves may not have been observed on the same
discretization points, so an initial pre-processing stage will be needed before analyzing the data.
Secondly, the high-dimensionality of the data could lead to more complex multivariate models
with a high number of parameters to estimate. As such, a curve-based treatment of the data is
preferred, as it will be able to take advantage of the underlying structure of the functional data
and it will reduce the number of parameters to estimate in a functional model.
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Several techniques have been proposed in order to convert these observed discrete values to
a functional observation computable for any desired argument value X;(v). While interpolation
and kernel smoothing techniques can be applied to estimate the underlying curves, the most
widely used tool for representing functional data are basis functions procedures (Ramsay and
Silverman, 2005). By assuming that the functional observations X; belong to the functional
space L?(V), it is possible to select a basis {¢,}>; of that space, obtaining the following
representation of X; as a linear combination of basis functions:

o0

Xi(v) =) enitn(v), i=1,...,N, (2.3)

n=1

where ¢, ; are the coefficients of the basis representation. shows that an infinite
number of basis functions are required to represent the functional data with zero error. In
practice, however, it is not computationally feasible to work with an infinite number of basis
functions, so [Equation 2.3 must be truncated in such a way that the reduced basis set is able to
approximate the functions accurately:

M

Xi(v) &Y enidn(v), i=1,...,N. 2.4)

n=1

Therefore, the infinite-dimensional functional observation X; is represented by the finite-
dimensional coefficient vector ¢; = (c14,... ,cM,Z-)T. These coefficients can be estimated
using a wide variety of techniques, ranging from least squares estimation to smoothing
techniques.

When analyzing functional data, the selection of the basis is of utmost importance, as the
smoothed data will share some shape properties with the chosen basis functions. The nature
of the data often motivates the selection of these functions: if the shape of the original data
exhibits some kind of periodicity, the use of the Fourier basis is often recommended. Fourier
series generally yield expansions which are uniformly smooth, and are especially useful for
representing functions where there are no strong local features and the curvature tends to be of
the same order everywhere. This basis is commonly used in real world applications such as fetal
heart rate monitoring in medicine (Ratcliffe et al., 2002) and when analyzing environmental
NOx and ozone cycles (Gao, 2007; Gao and Niemeier, 2008), among others. On the other hand,
a popular system to represent non-periodic curves is the B-spline basis. The usefulness of splines
comes from combining the fast computation properties of polynomials with greater flexibility
in the representations of functions. If there is no prior information about the data generating
process that is being analyzed, the B-spline basis is a suitable family to begin any FDA analysis.
Some examples of this technique are Hyndman and Ullah (2007), where the authors use a
spline basis to represent demographic curves; and Newell et al. (2006), where the authors
analyze the structure of lactate curves obtained after using spline smoothing to the collected
data. Nevertheless, the most common basis used in practical applications is the functional
principal component basis, which will be detailed in One of the main advantages
of this representation is its ability to explain a great percentage of the original variance of
the functional dataset using only a reduced number of basis, obtaining a low-dimensional
representation of the curves. This technique has been widely used in medical research, as
shown in Ullah and Finch (2013). However, in some cases the exact shape of the curves being
represented is known and there is no need for smoothing the rough data observed, as it is the
case when analyzing supply and demands curves from the electricity market (Aneiros, Vilar,
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Figure 2.1. Functional data obtained using different basis expansion methods. Each curve is a daily load
profile from the Spanish electricity market.

Cao, et al.,|2013}; Shah and Lisi, 2020). In this case, the polygonal basis can be used to represent
the noiseless data.

Although it may seem that functional data analysis can be reduced to multivariate analysis,
this is far from true. There is a trade-off between the accuracy of the functional representation
and the number M of basis functions chosen, hence in practice selecting two values of M can
result in two different analysis that yield non-identical results. If M = d (the number of basis
is equal to the number of discretization points of the curves) interpolation of the curves is
achieved. Hence, the number M of basis functions should be seen as a measure of the degree
to which the data X; are smoothed, and chosen accordingly to the characteristics of the data.
In addition, the representation of the curves is strongly related to the chosen basis: the shape of
the functional representation relies on the characteristics of the basis.

illustrates the differences between representing the same set of discrete functional
observations using different sets of basis functions. Daily load profiles from hourly data obtained
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for the Spanish electricity market have been obtained for three different days of February, 2019
employing different basis expansion methods. Each functional observation can be used to
analyze the real-time electricity consumption in the market. According to the functional basis
used to perform this transformation, the resulting curves will exhibit different properties. The
top panel shows the load profiles obtained after representing the data using the polygonal
basis. As can be seen, this is equivalent to performing linear interpolation between the discrete
observations, and as such the resulting functional observations are rough. As the temporal
evolution of the electricity load does not follow this linear pattern, it may be concluded that this
basis is not adequate for representing this data. As the data does not show any kind of periodic
behaviour, a more appropriate basis could be the B-spline basis, illustrated in the middle panel.
This basis representation is able to smooth the discrete observations, obtaining a much more
accurate image of the temporal evolution of the demand. This representation is compared with
the one obtained after using a Fourier basis, as shown in the bottom panel. Due to the nature of
the Fourier basis, a high level of smoothing is applied to the original data, resulting in a less
accurate functional dataset as the one obtained with the B-spline basis. Load profiles obtained
with the Fourier basis are over-smoothed, as can be seen in both the blue and yellow load
profiles, which are not able to capture changes in the level of the demand between hours 12-14
and 16-18 with the same precision as the profiles obtained by using the B-spline basis. This
example can be used to illustrate the importance of selecting an adequate set of basis functions
that it is able to accurately represent the data, as the conclusions drawn by any subsequent
analysis rely heavily on this pre-processing step.

These basis expansion methods serve a twofold purpose. On the one hand, they allow a
computational feasible treatment of the high-dimensional data, providing a framework for
working with the functional data at different evaluation points that may not be equidistant. On
the other hand, these methods can be used for smoothing noisy functional data, including a
penalty term in the basis expansion procedure that accounts for the roughness present in the
original curves. This makes basis representation a crucial step when analyzing and modelling
functional data, as choosing a suitable basis for the curves will enable the practitioner to obtain
insight about the functional dataset being explored.

2.2.2. Norms and distances for functional data

Once functional data have been obtained from the discrete measurements of the curves, it is
necessary to establish the mathematical framework required to analyze the properties of the
functional dataset. Throughout this thesis, it will be assumed that the functional observations
belong to the Hilbert space L?(V) of real valued square integrable functions defined on the
closed interval V. This space is sufficient to handle most of the functional processes that are
found in real-world applications, hence the vast majority of literature regarding functional data
analysis makes similar assumptions.

A real-valued function of real variable X belongs to the space L?(V) if it satisfies
[y X*(u)du < co. From now on it will be assumed that an integral sign without the limits of
integration is meant to denote the integral over the whole domain V: [ X (u)du = [, X (u)du.
In addition, as long as there is no risk of confusion, the interval V' will be omitted when referring
to the space L?. The space L? is a Hilbert space with the inner product

(X,)Y) = /X(u)Y(u)du. (2.5)
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Figure 2.2. Visual representation of the L? distance between two pairs of electricity load curves:
Wednesday-Thursday and Sunday-Monday.

The inner product induces a notion of magnitude over the functional observations, as the
inner product generates the inner product norm:

I X = V(X,X) = ,//X(U)Qdu, (2.6)

which also induces a distance function for the elements of the Hilbert space L?:

dX,Y)=|X -V =V/(X -V, X —Y) = \//(X(u) — Y (u))2du. 2.7)

Intuitively, a distance function provides a notion of closeness or similarity between two elements:
if the distance between two objects is high, it can be concluded that these two objects exhibit
different properties. This can be observed in where the L? distance is used to
highlight the differences between two pairs of load curves. When comparing two curves that
exhibit different behaviour (different mean level and shape), the L? distance is very high,
effectively detecting the dissimilarity that exists between those functions. On the other hand,
when two curves are near in the L? sense it can be concluded that both functions exhibit
similar properties, as can be seen when comparing the Wednesday and Thursday curves.
Hence, distance functions are commonly used in classification and clustering of functional
datasets.

However, it should be noted that the L? distance defined in is not the only
distance function that can be defined over L?: a distance function d. (.,.) on L? can be defined
as any mapping

d,: L x L? — RT

(X,Y) —d, (X,Y) (2:8)
that satisfies the following properties:
P1 d,(X,Y)=d.(Y,X)forall X,Y € L%
P2 d.(X,Y)=0ifandonlyif X =Y.
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P3 d. (X,Y)<d.(X,2) +d.(Z,Y) forall X,Y,Z € L.

As such, other functional distances found in the literature are:

» Hausdorff distance: defined as the maximum distance from one point of the curve to the

closest point of another curve.

dy (X,Y) = max{ su inf ds(z,y), su inf do(z,vy)}, (2.9)
7 XY) L oub velin 2 (20, sb | ol @ @ w)}

where d, (., .) stands for the euclidean distance in R and G(X) = {(v, X (v)) € R?} is the
graph of the curve X.

» Weighted L? distance: given a weight function w(v) such that [w(u)du < oo, the

weighted L? distance is defined as

dy (X,V) = \/<M/(X(u) - Y(u))2w(u)du> (2.10)

As can be seen, by defining new distance functions, different properties of the curves can

be highlighted, enabling a different view of the relations between the curves of any given
functional dataset. However, condition (P.2) is very restrictive when defining new distance
functions, so most authors choose to remove this condition from the definition of distance and
work with semi-metrics (Ferraty and Vieu, [2006; Febrero-Bande and Oviedo de la Fuente, 2012).
The most common family of semi-metrics found in the literature are:

* Derivative-based: given two smooth functions, a new family of semi-metrics can be

obtained by measuring the distance between the derivatives of the curves. More precisely,
given two observed curves X and Y, the following semi-metric can be defined:

a3 (X,Y) = \/ ( / (X0 (u) — Y () (1)) du>, (2.11)

where X (™) denotes the m-th derivative of X. This metric was used in Ferraty, Keilegom,
et al. (2009) when analyzing a set of spectrometric curves from a food industry quality
control problem.

Projection-based: in many applications, curves are represented as a linear combination of
basis functions {¢, }).,, effectively reducing the dimension of each functional observation

X, as explained on [Section 2.2.1} This decomposition can be used to measure distances
between functional observations:

M 2
diy (X,Y) = ( {X(u) =Y (u)}¢i(u)du ) (2.12)
won =y (% )

As pointed out in Ferraty, Van Keilegom, et al. (2012), this semi-metric is especially well
adapted when the functional observations are rough, as it can smooth out the data and
work with the important features of the functional dataset.

14
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* Horizontal shift: this measure provides a notion of proximity between two curves taking
into account horizontal shift effects:

Qo (X.Y) = | min {dy (X(0), V(0 + 1)), (2.13)
where mh stands for the maximum horizontal shift allowed and d, (., .) is the euclidean
distance in R. As this metric is invariant by translation, it is useful when working with
functional data that exhibit some kind of horizontal displacement, such as the altometric
curves collected by the satellite Topex/Poseidon (Dabo-Niang et al., 2004).

In addition, it can be proven that the sum of semi-metrics is itself a semi-metric, providing a
tool for constructing new metric functions.

The use of semi-metrics plays a crucial role in nonparametric functional data analysis, as
choosing a suitable metric function will highlight relevant features of the functional data.
Nonparametric techniques have been successfully applied in many problems, such as functional
classification (Ferraty and Vieu, 2003; Chang et al.,|[2014)), clustering of functional data (Dabo-
Niang et al., |2007; Delaigle, Hall, and Bathia, 2012), functional regression (Ferraty, Van
Keilegom, et al.,[2012; Rafia, Aneiros, et al., 2016) and forecasting (Aneiros, Cao, et al., 2011}
Vilar, Cao, et al., 2012), illustrating the flexible capabilities of nonparametric models.

The inner product defined in L? also defines the angle § between two functions X and Y
as

XYy

0
<os®) = XTIV

(2.14)
which makes the geometric structure of the space L? similar to that of the usual finite
dimensional Euclidean space, at least at an intuitive level. Following the previous definition,
the concept of orthogonality can be defined as follows: two functions X and Y are orthogonal
(or perpendicular) if (X,Y) = 0. Similarly to the usual finite dimensional Euclidean space,
orthogonal functions will play a major role when working with basis expansions. When basis
functions were introduced in | it was not required that the elements of the basis
were orthogonal. If the basis {¢,}7 satlsﬁes (¢i,0j) = 0 whenever i # j and ||¢;|| = 1,
it is said that {¢,}72, is an orthonormal basis. Working with orthonormal basis simplifies
Equation 2.3 as it can be seen that it becomes

= 3" ndn(v) = Y (X, bu)on(v), (2.15)
n=1 n=1

where the linearity of the inner product can be used to obtain the value of the coefficients
cn = (X, on). As ||¢i]| = 1, the value (X, ¢;) can be interpreted as the projection of the curve
X over the direction specified by ¢;. In addition, for an orthonormal basis, Parseval’s equality
holds:

o0

/XQ(u)du— X2 = (X, ¢:)% = (/X )i (u du) . (2.16)

i=1

2.2.3. Summary statistics

In many practical applications, it is assumed that each curve of the observed sample
X1,X5,..., Xy is a realization of a random function X'. As such, the main statistical properties
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of X must be analyzed to obtain insight about the observed data. The simplest summary
statistics are the functional mean, variance and correlation.

The mean function px of the random function X’ is the function such that px(v) = E [X(v)],
where E'[.] denotes the expectation. The mean function can be estimated from the observed
data by the sample mean function, defined as

T
fx(v) =N X(v), (2.17)
t=1
which is the point-wise average of the observed curves.

Similarly to the finite-dimensional case, the variance function measures the deviations from
the mean, and can be defined as the function such that vary(v) = E [(X (v) — Wg(v))z}. Its
sample counterpart is defined as

T
vary(v) = (N —1)7" ) (Xe(v) — fix(v))*. (2.18)
t=1
As in the scalar case, the square root of the variance function defines the standard deviation
function.

Up to this point, the summary statistics presented are pointwise, meaning that the value of
the statistic at a given discretization point u only takes into account the values of the functional
observations for that same discretization point u. As such, the point-wise variance function can
be used to measure the typical variability of the functional dataset for each discretization value.
However, these values do not account for how the values of the curves at point u relate to those
values at point v. In order to measure this, the covariance function of the functional variable
X, defined as cy(v,u) = E[(X(v) — px(v)) (X (u) — px(u))], is introduced. The values of this
function quantify the joint deviations from the mean between two different discretization points
v and u, effectively measuring the joint variability of the functional random variable X" at those
points. This function is estimated by the sample covariance function Cy, defined as

T
Cevyu) = (N = 1) 37 (X (0) = i (v)) (Xe(u) — fiae () - (2.19)
t=1
This function can be seen as a counterpart for the covariance matrix in the multidimensional
setting: large values of Cy (v, u) indicate that X (v) and X (u) tend to be simultaneously below
or above the mean values at these two discretization points.

Similarly to the multidimensional case, the functional correlation for a functional variable X’
can be defined by normalizing the covariance function

Cx(v,u)
\/V/a\l’)( (U)\féﬁ’;( (u)
This function takes values between —1 and 1, allowing for a better interpretation of the
covariance structure present in the functional data. In situations where there is no risk of
confusion, the sub-index indicating the functional random variable which these summary

px(v,u) = (2.20)
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Figure 2.3. Point-wise summary statistics for the daily electricity load profiles of Spain. The top figures
contain the sample mean and standard deviation functions, whereas the bottom images contain the
sample covariance and correlation functions of the functional data.

statistics refer to will be omitted (e.g. p = px), in order to ease the notation and provide a
more comprehensive exposition of the techniques presented in this dissertation.

illustrates these concepts on the electricity load curves of the Spanish market
in 2019. The point-wise sample mean and standard deviation curves are included, showing
that the variation of the load is lower between hours 0 and 6, and its point of highest variation
is found at hour 9. The covariance sample function contains information about the linear
dependence structure across different discretization points of the curves, although it can be
difficult to interpret due to the scale of the function. Hence, the correlation sample function is
included, which is bounded between -1 and 1. This function provides a more straight-forward
interpretation of the linear dependence structure exhibited by the data: the electricity load
between hours 13 and 18 shows a high value of correlation between those same hours. A similar
behaviour, albeit slightly lower, can be observed between the load of hours 7 to 9 and 21 to
23: the correlation between these hours has a value higher than 0.8, showing a strong linear
dependence between these sections of the load curves.

To this point, all the summary statistics presented in this section only involve one random
function. However, the covariance and correlation functions can be generalized to measure the
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Figure 2.4. Top: electricity load and price profiles for the Spanish electricity market. Bottom: sample
cross-covariance and sample cross-correlation functions of the two functional datasets.

variability between two random functions X and ). The cross-covariance function between X’
and ) is defined as cx y(v,u) = E[(X(v) — px(v))(Y(u) — py(u))], and can be estimated via
its sample counterpart

T
Cay(v,u) = (N =171 (Xi(0) = fiae(v) (Yi(u) = ip(u) (2.21)
t=1
where (X;,Y;) are pairs of functional observations. This function can be used to quantify
the linear dependence between those sets of functional data. The cross-correlation function
provides a scale-free version of the cross-covariance function, as it is bounded between —1 and
1:
cyy(v,u)

) = . 2.22
Pxy (U, u) \/\73\1")( (’U)\fa\l”y(u) ( )

The usefulness of this tool is highlighted in [Figure 2.4} where both the cross-covariance and
cross-correlation surfaces are obtained for the series of electricity load curves and electricity
price profiles for the Spanish electricity spot market. The correlation between the two functional
datasets for hours 7 to 10 and 19 to 21 is high, which can be interpreted as the price at those
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hours being directly affected by the demand at the same hours. In addition, there seems to be a
high correlation between the electricity price at hours 17 to 20 and the electricity load between
hours 7 to 10, meaning that the prices in that range of hours will tend to be directly related
to the load values of the early hours. This information can be used by a functional regression
model to obtain robust forecasts of the price profiles using the whole load curves as exogenous
variables.

2.2.4. Operators in Hilbert spaces

Most functional data analysis techniques require the use of tools that are able to operate with
the observed curves. Linear operators offer a mathematical tool to perform transformations on
functional datasets, and are one of the main elements of the theory of Hilbert spaces. As such, a
vast portion of the literature on functional data models has been devoted to the study of these
operators. This section will introduce the notion of functional operators, with a special focus on
the most common classes of operators found in practice.

A linear operator defined on the Hilbert space L? is any function ¥ : L? — L? such that, for
any scalars a,b € R and any X,Y € L2 the following relation holds:

U (aX +bY) = al (X) + bV (V). (2.23)

An operator ¥ is said to be bounded if there exists a constant C' such that for any X € L2,
|¥(X)| < C|X]|. It can be seen that an operator is bounded if and only if it is continuous,
hence they are usually referred to as continuous operators.

A bounded operator V is said to be compact if there exist two orthonormal basis {¢, }2° ;
and {f,}>2, and a sequence of real positive values {),, }7° ; converging to zero such that

o
U(X)(0) =Y _N(X,¢5)f5, VX eI’ (2.24)
j=1
This is called the singular value decomposition of the operator. One of the properties of compact
operators is that they map every bounded set into a compact set, providing a stronger notion
of continuity. If, in addition, condition Z;‘;l )\? < oo holds, the operator ¥ is said to be a
Hilbert—-Schmidt operator.

When modeling functional data, an important class of operators are integral operators,
defined as
U(X)(v) = /¢(u, v)X (u)du, VX €L (2.25)

The bivariate function v (u, v) is called the kernel of the operator V. It can be proven that an
integral operator is a Hilbert-Schmidt operator if

/ ¢2(ujv)dudv < 0. (2.26)

If in addition the kernel of the Hilbert—-Schmidt operator satisfy that ¢(u,v) = (v, u)
and [[ ¢ (u,v)X(u)X (v)dudv > 0 for all X € L?, the operator ¥ becomes a symmetric and
positive-definite operator, admitting the following spectral decomposition:
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U(X) =Y N(X.0))b;, VX €L (2.27)

j=1
where {\,}>°, are the eigenvalues of the operator ¥ and {¢,}>2, are the corresponding
orthonormal eigenfunctions, satisfying W(¢;) = A;¢;. The spectral decomposition allows the

following representation of the kernel function v (u, v):

P(u,v) =D Ajdj(u)e;(v). (2.28)
j=1

This section has summarized the theory about functional operators that will be used
throughout this document. Integral operators play a key role when defining parametric
functional models, as will be seen later in this chapter. In addition, the spectral decomposition
of the covariance operator is the basis for functional principal components analysis, which will
be introduced in the next section. For an in-depth look at the theory of operators in Hilbert
spaces, the reader is referred to Riesz and Sz.-Nagy (1990).

2.2.5. Functional principal components

Principal component analysis (PCA) is one of the most popular techniques for analyzing
multidimensional data (Jolliffe, |2010). This dimensionality reduction technique is able to
obtain a low-dimensional representation of the original data in such a way that most of the
variation of the original data is captured. Due to its usefulness this technique has been extended
to the functional data framework (Besse and Ramsay, 1986; Rice and Silverman, (1991),
becoming the most prevalent tool when analyzing a functional dataset. Functional Principal
Component Analysis (FPCA) can be used to reduce a set of infinite-dimensional functional
data to a set of multivariate scores that account for most of the variance of the data. As a
consequence, classical multidimensional techniques can be applied to the resulting scores,
allowing to use known tools to model the observed functional data.

Similarly to its multidimensional counterpart, FPCA is based on the spectral decomposition
of the covariance operator of the observed data. Given a random function X" such that £ [X] =0
and E [||X]|?] < oo, the associated covariance operator is defined as

Cx(Y)=E[(X,Y)X], VY eI’ (2.29)

As the functional data are assumed to be elements of L2, the covariance operator can be
represented as an integral operator whose kernel is the covariance function cy (u,v):

Cx(Y)(v) = /c;\g(u, v)Y (u)du, VY € L*. (2.30)

It can be seen (Conway, 1990) that covariance operators are symmetric and non-negative
Hilbert—Schmidt operators, hence [Equation 2.28| holds and the covariance kernel cy(u,v) can
be expressed as

o0
cx(u,v) =Y Njg(u)g;(v), (2.31)
j=1
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where the eigenvalues \; > )y > ... represent the variability explained by the associated
eigenfunctions {¢,}7>,, called the (functional) principal components. The empirical
counterparts of the eigenvalues and eigenfunctions of the sample covariance operator are
denoted as Xl > Xg > ... and {@ o° |, respectively.

As a consequence, each functional observation {X;}¥ ; can be represented as a linear
combination of its principal components. This expansion is known as the Karhunen-Loéve
representation:

e ~ ~
Xi=lx+ Y &,o (2.32)
j=1
where a] = [(Xi(u) — px(u)) @(u)du and {(En};?:l are the eigenfunctions of the sample
covariance operator, which form a basis in L?. The values E” are the coordinates of the
functional observations when projected in the direction of c;ASj and are usually called the scores

of the curves. Methods for estimating these values can be found in Ramsay and Silverman
(2005).

As already mentioned, one of the main purposes of FPCA is to reduce the dimension of
the functional data to a finite number of M components. Once the value of M is selected,
can be truncated in such a way that the selected principal components are able
to represent the functions accurately:

~

M
Ximfx+ Y &ijos. (2.33)
j=1

Figure 2.5/shows the evolution of the scores of the first three FPC of the electricity load dataset,
together with the estimated mean ;1 and eigenfunctions Q/Z)\j of the FPC decomposition. As can
be seen, the first principal component is always positive and retains a characteristic shape of
the electricity demand curves, hence it can be interpreted as a level function. By analyzing the
weekly seasonal pattern exhibited by its associated scores the difference between weekdays and
weekends can be seen, due to weekends having a lower demand than the rest of days of the
week. The remaining FPC can be seen as shape curves, with the second eigenfunction modeling
the difference between valley hours and peak hours. The scores associated to the second FPC
have negative values in the winter months, thus this difference is lower than in the summer
months, where the scores are positive and there is a greater distance between valley and peak
hours. As such, these curves modulate the shape of the load profile, and are associated with
scores with lower values than the first FPC.

In most applications, it is crucial to determine a value of M such that the actual curves can
be accurately replaced by the approximation shown in Usually this decision
entails a compromise between the number of components and the total percentage of variance
that the selected eigenfunctions are able to explain. This approach is commonly known as the
Cumulative Percentage of total Variance (CPV) method (Kokoszka and Reimherr, 2017), and
uses the magnitude of the estimated covariance eigenfunctions Xj to choose an appropriate
number of components. The cumulative percentage of total variance explained by the first &

sample eigenfunctions in [Equation 2.33|is

o~
D W
CPV(k) = 2= = (2.34)
ZM
G=1\]
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Figure 2.5. Top: evolution of the scores of the first 3 FPC of the daily electricity load profiles of Spain.
Bottom: sample mean function and estimated eigenfunctions of the FPC decomposition.

As such, the number of components k£ is chosen as the first value for which CPV(k) exceeds a
desired level, typically between 85% and 95%. illustrates this concept: the left figure
contains a visual representation of the total variance explained by each FPC. As can be seen the
first 3 components already explain more than 95% of the variance of the original dataset. The
right panel shows the difference between a real load curve and the reconstructed curves using
2,4,6 and 8 FPC. The representation of the curves improves with the inclusion of additional FPC
to the decomposition, but even with more than 99% of the total variance explained by the first
4 FPC there are areas of the curves which are not well modeled by this approximation.

Similar dimension reduction of a functional dataset can be achieved by expanding the
functional data into other function basis, such as the ones reviewed in The main
difference between the FPC basis and the other basis proposed in the literature is that among
all basis expansions that use M elements, the FPC expansion explains most of the variance of
the dataset in the L? sense. As such, the FPC basis is commonly used in practical applications
such as exploratory data analysis (Meiring, 2007; Baladandayuthapani et al., [2008), regression
(Maslova et al.,|2010) and forecasting (Hyndman and Shang, 2009; Shang et al., 2019j Sen
and Kliippelberg,|2019), among others.

2.2.6. Functional linear regression

Linear regression is perhaps the most widely used statistical model, and one of the most
fundamental tools in statistics. When working with multidimensional data, the usual linear
model is given by:
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Figure 2.6. Left: Percentage of variance explained by each FPC. The red line indicates the Cumulative
Percentage of total Variance explained by the first FPC. Right: Real and reconstructed electricity load
profiles using 2,4,6 and 8 FPC.
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where y is usually called the response of the model, z; are known scalar values known as
covariates or regressors, (3, are called the coefficients of the regression model and ¢ are the
innovations of the model, usually assumed to be i.i.d. errors. When generalizing this model
to the functional data framework, some of these quantities will be curves, hence the model
formulation and the coefficients of the model must be adapted accordingly.

Depending on whether the responses, the covariates, or both are functional values, functional
linear models may be divided into three wide groups, described below. In all three cases, it will
be assumed that the functional variables have been already centered.

* Scalar covariates and functional response: This model assumes that the functional
variable Y is related to a set of scalar responses {x;}}_,. As such, the model can be
formulated as

NE

Y(v) = Br(v)zxy + &(v), (2.36)
k=1

where the parameters of the model are the functions S, which need to be estimated
from the data. As the response of the model is functional, the residuals of the model
are the zero mean functional i.i.d. values e. The monograph Ramsay and Silverman
(2005)) describes the procedure to estimate the functional coefficients (55 using a least
squares criterion, and illustrates the applicability of the model in a real world problem that
involves predicting temperature curves from different climate zones. As this model allows
to explain the behavior of a functional variable conditioned to several scalar covariates, it
has been successfully applied in several medical applications, as illustrated in Yang et al.
(2007) and Hutchinson et al. (2004).
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* Functional covariates and scalar response: This model is used when the scalar variable

y exhibits some dependence on a set of functional variables { X} }}_,, each defined in its
own domain Vj. The model can be expressed as

P
Y= Bre(u) X (w)du + €. (2.37)
>

Here, ¢ is a zero mean i.i.d. scalar error and the parameters of the model are the coefficient
functions Sy (v) which need to be estimated from the observed data. The classical approach
for estimating these coefficient functions is to project the functional covariates X and its
associated coefficients 3 in the space spanned by its first functional principal components
in order to optimize its scores by least squares (Cardot et al., |[1999). Due to its wide
range of applications, the properties of this model have been studied thoroughly (Hall and
Horowitz, |2007; Hilgert et al., 2013), and has been used extensively in several real-world
applications (Ratcliffe et al., 2002; Wang, Su, et al., |[2016)).

Functional covariates and functional response: In this model both the response variable
Y and the covariates { X} }}_, are functions, and the model assumes that there exists some
kind of linear dependence between them. According to the type of relationship exhibited
by the curves, two different function-on-function regression models have been proposed
in the literature. The most general regression model is referred to as the Functional Linear
Model (FLM):

Y(v)=>)_ y Bre(u, v) X (u)du + £(v), (2.38)
k= k

where ¢ denotes the zero-mean i.i.d. residuals of the model, V}, is the domain of each
covariate and the bivariate functions Sy (u,v) are the coefficients of the model that need
to be estimated. This model assumes that at any given point v, the value of the response
Y (v) can be modeled taking into account the entire trajectory of the covariates {Xj}}_;.
As such, this is a very flexible model that it is able to capture complex relations between
functional data which may not share the same domain. However, such flexibility comes at
a high price: in order to fit the FLM, the bivariate functions jj(u, v) must be estimated.
In order to do this, a common approach (Ramsay and Dalzell, 1991) is to define some
functional basis {¢;}Z,, {vm}}_, (usually, the first functional principal components)
where the parameters [ (u, v) will be projected:

L M
Br(u,0) =3 S0 g(wrm(v), k=1,....p. (2.39)

=1 m=1

Therefore, the estimation of the bivariate coefficients 3y (u, v) reduces to estimating their
()

coordinates blm

in this basis which reduce the forecasting error of the model.

However, in many applications where the domain of the response and covariates is
the same, the dependence exhibited between the curves at different discretization
points v # wu is negligible. As such, given a discretization point v, the values of the
response Y (v) and the regressors { X, (v)},_, follow the classic regression model shown
in [Equation 2.35] where the regression coefficients may vary for different discretization
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points. The formulation of this second model, called concurrent functional linear model
(Ramsay and Silverman, [2005)), is as follows:

P
Y(v) = Be(v) X (v) + £(v), (2.40)
k=1

where ¢ denotes the zero-mean i.i.d. residuals of the model and S (v) denotes the
coefficient functions that have to be estimated. The reader is referred to Fan and
Zhang (2008) for a review on estimation methods for this model, which involve kernel,
polynomial and smoothing spline methods.

2.3. Functional time series

Up to this point, the functional data {X;}¥ , were assumed to be independent observations
drawn from a functional random variable X', hence the properties exhibited by each functional
observation did not change over time. However, this is quite a strong assumption: usually,
values X; observed at a given time ¢ exhibit some kind of dependence with previous observed
values. This is the case with daily electricity prices profiles: the prices for a given day are
usually influenced by the prices of previous days, so the assumption of independence between
the curves must be dropped. In addition, [Figure 2.3|shows that there exists a different pattern
for the price profiles of weekends and holidays when compared with working days, so the
distribution of the curves is not the same for every day. A better approach would be to model
the functional observations { X;}1_; as realizations of a functional stochastic process {X;}._,,
defined as the collection of functional random variables ordered in time. Hence, the series
{Xt};gp:l is referred to as a functional time series (FTS).

Time series analysis is an active field of research which involves the study and modelization
of these serially correlated data (Box et al., |2008). It has a wide range of applications in
practically all fields of science and engineering, ranging from econometrics (Harvey, |[1990) to
environmental (Zhang, 2018)) and medical sciences (Fried et al., 2017). In the last few decades
there has been a growing research interest in generalizing these concepts to functional time
series, as illustrated in Bosq (2000) and (Mas and Pumo, 2010). The ability to model dependent
high-dimensional data such as electricity load curves (Antoniadis, Brossat, et al.,2016)) and
air pollution curves (Alvarez-Liébana and Ruiz-Medina, 2019) makes functional time series
methods a key tool in a vast majority of real world applications. The monographs Horvath and
Kokoszka (2012) and Kokoszka and Reimherr (2017) provide a panoramic view of the main
theoretical and practical results for analyzing functional time series.

The purpose of this section is to review the fundamental concepts of functional time series
analysis, focusing on forecasting models and estimation techniques. Firstly, [Section 2.3.1] will
introduce the notion of functional white noise, an important type of process which is the core
of many identification tools for functional time series models. Then, a review of forecasting
models for functional time series will be performed in [Section 2.3.2] and finally the SARIMAHX
model will be introduced in[Section 2.3.3] As one of the objectives of this thesis is to propose an
identification and diagnosis method for this model, details about the formulation and estimation
of the SARIMAHX model have to be detailed.
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2.3.1. Functional white noise

An important property of time series is stationarity, which refers to stochastic processes whose
statistical properties, such as the mean and variance, do not vary over time. Most of the
parametric forecasting models proposed in the literature assume that the time series is stationary,
but as has already mentioned, most of the real world time series are not stationary. Hence,
an initial step when modelling these non-stationary time series is to transform the data into a
stationary process which then can be modelled using classical models found in the literature
(Box et al., |2008). This highlights the importance of developing statistical tools that can be
used to decide whether a time series is stationary.

The concept of stationarity can be generalized to functional time series (Hormann, Kidzinski,
et al., |2015), where several authors have developed statistical procedures for testing the
stationarity of functional time series (Horvath, Kokoszka, and Rice, 2014; Kokoszka and Young,
2016}; Aue and Delft, 2020)). Similarly to the scalar case, functional forecasting models assume
that the functional time series is stationary, hence having methods for validating this assumption
is crucial when modelling these high-dimensional series.

The most fundamental example of a stationary functional process is the functional white
noise process (Bosq, 2000). A given functional stochastic process {e;(v)}_, is a functional
white noise process if the following assumptions are satisfied:

Al: Efg)=0forallt=1,...,T.

A2: The variables ¢; and ¢; are orthogonal for i # j, this is:

E[(e;, X){(ej, V)] =0, VX,Ye L (2.41)

If in addition to [AT] the process satisfies that
A3: The functional random variables ¢, are independent and identically distributed,

the process is called strong functional white noise (WN) process. Throughout this dissertation
the term functional white noise will refer to a strong functional white noise process. Assumption
implies that such a white noise series does not exhibit any degree of serial dependence,
differentiating such a process from others that exhibit dependence between its terms. One
example of functional white noise is the Brownian bridge process, defined by ¢,(v) = Wi(v) —
vWi(1), where W; denotes a Wiener process.

Tests for white noise in functional data are frequently used to check the adequacy of a fitted
parametric model to a functional dataset, so they are of utmost importance in any practical
forecasting application. For example, Gabrys, Horvath, et al. (2010) project the residual curves
of a functional linear model on the space spanned by its first principal components to validate
the white noise assumption, whereas in Horvath, Huskova, et al. (2013) the authors develop
a Portmanteau test for testing the independence assumption of a functional time series. An
in-depth review of these methods and how these can be applied to model identification and
diagnosis is performed in [Chapter 3|

2.3.2. Forecasting models for functional time series

When working with time series, it is often desired to model the temporal dependence exhibited
by the data. As such, a vast majority of the literature regarding time series has been devoted to
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these types of forecasting models (the reader is to Chatfield (2001) for a survey on univariate
forecasting methods). Due to the flexibility and generalization capabilities, these techniques
have applications in diverse fields such as weather forecasting, production planning and load
forecasting, among others.

The last two decades have seen seen a growing interest in forecasting models for functional
time series, with authors developing novel techniques to model the complex dynamics often
exhibited by these series. This section is devoted to reviewing the different modelling techniques
found in the functional data literature, classifying them into different groups according to
the statistical tools that they use: dimensionality reduction, parametric and nonparametric
estimation methods.

2.3.2.1. Dimensionality reduction models

A common approach to forecasting functional time series is to project the functional observations
into a suitable finite-dimensional space in order to apply multivariate models to estimate future
values of the series Y7, Ys, ..., Y. In most applications the curves are projected into their first
functional principal components, effectively reducing the dimension of the functional data and
allowing the use of standard scalar time series models to forecast the future values of the scores

gtﬂ,j of the decomposition. Then, using the Karhunen-Loéve representation [Equation 2.33|

estimated future curves can be reconstructed as

K
Yipr(v) =D &r1,i65(v). (2.42)
j=1

As such, functional forecasting models based on dimensionality reduction can be classified
according to the methods used to estimate the series of scores For example,Valderrama et al.
(2002), Hyndman and Ullah (2007), Erbas et al. (2007), Hyndman and Shang (2009), and
Wagner-Muns et al. (2018) project the curves into the space spanned by the first functional
principal components of the functional time series and then fit univariate ARIMA models to each
series of scores. An application of these methods can be found in Shang et al. (2019), where
robust functional principal components are used to fit a projection-based functional regression
model. The work by Shang (2012) summarizes different functional forecasting techniques that
involve functional principal component decomposition methods.

Although the eigenfunctions of the FPC decomposition are uncorrelated, there may exist
some kind of serial correlation between them. In order to account for these cross-correlations
between scores, Aue, Norinho, et al. (2015), Klepsch et al. (2017), and Sen and Kliippelberg
(2019) propose to fit a vector autoregressive model to the FPC scores, which is able to obtain
a joint estimation of the multidimensional time series of the scores. In addition, the model
proposed by Aue, Norinho, et al. (2015)) is able to include functional covariates to its formulation,
by projecting the exogenous functional observations into the space spanned by its first functional
principal components. Once the dimensionality of the functional covariates has been reduced,
the series of scores can be used in their multidimensional model.

2.3.2.2. Nonparametric models

Unlike the previous methodology, nonparametric and parametric models do not rely on explicitly
reducing the dimension of the original functional dataset to fit a forecasting model to the data.
These techniques assume that the functional time series follows some kind of relationship where
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functional linear operators are used to model this serial dependence. The reference model
for forecasting functional time series is the autoregressive Hilbertian process of order 1 (Bosq,
2000), denoted by ARH(1), which is defined as

Y = W(Yio1) + e (2.43)

Here, VU is the autoregressive operator that needs to be estimated and ¢, denotes a functional
white noise process. According to the techniques used to estimate these linear operators
forecasting models for functional time series can be classified as parametric or nonparametric
models.

The nonparametric framework does not assume a fixed structure for the linear operators,
instead relying on a local weighting of the input variables to estimate the operators of the
model (Ferraty and Vieu, 2006). The Nadaraya-Watson kernel estimator (Nadaraya, [1964;
Watson, 1964) is often used to perform this local weighting of the variables, selecting the most
similar historical values in the available dataset to predict future situations. As such, the ARH(1)
operator can be estimated as

t—2
(Y1) =Y wn (Yie1,Y)) Vi, (2.44)
j=1

Here, wy(.,.) denotes the weight function that is given by

K (h'd (Y11,Y5))

wp (Yie1,Y;) = ——
TSR (h1d (Y, V)

, (2.45)

where K denotes a kernel function (such as the standard Gaussian density function) and h > 0
is called the bandwidth parameter of the kernel, which accounts for the level of smoothing
that will be applied to the data and needs to be estimated from the data. can
be interpreted as a weighted average of past functional observations, where the similarity
between the observations is quantified by the (semi-)metric function d (., .). As such, the choice
of the distance function is critical, as it will be used to highlight the relevant features of the
curves.

Some early results about nonparametric functional models can be found in Besse, Cardot,
et al. (2000), where the authors analyze the applicability of these nonparametric forecasting
models against other conventional non-functional models, and Masry (2005) and Delsol (2009),
where asymptotic properties of these estimators is established. The monograph (Ferraty and
Vieu, |2006)) provides an excellent introduction to nonparametric techniques, which helped to
popularize these nonparametric statistical methods. Recent examples of the nonparametric
autoregressive model of order p can be found in Zhu and Politis (2017).

In real world applications the inclusion of exogenous covariates is of utmost importance, as
they are often the main drivers of the functional time series. As such, Aneiros and Vieu (2008)
introduced the semi-parametric model, which allows the inclusion of exogenous variables to
the nonparametric autoregressive model. This model has been successfully applied in electricity
load and price forecasting (Vilar, Cao, et al., [2012; Aneiros, Vilar, and Rafia, [2016; Vilar,
Aneiros, et al., |2018) and nonparametric forecasting of residual demand curves (Aneiros, Vilar,
Cao, et al.,|2013).
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A different approach to these techniques can be found in Antoniadis, Paparoditis, et al.
(2006) and Antoniadis, Paparoditis, et al. (2009), where the authors introduced a combination
of kernel and wavelet techniques to define a suitable semi-metric that can be used to forecasts
functional time series using nonparametric techniques. This kernel-wavelet approach is able to
measure to quantify the similarity between segments of the functional observations, allowing
for a robust forecasts of non-smooth curves. This approach has been illustrated with a real
world application in electricity load forecasting (Antoniadis, Brossat, et al., 2016)).

2.3.2.3. Parametric models

Following the discussion found in Chapter 1 of Ferraty and Vieu (2006), parametric models
for functional time series forecasting can be defined as models that assume that the operators
that appear in the formulation of the forecasting model belong to some known family, such
as integral operators. This approach was formalized in the monograph Bosq (2000), where
estimation techniques and stability conditions for the ARH(1) model were derived.

When estimating the operator ¥ of the ARH(1) process, it is necessary to obtain the inverse
of the covariance operator of the process. Due to the infinite-dimensional nature of the data,
this operator does not have a bounded inverse, hence the authors propose to truncate the
spectral decomposition of the operator to obtain a pseudo-inverse that can be used in the
estimation procedure. This can be seen as estimating the covariance matrix for the projections
of the original functional data when projected onto the space spanned by its first M functional
principal components. Other works such as Mas and Pumo (2009) and Horvath and Kokoszka
(2012) follow the same approach, which has become a standard in the functional parametric
literature. It can be seen that the estimated operator U obtained by this method is an integral
operator whose kernel function takes the form

~

M M
S 0) = 330 S RNV, 3 Vi, i) ()i (v), (2.46)

where {Xj }j]‘il denotes the estimated eigenvalues of the covariance operator of the data and
{@ }jj‘il are the first functional principal components of the curves. This can be seen as finding

the optimal coordinates of the bivariate kernel function " (u,v) when projected in the functional
basis defined by the first principal components of the functional dataset.

This model has been widely studied in the literature. Mas (2007) and Alvarez-Liébana, Bosq,
et al. (2017) analyze the asymptotic properties of the ARH(1) model. Other estimation methods
for the ARH(1) model are illustrated in Didericksen et al. (2012)), where the authors compare
the finite-sample estimation properties of the different techniques. Additionally, Kargin and
Onatski (2008)) introduces a different estimation procedure for the ARH(1) operator: instead of
projecting the operator in the first functional principal componets of the series, the define a a
novel dimensionality technique that is derived directly from the minimization of the prediction
error. These new directions, called predictive factors, can improve the forecasting capabilities
of the model when compared with other estimators. The work by Horvath, Liu, et al. (2020)
compares the predictive capabilities of several of these estimation techniques in a real-world
financial application.

However, in many applications the ARH(1) model may not be enough, as the serial
dependence exhibited by the curves may be influenced by several lagged values of the functional
time series. The works by Bosq (2000) and Mourid (2002) provide an in-depth study of
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functional autoregressive processes of order p > 1, denoted as ARH(p) . The inclusion of
exogenous covariates in the ARH(p) model was analyzed in Damon and Guillas (2002) and
Damon and Guillas (2005), where the authors analyze the theoretical and empirical properties
of this model. This model, denoted as ARHX(p), can be formulated as

p z
Vi=> U (YVij)+ Y T2 (XP)+e, (2.47)
j=1 z=1

where VU, are the autoregressive operators, I', denotes the regression operator associated with
the functional covariate X/ and ¢; are the i.i.d. innovations of the model. The functional moving
average model MAH(1) was introduced in Turbillon et al. (2007), where the authors develop an
estimator for the moving average operator in Hilbert spaces. In addition, Klepsch et al. (2017)
study the functional ARMA model, denoted by ARMAH(p, q). The authors approximate the

model
q

p
Yi=> (Y i)+ > 0;(e—i) +e (2.48)
j=1 i=1
by a vector ARMA model, obtained after projecting both the curves, innovations and operators
in the space spanned by the FPC of the original functional time series.

This section was devoted to reviewing the different forecasting models found in the functional
data literature, highlighting the different assumptions that each model makes and its real-world
applicability. Nevertheless, there is still a relevant functional forecasting model that, due to its
relevance to the contents of this thesis, it deserves its own section. This is the SARMAHX model,
a parametric model that is a generalization of the scalar seasonal ARMA model with exogenous
covariates. This model, proposed in Portela (2017), has proven to be a competitive model
when compared against other reference forecasting models, due to its capability to capture
complex dynamics that are often present in real-world functional time series such as electricity
prices (Portela, Mufioz San Roque, et al., 2018). The following section will introduce this model
together with its main properties and assumptions.

2.3.3. The SARMAHX model

This section introduces the functional SARMAHX model, which is defined following the standard
time series modeling approach proposed in Box et al. (2008) but extended to functional time
series using integral operators. The proposed SARMAHX model generalizes the scalar ARMAX
model by extending the scalar model to functional time series using linear operators defined
on the Hilbert space L? as the parameters of the model. While the parameters of the classical
ARMAX model are scalar values, the parameters of the SARMAHX model are functional operators
that model the relation between input and output curves. In order to estimate these parameters,
a new methodology was proposed in Portela (2017), which differs substantially from the
parametric estimation methods described in[Section 2.3.2.3| As such, the modelization and
estimation of these functional operators is also detailed in this section. This section follows
Portela (2017)) and Mestre, Portela, Mufioz San Roque, et al. (2020).

2.3.3.1. Model formulation

The SARMAHX( Py, Qo) X (P1,Q1)s, X (P2,Q2)s, model is a functional Seasonal Autoregressive
Moving Average Hilbertian model with two seasonalities (although it could be generalized to

30 Probabilistic Forecasting of Functional Time Series: application to Scenario-Generation of
Residual Demand Curves in Electricity Markets
Guillermo Mestre Marcos



2.3. Functional time series

any number of seasonalities) which includes both functional and scalar explanatory variables.
The full expression for the model is defined as follows:

9 P; ' 2 Qk
H I — Z \I’j,iBZ.Sj (}/t) = H (I - Z @k,lBl.Sk> (575)

where:

j=0 i=1 kZ:fo =1 ) (2.49)
+ Y TIXP) + ) Ti(a)),
z=1 z=1
{Y;(v);t=1,2,...,T;v € V} a stationary and zero-mean functional time series.
{(XF(v.);2=1,2,--- , Zp;t=1,2,--- ,T;v, € V. } aset of Z; functional covariates.

{xf;2=1,2,--- , Z;;t=1,2,--- T} a set of Z, scalar covariates.
g¢ is a functional white noise process.
I is the identity operator.

Parameters Py, P, and P, are the regular and the two seasonal autoregressive orders
respectively.

Parameters QQy, Q1 and (), are the regular and the two seasonal moving average orders
respectively.

Parameters s; and sy are the seasonal time span for repeated patterns. Parameter s is
equal to 0.

Uy, U1, and Uy ; are the regular and seasonal autoregressive operators.
©9,, ©1,; and Oy are the regular and seasonal moving average operators.
T’ are the operators related to the Z; explanatory variables.

I'¢ are the operators related to the Z. explanatory variables.

B"™ is the lag operator which is defined as B"Y; = Y;_,, where n € N.

Two versions of the SARMAHX model are considered. If integral operators defined in the
L? space are used for the ARMA terms, the fully functional SARMAHX model is obtained. This
version of the model, illustrated in Portela, Mufioz San Roque, et al.,|[2018|in a electricity price
forecasting problem, is able to capture the cross-correlation dependence between different
discretization points of the curves. When this model is used for forecasting, all the error terms
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are unobserved. Thus, expanding the functional operators to its integral form and simplifying
the lag operators, the empirical forecast equation can be expressed as follows:

p P P

Yi(v') = Z Z Z /// A(v, v u,u)Y, 5 (u) dudu'dv
i=0 j=0 k=0
g Q1 Q2
— ZZZ/// B(v,v' u,u')g,_; (u) dudu'dv (2.50)
i=0 j=0 k=0

Zf Ze
+ Z/pz (v2,0") X7 (v2) dvs + ZBZ (V') x7,
z=1 z=1
where u,v,v' € V, v, € V,, t is defined as

£:i+j'81+]€~82,

g; is the estimation of past innovations, which is given by:

& (u) = Vi (u) = Yy (u), (2.51)

and
A(U7 vla u, U/) = ’(;ZJO,Z' (7}, U/) Q,Z)Lj (ulv ’U) ¢2,k‘ (U, U/) ) (252)
B(v, v u,u’) = 6y, (v, v/) 61,5 (ul, v) 021 (u,u') ) (2.53)

In order to ease the comprehension of the SARMAHX model, the following example is
detailed. The SARMAHX(1, 1) x(1,0)24 model would be defined following [Equation 2.49

Y =Vo1(Yi1) + W11 (Yieoa) — Yo,1W11(Yi—25) — Oo0,1(6t—1) + &4, (2.54)

where the terms are, respectively, the regular autoregressive, the seasonal autoregressive, the
autoregressive seasonal interaction and the moving average term. It should be noted that the
term W ;W5 ;(Y;_25) denotes the composition, i.e. g 1(W¥; 1(Y:—25)). Then, substituting each
operator by its integral expression, the forecasting equation becomes:

Y, (v) = / Po.1(u,v')Yi_1(u) du + / 11 (u,v')Yi—a4(u) du
— / V0.1 (v, v" )11 (u, v)Yi—25(u) du dv (2.55)
— /ngl(u, V)1 (u) du
As mentioned in [Section 2.2.6} if the dependence exhibited between the curves at different

discretization points is negligible, concurrent operators may be used instead of integral operators.
These operators are defined as

Vi(f)(w) = ¥i(v)f(v)  feL? (2.56)

and if concurrent operators are used in the ARMA terms of equation [Equation 2.49| the
concurrent version of the SARMAHX model is obtained. Due to its simpler formulation, the
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representation capabilities of these operators is more limited than integral operators, as they
are not able to model cross correlations between curves (i.e. the first part of the input curve
affecting the last part of the output curve). However, the formulation of the model is simplified,
which can ease the optimization of the parameters. For example, Equation 2.55|using concurrent
operators would have the following expression:

Yi(u) = vo,1(w)Ye—1(u) +1b1,1(u)Y;—24(u) 2.57)
— o1 (u)11(u)Ye—25(u) — 001 (u)&r—1(u).

As a conclusion, the resulting model (either the fully functional or the concurrent version)
admits a wide variety of configurations: autoregressive and moving average terms up to two
seasonalities as well as the inclusion of scalar and functional explanatory variables. Therefore,
this model is suitable for most functional time series found in many real-world applications,
such as price and load forecasting in electricity markets.

2.3.3.2. Estimation procedure

In order to fit the SARMAHX model, each integral operator must be estimated from the
observed data. As already mentioned in[Section 2.2.6] estimating an integral operator ¥ implies
estimating the associated kernel surface ¢ (u,v). The standard approach for the estimation
of these operators is to project the kernel into a subspace spanned by a functional basis, as
explained in[Section 2.3.2.3] Then, the coordinates of the kernel in that subspace are optimized
so that the forecasting error is minimized. Thus, the selection of the functional basis is critical
when applying these estimation methods.

In order to avoid choosing one fixed functional basis, the SARMAHX model follows a novel
approach to functional parameter estimation: each kernel function is modeled as a finite sum of
bivariate sigmoid functions (Portela, 2017; Portela, Mufioz San Roque, et al.,|2018). Sigmoid
functions are universal function approximates (Cybenko, [1989) which are commonly used in
neural networks due to their properties to model non-linear relations. As such, each bivariate
kernel ¢ (u,v) can be modeled as:

Gy
Y(u,v) = ap + Z ag tanh (wgo + wg1u + wgov) , (2.58)
g=1
where wgo, wg1, wg2, g and ag are the parameters that define each sigmoid. The variables u
and v take real values in the intervals in which the functional variables are defined (i.e. V or
V.). In the case of a concurrent operator (2.56)), this expression is simplified, modeling each
kernel as a finite sum of univariate sigmoids:

Gy
Y(v) =+ Z ag tanh (wgo + wgiv) . (2.59)
g=1

This approach can be viewed as a Multi-Layer Perceptron (MLP) neural network with a
particular configuration: an input layer with two input variables and a bias; one hidden layer
with a number G, of nonlinear hidden units with hyperbolic tangent as the activation function
and wgo, wq1, wy2 as the weights for each input. Finally, one output layer with one linear output
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(a)

Figure 2.7. (Part a) Architecture diagram of the neural network used for optimizing the functional
parameters of the SARMAHX model. (Part b) Kernel function estimated with 3 bivariate sigmoid functions
and a constant surface.

unit having o, as the weights for the activation of the hidden units. (Part a) shows
the architecture diagram of the aforementioned network with G, = 3 hidden layers. The
property of sigmoidal surfaces being universal approximators is illustrated in (Part
b), where a rather complex surface is modeled as the sum of 3 sigmoidal functions and a
constant surface that models the level of the final surface. It has been observed that using 5 or 6
sigmoid functions when fitting the SARMAHX model is enough in the vast majority of practical
applications, due to the flexibility of sigmoid functions.

The parameters (wgo, wg1,Wq2, g, 0p) completely define each bivariate kernel in
Therefore, the proposed SARMAHX model is estimated when values for all these
parameters are estimated. In order to achieve this, a low-memory Quasi Newton method with
random initial weights has been implemented to optimize these real-valued parameters so as
to minimize a certain cost function. In Portela (2017), the cost function C for estimating the
SARMAHX model is defined as the sum of the L? square errors,

T
c=Y e, (2.60)
t=1
where o ~ )
e = HYt - Y;HL2 - / (Yt(u) - Y}(u)) du. (2.61)

The implemented Quasi Newton method is a gradient descent algorithm, so the derivatives
of the error term shown in [Equation 2.60| with respect to the sigmoid parameters are needed.
The derivative of the error function with respect to a general parameter W is given by:

T A~
oC > Y (u)
— = 2Y; -Y, — 2.62
2 _ 3 [ i) (2509
where ag;#) is the partial derivative of the estimation with respect to the generic parameter .

In order to reduce computational times, analytical expressions for these derivatives have been
obtained. The reader is referred to Portela, Mufioz San Roque, et al. (2018)) for the formulation
of the derivatives of the cost function with respect to the weight parameters.

However, neural network procedures are known to have a tendency towards overfitting. If
no regularization techniques are used in the learning process, the resulting network will be so
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Figure 2.8. Evolution of both training and validation errors in the optimization process for the SARMAHX
model. The training error always decreases in each iteration of the algorithm, but the same is not true
for the validation set. The early-stopping method is used to select the parameter configuration that yields
a lower validation error (marked in the figure with a square).

closely fitted to the training data that it causes the model to not generalize well in the presence
of new data. In order to prevent this effect, early stopping methodology is used: the observed
data is split into a training and a validation set and executing the optimization algorithm with
the training set, thus minimizing the cost function over these data. At the same time, the
adjusted model in each iteration is being evaluated with the validation set. illustrates
this methodology: the training error of the model decreases in each iteration while the error
among the validation set is oscillating. As the best model is the one with better generalization
performance among an unknown dataset, the final model will be the one that produces a lower
error in the validation data.

The training and evaluation of the SARMAHX model has been implemented in C
programming language. This includes the quasi-Newton algorithm and the derivatives which
feed the quasi-Newton. It is a common procedure in neural network implementations to
normalize or standardize the input and output variables, so both the time series {Y;}~_; and
the functional covariates { X;}/_, are centered and normalized as

¥ (0) = (Yi(0) — uy(0) Joy . X7 (0) = (Xu(v) - pae(v)) fox, (2.63)

where oy and ox are normalization values for which Y*(v) € [—1,1] and X/ (v) € [-1,1].
Similarly, in order to help the algorithm to converge faster and as a way to minimize the risk
of falling into a local minimum, the domain of the time series {Y;*}7 , and the functional
covariates {X;}Z, is moved to the range [—1,1]. By default, the sigmoid parameters are
initialized with small values, causing the sigmoids to be centered around 0. As such, the
position of the sigmoids wont need to move far from that initial position.

This section summarizes the main properties of the SARMAHX model, highlighting the
features that make this model a suitable model to forecast functional time series that appear on
electricity markets. The inclusion of exogenous covariates (either scalar or functional variables)
and the ability of including up to two seasonal terms makes it possible to capture the complex
dynamics that hourly functional time series, such as the series of residual demand curves, exhibit.
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However, before fitting the SARMAHX model, the user needs to select both the seasonality
present in the data and the order of the autoregressive and moving average terms. As such, it
is necessary to develop some kind of identification and diagnosis technique for assessing the
adequacy of these functional SARMAX models. is devoted to this purpose, developing
an analogue of the Box-Jenkins identification methodology for functional time series.

2.4. Probabilistic models for functional time series

The main goal of forecasting is to obtain estimations about the distribution of some future
value of interest. The vast majority of research in forecasting models is aimed at producing and
evaluating point forecasts (estimates of the mean of the distribution of interest). Point forecasts
are of utmost importance, providing the forecaster with an easy to understand description of
the future evolution of the series. However, while point forecasts are adequate in some cases,
the vast majority of applications require having estimations of the uncertainty associated with
the forecasts in order to optimize their decision-making process. As such, the last decade as
seen a growing interest in the development of probabilistic forecasting models, see Gneiting
and Katzfuss (2014) and Hong and Fan (2016) for an in-depth review of probabilistic electricity
load forecasting models.

The aim of probabilistic forecasting models for scalar time series is to estimate the distribution
of a certain quantity of interest. Probabilistic forecasts can be expressed in a variety of ways
(Zhang, Wang, et al., 2014): through a probability measure, such as the variance or skewness of
the future event; using quantiles and intervals of the estimated future distribution (Anastasiades
and McSharry, 2013); and by providing the user with an estimation of the probability density
function of the data (Hyndman and Fan, 2010). In several real-world applications, probabilistic
forecasts can be used for risk-based decisions by quantifying the uncertainty associated with the
forecasts. In addition, probabilistic models may overcome the limitations of point-forecasting
models by allowing the generation of future scenarios that are consistent with the estimated
density for future events.

Probabilistic models for time series can be classified in two large groups, based on how the
model estimates the future distribution of the series of interest. The first set of probabilistic
models aim at estimating the whole distribution of the output variables, often using non-
parametric methods such as kernel density estimators, as shown in Monteiro et al. (2018);
probabilistic radial basis function networks (Mufioz San Roque and Sanz-Bobi, 1998) or by
characterizing the distribution of interest via its quantiles, using techniques such as quantile
regression models (Bello et al.,2017). Although these models have been applied successfully
in several real-world scenarios, they are often not as interpretable as other time-series based
methods, which is a quality that is often desired in many applications. The second type of
probabilistic models found in the literature are based on quantifying the uncertainty associated
with a deterministic forecasting model, which can be expressed as

yr = D(y; 1) + e, (2.64)

where D(y,_;) denotes the deterministic part of the model and ¢; is the stochastic part of the
model. After the deterministic model is fitted, the residuals of the model are analyzed in order
to obtain an estimation of the distribution of the errors of the model. Once the distribution of
the residuals has been characterized, probabilistic statements can be obtained for the forecasts
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of the deterministic model. The monograph Chatfield (2001) contains an in-depth review of
the most common techniques used to quantify these distributions.

Although there are many functional models for point-forecast (Hyndman and Shang (2009),
Antoch et al. (2010) and Aneiros, Vilar, Cao, et al. (2013]), among others), methods for obtaining
prediction intervals for functional time series have not been studied extensively up to date.
Some remarkable works in this direction are Antoniadis, Brossat, et al. (2016), where the
authors use a nonparametric functional model to obtain pointwise prediction intervals for the
electricity load in the, and Vilar, Aneiros, et al. (2018), where prediction bands are obtained
for a semi-parametric functional model. One of the main objectives of this thesis is to develop
a functional probabilistic model that is able to model the distribution of a given functional
time series, providing an estimation of the conditional probability density function of any
future event. As such, a model which is able to characterize the conditional distribution of the
residuals of a functional deterministic model is preferred, as it allows us to benefit from the
deterministic forecasts of functional time series models that are often used in practice, obtaining
much sharper distributions. The advantages of this approach are twofold: firstly, it allows us
for using the predictive capabilities of the SARMAHX model (Portela, Mufioz San Roque, et al.,
2018) introduced in which has proven to be a competitive model in functional
time series forecasting. Secondly, by quantifying the uncertainty of the SARMAHX forecasts,
realistic scenarios that are consistent with the deterministic forecasts can be generated.

This section is devoted to performing a review of probabilistic models for functional data
proposed in the literature. Firstly, the definition of an analogue of the density function for
functional datasets is presented in analyzing the extension of the notion of density
of a finite-dimensional dataset to the functional framework. Secondly, [Section 2.4.2| will review
the different probabilistic models found in the literature for functional data, grouping them
according to the methodology employed to generate probabilistic forecasts. The advantages
and disadvantages of each method will be analyzed, which will provide a framework for the
contributions of this thesis.

2.4.1. On the lack of a density function for functional data

The major drawback for the development of probabilistic models for functional data is the
lack of a propper probability density function (Delaigle and Hall, |2010; Cuevas, 2014). The
non-existence of a density function in the L? space with respect to the Lebesge measure
was established in Li and Linde (1999). The authors focused on the concept of “small ball
probabilities”, this is, the probability of a random function X falling into a small ball B <2( ' 5)

of center X' and radius ¢ for the topology of its respective function space given the distance
functiond (., .):
B (A/,&) _ {X* cL1?|d (X’,X*) < 5}. (2.65)

The authors studied the probability P (X €B (X ', 5)) and found that the expected number of
functions falling into balls with a small radius is so low that densities do not even exist in most
cases (Dai et al., 2017). This makes a substantial difference with scalar probabilistic models, as
the vast majority of those models rely heavily on having estimates of the probability density
function of the data. As such, the literature on functional probabilistic models is scarce, as
authors must employ non-standard techniques for quantifying the uncertainty associated with
functional models.
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In order to overcome this, several alternatives have been proposed in the literature. In
Delaigle and Hall (2010) the authors propose approximating the probability density function
for functional data as the joint density function of the first M FPC scores of the curves. Given
X1, X5,..., Xy aset of N functional observations obtained from the same distribution as the
functional random variable X, the projection-based density p(XM) of the curves can be estimated
using a kernel density model:

N
(M) _ 1 —1/2 (0
" (w H) = e ;K (B2 (), (2.66)

where H is the bandwidth matrix of the model, |H| denotes the determinant of the matrix,
and x; are the scores of the first M FPC associated with the functional observation X;.
In this formulation, K denotes a multidimensional kernel function, such as the standard
Gaussian density. The choice of the bandwidth matrix H is done using standard kernel density
estimation methods (Silverman, [1986). The authors prove that their approximation captures the
distribution of the curves up to a certain order, related to the number of principal components
used in the decomposition. This technique has been used in both classification (Delaigle and
Hall, |2012; Dai et al., [2017) and model-based clustering (Bouveyron and Jacques, 2011}
Jacques and Preda, 2013; Jacques and Preda, 2014) of functional datasets.

This technique is illustrated in where the density of the electricity load profiles
is approximated by the joint density of its first 2 FPC. As can be seen, the obtained density of
the functional data presents a multimodal behavior, with four distinct density clusters that are
associated with different shapes of the curves. The interpretation of the functional principal
components that was carried out in [Section 2.2.5| can be useful to analyze the estimated
density function of our data: recall that the first principal component models the level of the
curves, hence the leftmost cluster seen in the figure can be associated with days with a lower
demand (typically weekends and holidays). In addition, the second component accounts for
the difference between summer and winter, as extreme temperature values greatly affect the
electricity consumption. The effect on the shape of the curves can be seen in the estimated
distribution, where the highest density cluster is located in the negative range of the FPC2 and
only a small number of points fall in the rightmost positive density cluster.

Other authors follow the definition of Ferraty, Kudraszow, et al. (2012) to estimate an
equivalent version of the probability density for functional data based on some (semi-)metric
function d*. Let {X;}7_, be a set of functional random variables independent and identically
distributed as X and valued in L?. The authors analyze the small ball probabilities associated
with the open balls in the topology associated with the semi-metric d*, and assume that there
exist functions ¢(.) and pil\:(.) such that for all X € L2,

P (X €B (X’, 5)) ~ P X)p(8) asd — 0, (2.67)

which implies that P (X €B (X', 5)) = pX(X)p(8) + o(4(0)) as § — 0. The function pL(X)
can be considered as an infinite-dimensional analogue of the concept of probability density,
while ¢(4) may be interpreted as a volume parameter. In order to obtain approximations to this

*

density de(X ), the authors propose the following kernel estimator:
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Figure 2.9. Contour plot (left) and perspective plot (right) of the projection-based density for the series
of electricity load profiles using the first 2 FPC of the data.

1 > K(h'd (X, X))
TS g K (b1 (X, X))
where K is a kernel function and ~ > 0 is the bandwidth parameter of the kernel. By employing
a distance function as a notion of similarity between the curves, their model is able to define
a notion of central tendency in a population of random functional variables. This approach

has been used both in classification of functional datasets (Bongiorno and Goia, |2016) and
(Ciollaro et al.,[2014) for clustering functional data.

PY(X, h) = (2.68)

This distance-based density function has been implemented in order to compare this
technique with the projection-based density described before and analyze the benefits of
these two approaches. illustrates this method using the same electricity load profile
dataset: the model described in[Equation 2.68|has been fitted using the historical curves, and the
fitted density has been evaluated over the 7 new load curves shown in the left panel. The metric
function that has been used in this example is the L? distance, and the bandwidth parameter h
has been selected using the method proposed in Ferraty, Kudraszow, et al. (2012). The right
panel shows the estimated density for each new curve, using the color code represented in the
legend. As can be seen, the density of curves 2, 3, 4 and 7 is higher than the remaining curves,
due to these curves exhibiting a similar level and shape to the majority of the historical curves.
The level of curve 5 is similar to curves 2, 3 and 7; however the odd shape of this new curve
lowers the density given by the model. Finally, curves 1 and 6 are electricity load profiles for
weekends, which explains their low probability.

Nevertheless, while these techniques have been applied in both classification and clustering
for functional data, the same cannot be said for functional forecasting models. When dealing
with a time series model, the practitioner is usually interested in measuring the uncertainty
associated with its forecasts. As mentioned earlier, this often involves estimating the distribution
of the residuals of the model. A common technique for approximating the distribution of the
residuals of a time series model is the bootstrap (Efron and Tibshirani, 1994; Chatfield, [2001)).
This technique involves sampling from the empirical distribution of past fitted errors. The
procedure effectively approximates the theoretical distribution of the innovations of the model
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Figure 2.10. Left: set of historical electricity load curves used to fit the distance-based kernel density
model. A set of new curves is included, in order to test the probability assigned by the model. Right:
probability density given by the model to each new curve.

by the empirical distribution of the observed residuals. The literature in boostrap methods
applied to functional time series models is growing rapidly: in Rafia, Aneiros, et al. (2016])
the authors perform a review of bootstrap methods in the functional data framework, together
with its asymptotic properties. In Vilar, Aneiros, et al. (2018) the authors develop a bootstrap
algorithm that accounts for heteroscedasticity in the residuals of a fitted functional forecasting
model, whereas Rossini and Canale (2019) propose a block bootstrap method to quantify the
uncertainty associated with a functional autoregressive model.

2.4.2. Probabilistic models for functional time series

The last section was devoted to analyzing the concept of a density function for functional
data and to proposing different approaches to quantify the distribution of a functional random
variable. This section is aimed at analyzing the models that have been proposed in the literature
to obtain probabilistic forecasts of a functional time series. Most of the probabilistic models
found in the literature are aimed at estimating the distribution of these functional variables
through the generation of scenarios of the original curves, so the available scenario generation
models will be classified according to the technique that is employed to obtain said functional
scenarios.

2.4.2.1. Dimensionality-reduction models

Methods listed in this section are based on dimensionality-reduction models, which have already
been introduced in(Section 2.3.2.1] In these models, the functional time series is projected on
a fixed functional basis (tipically FPCA) and then multivariate models are used to model the
finite-dimensional time series of the scores. Once the future scores have been estimated, future
curves can be reconstructed by applying the inverse transformation of the decomposition.

As these models effectively reduce the dimension of the data, classical techniques can be
used to obtain prediction intervals for the multivariate series of scores. The prediction intervals
obtained for the scores can then be combined to obtain prediction bands for the functional time
series that is being modeled. This approach was used in Hyndman and Ullah (2007), Hyndman
and Shang (2009), and Shang (2013), where the functional time series is decomposed in
their Functional Principal Components to project the data into a low-dimensional space. Then,
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ARIMA models are fitted to forecast the series of the FPC scores, and the prediction intervals of
the ARIMA models are used to define the prediction intervals for the functional observations.
The authors illustrate this technique with applications to forecasting demographic curves and
monthly sea temperatures. The R package ftsa contains functions to replicate the methods
proposed in those works. In Liebl (2013), a functional factor model is proposed to obtain
estimations of the electricity price using the electricity demand as an explanatory variable. The
authors use FPCA to decompose the factor function and then uses a SARIMA model to estimate
the scores of the decomposition. Then, the 95% prediction intervals of the fitted SARIMA models
are used to generate prediction bands of the estimated price by reconstructing the upper and
lower bands using the Karhunen-Loéve representation.

Although the models reviewed in this section are devoted to estimating prediction bands,
functional scenarios can be obtained using these techniques. Standard resampling techniques
can be used to simulate values of the FPC scores, which then can be used to obtain future
functional scenarios by reconstructing the curves. One example of this technique can be found
in Hyndman and Booth (2008), where the authors obtain bootstrap replications of the residuals
of the fitted multivariate models to generate sample paths of the estimated demographic
curves.

2.4.2.2. Assumptions on the distribution of the residuals

A common assumption when fitting a forecasting model is that the residuals of the model follow
a normal distribution. This allows the practitioner to simulate future innovations of the process
by sampling from the theoretical Gaussian distribution. This approach has been extended to
the functional data framework, often used together with dimensionality-reduction techniques.
In Mestekemper et al. (2010), the authors obtain estimations for the functional time series
of water temperature by applying FPCA and estimating each component by using a Vector
Autoregressive (VAR) model. Then, in order to obtain prediction bands for its forecasts, it is
assumed that the residuals of the fitted VAR model follow a multivariate Gaussian distribution,
hence defining 95% prediction intervals as

U1 £ 1.964/diag (%)), (2.69)

where ¥ is the estimated covariance matrix of the residuals of the fitted VAR model.

A similar approach can be found in Shang (2012) and Erbas et al. (2007), where the authors
use FPCA to reduce the dimensionality of the input curves to obtain estimations of age-specific
fertility rates and breast cancer mortality, respectively. In both models, the residuals of the
fitted multivariate are assumed to be normal, obtaining pointwise prediction intervals for its
models.

2.4.2.3. Bootstrap replication

As mentioned in the previous section, bootstrap techniques are one of the most commonly
used method to approximate the unknown distribution of the innovations of a time series
model by sampling from the empirical distribution of the fitted residuals. Due to their ease of
implementation and their good asymptotic properties, bootstrap methods have been widely
used in the functional data literature. For example, Rossini and Canale (2019) proposes a
moving block bootstrap to generate future scenarios of the daily supply and demand curves of
the Italian natural gas market. From these functional scenarios, point-wise prediction bands
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can be obtained. In Ferraty, Keilegom, et al. (2009) and Zhu and Politis (2017) a bootstrap
procedure is applied to the residuals of a functional non-parametric model to obtain confidence
intervals for the estimation of the regression operator of a non-parametric functional model.
The naive bootstrap method proposed by the authors can be summarized as follows: given
{Y;}L | a functional time series, the authors fit a non-parametric autoregressive model (see
to the series. The estimations of the model are denoted as {}Aft}tT:l. Then,
the authors propose a naive bootstrap procedure for obtaining functional scenarios of the
series:

1. Forallt =1,...,T define the residuals of the model as &; = Y; — }Aft

2. Lete=T"! 2]21 £; be the sample mean function of the model’s residuals. Define new

i.i.d. elements £5°%, ... £b°t such that
P (et =5 —3) =17 (2.70)
fori,j=1,...,T.
3. Fort=1,...,T,let
YtbOOt S TANE g?oot' (2.71)

Repeat this process B times to obtain B sets of functional scenarios.

The authors then use these functional scenarios to obtain confidence intervals for the estimation
of the non-parametric autoregressive operator. This work is improved in Ferraty, Van Keilegom,
et al. (2012), where the residuals of the model are projected in their first principal components
and the bootstrap procedure is employed to estimate the density of each component of the
projected error. Hence, they are able to obtain confidence areas for the estimation of the
regression operator of their model.

An in-depth comparison of bootstrap methods for non-parametric functional regression
models can be found in Rafia, Aneiros, et al. (2016)). The methods proposed by the authors
are generalized in Vilar, Aneiros, et al. (2018), where bootstrap algorithms are proposed to
account for heteroscedasticity in the residuals of a fitted semi-parametric data. Point-wise
prediction bands are obtained using the bootstrapped residuals, which are then used in a case
study using data from the Spanish electricity market. The prediction intervals obtained are
able to account for both the variability on the estimation of the autoregressive operator and the
uncertainty of the model’s errors. The model proposed by Antoniadis, Brossat, et al. (2016
obtains a wavelet decomposition of the original curves, and then uses a non-parametric model
to estimate the curves based on the wavelet distance. In order to obtain prediction intervals, a
weighted bootstrap algorithm is proposed, which uses the distribution induced by the weights
of the fitted non-parametric model to sample historical residuals. This method is illustrated
with a case-study to forecast French daily electricity load profiles.

As seen, most of the functional probabilistic models found in the literature are concerned
with modeling the unconditional distribution of the residuals of a deterministic forecasting
model. However, when modeling functional time series that appear in electricity markets,
such as the daily price profiles or residual demand curves, the distribution of the data is often
influenced by changes in other exogenous variables. One example of this behavior can be seen
in[Figure 2.9, where the density of the electricity load curves was shown. The estimated density
illustrates how extreme temperatures and the level of industrial activity affect the distribution
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of the curves. As such, in order to develop a competitive functional probabilistic model, the
conditional distribution of the residuals has to be modeled. This will allow the model to provide
more accurate estimations of the uncertainty of the forecasts and to generate future scenarios
that follow the estimated conditional distribution exhibited by the original data.

2.5. Conclusions

This chapter has been devoted to introducing the theoretical background and the main
techniques used for Functional Data Analysis (FDA), a novel research field that aims to
analyze and model the behavior of functional random variables. As these variables are real-
valued functions that belong to an infinite dimensional space, classical multivariate techniques
cannot be applied directly to functional datasets. This has motivated the development of new
methodologies that are able to extend the standard statistical concepts to infinite-dimensional
observations. A brief summary of these statistical tools has been included in this chapter, such
as functional principal components and a review of functional regression models.

This thesis is concerned with modeling and forecasting functional time series, which are
realizations of a functional stochastic process. Functional time series appear in many practical
applications, so it is of utmost importance to develop models that are able to capture the
dynamics exhibited by the series. A review of the different forecasting models for functional
time series has been performed, classifying each model in three large groups (dimensionality
reduction, nonparametric and parametric models) according to the estimation techniques used
to obtain estimations of the series. In addition, this chapter includes an introduction to the
SARMAHX model, a parametric model that generalizes the classical seasonal ARMA models
to the functional framework. Due to its flexibility, the SARMAHX model is able to model the
complex behavior often exhibited by functional time series found in electricity markets, making
it a suitable model in many real-world applications. However, when fitting the SARMAHX
model to a functional dataset, it is critical to define a methodology that allows the practitioner
to select the optimal orders of the model. One of the main objectives of this thesis is to propose
an identification and diagnosis procedure that can be used to quantify the serial correlation
of a given functional time series, providing a useful tool when selecting the parameters of the
model.

Although the literature on deterministic forecasting models for functional time series is quite
extensive, the same cannot be said about functional probabilistic models. The development of a
model that is able to account for the uncertainty associated with point forecasts would be of
major interest, as this will allow users to make risk-based decisions. The literature on functional
probabilistic models is scarce, often relying in normality assumptions or resampling techniques
to quantify the uncertainty of the models. This lack of functional probabilistic models can be
explained by the infinite-dimensionality of the observations, making it impossible to define
a proper density function for functional datasets. As such, new approaches to the concept
of density for functional data have been developed, which provide an approximation to the
density function of a functional dataset. These methods have been successfully applied to the
classification and clustering of functional data, but up to our knowledge, they have not yet
been applied to probabilistic forecasting of functional time series. This thesis is concerned with
developing a probabilistic model for functional time series that is able to model the distribution
of the forecasts and to generate future scenarios that are consistent with that distribution.
Therefore, the statistical concepts reviewed in this chapter will be of utmost importance when
formulating this new model.
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Identification and diagnosis of
the SARMAHX model

Quantifying the serial correlation across time lags is a crucial step in the identification and
diagnosis of a time series model. Simple and partial autocorrelation functions of the time
series are the most widely used tools for this purpose with scalar time series. Nevertheless,
there is a lack of an established method for the identification of functional time series
(FTS) models. Functional versions of the autocorrelation and partial autocorrelation
functions for FTS based on the L? norm of the lagged autocovariance operators of the
series are proposed. Diagnostic plots of these functions coupled with prediction bounds
derived from large sample results for the autocorrelation and partial autocorrelation
functions estimated from a strong functional white noise series are proposed as fast and
efficient tools for selecting the order and assessing the adequacy of functional SARMAX
models. These methods are studied in numerical simulations with both white noise and
serially correlated functional processes, which show that the structure of the processes
can be well identified using the proposed techniques. The applicability of the method is
illustrated with two real-world datasets: Eurodollar futures contracts and electricity price
profiles. The content of this Chapter is a version of the journal article Mestre, Portela,
Rice, et al. (2021).

3.1. Introduction

Due to recent technological advances in science and industry, the collection and analysis of
high-dimensional data has become an important topic in the field of applied statistics. Many
of these observations arise from continuous processes observed, for example, over time, space
or frequency domains. These observations can be naturally expressed as functions, and thus
the name functional data is commonly used to such observations. The need for statistical
methodologies to explore and analyze the structure of these high-dimensional data has led to
the development of the Functional Data Analysis (FDA) framework. The monographs Ramsay
and Silverman (2005) and Ramsay, Hooker, et al. (2009) and Kokoszka and Reimherr (2017)
provide excellent introductions to the key topics of functional data and its applications.
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Figure 3.1. Left: Rainbow plot of the FTS of daily electricity price profiles from the Spanish electricity
market for the year 2014. Color denotes time, with the oldest curves in red and the most recent data in
violet. Right: Rainbow plot with time in a third axis.

If these functional data are collected sequentially over time, it is natural to expect a time
dependence between functional observations. This motivates the consideration of functional
time series (FTS); see e.g. Bosq and Mas and Pumo (2010). Due to its wide range of real
world applications, there has been growing research interest on the analysis and identification
of such functional processes, as presented in Horvath and Kokoszka (2012) where several tests
are introduced to measure the serial dependence structure and other properties of FTS.

To present the main ideas, let {Y;(u); t =1,...,T; u € [0, 1]} denote an observed stretch of
length T of a functional time series. Here we assume that each observation Y;(u) is a functional
observation defined on [0, 1] whose sample paths are in L2([0, 1]), which is the space of square
integrable functions defined on the unit interval. Since typically functional data are only
observed at some discrete collection of points, we are assuming that the elements of the FTS
under consideration have been obtained after a pre-processing step, such as linear interpolation
or basis smoothing; see e.g. Ramsay and Silverman (2005). We could consider instead FTS
taking values in more general function spaces, but proceed with L?([0, 1]) in this presentation
given the data applications we present below.

As with the majority of scalar and vector-valued time series models, most FTS models can be
expressed as

}/t:f(nflw"a}/tfpaetfla"'agt*q)+€t7 (31)

where {¢,; ¢t € N} denotes a sequence of independent and identically distributed random
functional processes with zero mean, and f is an operator of the p past values of the time series
and the ¢ past values of the i.i.d innovation processes. Functional models such as the functional
autoregressive model (Bosq, Aue, Norinho, et al., Martinez-Herndndez et al.,
2019), the functional ARHX model (Damon and Guillas, Damon and Guillas, 2005), the
functional moving average model (Turbillon et al.,[2007), the functional ARMA model (Klepsch
et al.,[2017), the SARMAHX model (Portela, Mufioz San Roque, et al., Mestre, Portela,
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Figure 3.2. First 5 lagged autocovariance functions for the FTS of daily electricity price profiles (top) and
a three-dimensional representation of the surfaces (bottom). These functions provide detailed, though
perhaps difficult to interpret, information on covariance structure between curves Y; and Y;_j.

Muiloz San Roque, et al., [2020) and the functional ARCH model (Hérmann, Horvath, et al.,
2013) all follow the general equation (3.1).

Identifying relevant features of the time series such as serial correlation, trend or seasonality
is of utmost importance when identifying a time series model. Several methods have been
proposed for revealing these attributes. Graphical tools can be found in Hyndman and Shang
(2010), where the rainbow plot was proposed for visualizing large time indexed functional
data sets and performing outlier detection. Curves that exhibit an odd shape or magnitude
can be identified with this method. In addition, it provides some information about the trend
of the series. Other tools can be found in Canale and Vantini (2016)), where the authors use
visual representations of the autocorrelation functions of the curves to obtain insights about the
dependence across functions observed at different times.

For example, Figures[3.1and illustrate these tools for a FTS composed of daily electricity
price profiles from the Spanish electricity market in 2014 (Portela, Mufioz San Roque, et al.,
2018). In particular, shows the rainbow plot for the price profiles time series.
Increases or changes in trend of the daily price profiles are clearly visible in the summer months,
as well as in January (red curves). It is however difficult to decipher from this plot the nature
of the serial dependence between the curves. [Figure 3.2|illustrates the autocovariance surfaces,
or kernels for different time lags; see for a formal definition. It can be seen that
the electricity prices for hours 12 to 18 are correlated with past curves, and that hours 19 to
22 are less influenced by the former price curves. These graphical tools provide some insights
on the trend and outliers of the FTS, but they are not able to describe the serial dependence
between the curves.

Moreover, once a model of the form has been fitted to a given FTS, the plausibility of
the main assumptions made by the model should be investigated. In particular, the residuals of
the model should behave as independent, identically distributed curves. Several tests have been
proposed in order to check the validity of the serial independence assumption for functional
data. A Functional Principal Component (FPCA)-based Portmanteau test is proposed in Gabrys
and Kokoszka (2007). In Gabrys, Horvath, et al. (2010), the authors project the residuals
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of the functional linear model on an “optimal” finite dimensional subspace to test for model
goodness-of-fit. The white noise test proposed in Horvath, Huskova, et al. (2013)) is based on
the sum of the L? norms of the autocovariance operators of the FTS, rather than on summaries
of the FPCA projections. Kokoszka, Rice, et al. (2017) also develop portmanteau tests and
inferential procedures for the autocovariance operators of a FTS that are valid in the presence
of conditional heteroscedasticity. In addition, frequency-domain tests have been proposed
recently in Zhang (2016) and Bagchi et al. (2018) and Characiejus and Rice (2020), where
the authors use the distance between the spectral density operator of the series and its best
L?—approximation by a spectral density operator corresponding to a white noise process as a
measure of the deviation of the time series from a white noise process.

The host of aforementioned tests would all benefit from the subsequent use of methods that
provide insightful information about the underlying dependence structure of the FTS. In the
event that these tests suggest that the model errors do not plausibly form a white noise, one
often hopes to identify specific lags at which substantial correlation exists in order to fit an
improved model to the data. Classical identification methods for scalar time series, such as
the Box—Jenkins methodology (Box et al.,|2008)), use the sample autocorrelation and partial
autocorrelation functions of the time series in order to simultaneously test the white noise
assumption and to identify the underlying correlation structure of the time series. Identifying
the rate of decay of the autocorrelation and specific lags with strong autocorrelation can be
used to select the appropriate autoregressive and moving average orders in an ARIMA time
series model.

While these kinds of identification methods have been well addressed in the literature
of scalar time series, the same cannot be said for FTS. An extension of the autocorrelation
function for FTS was proposed in Kokoszka, Rice, et al. (2017) for the purpose of quantifying
conditional heteroscedasticity in functional data, but its use in FTS model selection has not
been explored. Further, to our knowledge, the notion of partial autocorrelation with functional
data has not been explored to date, nor how such summary information could be used in FTS
model building.

This chapter proposes methods based on the L? norms of lagged covariance operators in
order to quantify the autocorrelation structure of FTS. A functional version of the autocorrelation
function is studied in the context of time series model identification. In addition, a generalization
of the partial autocorrelation function is proposed, which allows the practitioner to identify
functional autoregressive and moving average processes of higher order. We show how these
methods can be used in order to identify autocorrelation and seasonality in FTS, which are useful
in model selection within the functional SARMAHX family of models introduced in Portela,
Muifoz San Roque, et al. (2018) and Mestre, Portela, Mufioz San Roque, et al. (2020). These
models generalize the aforementioned functional linear models, allowing the inclusion of
both autoregressive and moving average effects as well as incorporating the seasonal behavior
present in the data. As such, identifying the serial correlation structure of the data is of utmost
importance to fitting the SARMAHX model.

This chapter is organized as follows: [Section 3.2| presents the main contributions and the
practical implementation of the proposed identification procedure. [Section 3.3|contains the
results of a Monte-Carlo simulation study of the proposed methodology. Demonstrations and
applications of these model identification procedures are presented in where two
real-world datasets are explored. gives some concluding remarks, summarizes the
results of the methodology developed in the previous sections, and points to some directions
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for future research. Proofs for the main results presented in this chapters can be found in the
appendix of the journal article Mestre, Portela, Rice, et al. (2021).

3.2. Functional autocorrelation measures

We begin by introducing some notation that will be used throughout this chapter and state
the main assumptions of the proposed methodology. Throughout this dissertation, L([0, 1]%)
denotes the Hilbert space of real valued square integrable functions defined on [0, 1]¢ with the
usual inner product (.,.) and the norm ||.|| it generates. The dimension is made clear based on
the domain of the input function.

3.2.1. Autocorrelation function for FTS

Here an FTS {Y;; ¢t =1,...,T} is assumed to be a realization of length 7" of a given functional
stochastic process {); ; t € N}, where each random variable ), is a square integrable function
{V:(v); v € [0,1]}. For the rest of the chapter, it will be assumed that all the FTS are stationary.
The main interest of this section is to develop a statistical tool that can be used to identify
the underlying serial dependence structure of a given time series. In order to achieve this
objective, the first step is to test the white noise assumption on a given sequence of functional
observations. The definition of functional white noise was presented in as an
functional stochastic process with the following properties:

Definition 3.2.1. The functional stochastic process {e;(v);t € N;v € [0,1]} is a (strong)
functional white noise process if the following assumptions are satisfied:

* Al: The functional random variables ¢, are independent and identically distributed.
* A2: Flgi(v)]=0foralli=1,...,T.

The first assumption implies that such a white noise series does not exhibit any degree of
serial dependence, differentiating such a process from others that exhibit serial dependence,
such as the functional linear process (Bosq, [2000).

Throughout this dissertation, it will be assumed that all the functional random variables
have finite fourth order moments, which is to say that E [||)[*] < oc. This implies that the
(lag zero) autocovariance kernel cy(u,v), defined as

co(u,v) = E[(V1(u) — EDr(u)]) Vi(v) — ED(0)])], (3.2)

is square integrable. Hence, there are real positive eigenvalues A\; > Xy > --- and orthonormal
eigenfunctions ¢1, ¢o, . .. satisfying

Xidi(u) = /Co(u,s)qﬁi(s)ds, i=1,2,... (3.3)

The dependence structure of a given stationary FTS can be analyzed via its lagged
autocovariance kernels, defined as

ch(u,v) = E[Di(u) = ED1(w)]) Vr4n(v) = EYiea(0)])], (3.4

where h = 1,...,T — 1 is a given lag parameter. Indeed fourth order moments are more than
what is required here to make the above quantities well defined, two would suffice, although
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we require fourth order moments in order to establish large sample Gaussian approximations
for autocovariance operator estimates presented below.

Given Y1,Ys, ..., Yr(v) a realization of the FTS, the autocovariance kernel c;,(u, v) can be
estimated via the empirical lagged autocovariance kernels:

1 T—h

C(u,0) = 7 > (Yi(w) = A(u)(Yien(v) = i(0)), (3.5)

i=1
where

1 T
== > i) (3.6)
i=1

denotes the sample mean function. Using right integration as in |[Equation 3.3} these kernels
may be used to define autocovariance and empirical autocovariance operators, and so the terms
kernels and operators will be used interchangeably in this setting.

Due to the fact that a functional white noise process exhibits no serial correlation between
its terms, the norm of its lagged autocovariance operators should be close to zero for each
positive lag h. Horvath, Huskova, et al. (2013) for example propose to use the sums of the
L?—norms of the lagged autocovariance operators up to a user specified maximum lag H in
order to obtain a white noise test for functional data.

However, such a test does not provide the practitioner with specific information about
the lagged dependence structure of the FTS. This information may be summarized simply by
considering the magnitudes and plots of the empirical covariance operators as a function of
the lag. Evaluating whether the magnitudes |[c;|| are consistent with the series following a
white noise process, and further identifying specific lags where strong correlation is present, is
facilitated by comparing |[c|| to an estimate of its distribution assuming the data are indeed a
white noise. The following result describes the large sample behavior of |[c|| under assuming
the data follow a white noise; see Kokoszka, Rice, et al. (2017)) for a proof.

Theorem 3.2.1. If the FTS {Y;}{_, is independent and identically distributed with E [||V}||*] < oo,
then
QTh_//Tchuvdudv—MQ Zz/\)\lle h=1,2,... (3.7)
Jj=11=1

as T — oo. The \,s are the eigenvalues of the covariance operator of Y; and {X?l(l) ; 4,1 € N}
are independent random variables following a chi-squared distribution x?(1).

Following Kokoszka, Rice, et al. (2017)), the functional autocorrelation coefficient at lag h

can be defined as eall
Ph = Teo(u, u)du llcnl] // ¢y, (u, v)dudv. (3.8)

It follows from the Cauchy—Schwarz inequality applied pointwise to cj(u,v) that 0 < p, < 1,
and gives a scale free measure of the serial correlation in the FTS at lag 4. One could also define
pn as ||cnll/||coll, which would also give a scale free measure of the autocorrelation structure of
a given FTS. Both definitions are equally useful in identifying the lagged dependence structure
encoded by ||c,||. Henceforth, in this paper the definition in is used, as this
definition is more easily adapted to a functional version of a partial autocorrelation function,
which we pursue below.
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The functional autocorrelation at lag h p;, admits the plug in estimate

. lIch ] B VOTh
P = Tao(uudn ~ VT [ Gou, )i G2

Based on[Theorem 3.2.1} a procedure to produce a prediction bound for pj, under the assumption
that the data are a white noise can be summarized as:

e Step 1: Estimate Xl, e ,Xd from

T
Z W) (Yi(v) — i(v)) (3.10)

*ﬂ \

for a fixed value of d selected by the practitioner, so that

Nidi(u) = / Co(u, s)pi(s)ds. (3.11)

* Step 2: Under the assumption of functional white noise, Theorem 3.2.1| provides
an approximate distribution for the sequence { [[ T'Cy(t,s)dtds; h = 1,..., H}. This
distribution can be estimated as

d d
=33 N (3.12)

j=11=1

where d is a large number (below we select d as the number of eigenvalues \; of Co(u,v)
such that A, / A1 > 0.0001. This threshold was observed to give good results in the different
empirical tests performed). This distribution is a linear combination of independent
chi-squared random variables, and in practice it must be estimated. The method proposed
in Imhof (1961)) provides a suitable method to do so, providing good approximations in
the tails of the distribution.

* Step 3: For a given confidence level a € (0, 1), and under the white noise assumption, an
upper prediction bound for the sequence {p,; h = 1,..., H} can be set at

Qd)(1-a)

VT [Co(u,u)du’ (3.13)

where Q(d )(1—a) denotes the (1 — «) critical value of the distribution of Q(d).

For small «, significant deviations of {p,; h = 1,..., H} beyond the boundary given by
Equation 3.13|can be used to identify structural dependence in the FTS, and also for rejecting
the white noise hypothesis at a given lag.

3.2.2. Partial autocorrelation function for FTS

In classical time series analysis, the autocorrelation function is often accompanied by the partial
autocorrelation function, which measures the correlation between two lags of the time series
after removing the influence of the intermediate terms. By plotting these two functions together,
autoregressive and moving average processes of any order can be identified by comparing them
to the theoretical behavior of these plots when the order of the process is known. This section is
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Chapter 3. Identification and diagnosis of the SARMAHX model

devoted to developing the notion of a partial autocorrelation function for functional data, which
can be used in conjunction with the proposed FACF to identify the correlation structure of a
given FTS. There are a number of challenges in extending the notion of partial autocorrelation
toaFTS{Y; : t=1,...,T}, although here we propose and establish some of the large sample
properties of such a quantity that is calculated analogously to the functional autocorrelation
function defined in It is similarly simple to interpret and calculate, and is useful
in FTS model selection and diagnostic checking.

In plain language, the partial autocovariance between Y; and Y, is the autocovariance
of the residuals of Y; and Y;,,, produced by “regressing” them linearly on the intermediate
variables Y;;1, ..., Y, 5_1. Towards a more formal definition of such a regression operation,
first let Y; j, = (Yi41, ..., Yitn—1) denote the collection of these intermediary variables. Linear
regression in this context can be carried out by selecting or estimating appropriate linear
operators that relate Y; j, to both Y; and Y; ;. Let K}, denote the collection of Hilbert-Schmidt
kernel integral (linear) operators mapping (L?([0, 1]))®" to L?([0, 1]). More precisely, if ¥;, €
Kn, and if f;, € (L%([0,1]))®" with f, having component functions f, = (fis, ..., fns), then
for almost every s € [0, 1]

h
() =S / 69 (0, 8) f.(v)dv, (3.14)
j=1

for some component kernel functions w,(lj ), j=1,...,h—1satisfying ||z/;,(lj ) | < oo. The collection
of such operators may be made into its own Hilbert space endowed with the Hilbert—-Schmidt
norm

1/2

h
1nlms = [ S I | (3.15)
j=1

For example, {Y; : t € N} follows a functional autoregressive model of order p if there
exists an operator ¥, € K, and an innovation sequence {¢; : ¢ € N} so that

P
Vi) = Bp(¥ips1)(0) + o) = 3 / 09 (0, 10) Vi (v)do + 4(w). (3.16)
j=1
In this case the kernels ¢)) j = 1,...,p are referred to as the autoregressive kernels. Now
let
P?"Oj(X, 1/t,h) = ‘Il(th,h)a (317)

where W satisfies

B[IX ~ (V)P = it E[X ¥ (%[ (3.18)

Let A, =Y, — Proj(V:, Y s) and By = Viyp, — Proj(Yy, Yy p). With this defined an intuitive
definition of the partial autocovariance kernel at lag h of the series is

C(hny (U, 0) = E[(Ar(u) — E[A(u)]) (Be(v) — E [Be(v)])] - (3.19)
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3.2. Functional autocorrelation measures

The functional partial autocorrelation function (FPACF) may then be defined as

||C(h,h) I

P(h,h) = ) (3.20)
Y1,h7V2,h
where
1/2
Yih = (/E[-At(u)]Qdu> , (3.21)
and
1/2
Von = ( / E [Bt(u)]2du> : (3.22)

It follows by the Cauchy-Schwarz inequality that 0 < p(;, ) < 1.

Although this may serve as a logical counterpart to the scalar PACF, a number of theoretical
and practical challenges are faced here stemming from the fact that estimating the projections
of ¥; and Y;,, onto Y, or equivalently estimating the operators ¥; and ¥, so that

El|Y: =1 ,(Yap)|?] =  inf E[|V— YY), (3.23)
wekp_q
and
E|Vien — Corn(Yep)|?] =  inf  E[[|Vern — V' (Yan)|?], (3.24)
W'ekh_1

in general presents an ill-posed inverse problem. Nonetheless, these operators may still be
estimated in practice using standard regularization techniques, see e.g. Chapter 9 of Bosq (2000).
For any fixed A, let \fth denote the operator obtained by performing a regularized functional
linear regression of Y; on Y;;, and let ‘/I\’Q,h denote the operator obtained by performing a
regularized functional linear regression of Y;,, on Y;;. We note that in the second case
this may be viewed as fitting a functional autoregressive model of order h — 1 to the series.
Define

T—h
Sy () = = > (Vi) — U1 (Vi) ()] [Yign (v) — Upp(Yin) (v)], (3.25)

_ 1/2
A = ( / Zj B (Yo (u )Wu) , (3.26)

and
_ 1/2
Fon = ( / Z Yo (u @h,Qm,h)(u)Pdu) - (3.27)
Then, the empirical partial autocorrelation may then be defined as
. c
Plhh) = ﬂ (h’Ah)H- (3.28)
Y1,R7Y2,h

It may be shown that under mild conditions on the estimators T 1,» and \TIM that p(; 5 has
the same large sample properties as p, when the data are a white noise, as described in the
following theorem.
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Theorem 3.2.2. If {Y; : t € N} is independent and identically distributed with E [||V4||*] < oo,
H\Ijh,lHHS = OP(T_1/4), and ”\Ijh’QHHS = Op(T_1/4), then

. R D o0 o0
Qnn=TlEupwl> 2> Q=Y Nxx3(1), h=12,... (3.29)

j=11=1

as T' — oo. The \s are the eigenvalues of the covariance operator of Y;. Additionally

» 1/2 » 1/2
V1. — [/?o(u, u)du} , and Ja.p, = [/?o(u, u)du} ) (3.30)

Remark 3.2.1. Most standard regularized estimators in this setting would satisfy || % willES =
op(T~1/*), and H\ilh,QHHS = op(T~'/%) under mild conditions, including those derived from
principal component regression and Tychonoff regularization. We elaborate on the PCA case,
see e.g. Didericksen et al. (2012) and Bosq (2000) and Zhang (2016). In case of Tychonoff
regularization we refer to Kargin and Onatski (2008). In the case of PCA regression \ilhg, and
similarly T h,1, is estimated so that

@ (fn)(s Z/wm v, 8) fjn(v)dv (3.31)

The kernels 12,(3 ) are constructed so that

K

‘Eg;(“’ )= D[, (e (0)e(s), (3.32)

rd=1

and the coefficient matrix %Z);(f ;[-, -] is estimated to minimize the least squares criterion (3.24).
For example, when h = 2, so that regression is performed on a single intermediary variable,

this amounts to taking
_1 T—j

> (Vi 60) (Yig o), (3.33)

t=1

¢hJ%[7" U f
where the X’es and @s are the empirical eigenvalues and eigenvectors of the covariance operator
defined in k in this case serves as a truncation level for the number of principal
components employed. When « is a fixed integer, then under the assumption that the data
follow a strong white noise and standard eigenvalue spacing conditions H\fl nallms = Op(T~1/2),
and even satisfies the Central Limit Theorem when normalized by multiplying by 7''/2. In order
that the regression operator would be consistently estimated assuming that the underlying
subspace on which the functional data take their values in L?([0,1]) is infinite dimensional,
it is often allowed that x = k7 is a function of the sample size that is allowed to increase
slowly as T increases. In this case under sufficient decay conditions on the eigenvalues of
the covariance operator defined in it still holds that H\ilh2|| s = op(T~14), see
Chapter 9 of Bosq (2000) and Zhang (2016). Below all such regressions are carried out using
FPCA where « is chosen to explain more than 95% of the total variation of the data.

[Theorem 3.2.2[shows that under the hypothesis that the series of interest is a strong white
noise having fourth order moments, then the exact same prediction intervals for {p,, h =
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1,..., H} are asymptotically valid for {p(; ), h=1,..., H}. Hence comparing {p(, 1), h =
1,..., H} to the threshold

Q(d)(l—a)
VT [ py(u,u)du

for a user specified confidence level (1 — «) provides a further way of evaluating the whiteness
of the series or residuals under study.

(3.34)

Similarly to the standard scalar PACF, the functional PACF (FPACF) will tend to zero at lags
larger than the autoregressive order when applied to consistently estimated ARH(p) models.
In order to make this statement precise, we assume that {Y; : t € N} follows an ARH(p)
model

p
Yi(u) = WARH (Y, ) () + cofu) = 3 / BRI (0 u) Y, (0)dv + £4(u), (3.35)
j=1

for some \II;‘RH € K, with components @Z)}‘f RH.J 5o that we may discuss the approximation of

this operator as performed in evaluating the FPACF coefficient at lags larger than p, let \Il;igH

denote the operator in K;, with component kernels w}f RH.J satisfying

ARH,j

; J<p,
T = 8 (3.36)
0, j>p.

Theorem 3.2.3. Suppose that {Y; : t € N} satisfies the ARH(p) model in (3.36) with 0 <
E [|leo||*] < oo, and further suppose that the model admits a stationary and causal solution.
If h > p, || Pop — \IlfﬁHHHs = op(1), and there exists an operator ¥,; € Kj_; so that

||‘/I\’1,h — ‘Ill,h HS = Op(l), then ﬁ(h,h) £> Oas T — oo.

[Theorem 3.2.3|implies that asymptotically the FPACF coefficients cutoff after lag p when
estimated based on data following an ARH(p) model, which aligns with the traditional properties
of the PACF. Necessary and sufficient conditions for the existence of a stationary and causal
solution to a ARH(p) model are discussed in Chapter 5 of Bosq (2000).

3.3. Simulation study

Methods for estimating the proposed autocorrelation and partial autocorrelation functions
for functional data have been implemented in the R package fdaACF, available in CRAN
(http://cran.r-project.org/package=fdaACF), which will be used in the following simulation
study.

3.3.1. Application to strong white noise processes

The FACF and FPACF introduced above can be used to evaluate the whiteness of a given FTS. In
order to validate the proposed method, we consider several synthetic functional white noise
processes. This section investigates the finite-sample properties of the method when applied to
such processes.
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I - il
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Figure 3.3. Simulated white noise processes and FACF/FPACF of each series. The dotted line denotes
the 99% critical value of the distribution obtained by the proposed method.

Each functional observation has been discretized in a grid of 100 equi-spaced points in
the interval [0, 1]. Four different white noise processes have been simulated, and the methods
employed to generate each process are described below.

The first 3 series were generated by selecting a functional basis ¢, (v) and i.i.d. coefficients
b 1., thus obtaining the elements of the process as

K
e(v) = brdr(v), t=1,...,T (3.37)
k=1

As the coefficients of the series are i.i.d with respect to ¢, the FTS should not exhibit any kind
of serial correlation. By varying the functional basis ¢, and the distributions of the coefficients
b ;, different processes have been generated:

. agl) is obtained using the first 7 elements of the Fourier basis, due to the fact that this
basis is often used when dealing with periodic functional data. The coefficients b j, follow
a standard normal distribution N (0, 1).

. s§2) is obtained using the first 7 elements of the B-spline basis, due to the fact that this
basis is often used when dealing with non-periodic functional data. The coefficients are
drawn from a Beta(2, 5) distribution.

. sgg) is obtained selecting 3 functions and applying the Gram-Schmidt method to obtain
3 orthonormal functions that will be used as a basis in [Equation 3.37| In this case, the
functions selected were 6, (v) = sin(v), #2(v) = expv and 03(v) = cos(v). In this case, the

coefficients of [Equation 3.37|follow a Exp(1) distribution.
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The last white noise process has been obtained simulating a brownian bridge random process,
where each innovation function is defined as

er(v) = Wi(v) — oW (1), (3.38)

where W;(v) is a Wiener processes defined on the domain [0, 1].
(4)

L[] Et
is 1.

is generated by a brownian bridge process where the variance of the Wiener process

Figure 3.3|shows a representative example of the first 50 values of the FACF of each white
noise process, including the 99% prediction bound provided by [Theorem 3.2.1| that has been
obtained using the obtain_FACF function of the R package fdaACF. The value of d was selected
as the number of eigenvalues \; of Cy(u,v) such that A;/\; > 0.0001. Evidently most of
the coefficients of the FACF fall below this limit, which is consistent with the white noise
hypothesis.

In order to test the empirical properties of the proposed statistic for different confidence
values, all 4 white noise series described in this section have been simulated, using different
configurations of the length of the time series (7' = 100,250, 500, 1000,2000) and using
different lags when obtaining the limit value for the lagged autocorrelations. 50 repetitions of
each configuration has been obtained, and shows the percentage of out-of-bounds
autocorrelations obtained in the previous analysis for the confidence levels o = 0.1, 0.05, 0.01.
Although it has been observed that the empirical out-of-bound rate seems to be quite
conservative for significance level 10% when increasing the number of lags considered, the
overall performance of the test agrees with the selected confidence level a. Similar results are
obtained when using the FPACF instead of the FACF, and so we omit those results due to space
considerations.

3.3.2. Application to serially correlated processes

This section present several simulations of functional dependent processes, each one exhibiting
some kind of serial correlation. The proposed identification method based on the FACF and
the FPACF will be used in order to identify the underlying structure of the simulated FTS;
fit a model using that information and check that the residuals of the fitted model plausibly
correspond to a white noise process, validating the model.

A crucial step in the modeling of scalar time series is the identification of the structure of
the underlying stochastic process. The Box-Jenkins methodology (Box et al., |[2008) proposes
a standard model identification procedure for scalar time series. Once the stationarity and
seasonality of the series has been addressed, the next step is to identify the seasonal and regular
order of the AR and MA component of the transformed time series. The main tools used in this
identification procedure are the autocorrelation and partial autocorrelation functions, whose
plots can be used to obtain useful information about the underlying structure of the stochastic
process that has generated the series. These tools can also be used in the diagnosis of the model
in order to check the white noise assumption of the residuals.

The purpose of this section is to apply the proposed method in order to obtain a similar tool
for FTS. Regarding the identification of FTS models, there has been several attempts to obtain
the optimum order of some functional processes. In Kokoszka and Reimherr (2013), a test
statistic is derived in order to check if a ARH(p) model fits the data better than a ARH(p — 1)
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Significance level Significance level
T H 0% 5% 1% T H 0% 5% 1%
D100 10 7.11% 3.65% 0.58% e® 100 10 5.77% 3.46% 1.15%
20 3.84% 1.73% 0.38% 20  6.92% 2.98% 0.57%
30 3.01% 1.08% 0.12% 30  5.7% 2.88% 0.51%
250 10 8.46% 3.07% 0.57% 250 10  9.03% 4.23% 1.15%
20  6.53% 3.26% 0.48% 20  6.82% 3.65% 0.48%
30 5.7% 2.75% 0.32% 30  6.98% 3.14% 0.32%
500 25 7.36% 3.28% 0.88% 500 25 10.48% 5.04% 1.12%
50  6.88% 2.92% 0.56% 50  8.4% 4.12% 0.88%
100 3.88% 1.92% 0.12% 100  6.96% 3.36% 0.68%
1000 25 10.08% 4.88% 0.88% 1000 25 9.76% 4.16% 0.56%
50 7.84% 3.72% 0.96% 50  8.96% 4.44%  0.8%
100  6.56% 2.98% 0.56% 100  7.66% 3.8% 0.74%
2000 25 7.76% 3.84% 0.56% 2000 25 11.52% 5.12%  0.8%
50 9.28% 4.56% 0.88% 50  9.08% 4.64% 1.04%
100  8.26% 4.1% 0.68% 100  8.74% 4.24% 0.92%
e? 100 10 7.69% 3.27% 0.57% Y 100 10 8.46% 4.42% 0.38%
20 6.53% 3.56% 0.77% 20  6.82% 2.98% 0.46%
30 5.06% 2.43% 0.44% 30 6.21% 2.75% 0.51%
250 10 9.23% 4.42% 0.96% 250 10 10.77% 4.42% 0.76%
20  9.13% 4.32% 0.86% 20 8.46% 3.94% 0.29%
30  8.78% 4.23% 0.89% 30  8.84% 4.42% 0.06%
500 25 9.28% 4.32%  0.4% 500 25  9.2% 5.12% 1.28%
50 7.72% 3.72% 0.64% 50  7.6% 3.88% 0.72%
100 6.42% 2.9%  0.4% 100  7.58% 3.38% 0.62%
1000 25 9.28% 4.56%  1.2% 1000 25 12.08% 5.92% 1.36%
50 9.2% 4.72% 1.04% 50  9.68%  4.6% 0.92%
100  8.12% 3.84%  0.6% 100  8.38% 3.64% 0.58%
2000 25 9.04% 4.32% 1.04% 2000 25 10.4% 6.24% 1.44%
50 10.08% 4.88% 1.16% 50  9.6% 4.36% 0.78%
100  8.66% 4.1%  0.8% 100 9.26% 4.58% 0.98%

Table 3.1. Empirical rate of out-of bounds FACF coefficients obtained for several simulated functional
white noise processes.

model, by checking if the operator ¢, of the formulation of the ARH(p) is significantly different
from the null operator. However, up to the authors’ knowledge, no general identification
procedure analogous to the Box-Jenkins methodology for scalar time series has been proposed
for FTS. This section is aimed at showing that the FACF and FPACF proposed in
can be considered as a first step in this direction, offering a useful tool for the identification
of certain patterns in the structure of the residuals of a fitted functional model that should be
included in the model in order to increase its accuracy.

In order to illustrate the applicability of this method as a diagnosis tool, several functional
series have been simulated including some specific patterns of temporal dependence. A
functional SARMAHX model (Portela, Mufioz San Roque, et al., 2018; Mestre, Portela,
Mufioz San Roque, et al., 2020) will be fitted to each time series, and the method proposed
in this paper will be used to test the white noise assumption on the residuals of the fitted
model. The SARMAHX model is an extension of the standard seasonal ARMA model to
the functional framework by means of functional operators, accounting for autoregressive
and moving average effects as well as allowing the inclusion of exogenous variables to
the model. Given a stationary and centered FTS {Y; (v) ; ¢t = 1,2,...,T;v € V} and a set
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Figure 3.4. Top: FACF and FPACF for a simulated ARH(1) process. Bottom: FACF and FPACF of the
residuals of a fitted ARMAH(1,0) model. The dotted line represents the 99% white noise prediction
bounds for the FACF/FPACF coefficients under the assumption of white noise.

{XFf(uy);2€Z;t=1,2,...,T; u, € V,} of Z, potentially functional covariates, the expression
for the SARMAHX (p, q) x (P, Q)s model is defined as:

(I —Vo1B—-—Wy,BP) (I -V 1B*— - =¥y pBT*) Y, =
(I -0 1B~ —604B%) (I -011B°—---—019BY") ¢ (3.39)
+T1(X}) + -+ Tz(XP),

where VU(; and VU, ; are the regular and seasonal autoregressive operators, ©g; and O ;
the regular and seasonal moving average operators, and I'; the operators related to the Z
explanatory variables. B" is the lag operator which is defined as B"Y; = Y;_,, where n € N.
Finally, I is the identity operator.

Each function of the series will be discretized in a grid of 100 equi-spaced points in the
interval [0, 1]. The length of the simulated processes will be 1500 functional observations, after
leaving 500 observations as a burn-in period in order to stabilize the series.

The first simulated process Y;(l) is an ARH(1) model, given by the equation

YV ) = 0 (v, (0) + (v /w u, )Y, (u)du + & (v), (3.40)

where ¥(.) is an integral operator that defines the process, ¢(u,v) denotes the kernel of said
integral operator and ¢,(v) denotes the white noise innovations of the process. This process,
studied in Bosq (2000), is stationary if |¥|| < 1, so the simulated series will use the Gaussian

kernel

u2—|—v2

Y(u,v) = 0.6 exp< ), (u,v) € [0,1] x [0,1], (3.41)
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Figure 3.5. Top: FACF and FPACF for the simulated MAH(1); process. Bottom: FACF and FPACF and
the residuals of a fitted SARMAHX(0, 0) x (0, 1)7 model. The dotted line represents the 99% white noise
prediction bounds for the FACF/FPACF coefficients under the assumption of white noise.

so ||¥]| =~ 0.7, ensuring that the resulting series will be stationary. The brownian bridges
simulated in the last section will be used as the innovations of the process. The top panels of
show the FACF and FPACF of the process Yt(l) for H = 20 lags, together with the 99%
i.i.d. bounds provided by Theorem 3.2.1| The coefficients of the FACF exhibit an exponential
decay that agrees with the expected behavior of the ARH(1) process.

However, the FACF alone is not enough to identify the order of the autoregressive process—
an ARH process of higher order could produce a similar FACF structure. Similarly to the scalar
case, the FPACF can be used to better identify the order of autoregressive process, as it aims to
remove the influence of the intermediate terms of the series at a given lag. This is illustrated in
the top FPACF of where only the first coefficient is significant, which is consistent
with the dependence structure of an ARH(1) process.

As most coefficients of the FACF fall above the critical value, the white noise assumption
is rejected. The test proposed in Horvath, Huskova, et al. (2013) (referred to as the HHR
hereafter) also rejects the white noise hypothesis at levels « = 0.1,0.05 and 0.01. Because
of this, a ARMAHX(1, 0) model has been fitted to this FTS, and both FACF and FPACF of the
residuals of the model are plotted on the bottom panels of [Figure 3.4} As shown in the image,
no pattern can be found in the residuals of the model, and all the coefficients fall below the
critical value, suggesting the residuals of the model can be treated as a functional white noise.
This is corroborated by the HHR test, which does not reject the white noise hypothesis for
confidence level o« = 0.1,0.05 and 0.01.
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The next simulated process Yt(2) will have the structure of a seasonal MAH(1); (Aue, Norinho,
et al., 2015), where each observation depends on the 7th lagged term of the series 1/;(_2%,

following the equation
Y2 (1) = O(er_r(v)) + &1(v) = / 0w, v)er—1(w)du + 4(v), (3.42)

where O(.) denotes an integral operator with kernel 6(u, v), and ¢;(v) denotes white noise
variables. As in the previous series, the innovations will be independent brownian bridges,
and the kernel used to define the integral operator will be the Gaussian kernel defined in
so ||®]| = 0.7, resulting in a stationary series. The FACF and FPACF of the
simulated series are shown in the top panels of Due to the innovations being
uncorrelated, the FACF plot only shows dependence of the lag 7, whereas the FPACF plot shows
a certain, approximately geometric, decay for the seasonal lags 7 and 14. These plots exhibit
the shape of a moving average process with seasonality 7. When applied to this data, the HHR
test rejects the null hypothesis of functional white noise at levels « = 0.1,0.05 and 0.01.

Once the process has been identified, a ARMAHX(0,0) x (0, 1)7 model is fitted to the data.
In order to validate the model, the main hypotheses of the model have to be checked. The
values of the lagged autocorrelations of the residuals are obtained as well as the 99% limit
distribution of the statistic to test the white noise assumption on the residuals. The HHR test
does not reject the null hypothesis of functional white noise at level « = 0.1, and when using
the method proposed in this paper, similar results were obtained: as shown in the bottom panels
of [Figure 3.5} none of the autocorrelation values surpasses the 99% limit, hence the assumption
of white noise can not be rejected, and the residuals of the fitted model can be regarded as
functional white noise.

These results show the applicability of the proposed method in the diagnosis of FTS models,
providing the practitioner with a graphical tool to visualize the structure of the FTS and identify
possible deterministic components in the residuals of a model that have not been explained.
Figure 3.6/shows the FACF and FPACF of several functional autoregressive and moving average
processes that can be used to identify seasonality, the dependence structure of FTS and the
order of the process: an exponential decay on the FACF is associated with an autoregressive
process, and significant values of the FPACF indicate the order of the process. On the other
hand, moving average processes are associated with a FPACF that exhibits an exponential decay
and a FACF that has only a reduced number of values above the i.i.d. upper bound, where the
number of significant coefficients of the FACF indicate the order of the moving average process.
In the simulations of this section, both the proposed method and the HHR test have proven to
provide similar results and rejection rates for FTS that exhibited some kind of time dependency
between its terms. Next section will apply this identification and diagnosis method to several
real-world datasets, in order to test the usefulness when dealing with real data.

3.4. Application to real-world datasets

To illustrate the applicability of the proposed method, two widely studied real-world datasets
will be analyzed. Firstly, the FACF and FPACF will be obtained to quantify the correlation
structure of the FTS in order to check the white-noise assumption on the original time series and
to identify AR and MA trends. Secondly, a functional linear model will be fitted to each series
and the test will be applied to the residuals of the models, in order to diagnose the models. If
the white noise assumption is not rejected on the residuals, it will indicate that the model has
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Figure 3.6. FACF and FPACF of four different simulated functional autoregressive and moving average
processes. The shape exhibited by the autocorrelation function of each process can be used to identify
each process. The dotted line represents the 99% white noise prediction bounds for the FACF/FPACF
coefficients under the assumption of white noise.

extracted all the information of the original time series. In order to validate the proposed test,
the results obtained will be compared with the HHR test.

3.4.1. Eurodollar futures contracts

The first real-world dataset to be analyzed consists of Eurodollar future rates (Kargin and
Onatski, 2008; Horvath, Huskova, et al., |2013). As stated in those works, each Eurodollar
futures contract is an obligation to deliver a 3-month deposit of $1,000,000 to a bank account
outside of the United States at a specified time. Given v a scalar value, if one defines Y,” (v)
as the price of a contract with closing date v months from day ¢, data from this dataset can be
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Figure 3.7. Top: FACF and FPACF of the Eurodollar dataset. Bottom: FACF and FPACF of residuals of a
fitted ARMAHX(1,0) model. The dotted line represents the 95% white noise prediction bounds for the
FACF/FPACF coefficients under the assumption of white noise.

regarded as a FTS. The Eurodollar dataset construct those curves using 114 points for each
day, and in order to replicate the results of the HHR test (Horvath, Huskov4, et al., 2013)), the
sample considered in this analysis consists of 100 days of data taken from January 24 to June
17, 1997.

An ARH(1) model was identified in Kargin and Onatski (2008)), where the authors develop a
technique to estimate the autoregression operator of the model, and illustrate this technique
to the Eurodollar dataset. However, no identification procedure was used to check if the data
can be modeled as an ARH(1). The top panels of show the FACF and FPACF of the
Eurodollar series. The shape of the FACF plot shows an exponential decay, whereas only the
first coefficient of the FPACF is significant. The shape exhibited by the correlogram is similar
to the simulated ARH(1) process shown in hence validating the selection of an
autoregressive model to model the data. The presence of structural dependence between the
data is also confirmed by the 95% critical line displayed in the plot: all of the coefficients of the
FACF fall above of the critical bound, hence the assumption of functional white noise must be
dropped. This was also observed in Horvath, Huskova, et al. (2013), where the authors applied
the HHR test to the same data and rejected the white noise hypothesis at 99% confidence
level.

Once the structure of the process has been identified, an ARMAHX(1,0) model has been
fitted to the data, and the FACF and FPACF of the model’s residuals are displayed on the bottom
panels of The HHR test does not reject the white noise hypothesis at confidence level
a = 0.1. This result is consistent with the outcome of the diagnosis methodology developed in
this paper: most of the coefficients of the FACF and FPACF obtained for the residuals fall below
the 95% critical bound and no structure can be identified in the plots, hence assuming that the
residuals of the model are white noise, validating the selected model.
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Figure 3.8. Top: FACF and FPACF of the daily price profiles series Y,”. Bottom: FACF and FPACF of the
seasonally differenced series Z7. The dotted line represents the 99% white noise prediction bounds for
the FACF/FPACF coefficients under the assumption of white noise.

3.4.2. Spanish electricity daily price profiles

The second dataset was studied in Portela, Mufioz San Roque, et al. (2018), where the authors
analyze the series of hourly Spanish electricity spot prices provided by the Spanish electricity
Market Operator (www.omie.es). As explained in the paper, the spot price series {y;} is
transformed into a FTS {Y,”(v); t =1,...,T; v € [1,24]} where each function Y; is observed
at discrete hours v; € {1,...,24}, thus Y, (v;) = y:.,,,. Hence each observation is a daily price
profile. In order to replicate the results of that work, the sample considered in this analysis
consists of 1 year of data taken from January 1, 2014 to December 31, 2014. The daily price
profiles are shown in We here note that all below functional regressions models
fitted to obtain the FPACF are estimated using FPCA regularization with level chosen by so that
95% of the total variance is explained by the selected number of FPC'’s.

In order to model the electricity price series, Portela, Mufioz San Roque, et al. (2018)
proposed a SARMAHX(1,0) x (0, 1)7 model, using the daily demand X/ and wind profiles X}V’
as exogenous functional variables. However, the authors relied on FPCA reduction techniques
and testing different configurations in order to identify the structure of the model. Besides, no
white noise identification test was applied on the residuals. The purpose of this section is to
illustrate the application of the autocorrelation functions in the identification and diagnosis of a
model, by testing the white noise hypothesis on the residuals.

The top panels of show the FACF and FPACF for the first 30 lags of the price
functional time series. This diagnostic tool provides useful information about the correlation
structure of the series: firstly, all the coefficients of the FACF lie above the 99% critical bound,
so the white noise assumption is strongly rejected. The HHR test provides the same conclusion.
Secondly, the diagnostic plot exhibits a seasonal dependency with period 7, which can be
explained by the daily nature of the series. Moreover, a slow decrease in the values of the FACF
is observed, which might imply that the series should be differenced. The bottom panels of
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Figure 3.9. Top: FACF and FPACF of the residuals of the regression model. Bottom: FACF and FPACF
of the residuals of the fitted SARMAHX(0, 0) x (0, 1)7 model. The dotted line represents the 99% white
noise prediction bounds for the FACF/FPACF coefficients under the assumption of white noise.

Figure 3.8/ show the FACF and FPACF of the price series after being seasonally differenced at
lag 7. As can be seen the slow decrease of the coefficients in the FACF is no longer observed.
Hence, the differenced series are used, which are denoted as

zb = vP-yrt, (3.43)
vP = xP-xP; (3.44)

where Z!” denotes the series of seasonally differenced daily electricity price profiles and U/ and
U denote the demand and wind production series after the seasonal differentiation.

In order to model the price time series, an initial SARMAHX regression model is estimated
using the differenced demand and wind production series as inputs. The expression of this
regression model is as follows:

zP =Tw(UY)+Tp(UP) + &, (3.46)

where I'yy and I'p are the integral operators related to the differenced demand and wind
exogenous variables. The top panels of [Figure 3.9show the FACF and FPACF of the regression
model residuals, which can be used to extract information about the correlation structure of
the underlying process that generated the series. Most of the values of the FACF fall below the
critical limit, however there seems to be a strong correlation on the first lags, and the white noise
assumption is rejected at the 99% confidence level using the HHR test. Consequently, using the
exogenous variables is not enough for modeling the series. When compared with Figures|3.4
and the FACF and FPACF plots seem to have two components: a regular autoregressive
behavior (identified by the first coefficient of the FPACF) and a moving average effect on lag
7.
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Figure 3.10. FACF and FPACF of the residuals of the SARMAHX(1,0) x (0, 1) model. The dotted line
represents the 99% white noise prediction bounds for the FACF/FPACF coefficients under the assumption
of white noise.

The next step in this analysis is to fit a SARMAHX(0,0) x (0, 1); model to the differenced
series, in order to capture this seasonal moving average effect. The expression for this models
is:

Z =TwU}") +Tp(UL) — O(et—7) + &t (3.47)

The correlation structure of the residuals of that model is shown in the bottom panels of
As can be seen, the moving average effect has been removed. However, the first
lags of the FACF function lie above the critical limit and exhibit a certain exponential decay
pattern in the FACF, whereas the FPACF still has one significant value at lag 1. This causes
both the proposed test and the HHR test to reject the white noise hypothesis at 99% confidence
level.

Finally, a SARMAHX(1,0) x (0, 1)7 model has been fitted to the differenced series of daily
price profiles. The expression for this model is:

ZP =Tw(UY)+Tp(UP)+ ¥ (ZF ) — O(e4_7) + 4. (3.48)

The autocorrelation plot of the residuals of the model is shown in [Figure 3.10} All the values of
both the FACF and FPACF fall below the critical limit, hence the white noise assumption cannot
be rejected. This is validated by the HHR test.

This process illustrates the proposed identification and diagnosis procedure that has been
developed for FTS linear models. For models within the SARMAHX family of models, this tool
is useful to select the optimum configuration of its parameters. This enables the practitioner
to capture the dynamics of the underlying process, obtaining more accurate forecasts of the
FTS.

3.5. Conclusions

This section has presented a set of statistical tools that can be used to identify the serial
dependence structure of a given FTS, identify suitable FTS models and diagnose fitted FTS
models. The motivation for these tools was to define versions of the autocorrelation and partial
autocorrelation functions for FTS, with similar properties as their scalar counterpart. The
statistical tool proposed in this section differs from other white noise testing procedures found
in the literature in several aspects: where most testing methods rely on FPCA to reduce the
dimension of the curves of the series, the proposed methods use the correlation structure of the
FTS to capture the structure of the data. Hence, no dimensionality reduction is applied, avoiding

66 Probabilistic Forecasting of Functional Time Series: application to Scenario-Generation of
Residual Demand Curves in Electricity Markets
Guillermo Mestre Marcos



3.5. Conclusions

the need of choosing functional principal components and approximating the functional series
with a finite number of terms, thus losing some information in this process. In addition, while
existing functional white noise tests can be used to evaluate whether a given series or sequence
of residuals is plausibly a white noise, the use of FACF and FPACF plots is helpful in identifying
the specific serial correlation structure, providing some insight when fitting a linear model to
that series. This is particularly useful in identifying the order of functional autoregressive and
moving average processes.

The performance of the method has been validated both numerically and empirically,
identifying the correlation structure of both Eurodollar future contracts and Spanish electricity
price profiles FTS and characterizing the residuals of the fitted models as functional white noise.
It has been shown that the white noise identification has a similar performance to other white
noise tests. The proposed methods have been implemented and are currently available in the R
package fdaACF.

Although the proposed FACF and FPACF can be used in a similar way as their scalar
counterparts to identify and diagnose FTS models, the fact that these functions are based on the
L? norm of the lagged covariance operators makes it difficult to identify whether the correlation
exhibited by the series is “positive” or “negative” in nature; only the magnitude is measured.
The development of a signed version of the proposed autocorrelation functions could overcome
these problems, providing the practitioner with a useful tool to model FTS. This topic is left as
an area of future research.
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Probabilistic forecasting of
functional time series

This chapter is devoted to the functional probabilistic model developed in this thesis.
Once a functional deterministic model has been identified and fitted to the data, it is
necessary to characterize the distribution of its residuals to obtain probabilistic forecasts
of the series being analyzed. The proposed model aims at estimating the conditional
projection-based density of the residuals of a forecasting model using non-parametric
techniques. The relationship between the distribution of the residuals and a set of
covariates is quantified using kernel functions, and a leave-one-out cross-validation is
implemented to select the bandwidth parameters of the model. A review of different
quality measures for functional probabilistic forecasts is performed, which highlights the
benefits and drawbacks of the different metrics proposed in the literature. In addition,
a generalization of the log-score for functional data is developed as a novel quality
measure that it is suitable to measure the adequacy of a set of functional scenarios.
These techniques are validated in both a simulation study and with an case study using
Complex Residual Demand Curves obtained from the Iberian Electricity Market.

4.1. Introduction

The main goal of forecasting is to obtain accurate estimations about the conditional distribution
of some quantity of interest. Usually, forecasting models aim at estimating a certain parameter
of that distribution, commonly the conditional mean of the process. These deterministic models
are able to capture the dynamics of the series, providing the user with a meaningful description
of the evolution of the data. As such, deterministic forecasting models are of utmost importance
across a huge number of real-world problems that involve understanding the temporal evolution
of certain values. However, in numerous real-world applications it is necessary to quantify
the risk associated with each possible outcome. In these situations deterministic models may
not be enough, as the user is usually interested in characterizing the whole future distribution
of the series. Henceforth, deterministic forecasts must be accompanied by some measure of
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the uncertainty of each future estimation, which motivates the development of probabilistic
forecasting models.

One of the main objectives of this thesis is to develop a probabilistic model for functional time
series based on the SARMAHX model presented in In order to present the main
ideas, recall than {Y;}1 ; denotes a functional time series (FTS). Suppose that a forecasting
model has been fitted to the series, and denote by {ﬁh}t:r:l the h-step ahead estimations of the
original series made by the model. Then, the h-step ahead residuals of the model can be defined
asérp =Y — }Aftvh. As mentioned in the review performed in the vast majority of
probabilistic models for time series are aimed at characterizing the distribution of the residuals
of the model. The most common technique used to obtain probabilistic forecasts of a functional
time series is bootstrap resampling of the residuals of a functional deterministic model, as
evidenced in Rafia, Aneiros, et al. (2016), Vilar, Aneiros, et al. (2018)), and Rossini and Canale
(2019), among others. These models assume that the residuals do not exhibit any kind of
dependence, so the bootstrap replications of the residuals approximate the true underlying
distribution of the non-deterministic part of the model. A similar technique that has been
commonly used to define a probabilistic model for functional time series is the projection-based
density proposed in Delaigle and Hall (2010). This technique can be used to approximate the
unconditional distribution of the residuals of a functional forecasting model, which can then be
used to generate functional scenarios of the curves.

However, in many real-world applications these probabilistic models may not be adequate,
as the assumption of independence in the residuals is quite restrictive. Usually, reference
probabilistic models proposed in the functional data literature do not perform any kind of
statistical test to validate the i.i.d. assumption of the residuals. Hence, the bootstrapped
residuals may exhibit some kind of linear dependence between its terms, so the obtained
functional scenarios may not capture the dynamics present in the original data. In this regard
the identification and diagnosis methodology proposed in the previous chapter can be seen as
a useful tool for these models, as the FACF/FPACF proposed can be used to test whether the
residuals of a functional deterministic forecasting model present serial correlation. However,
even after validating the i.i.d. hypothesis on the model’s residuals, there may be some kind of
dynamics on some higher order moments of the residuals, such as the variance of the residuals
being influenced by some extreme values of some exogenous variable. This is a common
occurrence in industrial applications such as electricity price forecasting: the uncertainty
associated with the price forecasts is higher when there are some extreme values of external
drives such as the temperature or the electricity load. As such, any competitive probabilistic
model must be able to take into account these exogenous effects that modify the distribution of
the residuals of the model.

As opposed to the methods found in the literature, this thesis proposes a probabilistic model
that is able to model the conditional distribution of the residuals of a forecasting model for
functional time series. This model is based on the projection-based density given by Delaigle and
Hall (2010), which approximates the underlying distribution that generates the functional time
series. In addition, techniques commonly used in conditional density estimation (Rosenblatt,
1969), such as kernel weighting of the input variables, are introduced to define this new model.
This provides a suitable framework for quantifying the variations of the residuals’ distribution.
The estimated conditional density can then be used to define probabilistic regions at a user
specified level, which provide a useful tool for assessing the quality of the predictions of the
forecasting model. Additionally, functional scenarios will be obtained from the fitted density,
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which can be used to analyze the set of possible outcomes observed in a future event; or
as inputs for stochastic programming models (Kaut and Wallace, 2007). In addition to the
proposed probabilistic model, a comparison between different measures for assessing the quality
of functional scenarios proposed in the literature will be performed, highlighting the advantages
and drawbacks of each metric. A new quality measure for functional scenarios will be proposed,
which will be able to capture the likelihood of functional scenarios when compared with the
original functional series.

This chapter is organized as follows: firstly, the formulation of the functional probabilistic
model proposed in this thesis is addressed in introducing a leave-one-out cross-
validation methodology to select the bandwidth parameters of the model. The model is able to
estimate the conditional projection-based density of a set of functional data, which then is used
to generate functional scenarios and to define prediction regions. Then, performs a
review of the different quality measures proposed in the functional data literature to compare
probabilistic forecasts and proposes a generalization of the log-score metric to the functional
data framework. These novel techniques are validated in a simulation study performed in
Finally, the applicability of the proposed method is illustrated in which
presents a real case study using Complex Residual Demand Curves obtained from the Iberian
Electricity Market.

4.2. An estimator for the conditional projection-based
density for functional data

This section presents a probabilistic model for functional time series based on a non-parametric
estimator for the conditional projection-based density of the residuals {a}thl of a forecasting
model. The proposed model aims at modelling the conditional distribution of the projections
of the residuals on a truncated functional basis using as inputs a set of exogenous covariates
that are able to explain the variations of the projection-based density of the residuals. Once the
distribution has been estimated, the functional basis used for decomposing the curves can be
used to reconstruct the curves, which can be used to define predictive bands for the forecasts
of the fitted deterministic model and to generate functional scenarios that are consistent with
the estimated conditional density. As such, this section is structured as follows: firstly, the
formulation of the model will be detailed in providing an estimator for the
conditional density of a set of functional residuals. A leave-one-out cross-validation procedure is
proposed, which enables the automatic selection for the bandwidth parameters of the proposed
model. Then, illustrates how the projection-based density estimated by the model
can be employed to generate coherent functional scenarios and to obtain prediction regions
that capture the expected volatility of the data.

4.2.1. Model formulation

As mentioned earlier, the proposed probabilistic model aims at estimating the conditional density
of the residuals of a functional forecasting model such as the SARMAHX model presented in
This model will provide a useful tool to characterize the residuals of the
forecasting model, which can then be used both to diagnose the adequacy of the forecasting
model and to obtain probabilistic forecasts of the modelled time series. Due to the lack of a
proper density function for infinite-dimensional data, the projection-based density ng)
be used instead, which provides an approximation to the underlying density of the functional

will
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data. In many applications it would be enough to estimate the unconditional distribution of the
residuals of the model. However, due to the complex relationships that are often exhibited by
the functional time series obtained from electricity markets, a more in-depth analysis of the
residuals of a fitted forecasting model is needed. As such, modelling the conditional density of
the residuals is preferred, as it can provide information about sudden changes in the dynamic
of the series that can be used to improve the initial forecasting model.

As mentioned earlier, the proposed model aims at estimating the projection-based density
ng) of the residuals of a functional forecasting model. Hence, the first step to estimate the
conditional density of the data is to project the observed residuals {a}thl into the finite-
dimensional subspace defined by the truncation of the first FPC of the residuals (Delaigle and

Hall, |2010):

M
B~ -+ Y G0 = fie + €, 4.1

Jj=1
where e, = (€1, . .. ,€t7M)T and qg = (qgl, cel $M) are the scores of the decomposition and the

eigenfunctions, respectively. The number M of FPC is chosen via the CPV method described in
The conditional joint density of the scores €, ; of the decomposition is estimated
using a conditional kernel density estimator (CKDE), a non-parametric model that is able to
model changes in the distribution of the data given a set of covariates. This model was first
introduced in Rosenblatt (1969) as a generalization of the standard Parzen-Rosenblat kernel
density estimator (Rosenblatt, 1956} Parzen, |[1962), which aims at estimating the unconditional
density of a set of scalar data. The authors proposed the following model to estimate the density
p of a set of scalar values {yl}fi , conditioned to the values of a given set of scalar covariates
{mi}ij\il:

b ) = P 0:2) I Ko (v =0 Ko (o — i) 42

D () Sy Ky (|l — i)

where # = {hy, hya} is the set of bandwidth parameters of the fitted model, p,, (v, z) is the
joint density estimation of (y,x), p,, (x) stands for the density estimator for the covariate x
and Kj,(u) = h™'K (h~!u) denotes a scaled kernel function. An interesting application of
this model in a forecasting problem is illustrated in Dudek (2010), where the CKDE model
is used to obtain short-term forecasts of the probability density of the hourly demand of the
Polish electricity market; or in Arora and Taylor (2016), where density estimations of the
electricity consumption recorded by smart meters are obtained using the conditional kernel
density estimation model. In addition, conditional kernel density estimation models have been
successfully applied in wind power forecasting, as evidenced in Bessa et al. (2012) and Jeon
and Taylor (2012).

The proposed model for estimating the conditional joint density of the FPCA scores is based
on the classical CKDE model, extending the formulation of that model to a multidimensional
framework and allowing the inclusion of functional covariates using a semi-metric function.
Hence, this new model is able to capture the variation in the distribution of the series of
residuals caused by sudden changes in the set of exogenous covariates included in the model.
Given {et}f:1 the series of scores and {X7},,z = 1,...,Z a set of exogenous covariates
(either scalar or functional), the proposed CKDE model is formulated as follows:

ﬁﬁ(gjzw)(ea X) _ 23:1 Ky (e —et) HzZ:I K, (d° (X7, X7))

5(M) _
p / (6|X) - T VA ) (43)
W P’ (X) iy T2y K. (& (X2, X7)
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where 5 = {H,hy,...,hz} denotes the set of bandwidth parameters of the model, X =
(X',...,X?) denotes the set of new exogenous covariates used as inputs for the model, d* (., .)
are suitable semi-metric functions defined for each covariate X* included in the model and
K g denotes a multidimensional scaled kernel, defined as K (u) = |H|~/?K (H~1/?u). The
model is able to quantify the likelihood of a new observation (e, X!, ..., X?) with respect to
the historical data used to train the model, giving more importance to past situations that are
similar to the new data. In addition, the model allows the inclusion of functional variables via
the use of a suitable semi-metric function that quantifies the similarity between the historical
covariates and the new curve being evaluated. As such, the selection of a proper distance
function is of utmost importance when fitting the proposed model, as it needs to capture the
relevant properties of the input curves.

A more compact expression of [Equation 4.3| can be obtained by rearranging its terms as
follows:

T
15;;‘4) (e X) :Zwt (X)Ku (e —er), (4.4
=1

where

Wy (X) — HzZ:I Kh, (dz (XZ’X{SZ)) .

i T2 Ko (@ (X2, X7))

Due to its similarity to the Nadaraya-Watson kernel regression estimator, this form is known
as the Nadaraya-Watson form of the CKDE model (De Gooijer and Zerom, 2003). As such, the
model proposed in can be regarded as a weighted version of the standard kernel
density estimator, where the contribution of each past observation is pondered by the similarity
to the new observations. This allows for a straight-forward interpretation of the output of the
model: the regions of the FPC-defined subspace that exhibit a positive density will be associated
with a positive weight w; (X), whereas regions associated with unrelated events will have a
negligible weight.

(4.5)

In order to fit the proposed CKDE model, both the family of the kernel functions and the
bandwidth parameters used by the model must be selected by the user. As mentioned in
Wand and Jones (1995) the choice of the kernel functions is of secondary importance, as the
performance of the models does not vary significantly when selecting different kernel functions.
Popular choices of kernel functions are often defined in terms of univariate and unimodal
probability density functions. The current implementation of the probabilistic model uses
standard Gaussian density functions as kernels, as these functions are widely used in the kernel
density estimation literature due to its convenient mathematical properties. In Hyndman and
Yao (2002) the authors compared the effectiveness of the CKDE model using both standard
Gaussian kernels and truncated Gaussian kernels, and found that the performance of the two
models was identical, which is consistent with our experience. However, the same cannot be
said for the selection of the bandwidth parameters, which control the degree of smoothing
applied to the density estimate. As with all kernel estimators, the performance of the model is
critically dependent on a suitable choice for the bandwidth parameters. Therefore, a suitable
criterion for selecting the optimal set of bandwidth parameters must be developed in order to
fit the conditional density estimator to a set of data.

In order to derive an efficient way to estimate the bandwidth parameters of the CKDE model,
some authors have studied the asymptotic properties of the estimator, which leads to plug-in
estimators and reference rules (Fan, [1996; De Gooijer and Zerom, 2003). However, these
methods are known to exhibit an unsatisfactory performance in the finite sample setting, hence
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the use of a data-driven criterion is preferred. As mentioned in Holmes et al. (2010), the
most common data-driven bandwidth score used in the CKDE literature is the mean integrated
squared error (MISE), which can be expressed in the following form for the model proposed in
Equation 4.3

MISE () — / / (0 (el X) — 520 (] X)) de (p) (X)) X 4.6)

where p(™)(e|X) denotes the true projection-based conditional density of the data. As
showed in Fan and Yim (2004)), the minimization of the MISE is equivalent to minimizing the
quantity

// (ﬁ&(fM) (e!X)>2de <p(M) dX—Q// M) (e] X ) pD (e, )) dedX . 4.7)

Hence, the authors proposed a consistent estimator of the MISE using cross-validation
techniques, which can be expressed as:

MISE (# Z/ e\Xt) de — = Zp (ed] X)), (4.8)

where pM) " denotes pM) evaluated with the pair (e;, X;) left out.

However, this cross-validated estimator is computationally intensive, as it involves several
nested summation terms, which can make it computationally unfeasible when working with
high-dimensional data. As such, the estimator that will be used to select the parameters of
the proposed CKDE model for the projection-based density of the functional residuals will
be a version of the cross-validated log-likelihood estimator proposed in Holmes et al. (2010).
Given ¢ a set of bandwidth parameters for the proposed CKDE model, the cross-validation
log-likelihood of the model is defined as follows:

Zlog (59, (el X0) 211). (X0)) (4.9)

where p( ) ), (X4) is the denominator of fitted without the value X;, evaluated on
X;. As ment1oned in Holmes et al. (2010), this criterion aims at optimizing the conditional
density of the data ﬁ;é” ) (€| X), with each contribution being weighted by ﬁ&(fM )(X) so that the
most frequent conditional distributions have more influence on the choice of bandwidth.

The following example illustrates how the proposed log-likelihood function can be used
to estimate the bandwidth parameters of the model. A multivariate set of functional data
{(V;, X1)}2% has been simulated, where the variance of the first 2 FPC of the output {Y;}3%
is related to the shape of the functional covariates { X;}3%: if the L?-norm of the curve X; is
high, the scores of Y; will exhibit a high variance. On the other hand, the dispersion of the
scores will be low if its associated covariate X; has a low L?-norm. The model introduced in
this section seems appropriate to capture this conditional distribution of the data, but first the
set of bandwidth parameters must be selected.

A leave-one-out cross-validation method has been implemented, which allows for automatic
selection of the bandwidth parameters of the model. illustrates this procedure: the
top image shows the average log-likelihood obtained by the cross-validation procedure for each
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set of bandwidth parameters tested. As it can be seen, when extreme values are selected for
the bandwidth parameters of the model, the mean log-likelihood of the model is quite low,
as the model is either being overfitted or underfitted. In order to illustrate the log-likelihood
measure being optimized by the cross-validation criterion, three sets of bandwidth parameters
are selected: an optimal set (represented in blue), an overfitted set (represented in orange)
and an underfitted set, which is represented by the yellow lines. Then two different volatility
scenarios are presented: the first case corresponds to a curve with a low L? norm, which
is associated with low variance in the FPC scores. The second case presents a situation of
high volatility, as the curve X; presents a high L? norm. The underfitted model is not able
to distinguish between these two situations, hence estimating a similar density in both cases.
Conversely, the overfitted model is not able to generalize, as it cannot capture the correct
level of variance given by the exogenous variables. Finally, the model that uses the optimal
parameters selected by the cross-validation procedure is able to model these changes in the
distribution of the scores, as evidenced by the conditional densities that estimates.

This section was aimed at formalizing the proposed functional conditional density estimator
model. Given a set of functional curves whose distribution exhibits some kind of relation
with other exogenous variables, the proposed model is able to capture this dynamic and to
obtain estimations of the projection-based conditional density of the curves. By characterizing
the distribution of the residuals of a functional forecasting model, probabilistic forecasts of a
functional time series can be obtained. The following section will illustrate how the estimations
of the model can be used to obtain functional scenarios that capture the uncertainty about a
future event and to define prediction regions that quantify the uncertainty associated with the
forecasts of a deterministic model.

4.2.2. Application to scenario generation and prediction regions

The previous section was devoted to the development of a probabilistic model for functional
time series aimed at estimating the conditional projection-based density of a set of curves.
This model can be used for characterizing the conditional distribution of the residuals of a
functional deterministic model, which enables the generation of probabilistic statements for the
forecasts of the model. Once the model has been fitted it is necessary to convey the probabilistic
information captured by the model to the user. The most widely used tools found in the
forecasting literature for this purpose are prediction intervals, which represent the uncertainty
about the forecasts of the model (Patel, 1989). Prediction intervals estimate the possible range
of values in which a future observation may fall at a given confidence level «, typically 80% or
95% (Hyndman and Athanasopoulos, |2018). As such, prediction intervals are used in numerous
practical applications as a tool for quantifying the risk associated with the forecasts of a given
model.

Closely related to the estimation of prediction intervals are scenario generation methods,
which aim at generating a set of equiprobable future values of the variable that is being modelled
in such a way that they capture the variability associated with the forecasting model. The set of
future scenarios represent the set of possible outcomes of a variable after taking into account
the relative impact of all possible factors or drivers that explain the dynamic of the data and
the interactions between them. Scenario forecasting methods can be used to generate a wide
range of possible forecasts and to identify extremes situations, which can be extremely useful
for agents that need to make risk-based decisions.
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Figure 4.1. Top figure: average log-likelihood obtained for each combination of bandwidth parameters
used in the cross-validation procedure. Second and third figures: conditional density estimated for the
2-dimensional projection of a simulated functional dataset and functional covariates selected by the
model using different sets of bandwidth parameters for a low-volatility period. Fourth and fifth figures:
conditional density estimated for the FPC scores of a simulated functional dataset in a high-volatility
period for three different sets of bandwidth parameters and functional covariates selected by the model.
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4.2.2.1. Prediction regions for functional data

In the functional data framework the natural extension of prediction intervals are prediction
bands (Antoniadis, Brossat, et al.,|2016}; Vilar, Aneiros, et al.,2018), which consist of an upper
and lower limit functions, denoted by U} ~® and L}~ respectively, defined in such a way that
the functional observations Y; satisfy

P(Y,eR ) =1—a, (4.10)

where R}~ denotes the prediction region defined by the upper and lower limits U} ~® and L~
(Lei et al., 2015). Hence, the area between the upper and lower limits of the prediction bands
will cover curve Y; with probability 1 — «. This region can be used as a tool to quantify the
variability associated with the forecasts of a given model, hence it can be used to compare two
forecasting models based on the uncertainty associated with each model.

Due to the infinite dimension of the functional data, requiring to hold is very
ambitious. In many practical applications the user is only interested in the main structural
features of the curves, so most methods found in the literature aim at estimating point-wise
prediction bands, which are defined in such a way that, for every discretization point v of the
curves, the functional observations satisfy

P (L %) <Y(v) U7 (v)) =1-a, veV. (4.11)

The vast majority of probabilistic models for functional data proposed in the literature follow
this approach, as can be seen in Antoniadis, Brossat, et al. (2016), Cabrera and Schulz (2017),
Vilar, Aneiros, et al. (2018), and Rafia, Vilar, et al. (2018), among others.

Even though point-wise prediction bands are very informative and can be more than enough
in many practical applications, this approach may not be appropriate in some cases, as it
assumes that the measurements of the curves at different discretization points are uncorrelated.
Ignoring the relation exhibited by different sections of the curves may lead to prediction bands
that are not realistic and do not reflect the complete uncertainty of the forecasts. A different
approach for obtaining prediction regions was propposed in Lei et al. (2015]), where instead of
obtaining point-wise prediction bands the authors proposed a method to define regions that
satisfy

PMI(Y) eIR ™)) =1-a, (4.12)

where II (.) denotes the projection operator of a set of curves into a finite dimensional space,
such as the subspace spanned by the first Functional Principal Components or any orthonormal
basis of L?. The authors found that prediction bands obtained using this method can capture
shape features of the curves with much more detail than their point-wise counterparts. This
definition is consistent with the projection-based density that is being used in this thesis as
an approximation to the density of a functional dataset, as they both aim at estimating the
distribution of the curves when projected on a finite-dimensional subspace. Hence, this method
will be used in order to define the prediction regions associated with the conditional density

estimated by the probabilistic model proposed in Section 4.2.1
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Once the proposed probabilistic model has been fitted, it can be used to obtain estimations of
the conditional density of the projections of the curves ﬁdf‘fM ) (| X) given a new set of exogenous
covariates X . The estimated density satisfies

/ P (2| X) dz = 1. (4.13)
]RM

Given a confidence level «, the prediction region at level a can be obtained by finding a subset
C;~“ c RM such that

P(II(Y;) €C7%) = / P (2| X)dz =1~ «a. (4.14)

11—«
Ct

The estimation of this region can be achieved using a method similar to the one proposed in
Hyndman and Shang (2010) to define functional boxplots. Once the region C}~® has been
estimated the functional prediction region R} ~® can be obtained as

M
RI®={Z=fi+Y &dyeL?| (&, .&u) eci™ ), (4.15)

where 11 and Q/Z)\j are the sample mean function and the functional principal components of the
FPC decomposition of the curves, respectively. can be interpreted as the set
of curves Z obtained by using the points of Ctl_a as coefficients of the basis expansion that
define the curve Z. Therefore, prediction bands can be directly obtained as the envelope of the
prediction region R}~ :

L, %) =min{Z(v)|Z € R}, U/ *(v) =max{Z(v)|Z € R *}. (4.16)

The proposed methodology can be used to define prediction regions from the estimated
conditional density of the residuals of a given functional forecasting model. As these predictive
regions quantify the uncertainty of the model, the deterministic forecasts can be accompanied
by the prediction regions (or the associated prediction bands) to provide a measure of the
expected variability of a future estimation. In addition, the prediction region obtained is based
on the projection-based of the curves, so it is able to capture relevant shape features of the
curves. This is a desirable property that may not be satisfied by point-wise prediction regions
proposed in the literature.

4.2.2.2. Scenario generation for functional data

As mentioned at the beginning of this section, scenario-based forecasts are of utmost importance
in many practical applications, as they are able to represent the range of possible future values
of the data being modelled, which can be used to quantify the risk associated with the forecasts.
Unlike prediction bands, which only provide information about the boundaries of the expected
value, scenarios represent the full spectrum of the possible outcomes of the future value being
estimated by the model. Having a scenario-generation model is of utmost importance for
stochastic programming models (Kaut and Wallace, 2007), which use these scenarios to model
the distribution of the input data, as illustrated by the offering optimization model proposed in
Baillo et al. (2004). The quality of these scenarios directly influences the quality of the solution
of these stochastic programming models. In addition, scenarios of functional time series are
commonly used as input for other optimization models, such as the market equilibrium model
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proposed in Campos et al. (2016). This model use scenarios of residual demand curves as
inputs to include information about the offering behaviour of the different market agents into
the model, taking into account the market uncertainty. As such, there is a growing interest in
developing new scenario generation methodologies that are able to produce accurate scenarios
that represent the variability in the evolution of a quantity of interest .

In the functional data literature scenarios have been usually obtained through bootstrap
simulation, as illustrated in Hyndman and Shang (2009) where the authors obtain scenarios
of demographic curves using bootstrap replication methods on the residuals of a fitted
dimensionality-reduction model. A similar approach is found in Wagner-Muns et al. (2018),
where recent historical residuals of a SARIMA model fitted to the scores of the first FPC are
sampled with replacement to generate functional scenarios. In Castro et al. (2005) the authors
decompose the residuals of a fitted ARH(1) model into their first FPC to then obtain bootstrap
samples of the residuals, which are then used to generate scenarios of the functional time
series. Recently there have been some improvements over these methods, as seen in Antoniadis,
Brossat, et al. (2016]) where the authors propose a weighted bootstrap approach to obtain a
more accurate representation of the volatility of the forecasts, which allows them to generate
scenarios of daily electricity load curves that represent the uncertainty associated with the
forecasts. In addition, Vilar, Aneiros, et al. (2018]) proposes residual-based bootstrap methods
that are able to account for heteroscedasticity in the residuals of a functional forecasting model,
which allows them to generate accurate scenarios of the series of electricity demand and price
curves in the spanish electricity market.

The proposed probabilistic model takes a different approach for scenario generation. Instead
of relying on residual-based bootstrap techniques, the estimated conditional density of the
projections of the residuals of the model is used to generate new residual curves that follow the
density estimated by the probabilistic model. can be interpreted as a weighted
sum of multidimensional kernel functions, where each kernel is centered at the coordinates of
the residuals of the forecasting model and the weight terms are given by the historical values
of the exogenous variables used as inputs for the probabilistic model. As such, given a new
set of covariates Xy, = (Xt,4,...,X#,,), functional scenarios that follow the estimated
conditional density can be obtained as follows:

1. Following|Equation 4.5, compute the weights w; (X741) fort =1,...,T.

2. The weights w; (X741) are non-negative values that satisfy that Zthl wi (X741) = 1, with
higher values of w; (Xr.1) indicating that the future situation is similar to the historical

situation given by the pair (e;, X;). Hence, a center e* of the kernels of [Equation 4.4|can
be chosen according to the distribution induced by the the weights:

P(e" =e;| Xri1) = wi (X741) - (4.17)

3. Once the center of the multidimensional kernel has been selected, a random value £*
can be drawn from the distribution of the kernel centered at e* and with a bandwidth
parameter H, which has been selected previously using the proposed cross-validation
method. This is the standard sampling method from kernel density estimation models
(Silverman, (1986).
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4. The functional residual curve £}, ; can be obtained from the new set of coefficients £7.
using the truncated Karhunen-Loéve expression given by [Equation 2.33;

B = i+ E&h1 0, (4.18)
where $ denotes the first FPC of the residuals.

5. The functional scenario associated with this particular residual can be defined as follows:

Vi =Yoo+ 8. (4.19)

6. This process is repeated B times to obtain a set of functional scenarios.

The set of curves obtained by this procedure are drawn according to the conditional density
estimated for the residuals of the forecasting model, providing a measure of the uncertainty
associated with its forecasts. This method differs significantly from the vast majority of scenario
generation methods proposed in the functional data literature, as this methodology is able to
generate new curves that have not been previously observed. The residual-based bootstrap
methods proposed in the literature rely on resampling the observed error curves, so they are
not able to extrapolate this information to generate new curves. In addition, the information
about the exogenous covariates is taken into account in the scenario generation process, so the
functional scenarios will follow the volatility estimated by probabilistic model given the new set
of explanatory variables.

4.3. Quality measures for functional probabilistic mod-
els

The last sections have been devoted to introducing a new probabilistic model for functional
time series and to illustrate how the estimated density of the model can be used to obtain
prediction regions and functional scenarios of the series being modelled. However, once the
probabilistic forecasts have been obtained, it is of utmost importance to quantify the quality
of those estimations. Hence, it is necessary to define metrics that can be used to measure the
predictive capabilities of the fitted forecasting model. When the forecasts are given as a set
of functional scenarios one should expect that they exhibit similar properties as the actual
observations of the series, so the practitioner is usually interested in measuring the likelihood
of this set of scenarios.

Suppose that two different scenario sets are obtained for the same functional time series. In
order to choose one of the scenario sets, some kind of performance measure is needed to select
the most suitable set of scenarios. When dealing with non-functional time series, this is usually
done by means of a probabilistic scoring rule: a metric that provides summary measures for
the evaluation of probabilistic forecasts by assigning a numerical score based on the predictive
distribution and on the actual outcome of the series (Nowotarski and Weron, |2018)), which
minimized the scoring rule. The most common scoring rules found in the literature are the
Continuous Ranked Probability Score or CRPS (Matheson and Winkler, |1976)) which computes
the mean square error of a predicted cumulative density function and the empirical cumulative
density function of the data, and it is often seen as an extension of the mean absolute error to
the case of probabilistic forecasts; the Pinball Score (Hong and Fan, 2016) which is often used
to evaluate the accuracy of quantile forecasting models; or the Winkler Score (Winkler, [1972)
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Figure 4.2. Three sets of synthetic scenarios that will be used to illustrate different probabilistic
performance measures. The black curve denotes the actual functional observation, whereas each grey
curve represents each functional scenario.

which allows for a joint assessment of the unconditional coverage of a given prediction interval
and the width of said interval. The work Nowotarski and Weron (2018)) reviews probabilistic
models for estimating electricity prices and includes an in-depth analysis of the most common
probability scores used in probabilistic electricity price forecasting.

These metrics provide a measure of the sharpness of the distribution, a measure of the
concentration of the predictive distribution. This refers to how tightly the prediction distribution
covers the actual one. For example, the Winkler Score favours narrow prediction intervals,
but it also penalizes intervals that do not capture the real observation. As such, according to
this scoring rule, the best probabilistic model will cover the real series most of the times with
narrow prediction intervals. Nevertheless, in the functional data literature, concepts such as
the likelihood of a set of curves are not well defined. As such, there is not a defined set of
probabilistic scoring rules to compare different scenario sets. Authors often rely on point-wise
metrics to evaluate the probabilistic capabilities of their functional scenarios, without taking
into account the functional nature of the curves.

This section will provide a review of the probabilistic scores found in the functional data
literature, including examples that illustrate each metric. In addition, a new metric to evaluate
the quality of a set of functional scenarios is proposed, that is able to generalize the concept of
maximum likelihood to the functional data framework. Three sets of synthetic scenarios will
be used to illustrate this section: the first and second set of scenarios are obtained by adding
a high (low) variance Gaussian white noise process to each discretization point of the real
curves, respectively. The third set of scenarios are obtained by shifting the mean of the real
curve and adding a small noise process to each simulated curve. As seen in only the
third set of scenarios retain the original shape of the real curves. This is a desirable property
of the scenarios: when simulating future curves, it is desirable that the shape of the curves is
preserved.

4.3.1. Point-wise Pinball Loss and CRPS

In Narajewski and Ziel (2019) the authors proposed a methodology to generate scenarios of
transaction counting curves in the German Intraday Market. In order to select the optimal
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Pinball Loss = 0.06249 (tau = 0.9)
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Figure 4.3. In red, point-wise 90% quantile curve obtained from the set of functional scenarios.

distribution of the scenarios, a functional version of the Pinball Loss function was proposed.
Given a confidence level «, the functional Pinball Loss is defined as

fPB,, — / pb.. (Yi(v), Q%(v)) dv, (4.20)

where Y; is the real functional observation at time ¢, pb,, is the Pinball Loss function at level «
for a given quantile forecast at level « of exceedance ¢,:

Pb, (¥: 4a) = (1 = a)(da — Y)Ly<g.} + ¥ = @a)L{y>ga} (4.21)
and QY is the point-wise « percentile curve of the functional scenarios.
As such, the procedure for obtaining the functional Pinball Loss can be summarized as:
1. For each discretization point, obtain the « percentile of the scenarios.
2. A point-wise « percentile curve is obtained.

3. The Pinball loss function pb,(.) is applied to each discretization point of the difference
between the real curve and the percentile curve.

4. The resulting curve is integrated in its domain to obtain the functional Pinball Loss.

The Functional Pinball Loss for the whole functional time series can be obtained as the mean
value of the Functional Pinball Loss across all the curves:

T
1
fPB, = - ; fPBy ;. (4.22)

In addition, the authors propose to approximate the CRPS metric to functional data using

the Functional Pinball Loss: )
fCRPS = — > {PB,, (4.23)

aer

for an equidistant grid of probabilities » between 0 and 1 of size R.
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Figure 4.4. Mean functional Pinball Loss for each of the 3 sets of scenarios across an equidistant grid of
probabilities. The Functional CRPS is obtained as the mean value of the Pinball Loss.

By looking at their definition, it can be concluded that these metrics offer a point-wise
view of the curves, as they only look at the point-wise percentile curve obtained from the
scenarios without taking into account the shape of each scenario curve. Hence, this metric will
not discriminate scenarios that exhibit a much different shape than the real curve, as long as
the point-wise coverage of the scenarios is optimal. This is illustrated in where
the functional Pinball Loss fPB,, across the grid of probabilities « € {0.01,0.02,...,0.99}. The
lowest fCRPS is obtained by the second set of scenarios, showing that the shape of the scenario
curves is not as relevant as the coverage of the scenarios.

4.3.2. Point-wise Winkler Score

When forecasting functional time series, the authors are often interested in obtaining prediction
bands as a way of quantifying the uncertainty associated with their forecasts. As such, they
tend to use evaluation metrics that measure the quality of the prediction bands. For example,
Antoniadis, Paparoditis, et al. (2006) and Antoniadis, Brossat, et al. (2016) measure the
empirical coverage of the prediction bands to ensure that the bands achieve the desired point-
wise coverage probability. In order to enhance the interpretation of the prediction bands,
in Vilar, Aneiros, et al. (2018) the authors use the point-wise Winkler Score, that not only
measures the coverage of the bands but also takes into account the width of the prediction
bands. Unlike the functional Pinball Loss and the Continuous Ranked Probability Score, the
Winkler Score measures the area covered between the prediction bands. The authors define
point-wise prediction bands from the simulated scenarios in an straightforward manner: for
each discretization point, the upper and lower limit of the band are obtained as the percentiles
that capture a% of the sample. illustrates this procedure, showing the bands that
each set of scenarios generate.

Given a real curve and a symmetric prediction band, the point-wise functional Winkler Score
is obtained as the integral of the function obtained after applying the scalar Winkler Score
function to each discretization point. More formally, let Y; be a functional observation and let
U;, L; be the upper and lower prediction bands, respectively. The functional Winkler Score is
defined as:

fWS,, = / Wa (Y3(0), Ur(0), Le(v)) do, (4.24)
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Figure 4.5. Point-wise symetric 90% prediction bands obtained from the 3 sets of functional scenarios.
The red and blue dashed lines indicate the upper and lower bounds of the prediction bands, respectively.

where ws(.) denotes the scalar Winkler Score loss function:
2 2
Wa(y,u, 1) = (u =0+ = (= y) Lyyayy + — (y = 0) Ly (4.25)

The functional Winkler Score for the whole functional time series can be obtained as the
mean value of the functional Winkler Score across all the curves:

T
1
fWS, = ; fWS, ;.- (4.26)

Similarly to the fCRPS case, the functional Winkler Score does not measure differences in
the shape of the scenario curves with respect to the real curves. [Figure 4.6/ shows the Winkler
Score for the 3 synthetic set of functional scenarios: the best set according to this criterion is
again Set 2, despite having scenarios that do not follow the much smoother dynamics of the
real curves. As such, it can be concluded that the fWS, only measures the coverage of the
pointwise prediction bands and its width, without taking into account the shape of the modelled
functional time series.

4.3.3. Functional Log-score

As seen in the previous sections, the vast majority of the performance measures for functional
scenarios proposed in the literature are focused on the width and coverage of the prediction
bands, neglecting the shape of the curves being modelled. The simulation carried out illustrates
this problem, as if one had to choose the best set of functional scenarios by minimizing the
existing probabilistic scores, a set of scenarios that do not capture the shape of the curves would
have been selected. This highlights the need for a new probabilistic metric that measures both
the coverage and the shape of the scenarios.

As such, a new probabilistic score is proposed, based on the projection-based surrogate
density introduced in Delaigle and Hall (2010). The main idea is to project the functional
scenarios on the subspace spanned by the first functional principal components of the modelled
functional time series. Once projected, the density of the scenarios is estimated via a non-
parametric density estimator, and the fitted probability density function is used to estimate
the likelihood of the projection of the real curve given by the set of scenarios. This is an
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Figure 4.6. Functional Winkler Score for each observation of the functional time series. The mean value
is shown in red.

approximation to the concept of maximum likelihood for functional data: the best set of
scenarios will be the one that gives most likelihood to the observation of the real curve.

The definition of the proposed metric is as follows: given Y; a functional observation and
{YP}E. | aset of functional scenarios for that functional time series, the score can be defined
as

s = —tog (F (wilgh 5. .97 ) ) 4.27)
where f(.@g, g2,...,g!) is the estimated density of the projection of the functional scenarios
gr,9°,...,97" in the subspace spanned by the first FPC of the real functional time series, and

y, stands for the coefficients of the functional observation Y; in its FPC-decomposition:

YVi~fy+yl®, Y xy+3®, Vp=1,...,P (4.28)

Following a similar approach to the other metrics, the functional Log-Score for the whole
functional time series can be obtained as the mean value of the Log-Score across all the
curves:

T
1
LS = T ; fLS;. (4.29)

This formulation is similar to the classical logarithmic score (Gneiting and Raftery, 2007),
providing a way of measuring the pseudo-likelihood that a set of functional scenarios give to
the real curve. Scenarios with a low fLS will be preferred, since the likelihood that they give to
the real curves is higher.

This approach is illustrated with an application to the synthetic datasets that have been used
in the previous sections. The estimated densities for the 3 sets of scenarios for a given time
instant are shown in[Figure 4.7| As can be seen, the estimated density function for Set 1 has a
higher variance than the other 2 sets, hence giving a log-score of —2.04 to the real curve, much
lower than the other two densities. Due to the non-smooth nature of the scenarios of Set 2, the
distance of the projections of these curves in the FPC-spanned subspace is higher than those of
Set 3, hence the log-score associated with Set 2 is —5.417, a higher value than the log-score of
Set 3: —7.43. Hence, this criterion will select Set 3 as the scenarios that better approximate the
distribution of the real functional time series.
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fCRPS fWSy, fLS
Set1 0.202 2.53 -1.868
Set2 0.059 0.74 -4.992
Set3 0.085 1.13 -6.499

Table 4.1. Mean values of the three functional probabilistic scores for the 3 synthetic scenario sets.

shows the mean average values of the three functional probabilistic scores for the
3 synthetic scenario sets obtained for 100 observations of the simulated functional time series.
As can be seen, the non-smooth curves of Set 2 achieve the best results in both the functional
CRPS and the Winkler score, which illustrates how these two metrics can be inadequate for
quantifying the quality of the functional scenarios. Hence, the proposed log-score metric seems
more adequate for this task, as it is able to account for shape discrepancies between the real
curves and the scenarios.

This concludes the review of quality measures for functional probabilistic models. The
different metrics proposed in the literature have been analyzed, showing the benefits and
drawbacks of each method. A functional version of the log-score metric has been proposed,
which is able to quantify the likelihood of a set of functional scenarios given a real observation.
This new tool can be used to asses the quality of different scenario generation methods for
functional time series, which is of utmost importance in numerous real-world applications.

4.4. Simulation study

The previous sections have introduced a novel probabilistic model for functional data and
several probabilistic scores that can be used to compare the adequacy of a set of functional
probabilistic models. This section is devoted to illustrating the applicability of the proposed
model using several synthetic datasets. Hence, the usefulness of the model can be validated in
a controlled environment, providing some insight about the characteristics of the probabilistic
methods developed in this chapter. Two different probabilistic reference models commonly used
in the functional data literature, the unconditional kernel density model (Delaigle and Hall,
2010) and the residual-based bootstrap model (Rossini and Canale, 2019), will also be included
in this simulation study to quantify the improvements made by the proposed model.

The first synthetic dataset included in this study is comprised of a set of real functional

observations {V;}3% and a set of functional residuals {¢{")}3%0 whose distribution exhibits

a direct relationship with the levels of an scalar covariate {z}}3%: higher values of z} are
associated with high-volatility periods of variable 5%1), as illustrated in The estimated
series is defined as V; = Y; — 5151). Although the residuals do not exhibit any kind of serial
correlation, as evidenced by the FACF/FPACF shown in the moments of higher
order of the functional variables display a strong relationship with an exogenous variable. As
such, a model that it is able to identify and capture this relation will be able to obtain more
accurate probabilistic statements about the series being modelled, as it will be able to detect

low-volatility periods of time and define narrower prediction regions for those periods.

Once the dependency between the distribution of the residuals and the covariates has been

identified, the conditional probabilistic model can be fitted. The projection-based density of

the residuals 5§1) will be obtained using their first two FPC, as they are able to explain more
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Figure 4.7. Left: Estimated density of the projections of the functional scenarios for the 3 sets. The
coloured dots represent the projection of the scenarios, the black dot is the FPC-projection of the real
functional observation. Right: Pairwise visualization of the estimated density surfaces

than 95% of the variance of the data. The formulation of the conditional density model for this
dataset is as follows:

300
p2 (eMla) =3 wi (@) Ky (€M)~ ef) (4.30)
=1
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Figure 4.8. Left: synthetic functional dataset used in the first simulation. Grey curves represent the real
observations, whereas the coloured curves show examples of the real and estimated curves. Middle: set
of simulated functional residuals. The curves have been coloured following the different levels of the
scalar covariate z; included in the simulation. Right: exogenous variable. Regions with a different mean
level are displayed using different colors.
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Figure 4.9. FACF/FPACF of the series of functional residuals 5%1) included in the first simulation. The
dotted line represents the 99% white noise prediction bounds for the FACF/FPACF coefficients under the
assumption of white noise

where the weight function of the scalar covariate is given by
1 1
Kp, (J|l=' = i)

= . (4.31)
3% Ky (ll2t = 231)

wy (z

The scores of the FPC decomposition of 5§1) are denoted as egl), and the family of bandwidth
parameters is denoted as .. In order to obtain estimations with this model, it is necessary to
select an optimal set of bandwidth parameters that maximize the likelihood of the model. Hence,
the proposed cross-validation method is used to optimize these parameters. A grid of different
bandwidth values are used in this procedure to select the ones that give a better likelihood to
the observed data, as illustrated in The values selected by the cross-validation
procedure ensure that the model is neither overfitted or underfitted, as the extreme bandwidth
values are associated with a lower log-likelihood.
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Figure 4.10. Average log-likelihood obtained for each combination of bandwidth parameters used in the
cross-validation procedure for the first simulation.

Once the training of the conditional probabilistic model has been completed, it can be used
to estimate the prediction regions given by the estimated conditional density of the residuals.
Due to how the data has been generated, periods with low values of the exogenous covariate
are associated with a lower dispersion of the residuals. Hence, if the proposed model has been
able to capture this behaviour, the prediction regions obtained will be narrower than the regions
defined by the other reference models included in this study, as they are not able to include
information about exogenous variables in their formulation. This is validated by the prediction
regions shown in[Figure 4.11}: the top images correspond to time periods where the value of the
exogenous variable is high. Therefore, the variance of the residuals is quite high, so the three
models included in this study obtain similar prediction regions. As it can be seen, the coverage
of the unconditional models is not enough in this case, as even the 95% prediction bands do not
cover the real curve in the range [0.4,0.6]. This can be interpreted as the result of the reference
models not being able to distinguish between the different volatility states given by the scalar
covariate, which results in prediction regions with an unsatisfactory performance. Unlike these
models, the coverage of the conditional model seems better, as it is able to capture the real
curve inside the 95% region obtained from the estimated conditional density of the data. A
different situation is illustrated in the bottom images of where a low volatility
period of the residuals is shown. As the reference models assume that the residuals are i.i.d.
the prediction regions that they obtain have a width similar to the ones obtained in the top
images, which are too wide for this period. As the dispersion of the residuals is closely related
with the values of the scalar covariate included in this study, the conditional model detailed
in this chapter is able to model this relationship and to define narrower prediction regions
with an appropriate coverage level for the real curve. This illustrates the benefits of employing
the proposed model when modelling situations where the dispersion of the residuals can be
explained using some external variable, generalizing the reference models proposed in the
functional data literature.

The second simulated dataset uses the same real curves as the previous case, but instead of
using a scalar exogenous variable that conditions the distribution of the synthetic residuals a
functional variable will be used instead. However, unlike the previous case, the variance of the
residuals will not be correlated with the level of the functional covariate, but will be related with

the slope of the exogenous curves. As such, residuals 5752) associated with exogenous curves X}
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Figure 4.11. Prediction regions defined by the residual-based bootstrap, unconditional and conditional
models fitted to the synthetic series for the first simulation. The black curves represent the different
scenarios obtained by each method. The top row corresponds to a high-volatility period, whereas the
bottom figures display the curves for a low-volatility period.

with a positive slope will exhibit a greater dispersion than the remaining residuals. [Figure 4.12
illustrates the setup for this simulation, colouring each family of residuals and its associated
functional covariates accordingly.

This simulation is devoted to showing how the proposed model is flexible enough to use
functional data as inputs for estimating the conditional density of a set of functional residuals by
selecting a suitable distance function that is able to detect the relevant information given by the
functional covariates. As the dispersion of the residuals is related with the slope of variable X},
the derivative-based semi-metric introduced in[Equation 2.11]will be used in the conditional
model for this simulation:

300
p? (e®)z) =Y w () K (e —ef?) (4.32)
t=1

where the weight function of the functional covariate is given by

K <df (Xl,Xg))
", (8 (0,4))

Wy (X (4.33)

Similarly to the previous model, e§2) denotes the scores of the FPC decomposition of the

residuals 5§2). As the slope of the functional covariate X} influences the dispersion of the
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Figure 4.12. Left: synthetic functional dataset used in the second simulation. Grey curves represent the
real observations, whereas the coloured curves show examples of the real and estimated curves. Middle:
set of simulated functional residuals. The curves have been coloured following the different volatility
levels given by the functional covariate X} included in the simulation. Right: exogenous functional
variable. Curves with a different slope are displayed using different colors.

residuals 5§2), the proposed model uses the semi-metric df (.,.), which is the L? norm of the

first derivative of X;. The bandwidth parameters of the model are selected by employing the
cross-validation method used in the previous simulation.

Once the model has been identified, it can be applied to obtaining estimations of the
conditional density of the projections of the synthetic residuals, which then can be employed to
define both prediction regions and to generate functional scenarios that follow the estimated
density. In order to obtain a good coverage of the curves, the model must have captured the
relation between the slope of the functional covariates and the dispersion of the residuals.
The images shown in [Figure 4.13| provide some insight about the improvements made by the
proposed model over the two reference unconditional models included in this study: if the slope
of the curves X/ is high the proposed model obtains a similar estimation than the one given by
the reference models, as can be seen in the top images of However, when the L?
norm of the first derivative of variable X} is low the model detects that this is a situation where
the variance of the residuals is low, so the estimated prediction region is narrower than the
ones obtained by the reference models. This illustrates the capability of the proposed model to
include functional covariates into its formulation, and also highlights the necessity of selecting
a suitable semi-metric function that it is able to highlight the relevant features of the exogenous
curves.

In order to provide a global comparison of the different models included in this section,
a comparative table including the average probabilistic scores obtained for each model and
dataset is included. contains the values of the functional CRPS, Winkler Score and
Log-Score detailed in[Section 4.3 for the two reference models included in this study as well as
the scores obtained by the proposed conditional probabilistic model. The mean scores validate
the improvement made by the conditional model over the reference unconditional models,
as both the coverage of its prediction bands and the likelihood of the functional scenarios
generated by the model is superior to the scores obtained by the remaining models. The
applicability of the proposed model when including functional covariates has been validated
in the second simulation, where the model defined in is able to capture the
variations in the dispersion of the residuals given by the slopes of the functional covariates,
obtaining a better probabilistic score when compared with the reference models.
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Figure 4.13. Prediction regions defined by the residual-based bootstrap, unconditional and conditional
models fitted to the synthetic series for the second simulation. The black curves represent the different
scenarios obtained by each method. The top row corresponds to a high-volatility period, whereas the
bottom figures display the curves for a low-volatility period.

Simulation 1 Simulation 2

Model fCRPS fVVSg5 fL.S fCRPS fVVSg5 fLS
Bootstrap 0.022 0.3196 -14.02 0.01187 0.1879 -14.38
Unconditional 0.019 0.3101 -15.28 0.01036 0.1699 -16.41
Conditional 0.017 0.2681 -18.34 0.0099 0.1434 -18.04

Table 4.2. Average scores for each probabilistic model in each simulation study. The lower scores
obtained for each metric are marked in bold.

This concludes the simulation study performed in this section, which was devoted to
illustrating how the proposed model can be used to model conditional distributions of the
residuals of a functional deterministic model. The estimations of the model are compared
with two reference functional probabilistic models often used in the literature, showing the
improvements made by the proposed model in situations where the distribution of the residuals
exhibits a certain relation with a set of exogenous variables, either scalar or functional. This is a
common situation in real-world forecasting applications, as the volatility of the residuals of a
fitted deterministic model is often related with sudden changes in the market. As such, next
section will illustrate the applicability of the conditional probabilistic model in a real-world
application, in order to test the usefulness of the model when dealing with real data.
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4.5. Application to real-world datasets

This section is devoted to illustrating the real-world applicability of the proposed functional
probabilistic model in a case study that analyses the Complex Residual Demand Curves (CRDC)
obtained from the Spanish Electricity Market. The definition of CRDC was introduced in Portela,
Mufioz, et al. (2017) as a generalization of standard Residual Demand Curves(RDC) that include
complex conditions of energy markets into its formulation, such as market splitting occurrence.
Due to its ability to explain the strategic bidding behaviour of the market agents, there has been
a growing interest in forecasting these residual demand curves. This section will follow the
analysis performed in Portela (2017), where the authors proposed a SARMAHX(2,0) x (1,1)24 X
(1,1)16s model to obtain 1-step and 24-step ahead forecasts of the series of CRDC for the year
2013.

The bidding behaviour of the agents is conditioned by weather conditions that affect the
demand, wind and solar generation; and several external factors that might influence the
decisions of the traders. As such, the SARMAHX model proposed by the authors uses the
demand of the system and the wind and hydraulic production as scalar covariates to the
fitted model. The resulting model is compared against other well-known forecasting models
commonly used in the RDC forecasting literature, proving that the SARMAHX model is a
competitive model for forecasting RDC as it outperforms the reference deterministic models.
Henceforth the analysis presented below will focus on the results obtained by the authors using
the SARMAHX model.

Having accurate estimations of the future residual demand curves is of utmost importance
to any market agent, as this information can be used to optimize its offering strategy. However,
as pointed out in Berzal et al. (2001), deterministic forecasts of the curves may not be enough
as the market uncertainty must be taken into account when obtaining an optimal bidding
strategy for a market agent (Baillo et al.,|2004; Campos et al., 2016). As such this case study is
devoted to analyse the capability of the proposed functional probabilistic model to quantify the
uncertainty associated with the forecasts of the SARMAHX model and to measure the quality
of the functional scenarios obtained. The proposed model will be compared against two well-
known scenario generation models found in the functional data literature: the unconditional
kernel density estimator based on the techniques proposed in Delaigle and Hall (2010) and the
residual-based bootstrap method used in Vilar, Aneiros, et al. (2018) and Rossini and Canale
(2019), among others. Once the models are evaluated, the quality of the obtained probabilistic
forecasts will be measured using the 3 scores described in|Section 4.3} in order to find which
model is able to obtain a more coherent set of scenarios for the series of CRDC.

The setup for this study is as follows: the series of Complex Residual Demand Curves
between days 01,/02/2013 and 10/05/2013 is obtained, as well as the set of scalar covariates
used in Portela (2017) to fit a SARMAHX model to the series. The first 2000 hours of the
dataset are used to fit the parameters of the SARMAHX model, leaving the remaining curves
as an Out-of-sample set to measure the generalization capabilities of the model. Once fitted,
the SARMAHX model is evaluated to obtain 1-step ahead forecasts of the CRDC, following the
case study presented by the authors. shows both the data used to fit the SARMAHX
model and the 1-step ahead estimations obtained by the model, together with the residuals of
the model. As mentioned in previous sections, it is necessary to characterize the distribution of
these residuals to obtain probabilistic forecasts of the series. Due to the infinite-dimensionality
of the functional time series being modelled, the projection-based density of the curves must
be used as an approximation for the density function of the data. Hence, in order to fit the
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Figure 4.14. Top: actual hourly Complex Residual Demand curves together with the 1-step ahead
forecasts obtained by the fitted SARMAHX model and the residuals of the model. Bottom: Hourly values
of the three exogenous variables included in the regression part of the SARMAHX model.

proposed probabilistic model the 1-step ahead residuals of the SARMAHX model must be
decomposed into their first FPC. The number of components used in the decomposition is
selected using the CPV criterion introduced in[Section 2.2.5 which shows that using 4 FPC in
the decomposition allows us to explain more than 90% of the total variance of the residual
curves of the model.

The main benefit of the conditional probabilistic model proposed in this dissertation is its
ability to model the variations in the distribution of the curves based on a set of exogenous
variables. Hence, an exploratory analysis is carried out to identify possible relations between
the covariates and the distribution of the scores of the FPC decomposition of the residuals.
[Figure 4.15]illustrates the distribution of each FPC’s scores given a certain level of the exogenous
covariates used to fit the deterministic SARMAHX model. As this is a hourly forecasting problem,
the distribution of the residuals grouped by hours is also included in order to check if there
are any set of hours where the uncertainty of the model is lower. This analysis shows that
the distribution of the scores exhibits a different behaviour for different hours of the day: the
dispersion of the scores for hours 1-2 and 19-24 is very high when compared with the low
dispersion that can be found between hours 3-6. In addition, the distribution of the scores for
some groups of hours have a non-zero mean, as evidenced in the distribution of the scores of
the first principal component for hours 7-8 and 11-12. This fact is quite surprising: although
the regression residuals of the SARMAHX model exhibit a zero-mean level, differences can be
seen when grouping the data by hour, showing that the functional regression model may benefit
from the inclusion of some intervention variable that is able to model the aforementioned
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Figure 4.15. Distribution of the FPC scores of the SARMAHX 1-step ahead residuals grouped by levels of
the exogenous variables. Each column is associated with the scores of a certain FPC, whereas each row is
associated with a different covariate.

differences. The remaining covariates do not exhibit such a clear relationship between the
levels of the variables and the dispersion of the scores, where only the variable Hydro can be
seen as a variable that influences the variance of the scores. In order to whether the levels of
the covariates influence the distribution of the residuals’ scores, the two-sample Kolmogorov-
Smirnov (KS) test (Hollander and Wolfe, 1973) is used. This is a nonparametric test that
assesses whether two samples have been drawn from the same distribution. If the p-value of
the statistic is lower than 0.05, the null hypothesis of both samples being drawn from the same
distribution can be rejected at a 95% confidence level. contains the minimum p-value
obtained for the grouped distributions of the exogenous variables shown in for
each FPC score. In order to provide a robust estimations of the differences in the distribution,
only grouping of the variables that contained a representative sample of the data have been
included in this study. Hence, variables Hour (hour of the day) and Hydro (hydroelectric power
generation) will be used as inputs for the probabilistic model, as these are the variables selected
by the KS test, showing that they are able to explain most of the variation in the distribution of
the residuals’ scores. [Figure 4.16|illustrates the differences in the distribution of the residuals:
the variance exhibited by the model’s residuals is low for hour 6 and low levels of hydraulic
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Figure 4.16. Distribution of the residuals of the model for three different values of the exogenous
variables Hour and Hydro for the 1-step ahead forecasts. The whole set of residuals is displayed using
grey color, whereas the curves with a positive weight in the probabilistic model are shown in blue.

FPC1 FPC2 FPC3 FPC4
Hour 0.00013 0.0061 0.00081 0.0028
Demand 0.0249 0.146 0.0671 0.21047
Wind 0.06207 0.01135 0.0514  0.135
Hydro 0.00031 0.00073 0.00011 0.08059

Table 4.3. p-values of the Kolmogorov-Smirnov test obtained for the distributions of the one-step ahead
residuals’ scores grouped by levels of the exogenous variables. p-values lower than 0.05 are marked in
bold.

production, whereas high values of hydraulic production and hours in the range 19-24 usually
entails greater dispersion in the residuals. As illustrated by the third panel, using only variable
Hour is not enough to model the conditional distribution of the data, as the residuals selected
by the model for hour 19 but a lower level of Hydro than the second panel exhibit a lower
dispersion.

The probabilistic model for the 1-step ahead forecasts is formulated as follows

T
f);:f) <e(1)]x) = Zwt (x) Ky <e(1) — eﬁ”) : (4.34)
t=1

with the weight function of the covariates given by
K, (2 — 2i]ls1) K, ([l2* — 27]))

> Ky (Hxl - x}\lw) K, (sz _ JJ?H) : (4.35)

we () =

In this expression, e(!) denotes the scores of the FPC decomposition of the 1-step ahead residuals,
x = (2',2?) stands for the values of variables Hour and Hydro respectively. As the Hydro
variable included in the model is scalar, the euclidean distance ||.|| in R is used by the model to
weight the contribution of these values. Nevertheless, the same distance function cannot be
used with variable Houy, as the distance between hour 24 and 1 should be equal to 1. In order

to capture this relationship, the following distance function is used:

lz —yllg1 = min{|z — y|,24 — [z — y|}. (4.36)
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This function is able to model the notion of proximity between hours, which is relevant for
the proposed model. The leave-one-out cross-validation procedure proposed in
is used to select the optimal bandwidth parameters for this model. Once fitted, 80% and 95%
prediction regions are obtained from the conditional density estimated by the model in both the
In-Sample and Out-Of-Sample periods. illustrates the obtained predictive regions
together with a set of 100 scenarios of Complex Residual Demand Curves. The estimations of the
unconditional kernel density model and the residual-based bootstrap model are also included,
in order to highlight the performance of the proposed conditional model. As evidenced by this
comparison, the proposed model is able to capture the differences in the uncertainty of the
forecasts, which results in narrower predictive regions for low-volatility periods of time and
coherent scenarios of the functional time series being modelled. In addition, the upper and
lower limits of the predictive region defined by the conditional density model better captures
the shape of the real curves, as these regions are derived from a proper density function unlike
the prediction regions obtained by the bootstrap method. This enables an easier quantification
of the uncertainty of each forecasted curve, allowing for a better interpretation of the results.
As shown in both the 95% and 80% prediction regions obtained by the proposed
model outperform the regions estimated by the other unconditional models: in the bottom row,
the real curve is inside the 80% region obtained by the conditional density estimation method,
whereas it lies outside the boundaries defined by the other two models. This illustrates the
sharpness of the probabilistic statements produced by the proposed model, proving itself to be
a competitive model when compared with the other probabilistic methods considered in this
study.

Up to this point the analysis has been focused on the 1-step ahead forecasts obtained by
the SARMAHX model, as the training process for this model aims at minimizing the 1-step
ahead forecasting error. Hence, analyzing this case can be useful to obtain insight about the
formulation of the model as well as providing an example for illustrating the probabilistic
capabilities of the proposed model. However, in real operation the auctions for the next 24
hours are cleared at the same time, so market agents will need to have forecasts of these 24
CRDC before the auctions take place. Hence, the SARMAHX model will be evaluated to obtain
24-step ahead forecasts of the series, better illustrating the applicability of the model to a real
world problem. Once the 24-step ahead estimations have been obtained the proposed model
will be used to obtain probabilistic forecasts for each following day. This has a twofold purpose:
on the one hand, it will show how the proposed model can be adapted to a variable horizon
forecasting problem. On the other hand, it will validate the probabilistic forecasts obtained in a
real case application.

Similarly to the 1-step ahead case, the residuals obtained after the evaluation of the
SARMAHX model with a forecasting horizon of 24 hours must be decomposed into their
first FPC in order to estimate the projection-based density of the curves. In this particular
case the first 4 FPC are able to explain more than 95% of the variance of the original set of
curves. Once the curves have been projected into the subspace spanned by these first 4 principal
components, it is necessary to analyze whether the distribution of the scores exhibits any kind
of dependency with the exogenous variables available for this forecasting problem.
shows the differences in the distribution of the scores when aggregated by different levels of
the covariates used to fit the SARMAHX model. Unlike the 1-step ahead case, the distribution
of the 24-step ahead residuals do not exhibit a significant difference for different hours of the
day. However, as illustrated by the figure, the distribution of the first FPC exhibits a strong
relation with the demand: low demand levels are typically associated with negative scores,
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Figure 4.17. Prediction regions defined by the residual-based bootstrap, unconditional and conditional
models fitted to the CRDC series for the 1-step ahead forecasting problem. The black curves represent
the different scenarios obtained by each method. The top row corresponds to the In-Sample period,
whereas the bottom figures display curves for the out-of-sample period.

whereas the variance of the scores decreases with the level of the demand. The hydraulic
production also influences the distribution of the scores, as the dispersion of the scores increases
with the levels of this variable. In addition, high levels of hydraulic production are associated
with a distribution of the scores that is not centered at 0. The Kolmogorov-Smirnov (KS) test
is consistent with this selection, as the variables selected exhibit a lower p-value across all
4 FPC scores, as shown in Extreme values of wind production are hardly present
in the original dataset, so the KS test does not find enough evidence to find differences in
the distribution of the scores after removing those outlying values from the sample. This is
further exemplified in [Figure 4.19, where the 24-step ahead residuals of hours with similar
values of demand and hydraulic production are highlighted, showing that the distribution of the
SARMAHX residuals is influenced by these two variables. Hence, variables Demand and Hydro
will be used as inputs for the 24-step ahead probabilistic model as they are able to explain most
of the variation in the distribution of the scores.

Once the input variables are selected, the bandwidth parameters of the conditional
probabilistic model are selected by the leave-one-out cross-validation procedure proposed
in this chapter. Once fitted, the model is evaluated in both the In-sample and Out-Of-Sample
periods to obtain both 80% and 95% predictive regions defined by the conditional density
estimated by the model. In addition, a set of 100 functional scenarios are obtained for each hour
which follow the estimated conditional distribution of the residuals of the SARMAHX model.
Similarly to the 1-step ahead case the residual-based bootstrap and unconditional kernel density
estimator models have also been fitted to this dataset to verify if the proposed probabilistic
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Figure 4.18. Distribution of the FPC scores of the SARMAHX 24-step ahead residuals grouped by levels
of the exogenous variables. Each column is associated with the scores of a certain FPC, whereas each
row is associated with a different covariate.

model is able to improve the probabilistic statements obtained by these two models.
contains examples of both the predictive regions and functional scenarios obtained by each
of the 3 methods included in this comparison. As it can be seen, both the unconditional and
the wild bootstrap models are unable to capture the variations in the uncertainty associated
with the 24-step ahead forecasts obtained by the SARMAHX model, as indicated by the wide
prediction regions obtained in both the In-Sample and the Out-Of-Sample periods. This analysis
also illustrates the improvements made by the proposed probabilistic model over these two
widely used functional models, as the conditional density model is able to better capture the
variations in the distribution of the SARMAHX model’s residuals, obtaining narrower prediction
regions in low volatility periods of the series and wider regions where the uncertainty of the
model increases.
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Figure 4.19. Distribution of the residuals of the model for three different values of the exogenous
variables Demand and Hydro for the 24-step ahead forecasts. The whole set of residuals is displayed
using grey color, whereas the curves with a positive weight in the probabilistic model are shown in blue.

FPC1 FPC2 FPC3 FPC4
Hour 0.00445 0.06224 0.0463 0.0781
Demand O 0.00062 0.00022 0.000581
Wind 0.00028 0.00685 0.063 0.0829
Hydro 0 0 0.000014 0.000393

Table 4.4. p-values of the Kolmogorov-Smirnov test obtained for the distributions of the 24-step ahead
residuals’ scores grouped by levels of the exogenous variables. p-values lower than 0.05 are marked in
bold.

In order to test the quality of the three functional probabilistic models included in this
section, the probabilistic scores introduced in have been obtained for both the
In-Sample and Out-Of-Sample periods and the 1-step and 24-step ahead forecasts of the series.
shows the average scores achieved by each model, which illustrate the advantage of
the proposed conditional model over the reference models: the prediction region obtained by
the proposed model achieves an average Winkler Score in the Out-Of-Sample period of 848817.7
for the 1-step ahead study, a clear improvement over the Winkler Score of 1013025.2 obtained
by the residual-based bootstrap model for the same period of data. Similar values are obtained
for the 24-step ahead forecasts, with the conditional model obtaining an average Winkler Score
of 1541468, outperforming the best reference model that only achieves a Winkler Score of
2179392. As the Winkler Score quantifies the conditional coverage and mean width of the
prediction regions, it can be concluded that the sharpness of the probabilistic bounds obtained
by the proposed model is higher than the other reference models found in the literature. When
analyzing the functional CRPS metric, the conditional model obtains a better score in the In-
Sample period, but both the proposed model and the bootstrap models are outperformed by the
unconditional model in the Out-Of-Sample period. However, as seen in the comparative analysis
performed in the functional CRPS measure may not be adequate for quantifying
the quality of the functional scenarios, as it is unable to distinguish between the conditional
coverage of the scenarios nor to capture the shape similarities of the curves. Nevertheless, as
stated before, many real-world applications seek to obtain realistic scenarios of the actual series
being modelled, as these scenarios are then used to optimize the strategy of the company. Hence,
it is desirable to maximize the likelihood of the obtained scenarios to ensure the consistency
of scenarios with observations. As such, the proposed functional Log-Score metric is used to
quantify this property, and in both the In-Sample and Out-Of-Sample periods the scenarios
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4.5. Application to real-world datasets
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Figure 4.20. Prediction regions defined by the residual-based bootstrap, unconditional and conditional
models fitted to the CRDC series for the 24-step ahead forecasting problem. The black curves represent
the different scenarios obtained by each method. The top row corresponds to the In-Sample period,
whereas the bottom figures display curves for the out-of-sample period.

obtained by the conditional model attain a better score than the scenarios generated by the
unconditional reference models. This metric is consistent with the graphical representations
included in Figures and as the scenarios obtained with the conditional model exhibit
a similar shape as the real Complex Residual Demand Curves in addition to having a lower
dispersion than the remaining scenarios obtained by the reference probabilistic models. The
metrics obtained for the 1-step ahead study are lower than the scores obtained for the 24-step
ahead forecasts, as the uncertainty associated with the 1-step ahead estimations is lower than
the other forecasting study.

The analysis carried out in this section has been devoted to illustrating the applicability of
the proposed functional probabilistic model in a real-world problem, using a dataset of Complex
Residual Demand Curves obtained from the Spanish Electricity Market. In order to validate the
usefulness of the conditional model developed in this section, 1-step ahead and 24-step ahead
probabilistic forecasts of the series have been obtained, and then compared with the two most
widely used probabilistic models in the functional data analysis framework. An exploratory
analysis has been carried out to identify variations in the distribution of the SARMAHX residuals
that are related to the levels of certain covariates. Hence, periods of high uncertainty in the
bidding behaviour of the market agents may be characterized with extreme values in the
variables considered in this study. This allows for modelling the conditional distribution of the
residuals of the SARMAHX model, which results in more accurate probabilistic forecasts of the
original series. In addition, the proposed model is able to generate new functional scenarios that
have not been previously observed, unlike residual-based bootstrap methods. This is a desirable
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Chapter 4. Probabilistic forecasting of functional time series

In-Sample Out-Of-Sample

Forecasting . el fCRPS  fWSg;  fLS  fCRPS  fWSgs  fLS
horizon
-Step Bootstrap 54119.54 965100.9 30.75 42773.03 1013025.2 30.24
Aboeey  Unconditional 54017.84 1115016.1 30.35 41642.51 1110242.6 30.10

Conditional  51614.39 887061.3 30.15 41807.88 848817.7 29.98
24swep | BOOWSIaD 117977.6 2378571 32.86 88172.79 2372640 32.47
Aneaq ~ Unconditional 113540.1 2187799 3255 85461.91 2179392 3239

Conditional 104614.6 1648718 32.06 86735.09 1541468 32.17

Table 4.5. Average scores for each probabilistic model in the 1-step and 24-step ahead Complex Residual
Demand Curve scenario generation study. The lower scores obtained for each metric are marked in bold.

property of scenario generation methods as it allows for the generation of future scenarios that
follow the conditional density estimated by the model, resulting in more realistic and coherent
scenarios. A set of quality metrics for evaluating the probabilistic performance of the models
have been obtained, showing that the proposed conditional density model is a competitive
model against other well known existing methods for functional scenario generation for both
1-step and 24-step ahead forecasting.

4.6. Conclusions

This chapter has been devoted to introducing a probabilistic model for functional time series
models that it is able to obtain sharp estimations of the conditional distribution of the projection-
based density of the residuals of a given deterministic model using information given by a
set of exogenous variables that influence the distribution of the residuals. This is achieved
by combining classical kernel density estimation techniques with nonparametric techniques
that allows the model to weight the contribution of each set of covariates. A leave-one-out
cross-validation method has been proposed to select the optimal bandwidth parameters for the
model, which seeks to maximize the likelihood of the conditional densities. Once fitted, the
proposed model can be used to define predictive regions at a given confidence level «, which
are the natural generalization of prediction intervals to the functional data framework. The
upper and lower boundaries of these regions provide a useful tool to quantify the uncertainty
associated with the forecasts of a given functional time series model. In addition, functional
scenarios that follow the estimated conditional density can be obtained, which are able to
represent the range of possible future values of the functional time series being modelled.

The applicability of the probabilistic model has been validated with a simulation study using
synthetic datasets and a case study using Complex Residual Demand Curves from the Spanish
Electricity Market. Deterministic 1-step and 24-step ahead forecasts of the series have been
obtained using the SARMAHX model, and the conditional density of the model’s residuals has
been characterized. A set of exogenous variables that are able to explain the variations in
the dispersion of the data has been identified and then used as input for the proposed model,
obtaining sharp estimations of the volatility of the series. In order to measure the probabilistic
performance of the proposed model two reference probabilistic models for functional time series
have also been fitted to the data as a way to compare the efficiency of the proposed model.
A set of quality measures for functional probabilistic models has been obtained for all three
models, illustrating the improvements made by the proposed model over the reference models,
proving itself to be a competitive model in real-world applications. The logarithmic score
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4.6. Conclusions

proposed in this section has been used to validate the consistency of the functional scenarios
obtained by each model. Functional scenarios that are drawn from the estimated conditional
density distribution are able to outperform the other scenarios obtained by the reference models,
validating the performance of the proposed functional probabilistic model.

Probabilistic Forecasting of Functional Time Series: application to Scenario-Generation of 103
Residual Demand Curves in Electricity Markets
Guillermo Mestre Marcos






Functional probabilistic
forecasting applications in
electricity markets

This chapter is devoted to the empirical application of the proposed probabilistic
forecasting methodology to the electricity market field. The forecasting methodology
developed in this dissertation is evaluated on two different case studies. In each case
study, the identification methodology based on the FACF/FPACEF is used to select the
optimal configuration of a SARMAHX model for the modelled series. Once a suitable
deterministic model has been fitted to the data, probabilistic forecasts of the series will
be obtained using the proposed conditional probabilistic model and then compared with
other reference models often found in the probabilistic FDA literature. The first study
is aimed at obtaining short-term probabilistic forecasts of the hourly Supply Curves for
the Italian Day-Ahead electricity market. The second case study is devoted to scenario
generation of Residual Demand Curves for the Spanish Day-Ahead electricity market,
which illustrates how the proposed methodology is able to obtain accurate short-term
estimations of the bidding behaviour of market agents.

5.1. Introduction

One of the main appeals of Functional Data Analysis is its wide range of applications across
different scientific disciplines. The applicability of these techniques to biomedical sciences was
illustrated in the extensive review performed by Ullah and Finch (2013), where the authors
analyzed the relevance of FDA techniques in data registration and modelization employed by
medical researchers. Recently, Matabuena et al. (2019) proposed a functional model to predict
the maximum heart rate of an individual which reduced the predictive error more than 50 %
when compared with current models found in the medical literature. In addition, functional
data techniques have been applied successfully to financial markets: due to the high-frequency
and granularity that financial time series often exhibit it is customary to analyze these data as
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Figure 5.1. Supply and Demand Curves for the Spanish Day-Ahead electricity market. The intersection
of both curves determines the market clearing price for each hour, as illustrated by the series of hourly
prices shown in the right panel.

continuous curves (Shang et al., 2019). As such, functional forecasting models have been used
to obtain accurate forecasts of forward curves derived from commodities futures (Horvath, Liu,
et al., [2020), USA yield curves (Sen and Kliippelberg, 2019) and even estimating the Value-at-
Risk associated with intra-day return curves (Rice, Wirjanto, et al., 2020). Nevertheless, recently
there has been a growing interest in the application of FDA techniques to electricity markets,
with authors developing new models to obtain accurate estimations of the daily load curves
(Antoniadis, Brossat, et al., 2016; Vilar, Cao, et al.,[2012) and electricity price curves (Rafia,
Vilar, et al., 2018; Portela, Mufioz San Roque, et al.,|2018]), among others. The FDA techniques
proposed by these authors are able to outperform other well-known reference models often
found in the literature, which illustrate the real-world applicability of the FDA framework to
industry.

Although functional data arises naturally in many problems related with electricity markets,
perhaps one of the most relevant applications of FDA in this field is the forecasting of supply and
offer curves (Shah and Lisi, |2020). Many different countries have undergone a deregulation
process in the last decades that has given rise to liberalized electricity markets that allow
companies to trade energy in organized auctions (Joskow, [2008). As such, many day-ahead
electricity markets are based on sealed-bid auctions where agents submit their selling and
buying offers to the Market Operator, who then determines the market-clearing prices and the
set of accepted bids for each time period. From here on we will only consider markets with
an energy auction for each hour h of the day. This deregulation process has introduced new
challenges to market agents regarding electricity price forecasting, highlighting the necessity of
new modelling techniques that are able to model the underlying price-generating process.

Consider, for the sake of simplicity and without loss of generality, a simple-bid market. In this
market each offer (or bid) is defined by a price p and a quantity ¢, which refers to the amount of
energy that agent is willing to sell (or buy) at that price p. By sorting the selling (buying) offers
in increasing (decreasing) prices, the aggregated supply (demand) curve for that agent is built.
Once all the agents have submitted their offers, the sum of all the supply curves results in the
system supply curve Sy (p) , and the sum of the demand curves of each firm results in the system
demand curve Dy, (p). Market-clearing price p; is computed for each hour as the intersection of
the system aggregated supply and demand curves, hence Dy, (p}) — Si(p}) = 0. According to
the auction type, two possible outcomes generally take effect: in discriminatory auctions, prices
paid to winning suppliers are based on their actual bids, whereas in uniform-price auctions all
suppliers are paid the market-clearing price. This process is illustrated on [Figure 5.1 where
the supply and demand curves of the Spanish Day-Ahead market for different hours are shown.
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5.1. Introduction

The clearing price of the market is determined by the intersection of these two curves, but
having accurate estimations of these curves is not only useful to determine future market prices:
as these curves contain the bidding strategy of all market agents, a company can use this
information to optimize its own market strategy. In addition, this information can be used to
quantify the sensibility of the electricity price when faced with changes in renewable production,
as this usually entails a shift in the bidding curves.

For a given generation company 7 participating in a market, it is of utmost importance to
plan ahead and manage the available resources as efficiently as possible. The forecasts of
different significant market indicators and variables can provide useful estimations for the
agents. For example, load forecasting allows for an efficient management of resources, optimal
scheduling and production planning for minimizing generation costs (Bunn and Farmer, 1985).
Estimates of the price allow to plan ahead and cover their operation costs and hedge against
price movements (Weron, 2014). As a consequence, load (Chen et al., [2019), price (Zhang,
Zhang, et al., 2019; Monteiro et al., 2018) or wind forecasting (Wang, Hu, et al., 2019) are
widely studied and continuously being improved.

Furthermore, the market agent is usually interested in optimizing its bidding strategy in
the market (Liu et al.,|2012). This can be done using Residual Demand Curves (RDCs) (Baillo
et al., 2004; Campos et al.,|[2016; Xu and Baldick, 2007; Prete and Hobbs, 2015)). RDCs can be
defined for each hour as the function that models the offering and bidding behaviour of all the
competitors and can be calculated as

¢ = Ru(p) = Di(p) — S;, " (p), (5.1)

where S, Y(p) is the supply function of the competitors of firm i, which is given by the system
supply function Sy, (p) minus the firm’s supply function S} (p) i.e. S; “(p) = Su(p) — Si (p). For a
given price value p, R, gives the maximum energy quantity ¢; that the generation company ¢
can sell in the market at hour h.

Consequently, it would be desirable for electricity companies to obtain short-term forecasts
of supply curves and RDCs, as it would provide them with an accurate description of both the
strategy of its competitors as well as a robust estimation of the price generation process of
the market. Time series observed in electricity markets often exhibit complex dynamics, such
as weekly and daily seasonal patterns as well as calendar effects or influence of exogenous
variables such as the renewable production. In order to obtain a competitive model to forecast
these complex data, all these features should be taken into account to produce robust forecasts
of the series. The SARMAHX model detailed in is able to include this information
into its formulation, becoming a suitable model to obtain accurate estimations of both supply
curves and RDCs for different electricity markets. The studies carried out in this chapter will
illustrate the real-world applicability of the SARMAHX model to model functional time series
that arise from electricity markets, validating its usefulness with a comparison against other
reference models often found in the functional data literature. The identification and diagnosis
methodology proposed in will be used to select the optimal configuration of the
SARMAHX model, providing the practitioner with much sharper forecasts of the series.

Although deterministic forecasts of supply curves and RDCs obtained by the SARMAHX
model may seem adequate in many applications, market agents are often interested in having
probabilistic forecasts of these curves, as it will provide them with a measure of the future
volatility of the market. Having sharp estimations of the uncertainty associated with its forecasts
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Figure 5.2. General procedure for identifying and diagnosing a SARMAHX model using the proposed
FACF and FPACF.

allows them to hedge against future risk by optimizing its bidding strategy including future
scenarios of the curves into their decision-making process. As mentioned earlier, it is safe
to assume that exogenous conditions may influence the distribution of the residuals of the
SARMAHX model. As such, the conditional probabilistic model proposed in [Chapter 4] will be
used to obtain probabilistic forecasts of the functional time series being analyzed. The model’s
capability to capture variations in the conditional distribution of the residuals determined by a
set of exogenous covariates will be useful when estimating the density of the residual curves. A
comparison between this model and other reference models often used in the literature will be
carried out, in order to highlight how the proposed model is able to improve upon standard
forecasting techniques for functional time series.

The forecasting methodology proposed in this thesis provides a very flexible framework to
obtain estimations of functional time series that exhibit a complex dynamical behaviour. The
FACF and FPACF introduced in[Chapter 3|can be used to identify the optimal configuration of the
autoregressive and moving average orders of the SARMAHX model for a given FTS, obtaining
more accurate forecasts of the curves. This identification and diagnosis procedure is illustrated
in Once the deterministic SARMAHX model has been fitted to the data it can be
evaluated to obtain estimations of the functional time series. In order to obtain probabilistic
forecasts of the series the uncertainty associated with the forecasts has to be modelled. This
can be achieved by fitting the proposed conditional probabilistic model proposed in [Chapter 4|
to the series of SARMAHX residuals, obtaining a estimation of the projection-based density of
the functional residuals conditioned to the values of a set of exogenous variables that influence
the distribution of the residuals. This allows the model to adapt to different market regimes or
changes in the bidding behaviour of the market agents, obtaining sharper probabilistic forecasts
of the series being modelled.

In order to test the versatility of the techniques proposed in this dissertation, two real case
studies involving data from electricity markets have been analyzed. Each case study will be
briefly described, detailing the application, the nature and source of the data and the forecasting
strategy that will be used.
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5.2. Forecasting hourly supply curves

* The first application is devoted to the short term forecasting of the hourly aggregated
supply curves in the Italian Day-Ahead market. Having accurate forecasts of these supply
curves is of utmost importance for an electricity company, as it provides a detailed
estimation of the bidding strategy of its competitors, allowing them to optimize its
bidding strategy in markets where the demand is considered inelastic. The application of
functional forecasting models is appropriate for this setup, as the series of supply curves
naturally define an hourly functional time series S, (p), with each curve defined over a
fixed range of prices. In addition to obtaining accurate deterministic forecasts of the
series, having coherent future scenarios of the supply curves of the next 24 hours is very
useful for market agents, as it will provide them with information about the different
strategies that they may face in the market. As such, the proposed probabilistic model
will be used to estimate the distribution of the one-step and 24-step ahead residuals of
the SARMAHX model, conditioned to the values of several scalar covariates that influence
the volatility of the residuals. Then, prediction bands together with functional scenarios
of the supply curves will be obtained. This case study is an updated version of the journal
article Mestre, Portela, Mufioz San Roque, et al. (2020).

* The second application is aimed at forecasting Residual Demand Curves obtained for the
Spanish Day-Ahead electricity market. As mentioned earlier, RDCs are used by utilities
and other institutions to help the analysis of market agents’ behaviour and in the decision
making process in electricity markets. One of such applications is the estimation of the
slope of RDCs of a given market participant, as it provides useful information regarding
its capability to influence market prices. This allows market regulators to compare the
potential market power of the different companies. In addition, short-term forecasting
of RDCs has been used in both unit commitment (Garcia-Gonzalez and Barquin, [2000)
and long term planning (Baslis and Bakirtzis,|2011). Similarly to the previous case, the
series of RDCs define an hourly functional time series, so functional forecasting models
will be used to estimate future values of RDCs. In order to improve the estimation of the
curves, information about the system demand and the wind and hydraulic production
will be used to account for the external factors that might influence the behaviour of the
agents. Once the curves have been forecasted, functional scenarios of the RDCs will be
obtained using the conditional density model proposed in this thesis. These forecasts
open the door to many different applications, such as the evaluation of estimating the
effect of renewable energy on the market clearing price, as an increase of the renewable
production will shift the supply curve of the system, varying the electricity price for that
hour. Similarly, the probabilistic forecasts of the residual demand curves can be used to
obtain accurate estimations of the density of market clearing prices taking into account
possible extreme events that may influence the distribution of the prices.

5.2. Forecasting hourly supply curves

This section is devoted to the short-term forecasting of aggregated hourly supply curves in
electricity markets. As mentioned earlier, a supply curve S, (p) represents the total amount of
energy offered by an agent for each price p in the auction of hour h. If the demand is inelastic

to price, the residual demand of becomes

q=Dj — S7(p). (5.2)
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Therefore, the problem of forecasting the residual demand can be splitted into the forecasts of
the hourly inelastic demand and the forecast of the supply curves. As demand forecasting has
been widely studied in the literature (Aneiros, Vilar, and Rafia, |2016; Huang and Shih, |2003;
Fan and Hyndman, 2012), this section will focus on forecasting supply curves. The setup for
this study is based on Pelagatti (2012), where the author analyzed the forecasting of supply
curves of the competitors of the major Italian electricity company using functional models.
Despite the fact that the Italian market consists in 6 interconnected zones, for simplicity and
following Pelagatti (2012) the Italian market is considered as a single market, as if there were
no saturation constraints between zones.

This first section is aimed at illustrating the applicability of the SARMAHX model to obtain
short-term forecasts of the aggregated supply curves in the Italian Day-Ahead Market. The
Day-Ahead Market (MGP) is the venue for the trading of electricity supply offers and demand
bids for each hour of the next day. The MGP opens at 8:00 A.M. of the ninth day before the
day of delivery and closes at 12:00 P.M. of the day before the day of delivery. Participants
submit their bids where they specify the amount and the maximum and minimum price at which
they are willing to buy and sell electricity for each hourly auction. Once the MGP closes, bids
and offers are accepted based on the economic merit-order criterion and taking into account
transmission capacity limits between zones. Where these constraints are binding, the market
effectively splits and distinct zonal clearing prices are determined. While generators are paid the
relevant zonal price, the accepted demand bids pertaining to consuming units are evaluated at
the single national price (PUN) which is computed as the average of the zonal prices weighted
by zonal consumption (Gianfreda and Grossi, 2012).

The results of the MGP are made known within 12.55 P.M. of the day before the day of
delivery. As pointed out in (Shah and Lisi, 2019), due to confidentiality policies, the Italian
Market Operator (GME) does not publish the detailed information relative to demand bids and
supply offers for a confidentiality period of seven days, beginning on the day following the
close of the market sitting to which they refer. However, for market participants, anonymized
confidential results (including the acceptance/rejection of the bids and the aggregated supply
curves without information about the geographical zone of each bid) are available at https:
//www.IPEX.it. As this study is concerned with forecasting the aggregated supply curves
(instead of the zonal supply curves), all the data from hourly supply curves up to day D is
available to forecast the hourly supply curves for day D + 1 before the closing of MGP auction
for day D + 1.

Consequently, the setup for the real case study is as follows. Supply curves for the
competitors of Enel, a major electricity company in Italy, are obtained by aggregating all
the zonal competitors’ supply curves. For this study, supply curves are limited to the price
range [0, 200] €/MWh. Therefore, each functional observation is the aggregated supply curve
submitted to the market in each hour. The time range of the data is from 01/03/2015 up
to 29/02/2016, thus consisting of 8784 curves. The data has been obtained from the Italian
Electricity Market Operator (www.mercatoelettrico.org) and is divided into two sets. The
In-Sample period is considered from 01/03/2015 to 31/08/2015, which will be used for training
the models. The remaining data is left for the Out-Of-Sample period.

The offering behaviour of the agents is conditioned to the weather conditions that affect
the demand, wind and solar generation; as well as the particular circumstances of each day.
Consequently, explanatory variables are used as a way to account for the external factors that
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5.2. Forecasting hourly supply curves

might influence the traders decision. The explanatory variables used in this study are the
following:

* Total electricity demand of Italy. The demand is of utmost importance to account for the
consumption of energy in the country.

* Total wind power production. The south of Italy hosts a great number of wind farms
which have a significant impact on the supply curves in windy days.

* Total solar production. The north of Italy is the region with the greatest solar power
capacity installed. Therefore, the solar production should be significant.

* Thermal availability. It is the sum of all the energy offered in the market by thermal units.

* Energy exchanged from Italy to to the adjacent European countries: France, Switzerland,
Austria, Slovenia, Greece and Malta. These exchanges play a very important role in the
energy trading of the country.

It is worth noting that real values, instead of forecasts, of the explanatory variables are used for
both training and validation of all the models considered in this study. In real operation the
actual values of these variables are unknown, so future scenarios of the exogenous variables
have to be used instead. The Italian Market Operator publishes hourly forecasts of the total
electricity demand and international exchanges for day D + 1 at day D, so the proposed
models can use them to obtain estimations of the hourly supply curves before the auction for
day D + 1 closes. Other variables, such as the the thermal availability and solar and wind
production should be forecasted in order to use them as inputs for the forecasting models.
These models provide useful indicators for any market agent, hence in this study it is assumed
that market participants already have forecasts of these variables. Historical information about
the aforementioned variables can be obtained from the Transparency Platform of ENTSO-E, the
European Network of Transmission System Operators (https://transparency.entsoe.eu/). As
the output time series are hourly curves and these explanatory variables are hourly values, the
model will consider them as scalar covariates and not functional covariates.

The remainder of the section is divided into three parts. Firstly, the fitting of the SARMAHX
model is detailed, showing the identification process proposed in this dissertation. Secondly, a
comparison with other reference deterministic models is presented. Finally, probabilistic
forecasts are obtained for the one-step and 24-step ahead forecasts using the proposed
conditional probabilistic model for functional time series.

5.2.1. SARMAHX model identification

The identification and diagnosis technique proposed in this thesis is used to identify the
functional SARMAHX model. Once the regular and seasonal autoregressive and moving average
orders of the model have been selected, the model is trained with the In-Sample data of this case
study. Both integral and concurrent operators are used. Firstly, the autocorrelation structure
of the series of supply curves in the Italian electricity market is identified using the FACF and
FPACEF of the series together with the proposed identification procedure shown in [Figure 5.2
Figure 5.3|show the seasonal behavior of the series: a high autocorrelation on lags 24 and 168
indicates that the series has strong daily and weekly seasonalities. The decay pattern of the
FACF indicates the presence of an autoregressive part in the series. The serial autocorrelation
is still present in [Figure 5.4} which shows the autocorrelation structure of the residuals of a
fitted functional regression model including the aforementioned exogenous variables. These
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Figure 5.3. First 528 lags of the functional auto- and partial autocorrelation function (FACF / FPACF) of
the functional time series of Italian supply curves. The horizontal line represents the 95% upper limit of
the distribution of the statistic under the white noise hypothesis.

Figure 5.4. First 528 lags of the functional auto- and partial autocorrelation function (FACF / FPACF) of
the regression residuals of a fitted functional regression model including the aforementioned exogenous
variables. The horizontal line represents the 95% upper limit of the distribution of the statistic under the
white noise hypothesis.

explanatory variables are included to capture the effect of these exogenous terms in the supply
curves. As the output time series are hourly curves and the explanatory variables are hourly
values, the model will consider them as scalar covariates. The strong serial correlation in the
regression residuals of the SARMAHX model indicates that the dynamic of the series has to be
modelled in order to obtain accurate forecasts of our data.

A SARMAHX(1,0) x(1,0)24 x(1,0)16s model is fitted to model the autoregressive part
observed in the residuals of the regression model. Although the slow decay pattern exhibited by
the FACF of may be modelled by regular and seasonal differentiation of the series,
it has been decided to include an autoregressive term in the model, as empirical tests have
shown that the performance of the model increases with the inclusion of this autoregressive
term instead of differencing the series. [Figure 5.5| shows the functional autocorrelation of
the residuals of this SARMAHX(1,0) x(1,0)24 %x(1,0)16s model. As can be seen, significant
correlated lags are found at multiples of 24 and 168 hours of the FACF, whereas the FPACF
of the series shows a decaying pattern on the seasonal lags of the series. Hence, there are
daily and weekly effects that have not been captured by the explanatory variables and the AR
terms that should be modelled. For example, the FACF of the daily lags shows two significative
values at lags 24 and 48, whereas the FPACF of the same lags shows an exponential decrease.
This behaviour corresponds to a seasonal moving average effect of order two, which should
be added in our final SARMAHX model in order to capture the dynamic of the functional time
series being modeled.

In order to select the optimal autoregressive and moving average orders of the SARMAHX
model, the identification methodology presented in has been used. Regular and
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Figure 5.5. First 528 lags of the functional auto- and partial autocorrelation function (FACF / FPACF) of
the residuals of the fitted SARMAHX(1,0) x (1,0)24 x (1,0)16s concurrent model including exogenous
variables. A high autocorrelation value is found at multiples of 24 and 168 hours. The horizontal line
represents the 95% upper limit of the distribution of the statistic under the white noise hypothesis.
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Figure 5.6. First 528 lags of the functional auto- and partial autocorrelation function (FACF / FPACF) of
the residuals of the fitted SARMAHX(2,0) x (1,2)24 X (1,2)16s concurrent model including exogenous
variables. As there are no significative autocorrelation values for any lags, the residuals can be regarded
as a functional white noise process. The horizontal line represents the 95% upper limit of the distribution
of the statistic under the white noise hypothesis.

seasonal moving average terms have been added into the model to account for the significant
correlated lags found in the previous FACF/FPACF residual plot of the previous model. An
iterative process has been carried out until the residuals of the fitted model are functional white
noise. The final adjusted model for both concurrent and functional cases is a SARMAHX(2, 0)
x(1,2)24 x(1,2)163 model. Throughout this section, these models will be denoted by SARMAHX
(functional case) and SARMAHXconc (concurrent case). show the autocorrelation
and partial autocorrelation functions of the residuals of the fitted concurrent SARMAHX model
with the 95% upper bound of the statistics under the white noise hypothesis. As most values fall
below this upper bound, the hypothesis of the residuals being white noise cannot be rejected,
hence validating the model from a linear point of view.

It is worth analyzing the resulting shapes of the fitted functional parameters. [Figure 5.7
shows the concurrent regressor operators. Analyzing these shapes, the effect of each variable
on the offering curve can be seen. The demand has positive values for each price, meaning that
for higher demand, the energy offered at all prices increases. In fact, the offer increases more
at higher prices than at lower prices, meaning that the increase in demand is usually covered
with more expensive generation. Wind and solar production have somewhat flat coefficients.
Usually, these renewal production is offered at price 0, thus, simply displacing the curve up or
down. The international exchange, on the other hand, has negative values. This means that
when more energy is imported, the supply curve has less energy being offered.
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Figure 5.7. Operators’ kernels for the regressors of the SARMAHX model in Supply Curve forecasting
study.

5.2.1.1. Empirical comparison

This section compares the fitted SARMAHX models with some reference models. Two different
analysis are presented. On the one hand, as the proposed model is trained to minimize
the one-step ahead forecast error, a one-hour ahead forecast is analyzed. However, in the
Italian electricity market, the auctions for the 24 hours of the day are cleared at the same
time. Therefore, a 24-hour ahead forecast is also considered, validating the use in a real case
application.

All the models included in this study were fitted using data from the In-Sample period. Once
their parameters have been estimated, estimations are obtained for both the In-Sample and the
Out-Of-Sample period, without re-calibrating the parameters of the models. For the 24-hour
ahead forecast, a rolling window approach is used: when forecasting the first hour 4 = 1 of day
D + 1, the estimation S D+n uses the real curves up to day D. However, when forecasting hours
h > 1, the real curves have not been observed, so past estimations of the model are used as
inputs for the model.

Following (Ferraty and Vieu, |2006) and (Portela, Mufioz San Roque, et al.,|2018), forecasting
models for functional time series can be classified in 3 main groups, according to the techniques
that are used to obtain estimations of the parameters of the model: parametric, nonparametric
and dimensionality reduction models. Parametric models, such as the proposed SARMAHX
model, assume that the parameters can be expressed as integral operators. Conversely, non-
parametric models do not define a fixed structure for the operators of the model, instead relying
on kernel estimators or other non-parametric techniques to fit the parameters of the models.
Finally, dimensionality reduction models pursue the goal of transforming the functional time
series into a reduced set of scalar variables so that multivariate techniques can be applied to the
estimation of the final model. In order to provide a fair comparison, one model for each group
will be included in this study, to test the forecasting capabilities of the proposed model against

the best performing functional models found in the literature. The models to be compared are
described ahead:

* Naive. Simple benchmark model that provides a reference to compare the tested models.
Two versions are used, depending whether the simulation is one-step or 24-step forecast.
In the first case, the forecast is simply the last curve observed in the data, i.e. the curve
from the previous hour. In the second case, for Tuesdays, Wednesdays, Thursdays and
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Figure 5.8. Mean function, Principal Components and scores of the supply curves.

Fridays, the forecast will be the hourly curve of the previous day, while for Saturdays,
Sundays and Mondays, the forecast will be the hourly curve of the previous week.

* Principal Components approach. This method is used in Pelagatti (2012) for supply curves
forecasting. It extracts the first Functional Principal Components of the curves and the
corresponding time series of scores. Then, the scores are forecasted by means of Transfer
Function (TF) models (Pankratz, 1991), which include explanatory variables. The final
estimation of the curves is done by reconstructing the estimated scores. The In-Sample
period is used for training all models. FPCs are extracted for that range and the parameters
of the TF are estimated. In the Out-Of-Sample period, the component scores are obtained,
by projecting the curves into the basis spanned by the FPCs previously extracted.

Figure 5.8|represents the mean function, the principal components and the scores obtained
for the curves time series. Three and four principal components are extracted, which
explain the 98% and 99% of the variance of the data respectively. It is worth noting that
each forecasted curve from this method is a linear combination of only the 3 or 4 principal
component extracted. These models will be denoted as PC_FT3 and PC_FT4, respectively.

* Functional nonparametric approach. When forecasting functional time series, one of the
most popular models found in the literature is the functional nonparametric model (the
reader is referred to (Ferraty and Vieu, |2006) for a comprehensive review of nonparametric
techniques applied to functional data). The functional nonparametric model (Ferraty,
Van Keilegom, et al.,|2012]) assumes that the functional response Y; can be modelled as a
non-linear function of functional covariates X;.

Yi(v) = m(Xy)(v) 4 e (v), (5.3)

where m(.) is an unknown nonlinear operator and ¢, is a functional white noise process.
Nonparametric models do not define a fixed structure for the operator m(.), instead they
employ a functional version of the Nadaraya-Watson kernel estimator to estimate the

regression operator:

_ S YK (h(X, X))
mp(X) = Sy K (h1d(X, X)) &4
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where K is a kernel function, h > 0 is a bandwidth parameter and d is a semimetric. A
nonparametric version of the functional autoregressive model of order 1 can be defined
with this model, using past realizations of the process as the functional covariate:

Yi(v) = m(Yi—1)(v) + &(v). (5.5)

This model was used in (Shah and Lisi, [2019)) to obtain forecasts of supply and purchase
curves in the Italian Day-Ahead market in order to obtain accurate estimations of the
market price. However, as all the models that will be compared against the proposed
SARMAHX model use exogenous variables, a variation of this model will be included in the
comparison study instead. The semi-functional partial lineal model (Aneiros, Vilar, Cao,
et al., 2013} Vilar, Aneiros, et al.,|2018) allows the inclusion of exogenous scalar variables,
generalizing the functional nonparametric model (Equation 5.3)). The expression of the
model is as follows:

Yi(v) = 2{B(v) + m(Yi-1)(v) + & (v) (5.6)
where @] = (z41,...,2¢p) is a vector of p exogenous scalar covariates and 3(v) =
(B1(v),...,Bp(v)) is a vector of unknown functional parameters to be estimated. The

authors obtain estimations for these parameters using kernel smoothing and ordinary
least squares ideas. In order to fit this model to the supply curve dataset, the parameters
have been selected as follows: the kernel function K used was the Epanechnikov, defined
as K (u) = 3/4(1 — u?); the bandwidth parameter h has been selected using the k-nearest
neighbours method proposed in Antoniadis, Paparoditis, et al. (2009); and the semimetric
d selected is based on the L? norm of the curves. Throughout this section, this model will
be denoted as NPARHX.

All the models are trained with the In-Sample period and using the same exogenous variables.
Then, each one produces a 1-step ahead forecast, assuming that the curve of last hour is known,
and a 24-step ahead forecast, where the 24 hours of the following day are forecasted being the
last observed curve the hour 24 of the current day. In the 24-step ahead forecast study, hour
1 will always be estimated using a forecasting horizon of 1; hour 2 will be estimated using a
forecasting horizon of 2; and finally the forecasting horizon used to estimate hour 24 will be
24. Henceforth, 1-step and 24-step ahead forecasts are produced for the whole data range.
Functional errors FMAE and FRMSE are calculated, which are defined as

T
FMAE =71 /\Yt(u) — Vi) du 5.7)
t=1
T N 2
FRMSE = TlZ/ (Yt(u)—Yt(u)> du (5.8)
t=1

When forecasting certain types of data, some post-processing method has to be implemented
to improve the raw output of the forecasting model being used. One such case is the one that
concerns us: forecasting aggregated supply curves in the Day-Ahead electricity market. These
curves are always monotonically increasing curves, due to the sheer definition of the supply
functions. The formulation of the SARMAHX model does not ensure that the estimations of the
model are non-decreasing functions, so in order to obtain faithful estimations of these curves
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In-Sample Out-Of-Sample

Forecasting Model FMAE FRMSE FMAE FRMSE
horizon [MWh] [MWh] [MWh] [MWh]
Naive | 909.39 1258.46 | 818.59 1179.16

PC_FT3 353.85 470.51 | 480.54 694.15

1-Step Ahead PC_FT4 276.65 378.83 | 416.05 569.36
NPARHX | 389.30 553.53 | 641.92 884.50

SARMAHX 264.62  363.10 | 313.11  429.66
SARMAHXconc | 248.58 354.97 | 288.66 407.81

Naive 1075.3 14335 | 1382.3 1812.50
PC_FT3 672.06 871.33 | 856.62  1148.1
24-Step Ahead PC_FT4 639.46  834.46 | 811.69 1085.07
NPARHX | 743.47 1010.01 | 987.41 1311.51

SARMAHX 590.08 787.34 | 709.70  963.49
SARMAHXconc | 557.37 764.73 | 655.19 885.86

Table 5.1. Average errors for each method in the one-step and 24-step ahead prediction in Supply Curve
forecasting study. The lower errors obtained for each forecasting horizon are marked in bold.

with the proposed model, output curves of the model Y; are transformed into monotonically
increasing curves Y, obtained as the solution of the following optimization problem:

1~ 12
minimize - HY;Jr — YtH (5.9a)
vt 2
subjectto 0 < ?f(vi) < fﬁf(viﬂ), 1=1,...,N -1, (5.9b)
where {v;,...,vny} denotes the discretization points of the functional observations. The

objective function to be minimized (5.9a)) is the distance between the estimated curves and their
monotonic transformation, while constraint (5.9b]) ensures that the new curve is non-decreasing.
The optimization problem is solved by linear least squares.

This transformation guarantees that the estimated curves are monotonically increasing,
while retaining the shape that has been estimated by the SARMAHX model. It should be noted
that the problem of estimating curves that can be non-monotonic curves is a known issue that
happens to the vast majority of forecasting models, for example if the parameter estimates for
one regressor is negative and a new value of this variable is positive. Henceforth, in order to
provide a fair comparison between the SARMAHX model and other forecasting models found
in the literature, the proposed transformation will be applied to the estimates of all models
considered in this section.

shows the functional errors for the 1-step and the 24-step ahead forecasts for
both the In-Sample and Out-Of-Sample periods. The proposed SARMAHX model shows a clear
advantage over the reference models, obtaining a FMAE of 288.66 MWh that is much lower
than the FMAE of the PC_FT4 (the best reference model), which achieves a FMAE of 416.05
MWh in the Out-Of-Sample period of the 1-step ahead forecasting study. For the 24-step ahead
forecasting case, the results are similar: while the PC_FT4 model obtains a FMAE of 811.69
MWH, it is not able to improve the results of the concurrent SARMAHX model, that achieves a
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Figure 5.9. Top: Forecast examples for 1-step ahead estimations in the Out-Of-Sample periods in Supply
Curve forecasting study. Curves in the price range [40, 60] €/MWh are shown in detail, highlighting the
differences between the different forecasting models. Bottom: Absolute value of the residual curves of
the models.

FMAE of 655.19 MWh in the Out-Of-Sample period. The estimation results are analyzed ahead
in detail.

Firstly, looking at the 1-step ahead forecasts it can be seen how the functional approach
outperforms the other methods in both the In-Sample and Out-Of-Sample periods. Moreover,
the concurrent functional approach is the one that provides the best results, with a mean
absolute error of 289 MWh in the Out-of-Sample period, whereas the FMAE of the PC_FT4
model is 416 MWh. This difference validates the usefulness of the SARMAHX model as a
competitive model to forecast supply curves. Several conclusions can be drawn from these
results. Firstly, even though FPCA approach also uses a time series model, the fact of reducing
the dimensionality significantly affects the performance. As the Principal Components are
kept untouched, the forecasts cannot adapt to changes in the functional time series and the
reconstruction of the curves looses precision. On the contrary, the proposed functional model
does not rely on any basis expansion of the series and it takes into account the whole curve
values from the recent past. Therefore, it can better account for changes in the series. In
addition, as the nonparametric approach does not take into account the seasonality structure
of the data, it is not able to achieve the same results as the other reference models. Finally,
the use of concurrent operators in the SARMAHX model returns better results than integral
operators. This means that the cross correlations between supply curves might not be very
important, hence, the adjustment of the parameters might be easier for the concurrent model.
Figure 5.9|shows some forecasting examples for the one step-ahead case, where the capability
of the concurrent SARMAHX model of estimating the shape of the supply curves is highlighted.
Whereas the proposed model is able to accurately estimate the supply curves, the reference
models are not capable of capturing the complex bidding behaviour exhibited by the supply
curves, providing only a smooth approximation to the curves that does not take into account
the step-wise nature of the curves.
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Figure 5.10. Top: Forecast examples for 24-step ahead estimations in the Out-Of-Sample periods
in Supply Curve forecasting study. Curves in the price range [40,60] €/MWh are shown in detail,
highlighting the differences between the different forecasting models. Bottom: Absolute value of the
residual curves of the models.

Secondly, the 24-step forecasts show similar results to the 1-step ahead case. The concurrent
SARMAHX model provides better average errors with respect to the other models. While the
PC_FT4 model has a mean absolute error of 811 MWh for the Out-Of-Sample period, the
concurrent SARMAHX model has a much lower mean absolute error of 655 MWh, proving
itself to be a competitive forecasting model. Globally, 24-step ahead errors are much higher
than 1-step ahead errors, i.e. around 4% error for the 24-step and around 2% error for the
1-step. Supply curves are the result of aggregating the offers of competitors in the market.
These offers respond to the different strategies of the agents which, in many cases, have a
common behaviour for the whole day. This is the case if there is some technical constraint on a
power plant for that day. Therefore, strategies are planed for the whole day, and consequently,
once the curve for the first hour is known, it helps to improve significantly the forecast of the
following hours. This can be seen in [Figure 5.11| Forecasting the first hour is very important
to the rest of the prediction, specially for the first hours of the day. shows some
forecasting examples for the 24-step case. As can be seen, the concurrent SARMAHX model
provides better estimations of the supply curves than the other models, obtaining a much lower
error than the reference models.

Additionally, Tables and show the Diebold-Mariano (DM) (Diebold and Mariano,
1995) test applied to each pair of forecasts. This test is a head-to-head method which compares
the forecast error of two different models. Each cell of Tables |5.2|and |5.3| contains the p-value
that results from comparing the model of the cell’s row against the model of the cell’s column.
A low p-value means that the null hypothesis has to be rejected and therefore the forecasting
errors can be considered statistically different. The DM test validates the Out-Sample results,
yielding very low p-values between model comparisons. Then, the equal forecast null hypothesis
can be rejected. This analysis emphasizes the improvement between the proposed model and
the other models considered in this study.
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Figure 5.11. FMAE for each hour in the 1-step and 24-step ahead forecasts in the Out-Of-Sample period

in Supply Curve forecasting study. As the FMAE error of the Naive model is significantly higher than the
other models, it is not included. The shaded regions are 90% confidence bands for the FMAE.
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Table 5.2. Diebold-Mariano test’s p-values for Out-Of-Sample period in the one-step ahead forecasts in
Supply Curve forecasting study. p-values that are lower than 0.05 are marked in bold.

5.2.1.2. In-depth analysis of the results

In the Italian Day-Ahead market, the market-clearing price is usually located in the price range
[30, 70] €/MWh (Shah and Lisi, 2019), hence the volume of the agents’ bids will be significantly
higher in that portion of the aggregated supply curve. Thus, obtaining accurate forecast of the
supply curve in that region is of utmost importance for any company. As can be seen in both
[Figure 5.9|and [Figure 5.10, the concurrent SARMAHX model is able to capture the shape of
the supply curve in that price range, providing an accurate description of the agents’ bidding
behaviour in the zone of interest of the supply curve.

The shape of the estimated supply curves is essential when analyzing the strategic offering
of the competitors of an electricity company, because it contains valuable information about
the offering behaviour of the agents. Forecasted supply curves, together with estimations of
the demand, can be used to define RDCs, which are often used to calibrate market equilibrium
models (Diaz et al., 2010) as well as offering optimization models (Baillo et al., 2004). In Portela,
Muifioz, et al. (2017), the authors analyze the importance of obtaining faithful estimations of
the slopes of RDCs, since it indicates an agent’s capability to influence market prices. This
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Table 5.3. Diebold-Mariano test’s p-values for Out-Of-Sample period in the 24-step ahead forecasts in
Supply Curve forecasting study. p-values that are lower than 0.05 are marked in bold
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Figure 5.12. Mean absolute error for each price in the 1-step and 24-step ahead forecasts in the
Out-Of-Sample period in Supply Curve forecasting study. The shaded regions are 90% confidence bands
for the MAE.

highlights the need for a forecasting model that not only captures the general level of the supply
curves, but also provides an accurate estimation of the shape of the curve.

As can be seen in[Figure 5.12] MAE errors are presented for each price for the Out-Of-Sample
period and for the 1-step and 24-step ahead forecasts, which are obtained as the mean value
of the absolute error for each price of the curves. The figures show the performance of each
method for different ranges of prices. It can be seen how the the SARMAHX models yield
smoother errors across prices. Again, as the proposed models do not depend on the FPCs, it
can adapt better to the bidding steps in the curve. The most significant improvement is seen in
the aforementioned price range of interest: for example, whereas the mean absolute error of
the PC_FT4 model at price 50 €/MWh is 1000 MWh, the concurrent SARMAHX model achieves
a mean absolute error of 730 MWh in the 24-step ahead forecast. This difference is more
pronounced in the one-step ahead study, where the mean absolute errors of the PC_FT4 model
in the price range of interest are close to 800 MWh as opposed to the errors of the SARMAHX
model, which are near 350 MWh. In addition, confidence bands for the MAE errors are included
to ease the interpretation of the results. As the confidence bands do not overlap, it can be
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Figure 5.13. Top: actual hourly aggregated Supply Curves together with the 1-step ahead forecasts
obtained by the fitted SARMAHX model and the residuals of the model. Bottom: Hourly values of the
five exogenous variables included in the regression part of the SARMAHX model.

concluded that the errors of the SARMAHX models are significantly lower than the other models
considered in this study.

5.2.2. Probabilistic forecasting

The previous section was devoted to obtaining short-term deterministic forecasts of the hourly
aggregated supply curves in the Italian Day-Ahead market. shows the real supply
curves and the one-step ahead forecasts of the concurrent SARMAHX model identified in the
previous section, together with the set of exogenous variables that have been used in this case
study. Once the deterministic forecasts have been obtained the uncertainty associated with
those estimations must be quantified, in order to provide the practitioner with a measure of the
confidence given to the forecasts. This information can then be used to obtain coherent scenarios
of future residual demand curves, which can then be used by market agents to optimize its
bidding strategy, hedging its market position against the possible strategies of its competitors.
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As mentioned earlier, in the Italian Day-Ahead market the auctions for the 24 hours of the day
are cleared at the same time. Hence, in order to simulate the real-world application of the
proposed forecasting methodology, functional scenarios of the aggregated supply curves will be
obtained for the one-step and 24-step ahead SARMAHX estimations.

The setup for this study is as follows: all the probabilistic models included in this comparison
were fitted using data from the In-Sample period defined in the previous section. Once
the internal parameters of the models have been selected, prediction bands for both the
In-Sample and the Out-Of-Sample period are obtained, without re-calibrating the models.
Functional scenarios of the supply curves are also obtained following the methodology detailed
in [Section 4.2.2] and finally the probabilistic performance metrics reviewed in
are used to compare the applicability of the proposed conditional density model against the
remaining reference models considered in this study, which are described ahead:

* Unconditional density estimator. This model is based on the concept of projection-based
density for functional data proposed in Delaigle and Hall (2010). The authors use a
standard kernel density estimator to approximate the distribution of the FPC scores of
the curves, which can then be used to generate new functional scenarios by sampling
from the fitted distribution. The bandwidth parameters of the kernel density estimator
is selected using the scores of the FPC decomposition of the SARMAHX’s residuals for
the In-Sample period. Then, the model assumes that the distribution of the residuals for
the Out-Of-Sample period is the same as the In-Sample period, so prediction bands and
functional scenarios can be obtained for the whole range of data. This model aims at
estimating the unconditional density of a set of functional data, so it is not able to include
information about exogenous variables in its formulation.

* Bootstrap resampling. The most common technique used in the literature to obtain
probabilistic forecasts of functional time series is using bootstrap resampling of the
residuals of a fitted deterministic model to quantify the uncertainty of the forecasts (Raiia,
Aneiros, et al., 2016} Vilar, Aneiros, et al.,|2018; Rossini and Canale, 2019). This model
assumes that the residuals do not exhibit any kind of dependence, so the bootstrap
pseudo-replications of the curves are able to approximate the true underlying distribution
of the non-deterministic part of the forecasting model. Similarly to the model presented
above, the bootstrap model only takes into account the set of functional residuals, without
including information about the possible influence of external factors to the distribution
of the curves.

Unlike the previous reference models, the conditional density model proposed in this thesis
assumes that the distribution of the SARMAHX residuals is influenced by a set of covariates.
Hence, once the In-Sample residuals of the SARMAHX model have been decomposed into their
first 4 FPC (as they are able to account for more than 95% of the variance of the original data),
an exploratory analysis is carried out to identify possible relations between the set of exogenous
variables and the projection-based distribution of the residuals. illustrates the
differences in the distribution of each FPC’s score for different levels of the covariates being
used in this case study. In addition, the hour of the day is included in this analysis, as it can
be a driving factor to identify periods of the day where the uncertainty of the model is lower.
As can be seen, for the one-step ahead forecasts the hour of the day is a good indicative of
the dispersion of the residuals: for hours in the 1-2 hour range the variance of the residuals is
higher than the remaining hours, with hours in the range 3-6 showing narrower distributions.
This may be caused by competitors defining their bidding strategy for whole days, which makes
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Figure 5.14. Distribution of the FPC scores of the SARMAHX 1-step ahead residuals for the Supply
Curve forecasting study, grouped by levels of the exogenous variables. Each column is associated with
the scores of a certain FPC, whereas each row is associated with a different covariate.
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5.2. Forecasting hourly supply curves

FPC1 FPC2 FPC3 FPC4

Hours 0 0 0.00092 0
Demand 0.02533 0.0361 0.1091 0.09668
Solar 0.01839 0.1196  0.06406 0.1027
Wind 0.00058 0.00396 0.01904 0.00029
International Exchanges 0.0054  0.06945 0.0517  0.0276
Thermal 0.00681 0.00182 0.0422 0.00026

Table 5.4. p-values of the Kolmogorov-Smirnov test obtained for the distributions of the one-step ahead
residuals’ scores grouped by levels of the exogenous variables used in the Supply Curve forecasting study.
p-values lower than 0.05 are marked in bold.

the first hour of the day the most difficult to estimate given the historical data. The effect
of the remaining covariates is not as clear as the effect of the hour, so the the two-sample
Kolmogorov-Smirnov (KS) test (Hollander and Wolfe, |1973) is used to test the statistical
difference between the distribution of the scores for different values of the remaining covariates.
This is a nonparametric test that assesses whether two samples have been drawn from the same
distribution. If the p-value of the statistic is lower than 0.05, the null hypothesis of both samples
being drawn from the same distribution can be rejected at a 95% confidence level.
contains the minimum p-value obtained for the grouped distributions of the exogenous variables
shown in for each FPC score. This highlights the wind generation and thermal
generation as the next 2 variables that most influence the distributions of the one-step ahead
residuals’ scores, as they are the ones with a significant p-value across all 4 FPC. Specifically,
higher wind generation is associated with low dispersion of the residuals, whereas differences in
the thermal generation are related with changes in the shape of the residuals, as the differences
in the distribution are seen for the second and third FPC’s scores. The system demand and solar
generation do not generate any significant differences in the distribution of the residuals for
different values of those variables.

As a result, variables Wind and Thermal will be used as inputs for the conditional probabilistic
model for the one-step ahead forecasts, in addition to the hour of the day previously mentioned.
Figure 5.15|illustrates the differences in the distribution of the residuals’ scores for different
values of the input variables. The dispersion exhibited by the model’s residuals is very high
for hour 1 and a combination of low wind generation and high thermal availability. This is a
very different scenario than the one shown in the second panel, where the historical residuals
selected by the model for hour 4 and high wind and thermal production exhibit a lower
variance than the previous case. This highlights the capability of the proposed model to capture
differences in the uncertainty of the model’s forecasts using a set of exogenous covariates.

Once relevant variables for estimating the conditional distribution of the residuals have been
identified, the parameters of the model must be estimated. The bandwidth parameters are
obtained using the leave-one-out cross-validation procedure described in[Section 4.2.1|with data
from the In-Sample period, and using standard Gaussian kernels in the model’s formulation.
As one of the inputs for the model is variable Hour, the circular metric ||.||q:1 introduced in
is used to capture the notion of proximity between hours in the model. Once
fitted, 80% and 95% prediction regions are obtained from the estimated conditional densities
in both the In-Sample and the Out-Of-Sample periods. This is illustrated in where
the prediction regions obtained for all probabilistic models included in this study are shown,
together with a set of 100 functional scenarios of the one-step ahead predictions of the supply
curves.
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Figure 5.15. Distribution of the residuals of the model for two different values of the exogenous variables
Hour, Wind and Thermal for the 1-step ahead forecasts of the Supply Curves. The whole set of residuals
is displayed using grey color, whereas the curves with a positive weight in the probabilistic model are
shown in blue.

As evidenced by this comparison, the proposed model is able to capture the differences in
the uncertainty of the forecasts conditioned to the input variables, which results in narrower
predictive regions for low-volatility periods and coherent scenarios of the supply curves being
modelled. As the reference models included in this comparison assume that the residuals are
distributed independently, the prediction bands obtained by those models often overestimate
the uncertainty of the forecasts, which results in wider predictive regions and scenarios of the
aggregated supply curves that are not as coherent with the observed curves as the ones obtained
by the proposed model for both the In-Sample and Out-Of-Sample periods.

Up to this point, the analysis has been focused on the one-step ahead forecasts of the series
of supply curves, as the identification and diagnosis of the fitted concurrent SARMAHX model
uses the 1-step ahead estimations of the model. The FACF and FPACF of the one-step ahead
residuals of the final SARMAHX model did not show any autocorrelation between different
lags of the series, which motivated the use of unconditional probabilistic models as there was
no dependence in the distribution of the residuals. However, as illustrated by the previous
analysis, although the distribution of the residuals did not show any dependence with its lagged
values, there were higher-order moments of the residuals’ distribution that were influenced
by the values of some exogenous variables. This dependence made the proposed conditional
probabilistic model more adequate for generating one-step ahead scenarios of the aggregated
supply curves. Nevertheless, in a real application, the auctions for the 24 hours of the following
day are cleared at the same time, so market agents would need 24-step ahead scenarios of the
curves to optimize its bidding strategy. Henceforth, a similar analysis will be carried out using
the 24-step ahead forecasts of the series of supply curves, with the objective of obtaining a
set of functional scenarios that capture the uncertainty associated with the estimations of the
SARMAHX model evaluated at this forecasting horizon.
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Figure 5.16. Prediction regions defined by the residual-based bootstrap, unconditional and conditional
models fitted to the series of Supply Curves for the 1-step ahead forecasting problem. The black curves
represent the different scenarios obtained by each method. The top row corresponds to the In-Sample
period, whereas the bottom figures display curves for the out-of-sample period.

Following a similar procedure to the one used in the one-step ahead case, the 24-step ahead
SARMAHX residuals must be decomposed into the space spanned by its first FPC in order
to estimate the projection-based density of the curves. In this setup, the first 4 FPC of the
In-Sample residuals account for more than 97% of the original functional dataset’s variance.
Once this decomposition has been performed, an exploratory analysis has been carried out
to identify any dependence between the distribution of the FPC scores and the values of the
exogenous variables used in this study. shows the distribution of the residuals’
scores grouped by certain levels of the exogenous variables. Unlike the one-step ahead case, the
distribution of the residuals does not seem to be strongly influenced by the hour of the day, as all
hours minus 5-8 present similar distributions. The differences in the scores between hours 5-8
may be explained by changes in other exogenous variables, such as the demand. Nevertheless,
the distribution of the 24-step ahead residuals is influenced by variables such as the demand,
wind and thermal generation and international exchanges, as seen in the boxplots included in
Particularly, high demand and wind generation levels influence the mean of the
first FPC, whereas different values of thermal generation and international exchanges account
for changes in the shape of the residuals (third and fourth FPC). Similarly to the one-step
ahead study, the Kolmogorov-Smirnov test is used to select those variables that influence the
distribution of the 24-step ahead residuals’ scores the most. contains the p-values
of the KS test, which reject the null hypothesis for variables Demand, Wind, International
Exchanges and Thermal production having a similar distribution across all FPC.
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Figure 5.17. Distribution of the FPC scores of the SARMAHX 24-step ahead residuals for the Supply
Curve forecasting study, grouped by levels of the exogenous variables. Each column is associated with
the scores of a certain FPC, whereas each row is associated with a different covariate.
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Figure 5.18. Distribution of the residuals of the model for three different values of the exogenous
variables Demand, Wind, Thermal and Hydro for the 24-step ahead forecasts of the Supply Curves. The
whole set of residuals is displayed using grey color, whereas the curves with a positive weight in the
probabilistic model are shown in blue.

FPC1 FPC2 FPC3 FPC4

Hours* 0.0037 0.0862 0.0614 0.0039
Demand 0.00034 O 0.00051 O

Solar 0.00135 0.0399 0.1408 0.0724
Wind 0.00895 0.00715 O 0.01709
International Exchanges 0 0.00139 0.01245 O
Thermal 0 0 0.0226 0

Table 5.5. p-values of the Kolmogorov-Smirnov test obtained for the distributions of the 24-step ahead
residuals’ scores grouped by levels of the exogenous variables used in the Supply Curve forecasting study.
p-values lower than 0.05 are marked in bold. The distribution of variable Hours has been obtained after
removing hours 5 and 6, as those effects were explained by other exogenous covariates included in the
final probabilistic model.

These differences are illustrated in [Figure 5.18, where the set of historical 24-step ahead
functional residuals selected by the proposed probabilistic model are shown for three different
combinations of the selected exogenous variables. The first image shows a configuration of the
variables related with a set of residuals that exhibit low volatility, associated with low values
of the demand and wind generation together with high values of thermal generation. The
variance of the second set of residuals is higher than the previous set, as the values of both the
wind generation and demand are very high. Finally, the third set of residuals exhibits a positive
trend, which, according to is likely caused by the values of thermal production and
international exchanges.

The previous analysis illustrates the influence that exogenous variables have over the
distribution of the 24-step ahead residuals of the SARMAHX model. A probabilistic model that
is able to capture this dependence will be able to obtain future estimations that exhibit similar
shape features as the actual curves. Hence, the proposed conditional probabilistic model is fitted
using the selected input variables for the In-Sample period. Once the bandwidth parameters of
the model have been selected by the proposed leave-one-out cross-validation procedure, the
model is evaluated for both the In-Sample and Out-Of-Sample periods, defining 80% and 95%
prediction regions, together with a set of 100 24-step ahead functional scenarios of the supply
curves. compares the results obtained by the reference models and the conditional
probabilistic model for the In-Sample and Out-Of-Sample periods of the data. Although the
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Figure 5.19. Prediction regions defined by the residual-based bootstrap, unconditional and conditional
models fitted to the series of Supply Curves for the 24-step ahead forecasting problem. The black curves
represent the different scenarios obtained by each method. The top row corresponds to the In-Sample
period, whereas the bottom figures display curves for the Out-Of-Sample period.

In-Sample Out-Of-Sample
Forecasting /401 fCRPS  fWSys  fLS  fCRPS  fWS¢s  fLS
horizon
1-Step Bootstrap 20477.17 461073.1 26.17 23411.44 462085.2 26.08

Unconditional 20258.42 445599.3 25.84 23424.07 446792.3 26.03

Ahead Conditional ~ 19359.63 266334.2 25.15 24935.15 244645.2 25.82
pa.Ste Bootstrap 46642.82 900791.5 28.93 52663.89 906108.8 28.68
Aheadp Unconditional 44804.68 810456.7 28.53 52477.56 815007.2 28.48

Conditional =~ 21502.56 381369.6 26.19 67737.62 405488.4 27.76

Table 5.6. Average scores for each probabilistic model in the 1-step and 24-step ahead Supply Curve
scenario generation study. The lower scores obtained for each metric are marked in bold.

uncertainty of these forecasts if higher than the one-step ahead case (as expected, due to
the greater forecasting horizon), the proposed model is able to produce sharper probabilistic
forecasts of the curves, obtaining narrower prediction regions than the reference models.

In order to provide a fair comparison of the performance of the models, shows
the values of the probabilistic scores defined in for the one-step and 24-step
ahead forecasts in both the In-Sample and Out-Of-Sample periods. The scenarios obtained by
the proposed conditional probabilistic model show a clear advantage over the unconditional
reference models, obtaining a functional logarithmic score of 25.82 in the Out-Of-Sample period
of the one-step ahead case, a lower value than the best reference model which obtains a fL.S
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5.3. Forecasting hourly residual demand curves

of 26.03. In addition, the conditional predictive regions provide a better coverage of the real
curves while being narrower than the unconditional regions: the Out-Of-Sample functional
Winkler Score obtained by the conditional model is 244645.2, whereas the best reference model
has a value of 446792.3. The results are similar for the 24-step ahead case: the logarithmic
score of the proposed model is 27.76, whereas the best reference model only achieves a fLS of
28.48. This can be interpreted as conditional scenarios being more coherent with the actual
observations of the series. In addition, the proposed model also outperforms the reference
models in terms of Winkler Score, obtaining a value of 405488.4 against the unconditional
probabilistic model which obtains a fWSg; of 815007.2. These values are consistent with
Figures and where unconditional scenarios showed a greater dispersion over the real
curves.

Henceforth, it can be concluded that better probabilistic forecasts of the series of aggregated
supply curves can be obtained by including relevant information about the electricity market
in the formulation of the probabilistic model being used. This information can improve the
forecasting capabilities of the SARMAHX model by providing market agents with sharper
estimations of the uncertainty of the SARMAHX estimations, providing them with an useful tool
to optimize its own short-term bidding strategy against its competitors.

5.3. Forecasting hourly residual demand curves

This section is devoted to the application of short-term forecasts of Residual Demand Curves
(RDQC) in Day-Ahead electricity markets. As mentioned before, the analysis of RDC is of utmost
importance for both market agents, as it allows them to optimize its bidding strategy (Baillo
et al., 2004; Campos et al.,2016); and market regulators, as this analysis provides an useful
tool to analyze the market power of different generation companies.

This study is aimed at modelling the Residual Demand Curves of the Spanish Day-Ahead
electricity market, which provides market agents with a venue to submit their selling and
takeover bids for electrical energy for next day’s 24 hours. Each day at 12:00 CET an auction
takes places which sets the prices and volume of energy being traded for the following 24 hours.
The price and energy volume for each hour 4 is obtained as the intersection of the supply S},
and demand Dy, curves, as illustrated in This clearing procedure is determined by
the European clearing algoritm Euphemia (EUPHEMIA, 2016). Hence, this analysis pursues
obtaining accurate short-term forecasts of the Residual Demand Curves (RDC) of the system,
defined as Ry (p) = Dn(p) — Sn(p). This is an hourly series where each observation is a whole
curve, which can be modelled as an hourly functional time series.

The setup for this case study is as follows. Hourly supply and demand curves for the Spanish
Day-Ahead market are obtained by aggregating all the offers that have been submitted by
market agents for each hour. The criterion used to select those offers that will be used to define
the supply and demand curves is the following: only cleared offers will be used for prices lower
than the clearing price of that specific hour, whereas all submitted offers for higher prices are
considered. This methodology ensures that the intersection of the supply and demand curves
equals the real market price for each hour. Once the supply and demand curves have been
obtained, the RDCs can be obtained as the difference between those curves.

Similarly to the previous forecast study, each RDC is modeled as a function R;(p) which
denotes the residual demand of the system at hour ¢ for price p in the range [0,180] €/MWh.
The data has been obtained between dates 01/03/2018 and 28/02/2019 from the Iberian
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Market Operator OMIE (www.omie.es)), and has been divided into two sets: the In-Sample
period is considered from 01/03/2018 to 31/08/2018, and will be used to identify and fit all
the forecasting models included in this study. The remaining data is used to the Out-Of-Sample
period, and will be used to compare the generalization capabilities of the models.

The offering behaviour of the agents is often conditioned to the particular market conditions
of each day, so explanatory variables will be used to account for those externals factors that
influence the trader’s decision. The set of covariates using in this study are:

* System demand: The demand is usually an important factor, as it defines the amount of
purchased energy that is expected, which usually drives agents to increase its bidding
prices.

* Wind production: This renewable energy has a very low generation cost, and it has a
relevant presence in the Spanish system: in Spain, wind production accounts for the 20%
of the total production.

* Hydraulic production: Hydraulic energy has the ability to regulate and accounts for an
important share of the generation in Spain.

As mentioned earlier, the auction for the 24 hours of the next day are cleared simultaneously.
Hence, in a real application the agents must have forecasts of the next 24 curves, so two different
analysis will be carried out: on the one hand, one-step ahead forecasts will be obtained, as
the parameters of the forecasting models are obtained by minimizing the one-step ahead error.
This analysis can be useful to obtain insight about the forecasting capabilities of the different
models, and to detect any weaknesses that the model may present. On the other hand, a 24-step
ahead forecasting study will be included, with the purpose of illustrating the applicability of the
proposed techniques to a realistic situation.

The remainder of this section has been divided into three parts. The first part will detail
the identification of the deterministic forecasting models, focusing on the application of the
FACF and FPACF proposed in this thesis to identify the optimal structure of the SARMAHX
model. Secondly, a comparison of the different forecasting models will be performed, in order
to evaluate the usefulness of these techniques on a real application. Finally, probabilistic
forecasts of the series of RDC will be obtained for the one-step and 24-step ahead forecasts.
The proposed conditional probabilistic model will be compared against other reference models
found in the functional data literature to analyze its applicability in real scenarios. Finally,
probabilistic forecasts are obtained for the one-step and 24-step ahead forecasts using the
proposed conditional probabilistic model for functional time series.

5.3.1. SARMAHX model identification

The identification and diagnosis technique proposed in this thesis is used to identify the
functional SARMAHX model. Once the regular and seasonal autoregressive and moving average
orders of the model have been selected, the model is trained with the In-Sample data of
this case study. Both integral and concurrent operators are used in this study. Firstly, the
autocorrelation structure of the series of Residual Demand Curves in the Spanish Day-Ahead
electricity market is identified using the FACF and FPACF of the series together with the proposed
identification procedure shown in|Figure 5.2 [Figure 5.20|shows the seasonal behaviour of the
series: a high autocorrelation on lags 24 and 168 indicates that the series has strong daily and
weekly seasonalities. The serial autocorrelation is still present in which shows the
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Figure 5.20. First 528 lags of the functional auto- and partial autocorrelation function (FACF / FPACF) of
the functional time series of Residual Demand Curves from the Spanish Day-Ahead electricity market.The
horizontal line represents the 95% upper limit of the distribution of the statistic under the white noise
hypothesis.
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Figure 5.21. First 528 lags of the functional auto- and partial autocorrelation function (FACF / FPACF) of
the regression residuals of a fitted functional regression model including the aforementioned exogenous
variables. The horizontal line represents the 95% upper limit of the distribution of the statistic under the
white noise hypothesis.

autocorrelation structure of the residuals of a fitted functional regression model including the
exogenous variables described in the previous section. As the output time series are hourly
curves and the explanatory variables are hourly values, the model will consider them as scalar
covariates. The strong serial correlation in the regression residuals of the SARMAHX model
indicates that the dynamic of the series has to be modelled in order to obtain accurate forecasts
of our data.

A SARMAHX(1,0) x(1,0)24 x(1,0);63 model is fitted to model the autoregressive part
observed in the residuals of the regression model. Similarly to the previous case study;, it has
been decided to include autoregressive terms in the model instead of differencing the functional
time series, as it has been observed that the performance of the model improved after including
these autoregressive terms. [Figure 5.22|shows the functional autocorrelation of the residuals
of this SARMAHX(1,0) x(1,0)24 x(1,0)16s model. As can be seen, most of the autocorrelation
values observed in the previous figures have been captured by the pure autoregressive model.
However, significant correlated lags are still found at multiples of 24 and 168 hours of the
FACF, whereas the FPACF of the series shows a decaying pattern on the seasonal lags of the
series. Hence, there are daily and weekly effects that have not been captured by the explanatory
variables and the AR terms that should be modelled. The first lags of both the FACF and
FPACEF of the series still exhibit a decaying pattern, which will be modeled as a combination
of regular autoregressive and moving average terms. Additionally, the FACF of the daily lags
shows two significative values at lags 24 and 48, whereas the FPACF of the same lags shows an
exponential decrease. This behaviour corresponds to a seasonal moving average effect of order
two, which should be added in our final SARMAHX model in order to capture the dynamic
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Figure 5.22. First 528 lags of the functional auto- and partial autocorrelation function (FACF / FPACF)
of the residuals of the fitted SARMAHX(1,0) x (1,0)24 X (1,0)16s concurrent model including exogenous
variables. A high autocorrelation value is found at multiples of 24 and 168 hours. The horizontal line
represents the 95% upper limit of the distribution of the statistic under the white noise hypothesis.
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Figure 5.23. First 528 lags of the functional auto- and partial autocorrelation function (FACF / FPACF)
of the residuals of the fitted SARMAHX(1,2) x (1,2)24 X (1, 1)16s concurrent model including exogenous
variables. As there are no significative autocorrelation values for any lags, the residuals can be regarded
as a functional white noise process. The horizontal line represents the 95% upper limit of the distribution
of the statistic under the white noise hypothesis.

of the functional time series being modelled. A similar pattern can be observed in the weekly
lags of the autocorrelation, with only a significant value is observed in the FACF. The decaying
pattern in the weekly values of the FPACF indicates that this can be modelled with a seasonal
moving average term.

In order to select the optimal autoregressive and moving average orders of the SARMAHX
model, the identification methodology presented in has been used. Regular and
seasonal moving average terms have been added into the model to account for the significant
correlated lags found in the previous FACF/FPACF residual plot of the previous model. An
iterative process has been carried out until the residuals of the fitted model are functional white
noise. The final adjusted model for both concurrent and functional cases is a SARMAHX(1, 2)
% (1,2)24 x(1,1)163 model. Throughout this section, these models will be denoted by SARMAHX
(functional case) and SARMAHXconc (concurrent case). shows the autocorrelation
and partial autocorrelation functions of the residuals of the fitted concurrent SARMAHX model
with the 95% upper bound of the statistics under the white noise hypothesis. As most values fall
below this upper bound, the hypothesis of the residuals being white noise cannot be rejected,
hence validating the model from a linear point of view.

It is worth analyzing the resulting shapes of the fitted functional parameters. [Figure 5.24
shows the concurrent regressor operators for the selected SARMAHX model. Analyzing these
shapes, the effect of each variable on the residual demand curve can be seen. The demand
coefficient only takes positive values, which means that higher demand values increases the
average level of the RDCs, as expected due to being more demand that can be covered in
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Figure 5.24. Operators’ kernels for the regressors of the SARMAHX model in the Residual Demand
Curve forecasting study.

the market. The concurrent operator has lower values between prices 50 and 100 €/MWh,
meaning that the effect of the demand is weaker on that price range. The wind coefficient takes
negative values for all prices, which can be interpreted as RDCs having lower average values
with high wind generation. This was expected, as wind is usually offered at prices closer to
0 €/MWh, shifting the values of the curves. Finally, the hydro production coefficient exhibits
negative values up to price 100 €/MWh, where the values present a flat shape. Hence, this can
be seen as hydro production modifying the shape of the RDCs, moving the first section of the
RDC down.

5.3.1.1. Empirical comparison

This section compares the fitted SARMAHX models against other reference functional forecasting
models. As mentioned earlier, two different analysis will be performed. On the one hand, a
one-step ahead forecast is analyzed, as the models are trained to minimize the one-step ahead
forecasting error. However, as the auctions for the 24 hours of the next day are cleared at
the same time in the Spanish Day-Ahead market, a 24-step ahead forecast is also included,
validating the use of the SARMAHX model in a real case application forecasting Residual
Demand Curves.

All the models included in this study have been fitted using data from the In-Sample period.
Once their parameters have been estimated, estimations are obtained for both the In-Sample
and the Out-Of-Sample period, without re-calibrating the parameters of the models. For the
24-hour ahead forecast, a rolling window approach is used: when forecasting the first hour
h = 1 of day D + 1, the estimation §D+h uses the real curves up to day D. However, when
forecasting hours h > 1, the real curves have not been observed, so past estimations of the
model are used as inputs for the model.

This study will compare the SARMAHX models identified in the previous section against the
same set of functional forecasting models considered in the previous case study. This ensures
that the performance of the SARMAHX model, a parametric model, is compared with both
dimensionality reduction models and non-parametric models. The models included in this
comparison are listed below:

* Naive. Simple benchmark model that provides a reference to compare the tested models.
Two versions are used, depending whether the simulation is one-step or 24-step forecast.
In the first case, the forecast is simply the last curve observed in the data, i.e. the curve
from the previous hour. In the second case, for Tuesdays, Wednesdays, Thursdays and
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Figure 5.25. Mean function, Principal Components and scores of the Residual Demand Curves.

Fridays, the forecast will be the hourly curve of the previous day, while for Saturdays,
Sundays and Mondays, the forecast will be the hourly curve of the previous week.

* Principal Components approach. This model aims at decomposing the series of RDC into
its first functional Principal Components and the time series of scores, to then forecast
each score using a Transfer Function (TF) model (Pankratz, [1991), which are able to
include explanatory variables into its formulation. Once the series of scores has been
estimated, future forecasted curves can be reconstructed. As with all the models included
in this section, the In-Sample period is used to extract the FPC of the RDC and to fit the
parameters of the TF models of the scores. Once the models have been fitted, they are
evaluated in both the In-Sample and Out-Of-Sample period.

Figure 5.25| represents the mean function, the principal components and the scores
obtained for the curves time series. Three and four principal components are extracted,
which explain the 96% and 98% of the variance of the data respectively. It is worth noting
that each forecasted curve from this method is a linear combination of only the 3 or 4
principal component extracted. These models will be denoted as PC_FT3 and PC_FT4,
respectively.

* Functional nonparametric approach. This method is used in Aneiros, Vilar, Cao, et al.
(2013) for Residual Demand Curve forecasting. The model proposed by the authors
is able to include exogenous scalar variables to the classical functional nonparametric
autoregressive model (Ferraty, Van Keilegom, et al., [2012) described in
which leads to more accurate forecasts of the series of RDC. Throughout this section, this
model will be denoted as NPARHX.

Similarly to the previous case study, the In-Sample period of the data is used to train all
the models, which use the same set of exogenous variables. Then, each one produces a 1-step
ahead forecast, assuming that the curve of last hour is known, and a 24-step ahead forecast,
where the 24 hours of the following day are forecasted being the last observed curve the hour
24 of the current day. In the 24-step ahead forecast study, hour 1 will always be estimated
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In-Sample Out-Of-Sample

Forecasting Model FMAE FRMSE FMAE FRMSE
horizon [MWh] [MWh] [MWh] [MWh]
Naive \ 1196.4  1867.9 \ 1439.3  2037.7

PC_FT3 1085.9 1621.3 | 1288.7 1868.2

1-Step Ahead PC FT4 1007.2  1591.1 | 1221.5 1808.1
NPARHX | 1125.1 1798.2 | 1369.9  1994.1

SARMAHX 908.7 1374.3 | 1147.6  1643.7
SARMAHXconc | 821.8 1333.9 | 1028.3 1551.2

Naive 3029.7 4213.3 | 2752.2 3585.3
PC_FT3 2406.8  3301.6 | 24222 3101.2
24-Step Ahead PC_FT4 2087.6 2922.1 | 2371.6 3018.5
NPARHX | 2801.2  4099.1 | 2692.3 3491.8

SARMAHX 19729  2627.4 | 24521 3151.3
SARMAHXconc | 1271.9 1827.2 | 1922.4  2550.3

Table 5.7. Average errors for each method in the one-step and 24-step ahead prediction in the Residual
Demand Curve forecasting study. The lower errors obtained for each forecasting horizon are marked in
bold.

using a forecasting horizon of 1; hour 2 will be estimated using a forecasting horizon of 2;
and finally the forecasting horizon used to estimate hour 24 will be 24, so the curves will be
estimated using only information available up to the previous day. Henceforth, 1-step and
24-step ahead forecasts are produced for the whole data range. Functional errors FMAE and
FRMSE, defined in Equations and respectively, are obtained for both the In-Sample
and Out-Of-Sample periods. As the RDCs are monotonically decreasing functions, a variation of
the optimization problem presented in[Equation 5.9]is used to transform the estimated Residual
Demand Curves R, into monotonically decreasing curves ﬁt_ . This transformation guarantees
that the estimated RDCs are monotonically decreasing, while retaining the shape that has been
estimated by the functional forecasting models.

shows the functional errors for the 1-step and the 24-step ahead forecasts for both
the In-Sample and Out-Of-Sample periods. The proposed SARMAHX concurrent model shows a
clear advantage over the reference models, obtaining a FMAE of 1028.3 MWh, much lower than
the FMAE of the PC_FT4 (the best reference model) which only achieves a FMAE of 1221.5
MWh in the Out-Of-Sample period of the 1-step ahead forecasting study. For the 24-step ahead
forecasting case, the results are similar: while the PC_FT4 model obtains a FMAE of 2371.6
MWHh, it is not able to improve the results of the concurrent SARMAHX model, that achieves a
FMAE of 1922.4 MWh in the Out-Of-Sample period. The estimation results are analyzed ahead
in detail.

The 1-step ahead average errors of the models show that the proposed concurrent SARMAHX
model outperforms the reference models in both the In-Sample and Out-Of-Sample periods.
Due to the strong hourly and weekly seasonality of the series of Residual Demand Curves, the
nonparametric autoregressive approach is not able to achieve similar results than the other
models included in this study. The dimensionality reduction models are able to include up to
two seasonal terms, allowing them to model this complex seasonal pattern exhibited by the
curves. However, its performance is hindered by the decomposition in Functional Principal
Components, as the estimations are not able to fully capture the shape of the RDCs being
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Figure 5.26. Top: Forecast examples for one-step ahead estimations in the Out-Of-Sample periods in the
Residual Demand Curve forecasting study. Bottom: Absolute value of the residual curves of the fitted
models.

modelled. Interestingly, the concurrent SARMAHX model obtains more accurate estimations
than the fully functional version. This usually happens when the series presents low cross-
correlation across different curves, which results in diagonal integral operators. As such, due to
the lower complexity of the concurrent operators, the adjustment of the parameters is easier
for the concurrent model, obtaining more robust forecasts of the series. [Figure 5.26| shows
some examples of the one-step ahead forecasts of the RDCs, highlighting the accuracy of the
proposed SARMAHX concurrent model when compared with the reference models.

The results of the 24-step ahead forecasts are similar to the one-step ahead case. As expected,
the global average error for this case is higher than the one-step ahead analysis, due to the
higher forecasting horizon. Nevertheless, the SARMAHX estimations are able to obtain more
precise estimations than the reference models: while the best reference model has a FMAE of
2371.6 MWh in the Out-Of-Sample period, the concurrent SARMAHX model achieves a FMAE of
1922.4 MWh. It should be noted that the average error of the PC_FT4 model is lower than the
fully functional SARMAHX model in the Out-Of-Sample period. This may be caused by a lack
of cross-correlation between different sections of the Residual Demand Curves, which hinders
the optimization of the integral operators of the model. shows some forecasting
examples for the 24-step ahead case, which again validates the usefulness of the concurrent
SARMAHX model when forecasting RDCs.

Additionally, Tables and show the Diebold-Mariano (DM) test applied to each pair of
forecasts. As mentioned in the previous section, this is a head-to-head method which compares
the forecast error of two different models. Each cell of Tables|5.8|and [5.9 contains the p-value
that results from comparing the model of the cell’s row against the model of the cell’s column.
A low p-value means that the null hypothesis has to be rejected and therefore the forecasting
errors can be considered statistically different. The DM test validates the Out-Sample results,
yielding very low p-values between model comparisons. Then, the equal forecast null hypothesis
can be rejected. This analysis emphasizes the statistical difference between the proposed model
and the other models considered in this study.
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Figure 5.27. Top: Forecast examples for 24-step ahead estimations in the Out-Of-Sample periods in the
Residual Demand Curve forecasting study. Bottom: Absolute value of the residual curves of the fitted
models.
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Naive -
PC_FT3 0 -
PC FT4 0| 0.1029 -
NPARHX [0] O 0] -|
SARMAHX 0 0 0|0 -
SARMAHXconc | O 0 0O/0|0 -

Table 5.8. Diebold-Mariano test’s p-values for Out-Of-Sample period in the one-step ahead forecasts in
the Residual Demand Curve forecasting study. p-values that are lower than 0.05 are marked in bold.

5.3.1.2. In-depth analysis of the results

In order to provide a comprehensive analysis of the forecasting errors of the models, the average
absolute error of the different models have been obtained for each hour of the day. As seen in
Figure 5.28] the hours with a higher average error for the one-step ahead forecast are the first
hour of the day, 8 and 9 and the range of hours between 19 and 21. Market agents usually
use similar strategies for the whole day, so when forecasting the first curve of the next day
there is usually no past information than can be used to improve the estimation of the RDC.
This explains the high error observed on hour 0. The effect of the rolling window approach
for estimating the 24-step ahead RDCs can be seen on the right panel of The
hourly evolution of the absolute errors of the reference models shows a positive trend, which
can be explained by the higher forecasting horizons. Interestingly, the trend of the concurrent
SARMAHX’s errors is not as steep as the other models, which provides an additional measure of
the robustness of its predictions.
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PC FT3 0 -
PC FT4 0 0.0022 -
NPARHX | 0 [0.0001 0.001 ] - |
SARMAHX 0.0008 0 0 -
SARMAHXconc 0 0 0 o|0 -

Table 5.9. Diebold-Mariano test’s p-values for Out-Of-Sample period in the 24-step ahead forecasts in
the Residual Demand Curve forecasting study. p-values that are lower than 0.05 are marked in bold

shows the mean absolute errors for the one-step and 24-step ahead studies in
the Out-Of-Sample period, grouping them by prices. These graphs can be used to identify those
price ranges that are more difficult to estimate when forecasting RDCs: as can be seen on both
panels the reference models are not able to obtain accurate forecasts of the Residual Demand
Curves between prices 60 and 80 €/MWh in both the one-step and 24-step ahead cases. This
effect is smoother in the errors of the concurrent SARMAHX model, which presents a flatter
level of error across all prices of the curves. These facts make the concurrent model a more
reliable forecasting model than its competitors, as it is less frequent to observe sudden spikes in
the residuals of the model.

5.3.2. Probabilistic forecasting

The previous section was aimed at obtaining accurate short-term deterministic forecasts of
the hourly series of RDCs in the Spanish Day-Ahead electricity market. shows the
real RDCs together with the 1-step ahead estimated curves, the residuals of the concurrent
SARMAHX model and the set of exogenous variables used by the model. However, as mentioned
earlier, market agents are usually interested in having probabilistic forecasts of these curves
in order to optimize its bidding strategy, hedging against possible risks that the may face in
the market. In order to obtain such probabilistic forecasts the uncertainty associated with
the deterministic forecasts must be quantified to provide agents with a confidence measure
about the deterministic forecasts. Being able to model this uncertainty will allow them to make
probabilistic statements about the future evolution of the curves. As the auctions for the 24
hours of the next day are cleared simultaneously in the Spanish Day-Ahead market, a 24-step
ahead study will be analyzed in addition to the one-step ahead case, in order to illustrate the
real-world applicability of the proposed methodology.

The setup for this study is as follows: all the probabilistic models included in this comparison
were fitted using data from the In-Sample period defined in the previous section. Once the
internal parameters of the models have been selected, prediction bands for both the In-Sample
and the Out-Of-Sample period are obtained, without re-calibrating the models. Functional
scenarios of the Residual Demand Curves are also obtained following the methodology detailed
in [Section 4.2.2] and finally the probabilistic performance metrics reviewed in [Section 4.3]
are used to compare the applicability of the proposed conditional density model against the
remaining reference models considered in this study, which are described ahead:
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Figure 5.28. FMAE for each hour in the 1-step and 24-step ahead forecasts in the Out-Of-Sample period
in the Residual Demand Curve forecasting study. As the FMAE error of the Naive model is significantly
higher than the other models, it is not included. The shaded regions are 90% confidence bands for the
FMAE.
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Figure 5.29. Mean absolute error for each price in the 1-step and 24-step ahead forecasts in the
Out-Of-Sample period in the Residual Demand Curve forecasting study. The shaded regions are 90%
confidence bands for the MAE.

* Unconditional density estimator. This model is based on the concept of projection-based
density for functional data proposed in Delaigle and Hall (2010). The authors use a
standard kernel density estimator to approximate the distribution of the FPC scores of
the curves, which can then be used to generate new functional scenarios by sampling
from the fitted distribution. The bandwidth parameters of the kernel density estimator
is selected using the scores of the FPC decomposition of the SARMAHX’s residuals for
the In-Sample period. Then, the model assumes that the distribution of the residuals for
the Out-Of-Sample period is the same as the In-Sample period, so prediction bands and
functional scenarios can be obtained for the whole range of data. This model aims at
estimating the unconditional density of a set of functional data, so it is not able to include
information about exogenous variables in its formulation.

* Bootstrap resampling. The most common technique used in the literature to obtain
probabilistic forecasts of functional time series is using bootstrap resampling of the
residuals of a fitted deterministic model to quantify the uncertainty of the forecasts (Raiia,
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forecasts obtained by the fitted SARMAHX model and the residuals of the model. Bottom: Hourly values
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Aneiros, et al., Vilar, Aneiros, et al., Rossini and Canale, [2019). This model
assumes that the residuals do not exhibit any kind of dependence, so the bootstrap
pseudo-replications of the curves are able to approximate the true underlying distribution
of the non-deterministic part of the forecasting model. Similarly to the model presented
above, the bootstrap model only takes into account the set of functional residuals, without
including information about the possible influence of external factors to the distribution
of the curves.

showed the uneven distribution of the concurrent SARMAHX’s errors, with
certain hours having a systematically lower error than the remaining hours. This behaviour
should be taken into account to obtain sharper probabilistic forecasts of the series. Hence, an
exploratory analysis is performed in order to analyze which variables influence the distribution
of the one-step ahead residuals. Decomposing the one-step ahead residuals of the concurrent
SARMAHX model into their first 4 FPC accounts for 96% of the original dataset’s variance, which
is adequate to approximate the density of the curves (Delaigle and Hall, |2010). [Figure 5.31|
shows the distribution of the FPC scores grouping them by different levels of the exogenous
variables. The distribution of the residuals is heavily influenced by the hour of the day, with
hours 1, 7-10 and 19-24 showing a greater dispersion than the rest of hours. Interestingly,
the distribution of the third and fourth FPC associated with hour 1 is not centered, which
indicates that the shape of the hour 1 residuals is significantly different that the remaining
curves. Variables Demand and Hydro also influence the distribution of the residuals, although
not as strongly as the effect seen with the hour of the day. Unlike the reference probabilistic
models found in the functional data literature, the conditional probabilistic model proposed
in this thesis is able to include the information of the exogenous variables to obtain sharper
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Figure 5.31. Distribution of the FPC scores of the SARMAHX 1-step ahead residuals for the Residual
Demand Curve forecasting study, grouped by levels of the exogenous variables. Each column is associated
with the scores of a certain FPC, whereas each row is associated with a different covariate.

estimations of the density of the residuals, which may improve the probabilistic forecasts of the
RDCGs.

In order to perform a robust variable selection for the model, the previous analysis has been
compared with the results of performing a two-sample Kolmogorov-Smirnov (KS) test to the
distributions of the covariates for each FPC score. The p-values of each variable are displayed
in highlighting those values where the KS test has found a significant difference
between the distributions of the residuals’ scores. As a result variables Hour, Demand and
Hydro will be used as inputs for the one-step ahead conditional probabilistic model.
illustrates the differences in the distribution of the one-step ahead functional residuals for
different values of the input variables. The dispersion exhibited by the model’s residuals is very
high for hour 1 and a combination of high Demand and Hydro, as seen on the left panel. The
right panel shows a very different situation, where the residuals selected by the conditional
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Figure 5.32. Distribution of the residuals of the model for two different values of the exogenous variables
Hour, Demand and Hydro for the 1-step ahead forecasts of the Residual Demand Curves. The whole set
of residuals is displayed using grey color, whereas the curves with a positive weight in the probabilistic
model are shown in blue.

FPC1 FPC2 FPC3 FPC4

Hour 0 0 0 0.00002
Demand O 0.00172 0.00065 O

Wind 0.00124 0.01205 0.00037 0.0524
Hydro 0 0 0.00261 0.0042

Table 5.10. p-values of the Kolmogorov-Smirnov test obtained for the distributions of the one-step
ahead residuals’ scores grouped by levels of the exogenous variables used in the Residual Demand Curve
forecasting study. p-values lower than 0.05 are marked in bold.

model for hour 3 and low levels of Hydro production are plotted. The dispersion of the residuals
is very low, showing less variance than the previous case. This highlights the capability of
the proposed model to capture differences in the distribution of the residuals given a set of
exogenous covariates.

Once the relevant variables for estimating the conditional distribution of the residuals have
been identified, the parameters of the models must be estimated from the observed data.
The leave-one-out cross-validation procedure detailed in is used to select the
bandwidth parameters of the conditional model using the In-Sample period of the data. As one
of the inputs for the model is variable Hour, the circular metric ||.|| g1 introduced in
is used to capture the notion of proximity between hours in the model. Once the model has been
fitted, 80% and 95% prediction regions are obtained from the estimated densities for both the
In-Sample and Out-Of-Sample periods. compares the prediction regions obtained
by the reference models against the conditional model are shown, together with a set of 100
functional scenarios of the RDCs. As evidenced by this comparison, the proposed conditional
probabilistic model is able to outperform the reference models by capturing the variation in
the uncertainty distribution of the forecasts conditioned to the input variables. This techniques
obtains narrower prediction regions for those periods where the historical volatility of the
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Figure 5.33. Prediction regions defined by the residual-based bootstrap, unconditional and conditional
models fitted to the RDC series for the 1-step ahead forecasting problem. The black curves represent the
different scenarios obtained by each method. The top row corresponds to the In-Sample period, whereas
the bottom figures display curves for the out-of-sample period.

residuals has been low, obtaining coherent one-step ahead RDC scenarios. As the reference
models assume that the residuals are distributed independently, they often overestimate the
density of the residuals, which results in wider prediction regions.

As mentioned before, in a real application the RDCs for the next 24 hours must be forecasted
at the same time, as the auctions for each hour of the next day are cleared at the same instant.
Hence, market agents need to have probabilistic forecasts of the series for those 24 hours
before the auction takes place in order to optimize its bidding strategy. As such, an additional
study will be performed in order to analyze the applicability of the proposed model to this
real situation. The first step in this study is to identify any possible relation between the
projection-based density of the 24-step ahead residuals of the concurrent SARMAHX model and
the set of explanatory variables that have been used throughout this section. This analysis is
aimed at obtaining a set of coherent 24-step ahead functional scenarios of the RDCs.

Following a similar procedure to the one used in the one-step ahead case, the 24-step ahead
SARMAHX residuals must be decomposed into the space spanned by its first FPC in order to
estimate the projection-based density of the curves. In this setup, more than 98% of the variance
of the 24-step ahead residuals is explained by the first 4 FPC. Once the residuals have been
decomposed, an exploratory analysis is performed to identify those variables that influence
the distribution of the residuals’ scores the most. shows the distribution of the
FPC scores grouped by different levels of the covariates. Unlike the one-step ahead case the
distribution of the 24-step ahead residuals is not influenced by the hour of the day, with all
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Figure 5.34. Distribution of the FPC scores of the SARMAHX 24-step ahead residuals of the Residual
Demand Curves forecasting study, grouped by levels of the exogenous variables. Each column is
associated with the scores of a certain FPC, whereas each row is associated with a different covariate.

hours having a similar distribution. This agrees with the results observed in the right panel
of However, the boxplots shown in reveal that the distribution of
the residuals is heavily influenced by the Demand, Wind and Hydro generation. As can be
seen, extreme values of the demand exhibit a lower dispersion than the intermediate values.
In addition, the distribution of the third FPC’s scores are not centered, which implies that the
Demand influences the shape of the residuals. Finally, it can be seen that the variance of the
scores of the first FPC increases with the level of the Wind and Hydro generation. This analysis
is coherent with the results of the Kolmogorov-Smirnov test, whose p-values are shown in
Most of the p-values obtained are 0, which means that the test has found strong
evidences in the data to reject the null hypothesis of equal distributions across different levels
of the exogenous variables.
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5.3. Forecasting hourly residual demand curves
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Figure 5.35. Distribution of the residuals of the model for three different set of values of the exogenous
variables Demand, Wind and Hydro for the 24-step ahead forecasts of the Residual Demand Curves. The
whole set of residuals is displayed using grey color, whereas the curves with a positive weight in the
probabilistic model are shown in blue.

FPC1 FPC2 FPC3 FPC4

Hour 0 0.05162 O 0.0658
Demand 0.00004 O 0 0.0002
Wind 0.00084 0.00202 O 0.0072
Hydro 0 0 0 0.00279

Table 5.11. p-values of the Kolmogorov-Smirnov test obtained for the distributions of the 24-step ahead
residuals’ scores grouped by levels of the exogenous variables used in the Residual Demand Curve
forecasting study. p-values lower than 0.05 are marked in bold.

The differences in the distribution of the 24-step ahead residuals are illustrated in[Figure 5.35]
where the set of historical residuals selected by the fitted conditional probabilistic model for
different sets of covariates is shown. The first panel shows the set of historic residual curves
for high Demand and extreme values of Hydro and Wind generation. These curves exhibit a
low level of dispersion, identifying periods of low uncertainty in the SARMAHX’s forecasts. The
second panel shows a set of historical residuals that present a high level of volatility with a
skew towards positive values, associated with high demand and low values of Hydro and Wind
production. Finally, the third set of residuals exhibits a negative skew which corresponds to a
situation that combines low values of Demand, Hydro and Wind.

The previous analysis reinforces the hypothesis that exogenous variables are able to explain
the variation in the distribution of the 24-step ahead residuals. Hence, once the proposed
conditional model is fitted with the In-Sample data, the model is evaluated to obtain estimation
of the 80% and 95% prediction regions of the curves for the whole period of dates, together with
a set of 100 functional scenarios that follow the estimated conditional distribution. [Figure 5.36
compares the results obtained by the reference models and the conditional probabilistic mode
for the In-Sample and Out-Of-Sample periods of the data. As can be seen, both the unconditional
and the wild bootstrap models are unable to capture the variations in the uncertainty associated
with the 24-step ahead forecasts obtained by the concurrent SARMAHX model, as indicated
by the wide prediction regions obtained in both the In-Sample and the Out-Of-Sample periods.
This also illustrates the improvements made by the proposed model over the reference methods,
as the conditional distribution obtained by the proposed model is able to capture better the
differences in the distribution of the residuals, which results in narrower prediction regions in
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Chapter 5. Functional probabilistic forecasting applications in electricity markets

low volatility periods of the series, and wider prediction regions where the uncertainty of the
model increases.

In order to provide a fair comparison of the performance of the models, shows
the values of the probabilistic scores defined in for the one-step and 24-step
ahead forecasts in both the In-Sample and Out-Of-Sample periods. The scenarios obtained by
the proposed conditional probabilistic model show a clear advantage over the unconditional
reference models, obtaining a functional logarithmic score of 29.21 in the Out-Of-Sample period
of the one-step ahead case, a lower value than the best reference model which obtains a fLS of
30.17. In addition, the conditional predictive regions provide a better coverage of the real curves
while being narrower than the unconditional regions: the Out-Of-Sample functional Winkler
Score obtained by the conditional model is 804632.1, nearly half the value obtained by the
best reference model that only achieved a Winkler Score of 1587586.8. The results are similar
for the 24-step ahead case: the logarithmic score of the proposed model is 31.36, whereas the
best reference model has a fLS of 31.58. This can be interpreted as conditional scenarios being
more coherent with the actual observations of the series. In addition, the proposed model also
outperforms the reference models in terms of Winkler Score, obtaining a value of 1265318
against the unconditional probabilistic model which obtains a fWSg5 of 2010097. These values
are consistent with Figures and where unconditional scenarios showed a greater
dispersion over the real curves.

As mentioned when introducing the concept of RDCs there are a great number of applications
of the short-term functional scenarios obtained across energy markets. RDCs defined in this
section model the offering and bidding behavior of market agents in the Spanish Day-Ahead
electricity market. Hence, a straight-forward application of these curves is to obtain short-
term probabilistic estimations of the market clearing price, as it is defined as the value R;(0).
Hence, the intersection of each RDC scenario }A%ii)(o) defines a plausible clearing price, thus
the set of 100 scenarios can be used to define a probability density of the market clearing
price. [Figure 5.37|illustrates this concept, by comparing the density estimation made by the
3 functional probabilistic models considered in this study, for the Out-Of-Sample period and
the 24-step ahead forecasts of the Residual Demand Curves. The first and second figures show
how the conditional scenarios induce a sharper price distribution, which usually gives more
likelihood to the actual clearing price for that hour. The third panel shows a rather interesting
situation, where the conditional probabilistic model has identified a bimodal distribution of the
prices using only past historical data. As can be seen, the actual clearing price falls inside one
of the components of the bimodal distribution, whereas the unconditional models are unable to
capture that relationship, thus estimating a unimodal distribution and not providing a good
estimation of the price density.

In order to validate this probabilistic analysis of the clearing prices, the price density
estimated by all the models in both the one-step ahead and 24-step ahead forecasting study
has been obtained for all of the In-Sample and Out-Of-Sample periods. Then, the likelihood
that each distribution gives to the actual clearing price has been quantified using a probabilistic
score often used in density forecasting, the average logarithmic score (Gneiting and Raftery,
2007). This metric is defined as the negative value of the arithmetic mean of the log-likelihood
of the real data given the estimated density:

N
1 R
logScore = N 2 log (Pi(yi)> , (5.10)
1=
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5.3. Forecasting hourly residual demand curves
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Figure 5.36. Prediction regions defined by the residual-based bootstrap, unconditional and conditional
models fitted to the RDC series for the 24-step ahead forecasting problem. The black curves represent
the different scenarios obtained by each method. The top row corresponds to the In-Sample period,
whereas the bottom figures display curves for the Out-Of-Sample period.

In-Sample Out-Of-Sample
Forecasting ;0 e fCRPS  fWS¢s  fLS  fCRPS  fWSgs  fLS
horizon
1-Ste Bootstrap 64958.87 1581943.3 30.03 77746.03 1587586.8 30.33
AheaIZl Unconditional 64917.66 2044942.1 30.01 77283.63 2049195.7 30.17

Conditional  56294.31 878175.5 28.75 77053.13 804632.1 29.21
Bootstrap 93621.98 1993667 30.94 141471.1 2010097 31.58
Unconditional 96014.91 2301784 31.29 139535.3 2313833 31.77
Conditional  83001.28 1239106 30.28 140459.5 1265318 31.36

24-Step
Ahead

Table 5.12. Average scores for each probabilistic model in the 1-step and 24-step ahead Residual Demand
Curve scenario generation study. The lower scores obtained for each metric are marked in bold.

where P; denotes the estimated density and y; denotes the actual observations. As with all proper
probabilistic scores, a lower value of the logarithmic score implies that the fitted density is better
than the other estimations included in the comparison. The results are shown in As
expected, the average log-scores are much lower in the one-step ahead case, as the uncertainty of
the forecasts is lower when compared with the 24-step ahead forecasts. Additionally, the average
log-score is higher in the Out-Of-Sample period, as it measures the estimations of the market
clearing prices’ density over six months, without any recalibration of the models whatsoever.
Nevertheless, the density estimated by the conditional model consistently outperforms the
reference models in both the In-Sample and Out-Of-Sample periods, obtaining sharper density
estimations that the remaining models. In the 24-step ahead study, the conditional model has

Probabilistic Forecasting of Functional Time Series: application to Scenario-Generation of 149
Residual Demand Curves in Electricity Markets
Guillermo Mestre Marcos



Chapter 5. Functional probabilistic forecasting applications in electricity markets

Unconditional KDE Boostrap replication Conditional KDE
20/09/2018 - H 18 20/09/2018 - H 18 20/09/2018 - H 18
3 3 3
8 8 8
8 8 8
8 3 3
& & &
£ g £ g £ g
8 8 8
- - -
> > >
3 of—m—m—— Wl -———————= 3 of—m—m—m =SB ——————— — — 3 of—m—m———S8 - ————————
2 2 2
& & &
3 3 3
8 8 8
] g g
8 8 8
o o o
T T T
0 50 100 150 0 50 100 150 0 50 100 150
Price [€/MWh] Price [€/MWh] Price [€/MWh]
Price density Price density Price density
e e e
s ] s ] s ]
° ° °
2 51 2 =4 > 24
z 3 z 3 z 3
2 2 2
§ 5 5
o o o
8 | 8 | 8 |
s s b s |
p i i
h I i
1 AN i
o H o o
2 T * T T 2 T * T T 2 T * T T
0 50 100 150 0 50 100 150 0 50 100 150
Price [€/MWh] Price [€/MWh] Price [€/MWh]
Unconditional KDE Boostrap replication Conditional KDE
24/11/2018 -H 6 24/11/2018 -H 6 24/11/2018 -H 6
— Real
° = = Est ° o
S MR-~ |- Functional Scenarios. g g
S S S
T - T - T -
S e === s s
= g = g = g
> > >
2 £ 2 g 3 g
e = 2 = 2 =
& & &
3 3 3
8 8 8
] ] ]
8 8 8
@ @ @
T T T T T
0 50 100 150 0 50 100 150
Price [€/MWh] Price [€/MWh] Price [€/MWh]
Price density Price density Price density
o o o
s s s
> 8] > 384 > 81 i
2 o 2 o 2 o i
g b g g !
i |
=+ ' =+ = '
3 ' 3 | 3 i
s ! s i s !
I I I
i I i i i I
| | |
8 H 8 H 8 H
2 T T T 2 T T T 2 T T T
0 50 100 150 0 50 100 150 0 50 100 150
Price [E/MWhI Price [E/MWhI Price [E/MWh]
Unconditional KDE Boostrap replication Conditional KDE
16/12/2018 -H 21 16/12/2018 -H 21 16/12/2018 - H 21
8 8 8
8 8 8
<] ] <]
8 8 8
3 3 3
z 8 z 8 z 8
B S S
= = =
> > >
g 8 g 8 g 8
3
i g i 8 i
s s s
8 g 8
8 8 8
8 8 8
0 50 100 150 0 50 100 150 0 50 100 150
Price [€/MWh] Price [€/MWh] Price [€/MWh]
Price density Price density Price density
e e 2
s ] s ] s ]
@ 2 @
S S S
s s s
> 8 > 8 > 8
Z o Z o Z o
§ 5 5
a g4 a 34 o 34
s s s
o o o
S S i S
s ! s ! s
3 ! 3 ! 3
S T T T = T T T = T T
0 50 100 150 0 50 100 150 0 100 150
Price [€/MWh] Price [€/MWh] Price [€/MWh]

Figure 5.37. Price density induced by the 24-step ahead RDC scenarios obtained using the bootstrap,
unconditional and conditional probabilistic models for three different hours. The estimated probability
density is shown in grey, whereas the likelihood of the real clearing price is shown in blue.
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5.4. Conclusions

1-step ahead 24-step ahead
Model In-Sample Out-Of-Sample In-Sample Out-Of-Sample
Unconditional 1.8323 2.1042 2.3438 2.7503
Bootstrap 1.8483 2.1618 2.4753 2.8392
Conditional 1.5501 1.8507 2.1774 2.6449

Table 5.13. Average log-scores for both the one-step and 24-step ahead density forecasts of the market
clearing price in the In-Sample and Out-Of-Sample period of the study. Lower log-scores are marked in
bold.

obtained a mean logarithmic score of 2.64 in the Out-Of-Sample period, against a value of 2.75
obtained by the unconditional model’s density estimations and a value of 2.84 given by the
bootstrap scenarios.

The analysis presented in this section has illustrated how the proposed methodology for
functional time series is able to obtain short-term probabilistic forecasts of Residual Demand
Curves which outperform the current reference models found in the functional data literature.
The proposed conditional model has been able to obtain sharper probabilistic forecasts of the
curves by including information about exogenous variables that represent different regimes in
the electricity market. Additionally, an application to estimating the price density of the market
clearing price has been presented, highlighting the real-world applicability of the forecasting
methodology presented in this dissertation.

5.4. Conclusions

This chapter has been devoted to the empirical application of functional probabilistic models
to the estimation of Residual Demand Curves (RDC) in electricity markets. If the demand is
assumed to be inelastic, this problem reduces to the estimation of the series of Supply Curves, as
the inelastic demand can be estimated using other non-functional methods. This situation has
been illustrated with a case study using data from the Italian Day-Ahead market. An additional
analysis has been performed without making any prior assumptions about the demand curve in
the market, where the series of Residual Demand Curves from the system have been modelled.
This study uses data from the Spanish Day-Ahead electricity market to define the series of RDCs
and the sets of exogenous variables that will be used to obtain short-term estimations of the
curves. The high dimensionality of the series of Supply Curves and Residual Demand Curves
provide a suitable framework to compare different functional forecasting models.

Both of the functional time series analyzed in this section are hourly series, thus they will
present both a daily and weekly seasonality. Hence, in order to obtain accurate estimations
of these series, this information must be included in the forecasting models that will be used
to obtain estimations of the curves. The current implementation of the SARMAHX model is
able to include up to two seasonal terms in its formulation (but it could be extended to any
number of seasonal orders), which has proven to be of utmost importance to obtain accurate
estimation of the curves in both studies. This model has outperformed the other reference
deterministic models in both the one-step and 24-step ahead cases. The identification and
diagnosis methodology based on the FACF and FPACF proposed in this thesis has been used to
select the optimal parameters of the SARMAHX model when training the model, enhancing the
forecasting capabilities of the model.
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Once the deterministic forecasting models have been evaluated, probabilistic forecasts of
the functional time series have been obtained by quantifying the uncertainty of the concurrent
SARMAHX model (as this was the best performing model for both the one-step and 24-step ahead
forecasting study). An exploratory analysis has revealed that the SARMAHX residuals were not
independently distributed, as there were periods that exhibited a high level of volatility, possible
due to sudden changes in the bidding behaviour of market agents. The conditional probabilistic
model proposed in this thesis has proven itself to be of much use in these applications, as it has
been able to capture the relation between these high-volatility periods and the set of exogenous
variables from the electricity market. This model was able to obtain sharper estimations of
the density of the residuals, outperforming the reference functional probabilistic models in
both the one-step and 24-step ahead forecasts of the series. An application of the probabilistic
estimations of the series of RDCs has been included, which illustrates how the techniques
developed in this dissertation can be used to obtain density estimations of the market clearing
prices. This application highlights the applicability of the proposed forecasting methodology to
electricity markets, providing market agents with an useful set of tools to model the bidding
behaviour of its competitors.
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Conclusions, contributions and
future work

This last chapter, summarizes the contributions of this thesis. The main conclusions
that can be drawn from the experiments carried out are set forth and the most original
contributions are highlighted. Finally, the open issues that have not been tackled in the
thesis, as well as possible future research lines, are discussed.

6.1. Summary and conclusions

Many applications in electricity markets involve the analysis and modelization of functional
time series. An illustrative example of functional time series in electricity markets are Supply
and Demand curves, obtained by aggregating the bidding information of the different market
auctions. These curves contain relevant information related to the strategic bidding behaviour
of market agents, making the analysis of Supply and Demand curves of utmost importance
to electricity companies. The flexibility of functional forecasting models makes them suitable
for this task, which makes FDA a competitive framework to model these high-dimensional
data.

In many electricity markets there is one auction for each hour of the day, hence obtaining
an hourly series of Supply and Demand curves. Consequently, these series exhibit both a daily
and weekly seasonal dependency. Being able to identify the seasonality of a functional time
series, as well as the dependence structure between its elements, is of utmost importance when
fitting a functional time series model to the curves. Henceforth, the FACF and FPACF proposed
in this dissertation are useful tools that allow the practitioner to capture this information for
a given functional time series. This methodology improves the current state of the art in the
selection and diagnosis of parametric functional forecasting models, as it is able to identify the
presence of serial correlation in a functional time series, in addition to quantifying the type of
dependence (auto-regressive or moving average). This information can then be used to select
the order and assessing the adequacy of functional SARMAHX models by testing the white
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noise assumption on the residuals of the fitted model, improving the forecasting capability and
robustness of these models.

Once a deterministic model has been selected and fitted to a given functional time series
future values of the series can be estimated. Although point-forecasts may be adequate in some
cases, the vast majority of real-world applications require having probabilistic forecasts of future
events. In order to obtain probabilistic forecasts of the fitted deterministic model, such as the
aforementioned SARMAHX model, it is necessary to quantify the uncertainty associated with its
forecasts by analyzing the distribution of the models’ residuals. The vast majority of probabilistic
models proposed in the functional data literature assume that these residuals are independent
and are identically distributed, which results in similar predictive regions for the whole range of
curves. However, this is a strong assumption when dealing with data obtained from electricity
markets, which is often influenced by the system’s demand, business effects and other external
factors. The bidding behaviour of market agents is also sensitive to these indicators, so in order
to obtain sharp probabilistic forecasts of the series this information must be taken into account.
The functional probabilistic model developed in this thesis aims at estimating the conditional
projection-based density of the residuals of a given functional forecasting model, using a set of
exogenous variables as inputs that influence the distribution of the residuals. The bandwidth
parameters of the model are selected using a leave-one-out cross-validation procedure which
ensures that the final model is not overfitted. The conditional distribution estimated by the
model can then be used to define prediction regions that characterize the uncertainty of the
residuals. Additionally, coherent scenarios of the functional time series can be obtained, which
outperform the unconditional scenarios obtained with the reference models proposed in the
literature. These scenarios could be used as inputs for several stochastic optimizations models,
which would benefit from the scenario generation model proposed in this thesis.

The different developments presented in this dissertation can be used to define a forecasting
methodology for functional time series, which involves the identification and diagnosis of
a functional SARMAHX model and the generation of coherent scenarios obtained from the
conditional density of the SARMAHX’s residuals. The performance of this methodology has been
validated with two case studies involving different electricity markets. Firstly, an application
to the short-term forecasting of Supply Curves in the Italian Day-Ahead electricity market is
presented. As this is an hourly functional time series the forecasting models considered in this
study include two seasonal terms to model the daily and weekly dependency of the data. The
concurrent SARMAHX model outperforms the reference models, obtaining a lower error in both
the one-step and the 24-step ahead cases. The proposed conditional probabilistic model is fitted
to the residuals of the one-step and 24-step ahead forecasts, using as inputs a set of exogenous
variable that are able to model the conditional distribution of the residuals. The resulting
prediction regions and functional scenarios provide better estimations than the ones obtained
by the reference probabilistic models, which are not able to distinguish between periods of high
and low volatility in the curves.

Secondly, the short-term forecasting of Residual Demand Curves of the Spanish Day-Ahead
electricity market is addressed. These are functions that model the market-clearing price as a
function of the energy that agents are willing to trade. Similarly to the previous case study, the
identification and diagnosis methodology is used to select the best parameters for a SARMAHX
model, whose estimations are compared against other forecasting models often used in the
functional data literature. The best model for both the one-step and 24-step ahead study is
again the concurrent SARMAHX model. Once evaluated, probabilistic forecasts of the series are
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obtained from the proposed conditional model, whose estimations outperform the reference
probabilistic models included in the comparison. The 24-step ahead scenarios are used to obtain
density estimations of the market clearing price, illustrating the applicability of the proposed
forecasting methodology.

6.2. Original contributions

The techniques developed in this thesis have yielded several original contributions to the current
state-of-the-art in terms of probabilistic forecasting of functional time series and its application
to electricity markets. The main contributions of this dissertations are described below:

Definition of a functional version of the autocorrelation and partial autocorrelation
functions for functional time series based on the L? norms of the lagged autocovariance
operators of the series. Prediction bounds for both the FACF and FPACF under the
hypothesis of functional white noise have been obtained, which can be used as a fast and
efficient tool to analyze the correlation structure of a given functional time series.

Development of an identification and diagnosis methodology for the SARMAHX model.
This methodology uses the FACF and FPACF proposed in this thesis and can be used
for selecting the order and assessing the adequacy of the functional SARMAHX model.
This tool is of utmost importance when fitting this model to a functional time series, as
selecting the optimal configuration of parameters for the model allows the practitioner to
obtain accurate forecasts of the curves.

Development of a conditional probabilistic model for functional time series that aims
at modelling the projection-based conditional distribution of the residuals of a fitted
functional forecasting model. A leave-one-out cross-validation methodology has been
developed for selecting the bandwidth parameters of the proposed model. Once fitted,
the model can be used to obtain prediction regions of the series and to generate coherent
functional scenarios of the curves.

Proposal of a novel probabilistic metric for quantifying the likelihood of a real curve given
a set of functional scenarios. This metric, based on the classical logarithmic score, can
be used to asses the quality of different scenario generation methods for functional time
series, providing an useful tool in model selection.

Successful application of the proposed probabilistic forecasting methodology to modelling
the hourly series of Residual Demand Curves in several electricity markets, obtaining
one-step and 24-step ahead scenarios of the series. These case studies have validated the
proposed functional forecasting methodology against other well-known reference models
often found in the functional data literature.

The research developed in the field of Functional Data Analysis and the study of Residual
Demand Curves has been materialized in the following journal publications and conference
papers.

Journal publications

G. Mestre, J. Portela, A. Mufioz, E. Alonso. Forecasting hourly supply curves in the
Italian day-ahead electricity market with a double-seasonal SARMAHX model. International
Journal of Electrical Power & Energy Systems, 121, 106083. April 2020. DOI: https:
//doi.org/10.1016/j.1jepes.2020.106083
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Chapter 6. Conclusions, contributions and future work

e G. Mestre, J. Portela, G. Rice, A. Mufioz, E. Alonso. Functional time series model

identification and diagnosis by means of auto- and partial autocorrelation analysis.
Computational Statistics & Data Analysis, 155, 107108. March 2021. DOI: https:
//doi.org/10.1016/j.csda.2020.107108

Additionally, at the time of writing, another two papers are under review:

* G. Mestre, J. Portela, A. Muiloz, E. Alonso. Scenario-Generation of Residual Demand

Curves using a conditional probabilistic model for functional time series. (Submitted to
Mathematics)

* G. Mestre, E. F. Sdnchez-Ubeda, A. Mufioz, E. Alonso. The Arithmetic of Stepwise Offer

Curves. (Submitted to Energy)

Conference papers

* G. Mestre, J. Portela, A. Mufioz, E. Alonso. White noise testing for functional time series.

Application to model identification and diagnosis. 2nd Satellite CRoNoS Workshop on
Functional Data Analysis - CRoNoS FDA 2018, Iasi, Romania. 31 August - 2 September
2018.

Invited conference lectures

* G. Mestre, J. Portela, G. Rice, A. Mufioz, E. Alonso. Functional time series identification and

diagnosis by means of autocorrelation analysis. XXXVIII Congreso Nacional de Estadistica e
Investigacion Operativa - SEIO 2019, Alcoy, Spain, 3-6 September 2019.

6.3. Future work

This dissertation aimed at pushing forward research on identification and diagnosis techniques
for functional time series, and the development of a conditional probabilistic model for
functional data. The forecasting framework proposed in this thesis has been applied successfully
to real-world problems in electricity markets. These contributions lead to a number of future
lines of research that could yield valuable contributions to the functional data field, which are
summarized below:

* In many forecasting problems the actual value of the series is often influenced by lagged

values of the exogenous variables. In order to capture this dynamic dependence the
methodology used to define the FACF and FPACF could be adapted to obtain a functional
version of the cross-covariance function. This tool could then be used to define a
generalization of the impulse response function for classical Dynamic Regression models
to the functional data framework.

When fitting the SARMAHX model it would be useful to have a measure of the significance
of the different parameters of the models. Developing a statistical test to quantify the
importance of each term would be very useful to the practitioner, as it would provide
them with a tool for selecting the most relevant variables when modelling a functional
time series.

When modelling functional time series it is customary to find that the volatility of the series
presents serial correlation, which can be identified by using the proposed FACF/FPACF.
The estimation procedure used by the SARMAHX model could be adapted to define a
generalization of the standard GARCH model to the functional data framework. This
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6.3. Future work

model could capture the conditional volatility presented by the curves, which then can be
used to obtain probabilistic short-term estimates of the series with a parametric model.

* The analysis performed in revealed that the residuals of the SARMAHX’s 24-
step ahead forecasts where not independently distributed. This may be explained by
the current estimation procedure for the model, which aims at minimizing the one-step
ahead forecasting error. Hence, the fitted parameters may not be optimal for cases
where multiple-step ahead forecasts are needed. The probabilistic model proposed
in this dissertation can be used to mitigate this effect, as it is able to capture the
conditional distribution of the 24-step ahead residuals. Nevertheless, the development
of an optimization procedure that provides the best set of SARMAHX’s parameters for a
multiple step-ahead forecasts would be a relevant contribution to the field.

* The forecasting study of the aggregated Supply Curves presented in has
considered the Italian Day-Ahead electricity market as a single market. Although this
simplification is a common approach found the literature, the Italian market is a much
complex system which consists in 6 interconnected zones where saturation constraints
may happen. Hence, in practice each zone has its own Supply Curve. An in-depth analysis
of this market would be of great interest for market agents, as it would provide them with
a detailed description of the bidding behaviour of its competitors for each market zone.
The forecasting approach presented in this thesis could be adapted to this new framework
to obtain short-term probabilistic forecasts of the zonal Supply Curves of this market.
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