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Abstract

This work addresses the one-dimensional Cauchy problem for the doubly degenerate nutrient
taxis model

% = (,%(uvuw) - %(u%vw) + uv, zE€R, t>0,
2

%:%_uv7 $€R7t>0,

w(z,0) =uo(z) >0, wv(z,0)=vo(x) >0, =z€eR,

which models pattern formation in bacterial populations. The global existence of weak solutions
is established for initial data satisfying appropriate regularity and integrability conditions. To
account for the degeneracy caused by ug not being strictly positive and the difficulties arising
from the unboundedness of the domain, we consider a family of regularized problems posed on
bounded intervals (f%, %), for e € (0,1). Through adequate estimates uniform in €, we construct
global solutions to the system by passing to the limit using the Aubin-Lions lemma.

1 Introduction

Intricate patterns can arise in multiple scenarios in bacterial colonies as a response to changes
in environmental conditions. For instance, the availability of nutrients or the introduction of
an attractant can trigger various forms of aggregation. Such patterns can be reproduced in
vitro on agar plates. In this context, for certain bacterial species as Bacillus subtilis, several
studies [9, 2] have investigated the geometry of these aggregations. In [12] the shape of different
aggregations is analyzed with respect to varying agar and nutrient concentrations. For hard
mediums—those with high agar concentrations—in the presence of low nutrient levels, complex
branching formations have been reported.

From a mathematical point of view, to model these phenomena, nutrient taxis systems of the
following form have been considered,

%7: = Au— V- (uS(u,v)V0) + f(u,v),

; (1)
v

i Av — uw,

where u represents the bacterial density and v the nutrient concentration. Functions S and f
respectively represent the taxis sensitivity coefficient and the bacterial proliferation model. Sys-
tem (1) is usually posed in bounded convex domains together with no-flux boundary conditions.
This setting is essentially different from the widely studied classical Keller-Segel system

ou

i Au—xV - (uVv),

) (2)
v

T Av+u—wv,
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and its extensions, in the sense that the chemotaxis migration is directed by a signal substance—
in this case the nutrient—which is not produced but instead consumed by the bacteria.

In the case of system (1), the current knowledge is much more limited, particularly concerning
results capturing the above mentioned aggregation structures. In particular, for S = 1 and
f =0, solutions approach the spatially homogeneous steady states © = a and v = 0 for appro-
priate @ > 0 [15] and similar dynamics are obtained when f = wv [17]. For other choices of
S such as S(u,v) = 1, traveling wave solutions have been obtained in [5], but still leading to
eventual spatial homogeneity.

However, substantially different dynamics occur when bacterial diffusion is considered such that
it degenerates at small signal densities. The system proposed in [7], given by

% =V - (wwVu) — xV - (uzvVv) + uv,

, (3)
v

5= Av — uv,

for x > 0 has recently been a source of interest. In the numerical simulations presented in
the original article, the authors showed the emergence of complex patterns, which resemble the
branching structures from the previously mentioned experimental records. The system was also
formally derived by means of parabolic limits in [14].

From an analytical perspective, the first work in this direction, presented in [19], successfully
addressed the global solvability of system (3) over a bounded one-dimensional domain Q together
with no flux boundary conditions. Under the assumption that the initial data u(z,0) = ug(z)
and v(z,0) = vo(x) satisfy

ug € C?(Q) for some ¥ € (0,1), with up > 0 and / Inug > —o0,
Q
(4)

vy € WH(9) is such that vy > 0 in Q,

globally bounded weak solutions are constructed by the limit of a sequence of regularized prob-
lems that prevent the degeneracy caused by uy not being strictly positive over €2, which is the
case in most experiments. Moreover, in the same contribution, the large time behavior of the
solutions is analyzed, showing that « converges to a limit function in L®(£2), which is obtained
as a fine time evaluation of a porous medium type equation. This behavior greatly differs from
the stabilization properties that solutions of system (1) undergo, and thus offers an explanation
to the aggregation phenomena. In [8], hypotheses (4) are weakened, by only assuming that

ug, v € WH*(Q), with up > 0 and vy > 0 in Q,
(5)

There exists K > 0 such that |[uo|ze () + [|vol| Lo (@) + |0z Invo|| Lo (o) < K.

Global solvability has also been proved in convex and bounded two dimensional domains in [20],
under similar hypotheses. The global boundedness of such solutions was obtained in [21] for a
broader class of systems involving (3). In [13] the system is studied with a generalized logistic
growth term for the bacteria, similarly obtaining global weak solutions under an appropriate
parameter relationship.

The aim of this work is to study the global solvability of system (3) posed over the whole
one-dimensional space, with 0 = R, this is

% = ({%(uvum) - %(u%vm) + uv, z€eR, t>0,
2

%:%—uv, zeR, t>0, (6)
x

u(z,0) =up(xz) >0, v(z,0)=vo(z) >0, zeR




For this setting, both assumptions in (4) and (5) become incompatible, as integrability proper-
ties of the initial data cannot be sustained by boundedness or integrability of their logarithms.
To address the problem over the whole space, a regularized version of (6) will be studied over
balls of radius £ for e € (0, 1), obtaining domain-independent estimates, with the aim of passing
to the limit when € 0.

Over the years, several other Cauchy problems have been studied for Keller-Segel related sys-
tems. For instance, in [10], the minimal Keller-Segel system is studied over the whole two-
dimensional space, obtaining a critical mass threshold for the initial data of u. For higher
dimensions, blow up phenomena at the origin for radially-symmetric functions has been deter-
mined [18], whereas boundedness can be obtained for small enough initial data in critical spaces
[3, 4]. In [11] a logistic growth is incorporated, studying the global boundedness of the Cauchy
problem in arbitrary dimensions. Regarding nonlinear sensitivity, in [22] a taxis term of the
form V - (u™Vw) is considered, obtaining global existence in Besov spaces. However, to our
knowledge, system (3) remains unstudied over the whole space.

Main results For our case, the one-dimensional Cauchy problem (6) will be studied un-
der the hypotheses

up € WhHe(R) N LY(R), with ug > 0 in R,

(7)
vo € WL(R) N LY(R), with vy > 0 in R,

as well as the additional assumptions

2( : )
p+1
/ UC

R xT

Our main result guarantees that under such requirements, a global weak solution to the Cauchy
problem (6) can always be found.

2(p1 1) (p+2)
p+4 U2
< 0. (8)

< oo forall p>2, /
R Y0

Theorem 1.1. Assume that (7) and (8) hold. Then problem (6) admits a global weak solution
in the sense of Definition 2.1 below.

It is worth noting that both hypotheses in (8) are already included in [19] in the appropriate
sense over the bounded domain ) considered. However, the boundedness of  ensures that (4)
are sufficient to obtain them. In our case, the extension to the whole real line implies that both
bounds have to be independently assumed, and are key for establishing Lemma 3.7 and Lemma
4.1, respectively. Moreover, the integrability of both initial values is independently required in
the whole space setting and is particularly utilized in Lemmas 3.3 to 3.5.

Structure of the work After this introduction, the article begins with some preliminar-
ies in Section 2, which are needed in order to establish the concept of weak solutions to the
problem, as well as the regularization approach followed. In particular, we consider ¢ € (0,1)
and solutions (u.,v.) to the regularized system (13), which allows us to deal with both degen-
eracies and the unboundedness of the domain.

Next, the starting point of the analysis in Section 3 relies on a functional of the form

- (2p —1)g
up—i—/ v, “vezl?, for a = ——— >0,
/Bl/s : Bl/s : ) 2(p+ 1)

for arbitrary p > 2 and suitably chosen ¢ > 1. Upon suitable estimates of the quantities involved,
in Lemma 3.6 we arrive at a differential inequality given by

d _(2p—1)q p(g+2)+2 q
el / u§+/ ve 2T [y, | gC’HvEHLoo(Bl/E)(/ w+1+e a +52>,
dt By/e Byje B

1/e

which leads to bounds for u. in LP(B,/.) that are uniform in . The bounds obtained are time
dependent, in contrast to those in [19, 8], as those rely on the assumptions on the logarithm of
the initial data given in (4) and (5), yielding the integrability of [|v|[z~(s, ) in time.



However, the temporal dependency is enough to obtain local compactness for ultimately passing
to the limit.

The following Sections 4 and 5 are focused on obtaining compactness properties of the sequence
ptl
(ue® Ve)ee(0,1), as similarly done in [20]. The main difference relies on localizing the approach

by means of a cutoff function as introduced in Definition 4.1, to eliminate any domain depen-
p+1

dency. Lemma 4.5 provides a bound for (uc? ve)ee(o,1) in L*((0,7); Wl’l(R)), while Lemma

loc

5.2 ensures that its time derivative is bounded in L' ((0,T); (W 22(R))*).

Lastly, in Section 6, an application of the Aubin-Lions lemma allows us to obtain a subse-
quence though with limit functions u and v can be defined, such that they form a weak solution
to our problem (6). The article finishes with a proof of Theorem 1.1.

2 Preliminaries: Regularized problems and basic estimates

Given the degenerate nature of system (6), we consider the concept of weak solutions in the
following sense.

Definition 2.1. Let u and v be nonnegative functions defined on R x (0,00) satisfying

uwe L}, (Rx[0,00)),

loc

veLl ([O,oo);Wl’l(R)) ,

loc

and
Uy, uPvv,, wv € L, (R x [0,00)), (10)

then, (u,v) will be called a weak solution to system (6) if

o) 1 0o ) 1 00 o ) oo
uprt+ | uop(-,0) = —5 U VgPr—75 UVP gz — U VVz Pz — uvep,
0 R R 2 0 R 2 0 R 0 R 0 R

(11)

/OOO/RU%—F/RUOQO(-,O):/Ooo/vagow—f—/Ooo/Ruv% (12)

for all p € C§°(R x [0,00)).

and

The main analytical challenges in system (6) lie on the one hand, on the presence of the
degenerate cross-diffusive terms, and on the other hand, on the fact that the system is posed on
the unbounded domain R. To address these issues and construct a solution, we employ a regular-
ization approach involving a parameter £ € (0,1). Specifically, to prevent degeneracy—arising
when ug is not strictly positive—we modify the initial value of u by adding a small positive
perturbation e¢(z), where ¢ : R — R™ is a fixed, smooth, bounded and integrable function.

Additionally, to deal with the unbounded spatial domain, for each ¢ € (0,1) we restrict the
problem to the bounded one-dimensional ball of radius %, Bij. == (=1/e,1/¢). Over each of
these balls, we aim to derive estimates uniform in €.

Thus, for any € € (0,1), we consider the following approximate initial-boundary value prob-
lem

0 0 0

(;;E _ %(ugvgum) — a(ugvgvm) + U Ve, x € Byje, t>0,

Oov.  0%v.

ot = axQ — Ug Ve, x € Bl/sa t> 0, (13)
Uy = Vez = 0, l’eaBl/E, t>0,
ue(2,0) = uo(z) +e¢(x) >0, wv:(x,0) =wo(z) >0, =€ By..




Given system (13), for each fixed € € (0,1) standard cross-diffusive parabolic theory can be
applied to obtain local existence of solutions as follows.

Lemma 2.1. Assume that ug and vy are such that (7) holds. Then for each € € (0,1), there

exists Trax,e € (0,00] and functions

Ue € ﬂq21 (ol ([OaTmax,e);Wl’q(Bl/e)> N 0271(31/5 X (OaTmax,&‘)) ;

02 € Nyo1 € (10 Tane ) WH(B1y2) ) 1 C2H (Brje x (0, Tonax.e)) -
with ue > 0 and ve > 0 in Bl/s X (0, Thax,e) such that (ue,v:) solves the regularized system (13)
in the classical sense in By /. x (0, Tiax,c), with the property that

if Tmax,e < 00, then lim sup Hus(’yt)HL“’(Bl/a) = 00.

max,e

Proof. We omit the details, as the local existence of the regularized system over a bounded
domain, in this case By, is standard following the theory developed in [1], and has been
already established in [19, 20, 8]. We refer for instance to [8] Lemma 2.2 for the details. O

Next, we prove some basic estimates for u. and v.

Lemma 2.2. Assume (7). Then for alle € (0,1), t € (0, Tinax,e) we have

/ ua<-,t>+/ ve<~,t>s/ uo+/ <+/
Biye Bi/e By By By
t
// u5<~,t)v5<~,t)s/ v,
0 Bl/s Bl/s

[ve (s Dl (By,.) < MlvollL=(s,,.) < [lvollLoe @)

as well as

and

Proof. Given the Neumann homogeneous boundary conditions for system (13), integrating both
equations over By . yields

d d
— Ue = / UeVe, —/ Ve = —/ usve, forallt € (0, Tmax.e)s (14)
dt Bl/a Bl/a dt Bl/a Bl/a

so adding them and integrating in time leads to

/ us(-,t)—&—/ v€(~,t):/ ug(-,O)—&-/ 0.(40), forall t € (0, Thaxs):
Bl/a Bl/a Bl/e Bl/a

The initial value of u. combined with the fact that € < 1 proves the first property. Next, a
time integration of the second identity in (14) entails the second property, while the maximum
principle applied to the second equation leads to the third one. O

Notice that having L' and L* bounds for v, leads to LP estimates for p > 2 uniform in time
and in €.

For the analysis developed in the subsequent sections, we also consider the following versions of
the Gagliardo-Niremberg interpolation inequality in one dimension. In this case, the constant
is domain-independent, with the dependency only present in the penalization term in a non
increasing factor, if the parameters are chosen adequately. The proof strategy relies on a scaling
argument, as done in [6].

Lemma 2.3. Letp>1, ¢ € (0,p), r > 1, 6 € [0,1] such that
1 1 1-6
-=0 ( — 1) + —,
p r q
and arbitrary o > 0. In dimension one, there exists C' > 0 such that for any e € (0,1)

lellze B, ). < CH%HHLT(BUE) : ||<PHE(QBI/E) + C'5(;75)\|<P||LU(BUE),
for all ¢ € LY(By,.) such that ¢, € L"(By/.).



Proof. For any given ¢, € L(B;) with ¢, € L"(B;), by means of the standard Gagliardo-
Niremberg inequality in By, there exists Cy = C1(B;) such that

llerllre sy < Cill(e1)e Nleillzats,) + CilleallLo(s,)- (15)

Next, to extend the inequality to By,. for an arbitrary ¢ € (0,1), given ¢ € L9(B;.) with
¢ € L"(By ), we define the function

gOliBl—>]R

yH%(y)w(l‘y),

€

1
for which, given the one-dimensional setting, following the change of variables x = — -y we have
€

m 1 "
L™ (By) :/B SD(E'Z/>
1

for any m > 0, as well as similarly computing the derivative [|(¢1)z/|7m p,) = g=(m=1 leallZm (s, ,.)-

|| ?m(Bl/E),

dy:e/ (@)™ de = ¢ |[o]
Bl/s

Thus, substituting in (15), we obtain

1 _r=1, 1-0 1
v [lollLes,,) < Cre™ 7 lleall] @ T lellia(s,,.) +Cr e llellLais, ),

which upon multiplying by ew implies the result with C' = C(By), as

1 -1 1-—
__9.<r )_|_6:07
p r q

for the considered value of 6. O

The same argument can be used in order to estimate the L°° norm. As the proof relies on
the same steps, we omit it for brevity reasons.

1-— 1-6
Lemma 2.4. Letr > 1, ¢ > 0 and 6 € [0,1] be such that 6 ( T) + —— =0. Then, in
r q

dimension one, there exists C' > 0 such that for any € € (0,1)

1
el o= 8,2y < Clleslllns, .y - lellbals, ) + Cet llellzaa, ).

for all p € LY(By,.) with ¢, € L"(By.)

3 [? estimates for u. and global existence of regularized
solutions

The main objective of this section is to derive an estimate for |[uc||rr(5,,.) that remains uni-
form with respect to € € (0,1) for arbitrary p > 2. Although the resulting bounds will generally
depend on time, they will be enough to grant the convergence in the sense of Definition 2.1.
Moreover, these estimates will allow us to prove that regularized solutions indeed exist globally.

To do so, we consider a functional of the following form, as in [19]

/ Ué’+/ vz *|veg|?, (16)
Bi/e Bi/e

_(2p—1)q
2(p+1)

for an adequately chosen q. We begin by computing the time derivative of (16).

with
> 0,



Lemma 3.1. Letp > 1, ¢ > 2, and n > 0. Then, there exists C1 > 0 and Ca(n) > 0 such that
for alle € (0,1) and t € (0, Thyax,e)

d -G 1 -2 12 at2 -2l

¥ == 1

%/ ve |'U5:c|q + 07/ ve 7 "Usac|q <C Ue > Ve i ) (17)
Byje 1 Bi/e Biye

and

d —1 —1
— ul + pi(p ) / uPtou?, + pi(p ) / ul o v,
dt Bie 2 Biye 2 Buye

_C@p=Da_4 tD(a+2) 1 (g4 2p=Da ¢
< pHUEHLOO(Bl/s) / ug + 7]/ Ve ey |'U£z|q+2 + CQ(T]) / Ue ¢ Ve ( (r+1) )
Biye Bije Bie

(18)

Proof. We omit the details for deriving (17), as the result is directly given in [19] Lemma 4.1
for % fQ v, “|vez|9, for a general Q C R and a € (0, ¢), where the equation satisfied by v, is the

(2p—1)q
2(p+1) -

same one as here. Ours is just the particular case for a =

With respect to (18), integrating by parts the first equation in (13) followed by applying Young’s
inequality yields for all ¢ € (0, Tnax,c)

1d _
= uf + (p— 1)/ uPto.u?, = (p - 1)/ UV Ueg Vs —I—/ uPu,
p Bl/s Bl/s Bl/e Bl/s

(19)

-1 p—1
—1 2 +1
< T Mo, + S uP o vZ, + [|vel| Lo, ) ug,
Bl/e Bl/s Bl/5

which, upon adding prl / By, uPTv.v2, on both sides and rearranging the terms, results in

1d p—1 / 1 -1 1
ul + —— ul™ +E2= ulto 02,
pdt Byje ‘ 2 By : 890 2 Biye
(20)
<(p-— 1)/B u§+1v&.v§w + HUEHLOO(Bl/E) / ul, for all t € (0, Thax.e)-
1/e 1/e
Lastly, given n > 0, again by Young’s inequality with exponents q , % > 1, there exists
C3(n) > 0 such that
2p— e 2p-1)
Bl/s Bl/s )
(21)
[ IR [ S,
P By, By .
Directly combining (20) and (21) provides (18) for all ¢t € (0, Tmax,e)- O

Next, using the domain-independent versions of the Gagliardo-Niremberg inequality intro-
duced in Lemmas 2.3 and 2.4, we prove the following auxiliary result.

Lemma 3.2. Let p > 0, then there exists C > 0 such that for any € € (0,1)

low 7|75 5, ) < C||¢HL1(31/E)H¢||L; B | Wi, P O + ¢y 3
( 1/5) /5) / Bl/ Bl/

+1
+ e 2lg|1n BI/E>||¢|L2W<BW>>

for any positive functions ¢, ¥ € Cl(Bl/E).



Proof. Firstly, by Lemma 2.4 there exists ¢; independent of € satisfying

2(pt2)

3 2
HQSQ/“’H”]ZJ;(BUE = ||¢ w ||Lzo+131/5)
(22)
pt+l 3 5 pt+l 3 ﬁ 2 p+1 5 2(pp++12)
<c 2 2 ), . 2 2 + cie
<all6T ehalias, 0TI, et 6Tl
Computing the derivative appearing in the first term on the right hand side we have
p1 p+1 p1
165 08 s, = [ (¢> vho, + Jo" b w)
1/e
< W/ ¢P—1w3¢2 4 2/ ¢p+1¢ ¢2
2 Bl/s 2 Bl/s
p+ 1
< D e / g [ e,
Bl/s
and moreover for the other two terms appearing in (22)
p+1 p+1
[ RIGE 180l ey W1 5,
1/6
Substituting these bounds back in (22) leads to
3 2 I (p + 1)
lowr 1225, < erlléllis, o IE 5, ( 1lmis,,0 [, #0643
1/e
9 12 3(p+2)
T L [/2r W [ i
3 2 3
which proves the lemma, as (p+2) _ + 3. O

p+1  p+1

Next, using Lemma 3.2 we prove a technical result that will later be used to control the
right hand side terms in (17) and (18) in order to estimate the time derivative of the functional
defined in (16).

Lemma 3.3. Let p, r > 0 be such that

(p+1)(p+2)

b+ <r<p+2.

Then, for any n > 0 and K > 0 there ezists C(n, K) > 0 such that whenever (7) holds as well
as

/UOSK /UOSK l[vollLe®) < K, and /CSK (23)
R R R

we have that for any € € (0,1), t € (0, Tmax,e)

[|uev +1||L°° (B1e) = <7 / u’;_lya ugm—l—/ ué’"’lve v, | +C(n, )(1+€T>||Ua|‘L°°(Bl/E)
Bl/s Bl/s

Proof. Combining the estimates proved in Lemma 2.2 with assumption (23), yields for all ¢ €
(07 Tmax,s)

|uellLr (B, . S/ ug +/ C+/ vo < 3K, |[ve(, )|[Lo(B,,.) < [lvollze (s, ,.) < K.
By, By, Bi/e

PP lep wi)



Next, applying Lemma 3.2 to ¢ = ue, 1 = v, we obtain that for any ¢ € (0, Tiax.c)

3
+2 s34 _
[|uev +1||Z]:oo(3/ y < C-3K- ||’Ug||ztcl(31/6) KQ/ ul o, u?er/ ul o, 02,
Bl/s Bl/s

24
+€P+2(2K)p+1||UE||%OO(BI/E)> ( )

S .
< erlloe |2, 1) + xRl 50,

for a certain ¢; = ¢1(K) > 0, where

- -1, .2 +1, .2
I(t) = / ul™ e uZ, —|—/ ul e vZ,.
Bl/a Bl/s

Thus, for any r satisfying % <r <p+ 2, we can bound

____3r _3r_
0B e < ol | TERTT 1075 + ool (25)

for a certain ¢y > 0. The assumptions on r grants that

_ _122(p+1)
p+1 p+4

>0,

with which for all ¢ € (0, Tinax,:) We obtain

p+1

elvellF L s, .y = Vel (3, ) Vel L0 8y ) < €7 K ||0el| o0 8y,

The remainder of the proof follows the same steps as Lemma 4.4 in [19]. By Young’s inequality,
for any n > 0 there exists ¢z = c3(n, K) > 0 such that

(p+1)(p+2) TI(t

37
erllel [FETT 177 < () + ealloc [T 7 7 < nI(1) + esKvell e s, ).

where again a := Mﬁ — 1 is nonnegative by the choice of r. Direct substitution into
(25) gives the result. O

Next, the estimate provided by Lemma 3.3 can be used to bound the right hand side term
n (17).

(2p—1)q
2(p+1)

3
3 (p+2)’ 0o 3Pt2)
p+4 p+1

Then, for all n > 0 and K > 0, there exists C(n, K) > 0 such that if (7) and (23) hold, the
following inequality is satisfied for all € € (0,1) and all t € (0, Tinax,)

P a—a =1 2 1. 2 (41 (=a)
Ue ™ Vg < n U Ve Ugy + Ug Ve Vgy +C(777 K) I+e 8 ||v5||LW(Bl/E)’
By, By . By/e

Proof. The result follows directly by noting that for ¢ € (0, Thax,e)

1
Lemma 3.4. Let p > 51 € (1,2(p + 2)) and o = > 0 be such that

(26)

(p+1)(g=c)

atz =2 3 a+2 _ (p+1)(g—o)
uc? vIT = ue vE © U2 3
Bl/s Bl/s

3 (p+1)(g—a) g+2 _ (p+1)(g—o)
2 3
<||u5 Us HLOO(Bl/s . Ue 5
Bl/

€

(27)

where precisely, given our choice of «, the exponent appearing in the last term is

g+2 (p+1)(g—a) qg+2 (p+1) ( B (2p—1)q) _q4+2 g

= —:1
2 3 2 3 2(p+1) 2 2




and therefore
g+2 _ (ptl)(g—a)
/ w® T S, < 3K, (28)
Bl/s

by Lemma 2.2 and hypothesis (23).

Moreover, assumptions (26) imply that

p+Dlg-a) p+1 3p+2) (+1)p+4)

3 = 3 p+4 p+4

)

as well as
(p+1lg-a) p+l1 3p+2)

—p+2
3 5 px1 PT

In this way, by Lemma 3.3, considering r := W, for any choice of n and K > 0, there
exists C1(n, K') > 0 such that

3 (ptl(g—a) n _ (p+1)(g—a)
luevd™ (s, < 35 W ud 4 [ e o2, )0 ) (146555 ) ol s, -
(B1/e) 3K By B,
€ €

Combining this with (28) and substituting into (27) finishes the proof by defining C'(n, K) :=
3K - Cy(n, K). 0

Lastly, a similar argument can be followed for estimating the last term in (18).

1 2p—1
Lemma 3.5. Letp> -, ¢>1 and a = M > 0 be such that
2 2(p+1)
3(p+2)g q+6 3p+2)g q+6

=~ 2(p+4) 2 0 S opr) 2 (29)

Then, for alln > 0 and K > 0, there exists C(n, K) > 0 such that whenever (7) and (23) are
satisfied, the following estimate holds for all € € (0,1) and all t € (0, Trax,e)

(p+1)(g+2) g+2a+6 1 9 1 9
/ Ue q ve ¢ <n / ug Ve UL, —|—/ UIE) Ve Vgyp
Bl/s Bl/s Bl/s

(p+1)(g+2a+6)
+ OO K) (145 ) ol s, .

Proof. The proof follows the same steps as in Lemma 3.4. Firstly, for all ¢ € (0, Tinax,c) we have

(p+1)(q+2a+6)
3q

(p+1)(q+2) g+2a+46 3 2(p+1)(g=a)
/ Ug q Ve q S / Ue V p+1 - Ug 3q
By . By,

(30)
% (p+1)(<§+2a+6) 2(p+13)(q70<)
e o P ey [ we
Bl/a

where again, for the chosen «

2p+1)(g—a) _2(p+1) ( (2 1)61) _20p+1) 3

2(p+ 1) 3¢ 2(p+1)

3q 3q

therefore having a global bound for the last term in (30). Lastly, the conditions on p, ¢ and «

3 (p+1)(g+20+6)

in (29) ensure that Lemma 3.3 can be applied again to ||[ue v&*" HLOO(BT‘; ) concluding the
proof. O

A combination of these lemmas allows us to estimate the time derivative of the functional
(16) for the selected . This eventually leads us to the desired L? bounds for u.. It is impor-
tant however to select a range of values of p and ¢ such that assumptions (26) and (29) are
simultaneously met.
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Lemma 3.6. Let p > 2 and q > 4 be such that
2(p+1)(p+2)

— = T <g<2lp+2).

P <qg<2p+2)

Then for all K > 0 there exists C(K) > 0 such that if (7) and (23) are satisfied, we have that
for alle € (0,1) and all t € (0, Thyax,c)

d _(2?*1)4 p(g+2)+2 q
pn / u£+/ ve " Jugg|? SC(K>||veIILoc<BW>(/ ul+1+e +63)-
By/e Bije B

1/e
(2p —1)q
2(p+1)
(being co = ¢ ') such that
4
dt Jp,,.

Proof. Fixing again a = , beginning with Lemma 3.1, by (17) there exist ¢1,¢q > 0

at2
vz “|ves]? + cl/B 1}\;0‘*2|v€z|qu2 < 02/B us? v2™% forallt € (0,Tmaxe)- (31)
1/e 1/e

Next, for n = ¢; > 0, (18) provides Ca(n) > 0 such that for c3 := @ > 0 and ¢4 :=
max{p, Ca(n) > 0}, we have

d
-1, 2 +1, 2
T uf + c3 ul" vouZ, + ul o vz,
Bl/s Bl/s Bl/s
(p+1)(g+2) g+2a+6
q

SC4||’U5||L00(31/5)/ ug—&—cl/ U;a_2|vgm|q+2+04/ u. v ¢
Bl/a Bl/s Bl/6

(32)

One can check that the range of values for ¢ entails (26), and having p > 2 implies (29). Thus,

we can apply Lemmas 3.4 and 3.5. In particular, for n = 26—3 > 0, by Lemma 3.5 there exists
Cq

¢s = ¢5(K) > 0 such that for all ¢t € (0, Timax,e)

(p+1)(g+2) g+2a+6 c3 1 9 1 9
C4/ ue ¢ v T < 5 / ul™ o uZ, +/ ul™ v, vZ,
Bl/s Bl/s Bl/s (33)

(p+1)(g+2c+6) )
3q

tes(1+e el | L= (B, .-

In the same way, for n = 20732 > 0, by Lemma 3.4 we obtain ¢g = ¢¢(K) > 0 for which, for all
t € (0, Tinax,c) wWe have

at2 Cc3 (p+D(a—a)
—a -1 2 +1 2 (CESSICEL))
02/ us2 viT < 5 / ul™ e uEer/ ul e vz, +06<1+5 3 )||v€||Loo(Bl/E).
Bi. Bi. Bi.

(34)
Lastly, upon combining (31)-(34), we get

d
—a —a—2 +2 -1, 2 1,2
pn ul + Vs Hvegl? p e I R ul T veus, + Ul T vz,
Bi/e By/e Bi/e By/e By/e

q+2 9 4o (p+1)(a+2) g+2a+6
=2 e —a—
SCQ/ ue 2 vl +C4||U5||L00(B1/6)/ ug—&—cl/ vg Ve |? +C4/ u. * v ¢
Bl/a 1/e Bl/s Bl/s

c

—a—2 +2 3 -1 2 +1 2

< cl/ vg [Vee |72 + 2 5 / ul™ e uZ, —|—/ ul o vz, | + C4||UE||LW(BI/E)/ u?
Bi/e Byje By/e By

€

(p+1)(g+2a+6) (ptD)(g—a)
+ |:C5<1+g £ ‘éq ) +C6<1+5 P 3‘1 >:| ||2)5||Loo(31/5), for all t € (O,Tmaxyg).

Equivalently, for ¢ € (0, Tiax,c) We obtain

d (p+1)(g+2a+6) (p+1)(g—a)
o uf + Ve *oea|? p < erl|vel[Loe(By 0 U§+1+5P 5 +e 5 ,
dt /
By, By, By/e
(35)

11



(2p—1)q

and lastly, substituting « by its value, ———
y g y 2+ 1)

, yields the result. O

Lastly, as a conclusion to the previous lemmas, we obtain a time-dependent LP bound for u.
for arbitrary p > 2.

Lemma 3.7. Let p > 2, K > 0 and assume ug and vy satisfy (7) and (23) as well as

e
R R

Then, for all e € (0,1), t € (0, Tinax,c) there ezists C(p,k,t) > 0 independent of € such that

2(p+1)(p+2)

3 p+4
(Ug(wl)) ’ < K. (36)

Bl/s

2p+1)(p+2)

Proof. By Lemma 3.6, with ¢ =
p+4

te (07 Tmax,s)

d - e p(a+2)+2
= Wt | [veal? § < COvellnooim, (| wl+14+™57 +e
dt | Js,,. By B

1/e

> 4, there exists C(K) > 0 such that for all

[N
N—

Thus, as € < 1, by defining
_(2p—1)q
0ot = [ w017 3 € 0, T,
Bl/s Bl/s

we obtain
Yo (t) < C(K)|vel| Lo (B, ,.) - Y=(t)-
Integrating the inequality yields for all ¢ € (0, Tiyax.c)

t
C(K) / 02 8)l [ (52 ) 5 (37)
0 <

(t) < 0:(0) ¢ (@) - COOMealli eyt

where we used that by Lemma 2.2, 0 < ||UE(',t)||Loo(B1/E) < [vol| oo my for all ¢ € (0, Tiyax,e)-

Taking C(p, K, t) := y.(0) - cCE)vollz=®) T grighes the proof. O

As a direct consequence of the LP bounds for u., well-known properties of the Neumann heat
semigroup can be applied to obtain the following result for v..

Lemma 3.8. Let K > 0, then for all e € (0,1), t € (0,Tmax,;), there exists C(K,t) > 0
independent of € such that if ug and vo satisfy (7), (23) and (36), then

||st||L°°(Bl/E) < O(K,t).

Proof. The result is a consequence of standard semigroup theory based on the LP bound for
ue derived in Lemma 3.7 (which, although time dependent, is always finite) and the W1 (R)
bound for vg. A detailed proof can be found in Lemma 2.2 in [20]. O

As a second consequence of the LP estimates for u., we can prove that indeed Tiax, = 00
and therefore the regularized solutions do exist globally in time.

Lemma 3.9. Let K > 0 and assume that ug and vo are such that (7), (23) and (36) hold. Then
Tmax,e = 00 for all e € (0,1).

Proof. Again, the proof is standard and relies on the fact that if for any ¢ € (0,1), Tipax,c wWas
finite, then for all p > 2, the quantity sup,c(o g, .) |[e(:;)|lLr(,,.) would also be finite. In
this case, we refer the reader to Lemma 4.1 in [8] for more details. O

Once the global existence of regularized solutions has been established on each ball B, /. for
all € € (0,1), we derive further estimates uniform in € to pass to the limit in order to construct
a global solution to the original problem in the whole space.

12



il
4 Further temporal estimates: a bound for (ug2 Ve)ee(0,1) iN

L2((0,T); Wige(R))

loc

In this section, we obtain further time-dependent estimates with the aim of proving compactness
properties of the sequence of regularized solutions, which will allow us to extract a converging
subsequence by means of an Aubin-Lions type lemma.

First, given the local boundedness of u. in LP(By,.), the nonlinear term —u.v. in the second
equation of the regularized system (13) can be easily handled. This will result in the necessary
features of (Ua)se(o,l) to grant the existence of a converging subsequence.

ptl
With respect to uc, we consider the auxiliary sequence (ue® v:)zg(0,1)- In order to obtain

boundedness in suitable spaces, we start by a first technical result which will be of key impor-
tance on the later analysis.

Lemma 4.1. Let K > 0 be such that (7), (23) and (36) are satisfied, as well as
2
/ Y k. (38)
R Y0

Then, for all T > 0 there exists C(T) > 0 such that

T U4
|| %<ca. tew.
v
0 Bl/a

€
for all e € (0,1).

Proof. By the positivity of v., we can compute

d 2 :
d Vew _ 2/ Y ()i _/ %oy, forallt >0, (39)
dt By. Ve By, Ve By “e

By standard parabolic theory, due to the regularity of u. and v. provided by Lemma 2.1, we
have that v., € 02’1(31/5 X (0, Tmax,e) and satisfies the differentiated version of the second
equation in (13), this is

(Usz)t = Veggx — UexVe — UeUgg-

Thus, substituting in (39) and integrating by parts we obtain

d v2 v, v2
ET ET ET
dt =2 (stzz — UggVe — uevsz) - 2 (vsza: - us”a)
Bl/s Ve Bl/z Ve Bl/a v

€

2 2 2
v v u v U
ExT exT €, 2 ex €, 2
Bl/s £ Bl/e 3 Bl/g Bl/g > Bl/s 3 Bl/g £

v? v? U
€

= _2/ ez +/ L;vgm — 2/ UegVeg — / —v?r, for all t > 0.
By Ve By Ve Bie By Y

1/e €

(40)

To estimate the terms in the right hand side, for all ¢ > 0, firstly integrating by parts one obtains

Vey 2 vl
/ i;vemx = 7/ %a (41)
Bl/s UE 3 Bl/g v&‘
and moreover, using Lemma 3.2 in [19] we can prove that
_/ Vere < _é/ U%_ (42)
Bl/a Ve 9 Bl/e UE

13



Lastly, integrating first by parts and then using Young’s inequality, we get

1 v?2
_2/ UggVex = 2/ UeVezy < 1/ —* 4+ 4/ Ug’l)g. (43)
Bl/e Bl/s Bl/s Ve Bl/s

Substituting bounds (41)-(43) in (40) and using the positivity of u. and v, yields

d 2 1 2 2
7/ Yer _ (—2+ )/ ewn +/ U%vgm +4/ u?v. —/ %vgx
dt By Ve 4 By Ve By, V& Bie By, Ve
7 2oz | 2 T2 4
S—*/ Usﬁ—l-f/ U€§4+4/ u§v5§<—+>/ v3 +4/ uZve,
4 By Ve 3 By Ve By/e 9 3 By, Ve B /e

(44)

for all ¢ > 0.

In this way, for any given 7' > 0, by the L>(B;,.) bound for v, from Lemma 2.1 and the
L? bound for u. provided by Lemma 3.7 there exists C1(T) > 0 such that

4/ uv, < 4HU0||L<>°(]R)/ u? < Cy(T), forallte (0,T),
Bie 1/

€

after which (44) can be rewritten as

d 1
4 [ v ,/ Y2t < Oo(T), forall t € (0,T). (45)
dt Bi.

3
By Ve 9 vg

Integrating with respect to time provides

vl ~ v, ~
Ves =2 < O\(T) + 0z < C\(T) + K.
B, U v3 v
1/e € Bl/s 5 Bl/s 0

by assumption (38). Thus, the positivity of the first integral on the left hand side finishes the
proof. O

et
Next, to derive the desired compactness properties of the sequence (ue U5>6€ (0,1), We con-

sider the following lemmas that will allow us to obtain local boundedness in L2 ((0,T); Wlicl( ))-

In order to obtain estimates that remain uniform with respect to the domain size, we con-
sider a general smooth, nonnegative, and compactly supported cutoff function as defined below
which will allow us to localize the analysis.

Definition 4.1. Let ¢ € (0,1). We define a cutoff function ¢* = ¢*(x) € C(By.) such that
e 0<¢*<1in By,
e ¢> =1 on a fized compact subset (—R, R) CC By,
e ¢* =0 in a neighborhood of 0B .,
e ¢? connects smoothly the values 1 in (—R, R) and 0 near 0B, ..
For such a class of functions, we prove the following results.

Lemma 4.2. Letp > 2 and K > 0 be such that (7), (23) and (36) are satisfied. Then for any
®? as in Definition 4.1 and T > 0 there exists C(p, T) > 0 such that following inequality holds
for alle € (0,1)

d -1 1
o ul¢® + % / ul veuZ, ¢ + 5 / uZv-¢* < C(p,T) / u? ¢
Bl/s Bl/s Bl/s B

1/e

+ [t owt) [ wwd foraltte 0.1,
Bl/s

14



Proof. Using the first equation in (13), as ¢ = ¢?(x), and integrating by parts we obtain

d
u£¢)2 = / (Ug)t ¢2 = p/ u£71 ((usvsusz)z - (ugvsvsz)z + usvs)¢2
Bl/s

dt By, By .

_p(p - 1)/ ug_lvsugm(bQ - 2p/ ugveusz(b(bw +p(p - 1)/ ugveuezvez¢2
Bl/s Bl/s

Bl/a

—|—2p/ uP M v v, —I—p/ uPv.¢?, forallt € (0,T).
Bl/s Bl/s

Thus, it follows directly that for all ¢t € (0,T")

d

% u§¢2 + p(p - 1) / ugilvsugm 2= _QP/ ulg)ysusxd)gbz + p(p - 1)/ U?”e%z”ax&
Byj. By/e Biye

Bl/e
+2p/ U v 00, +p/ ubv.¢.
Bl/z Bl/s
(46)

We estimate the terms appearing in the right hand side using Young’s inequality as follows

-1 4
—2p/ VU PPy < M/ u‘;”lvgugxgzg—kip/ uPt g2, forall t € (0,7),
Byje 4 Byje p—1 By/e
(47)

as well as

plp—1 _ pp—1
Nl R e e Il
Bl/s Bl/z B1/5

(48)

-1 —1
<2l / ur o, 0t + 22D ey / u?tlv.g? forallt € (0,7),
2 Bl/s 2 Bl/s

where we used that by Lemma 3.8 there exists ¢1(T) > 0 such that ||ves||p~(B,,.) < ei(T).
Again by the same argument we have

plp—1 4p
2}7/ u€+1vsvsz¢¢z < %/ u§+1vsvgz¢2 + 7/ u€+1vs¢i
Bi/e By, Bi.

p—1
(49)
-1 4
< IMC%(T)/ ubto ¢? + 7p/ ubto g2 forall t € (0,7).
4 Bl/s - 1 Bl/s
Substituting (47)-(49) in (46) one obtains for all ¢ € (0,7T)
d 3p(p—1
Sl owessr-n [ wteae <TEED [t g
dt Bl/s Bl/a 4 Bl/a
(50)

3p(p—1 8
_‘_%c%(T) / u§+1vg¢2+—p1 / ult o 9% +p / ubv:¢°.
Bl/s p - Bl/s Bl/s

For the last term, which we are yet to estimate, Young’s inequality, this time with exponents

P T and p—both greater than 1 as p > 2—yields

p—1 —
3p 5 p +1 o 4(p—1) ! 1/p, 1/ 2
o[ o= [ (2o L) (o(42D) T e |
By, By \ 4 (D) p—1 3p2ci(T)

3 1 4p—1 ?
< pc%(T)/ uPt o ¢ + =< p ((p)) / ucv.¢?, for all t € (0,T).
Bl/e p Bl/a
(51)

15



In this way, the first summand on the right hand side here cancels the same term arising from

3p(p—1
the negative contribution in %c%(T) in (50).

Lastly, following the same strategy, we obtain for all ¢t € (0,7

1 » 1/p 1 4 1/p
L 2 2 _ P2y . p+1 N =1 2
2y, =, (401( Jwte )y \pamy) e )0

1/p) p—1
2
D 5 / 11 s p—1]1 4 / 9
< —cj(T uPT . + _ UV P
4 i(7) By, © 2 ch%(T) Bije
(52)

Therefore, combining (51) and (52) into (50) yields
d -1 1
7/ u15)¢2+M/ U§_1U5U3w¢2+*/ U?Ug(bQ SPQC%(T>/ u1€)+1v€¢2
dt Bl/s 4 Bl/s 2 Bl/s Bl/s

p—1 Lo
8p 4(p—1) p—1 1 4 ?
el B e R / wev-6?,
p=1Jp, = 3pci(T) p 27 \PPA(T) By

which gives the result considering C(p,T') as

Clp, T) = max 4 p2c(T), (%) L=t 1% <p3c§(T)> s

‘Usm|2

Bl/s Ve

Lemma 4.3. Let K > 0 such that (7), (23) and (36) are satisfied. Then for any ¢? as in
Definition 4.1 we have

d v2 U 1
- —Zg? +/ —02,¢* < f/ uZve¢® + 2/ UeVer (672
dt Bl/s Ve Bl/s Ve 2 Bl/s Bl/s

Next, we study the time derivative of #? in the following Lemma.

2 2
Bl/s Bl/s

€ €
for any choice of € € (0,1).

Proof. Computing the time derivative, we have

¢2

2 2
d Ver 42 _ / 2UeqVepiVe — V2, Vet 62 =2 / Veo (Vegr — Uele)z
el Zew g2 2 —
dt Bl/a Ve Bl/a ,UE Bl/s Ve

2
V2, (Vema — UVe) VegV u
ex \Vexax eVe) o exVexxx 9 2 e 2 92
- / B} ¢ = 2/ ¢ — 2/ UegVezr @™ — 2/ —V,
By, vg Byje Ve By, By . Ve

2
v, Uu
—/ L;MC(ﬁQ—F/ <02 ¢% forallt>0.
Bl/a Bl/s v

g €
Rewriting the expression, we have for all t > 0

d v? U, VegV v2 v
di ex ¢2 4 ivgz(bQ ) Usmvaw¢2 +2 exVexxx ¢2 _ ex 25xw ¢2.
t Bl/e Ve Bl/a Ve Bl/a Bl/a Ve Bl/e v
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Next, first integrating by parts and then using Young’s inequality we have

—2/ Uep Vg = 2/ UsVegz +2/ UeVeq (0%) 0
Bl/a Bl/a Bl/s

2 1
< 2/ vsﬂ(lg + */ Ugve¢2 + 2/ Uevez(¢2)mv
By Ve 2 Jp,,. Biye

Now we deal with the term involving v..... To do so, we make use of the following identity for
any f € C3(R)

(54)

() =22 +2rs,

which in particular for all ¢ > 0 implies

2”517}6195:1: = (/UQ )zx - 27}2

EX exx”

Hence, after integrating by parts we obtain for all ¢ > 0
2 2 2 2
VexVexza 2 (Usz)IﬂJ 2 vsza: 2 2 (b Us:}c:c 2
g [ etmmp [ Umgoy [ Bmp [ (2] g g
Byje Ve Bi/e Ve By, Ve Bi/e Ve . By Ve
2 2 2 3
_ 2 ((ZS )33 Vex 2 9 Vexz ;2 Vex (12 Vex (12
- Vep v - U2 ¢ - v (b - v (d) )l.L - U2 (¢ )I
Bl/s € € T Bl/z € Bl/s € Bl/s €
2 4 3 2
V.., v v v
Ex VETT 2 ex 42 ex (42 exr 42
S Emeaa [ gl [ Yy, opf e
By/e vg By Ve By, Ve By/e Ve

4 2 2

UQ:EU T vew vgw v x v T
:_/ < 26 d) +2/ 3¢2_2/ 2(¢2)a:+/ L(¢2)ww_2/ L(ZSZ'
Bl/z IU Bl/a UE Bl/s 'Us Bl/a Ve Bl/a Ve
(55)

Notice that the last term precisely appears on the right hand side of (54) with opposite sign.
One last integration by parts reveals

3 2 4
v V..U, v
_2/ 6226 (¢2)z 6/ ex 25$93 ¢2 _ 4/ 6; ¢2.
By Ve By Vs By Ve

Now, substituting this (55) yields for all ¢ > 0

2 4 2 2
VeV, vV, v v v
2/ ExVETTT ¢2 5/ ex VEXTT ¢2 2/ £x ¢2 / Ex (¢2)x;c 2/ ExT ¢2’ (56)
By, Ve By, v2 By, v3 By, Ve By, Ve

where the last term can be dropped due to its non-positivity. Thus, by (54) and (56), (53) can
be rewritten as

d v2
il ﬂdﬂ +/ ¢2 —/ ugvegbz + 2/ U5v5x(¢2)x
dt By/e Ve By, UE 2 By, By,

2 2
+ 4/ vewUQEﬂJﬂ?(b +/ Uﬂ(¢2)mm for all £ > 0,
Bl/s BI/E

VE Ve

which finishes the proof. O

Next, we can readily join both previous lemmas to obtain integrability properties that will
pt1

later grant adequate compactness of (us> v:)ce(0,1)-

Lemma 4.4. Letp > 2 and K > 0 be such that (7), (23), (36) and (38) are satisfied. Then for
any ¢* as in Definition 4.1 and T > 0, there exists C(p,T) > 0 that verifies

Vez (-, T U
/ [ etz [ exl ¢~2 / | e <o,
Bl/s Bl/s UE .7 Bl/s Ve

for all e € (0,1).
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Proof. We begin by combining the results of Lemmas 4.2 and 4.3. In this way, given any fixed
T >0, for all ¢ € (0,T) by Lemma 4.2 there exists é(p,T) > 0 such that

d —1 1
f/ ul? + pp—1) / uPlou?, ¢? + < / uv.¢? < é(p, T)/ ulty_¢?
dt By . 4 Byje 2 Byje Byj.

8
T R T)/ ueved?, for all ¢ € (0,T),
p— 1 Bl/a Bl/a

Similarly, Lemma 4.3 ensures that

d v2 U 1
R ﬂQbQ +/ iv?x¢2 < */ U§UE¢2 + 2/ uevex(¢2)x
dt Bl/s Ve Bl/s Ve 2 Bl/g Bl/s

2
n 4/ ’U 'nga:(b +/ vﬁ(¢2)xm7 for all t € (OaT)
Bl/a Bl/E

€ Ve

Adding both expressions we obtain that for all ¢ € (0,7)
2
a / u§¢2+/ Uﬂ¢2 +P(P—1)/ WP oul, 2+/ Ue 02, &2
dt Bije By Ve 4 Byje By, Ve

. 8p .
< é(p, T)/ u§+1’05¢2 + 71/ uﬁ’“veqﬁi + ¢é(p, T)/ UV P2 (57)
Bi/e b— By, B

1/e

2 2
+2/ usvgz(¢2)z+4/ %¢2+/ Uﬂ(¢2)mz7
Bl/a Bl/a UE Bl/a Ve

so a time integration provides

Ven .7T 2 _ 1 T T U
/ u(-,T) <z>2+/ SISEALPEIN L )/ / u€‘1v€u§x¢2+/ / o2,
Bl/a Bl/a UE(.7T) 4 0 Bl/a 0 Bl/a 'Us
2 T T
8
<[ e [ Wheiapn [ wrees 2w
Bi. By, Yo 0 JBy,. p=1Jo Jp,,.
T T v? e
0 JBiyje 0 JBiyye Biye 6

T 2 2 6
v v,
+/ / =2 ($%)aa =1/ (uo+€C)¢2+/ 0 43I
0 JBy, Ve By/e By Y0 i=1

The first two terms on the right hand side are bounded by (23) and (38), so to conclude the
proof, we bound the other six terms involved.

(58)
Firstly, due to Lemma 2.2 and the LP for arbitrary p bounds proved in Lemma 3.7 we have

T T
n=iot) [ [t <l i) [ f et
0 Bl/s 0 Bl/s

T
< ool =@ <p,T>/ e(p+1,T) dt == Cy (p, T).
0
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Next, with similar bounds and making use of Young’s inequality

sp [T 8p T
12 :7/ / u§+1va¢i S H’U0||Loo(31/5)/ / up+1¢i
p— 1 0 Bl/a p—- 1 0 Bl/a
4p T
< 1 |lvol| Lo () / / (Ug(pﬂ) + ¢>i)
b—= 0 JBy,.
T

4
< prHUOHLOO(R)/O <0(2(p+1)7T)+/ ¢§> dt == Co(p, T).

Bl/a

For I3, the time integrability property of Lemma 2.2 directly provides

T T
IS = é(p7 T)/ / uavs¢2 S é(p, T)/ / Ue Ve S é(P» T) / Vg ‘= 03(107 T)
0 Bl/a 0 Bl/a R

With respect to I, considering the bound for v, in Lemma 3.8 there exists ¢(T") > 0 such that
HUEIHLK}(BI/E) < ¢&(T'). Hence, again using Young’s inequality and the L? bounds provided by
Lemma 3.7

L=2 /OT | weven(o)e < 200 /OT |t < e /T</B e+ <¢2>I)
Tl/s 2 1/¢ 1/¢ 1/e
<am [ <c<T>+ /| i >z> dt 1= Cy(T).

The analysis of I5 is slightly more involved, and requires the key estimate provided by Lemma
4.1. First, integrating by parts we have

2 2
VezVexz 2 Vex ;2
I(t)::/ o ¢:_/ , 5
2 €T 2
Bl/s ,US Bl/s Us z
2 4 3
VI v v
= —2/ =LY 4 2/ —¢? —/ —H(%)a
Bi/e Vg By Ve By Ve

4 3
—amrz [ T [ e,
1/e

2
UE 1/e v&‘

Therefore we have

T T 4 T 3
2 v 1 v
I5 =/ 1(t) dt = */ / —¢" - */ / 5 (6)a-
0 3Jo Jp,,. v? 3JB,,.Jo vz

As a direct consequence of Lemma 4.1, the first term is indeed bounded, whereas for the second
one, using Young’s inequality with exponents 4/3 and 4 we obtain

o s’ jeal?
[ e [ PR = [ sl
By/. Ve By/e € By Ve

3 / |’UE$|4 1 / 2 4 3 U4 ||'U0||L00(R) 2 4
Si + - U|(¢ )w' Sf ﬂ"_i |(¢ )ml
4 Biye v2 4 Biye ) 4 Bije v 4 Bi/e

The time integral of the first term is again bounded by Lemma 4.1, while the second term is
a constant independent of ¢ that can be integrated, granting the existence of C5(7T') such that
I < C5(T).

Lastly, for Is a similar argument can be applied. Using Young’s inequality combined with
the L bound for v., one has

T 2 T 4 T
v v 1 2
I :/ / =2 (2, S/ / o ,/ / [(¢2)m}
0 JBy. Ve o Jp,. v 4Jo JB,,.
T 4 T
Vgp 1 2
Sl [ [ =g [ @] <o,
1/e € 1/e
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for a certain Cg(T") > 0, thanks again to Lemma 4.1 that allows us to bound / / .
Bl/g 6

Thus, combining the bounds ensures the existence of C(p,T) > 0 such that in particular

(5, T)?
/ / ug Usuex¢2 / ? ¢2 / / ¢ <C(p, 7).
Bl/s Bl/ UE .7T Bl/s Ve

p+1

With these results, we can finally bound the sequence (ue® ve).e(0,1) in L2((0,7); VVIOC R))
uniformly in € for any 7" > 0.

O

Lemma 4.5. Let p > 2, K > 0 and assume that uy and vy satisfy (7), (23), (36) and (38).
Then, for all T > 0 there exists C(p,T) > 0 such that

pt1
[lue® vell

L2 ((O’T)?Wl};él (]R)) < C(]L T)

for all e € (0,1).

Proof. Given a fixed T' > 0, to prove the local boundedness in space, we restrict the analysis to
an arbitrary ball By ,.. Moreover, we localize the results by means of a cutoff function ¢? in the
sense of Definition 4.1.

In this way, for any ¢ € (0, 1), we construct a bound for the quantity

p+1 p+1

Pl T 2
lJue? UE(Z)QH;((O,T);lel(Bl/e)) :/o (||u5(~,t)Tv5(~,t)¢2|\W1,1(31/5)) dt

dt.

T p+1 2 T p+1
< 2/ / Ue? v’ dt+2/ / ( Ue ve¢2>
0 Bl/s 0 Bl/s T

The first term can be easily bounded for instance by combining Young’s inequality with the LP
bound for u. and L* bound for v.. In particular, we have

e i 2 259 i
us? v:4° SH”EHLOO(BUE) us* ¢
Bl/a Bl/

€

vol|2 o 2
3”0”“‘“{/ uf;“+/ ¢4} < Cy(p,T),
4 Bl/a Bl/s

for some Cy(p,T) > 0 provided by Lemma 3.7.

With respect to the second term, one obtains

2 2 5
) e 2 e 2
Ue? VP <2 Ue? Vg 10) +2 Ue? Vg (d) ) ,
Bi/e T Byj. x Bi/e z

where we can estimate the last element as in (59). For the remaining integral, the Cauchy-
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Schwarz inequality yields
2

2
Pl 1)2 p=1 ptl
/ <u v5> # Y < (p%) / W0 Jue 2 Y 42 / W o] 82
Bl/s x Bl/a Bl/s
1)2 <
< M / U5¢2 . / ul™ 1vgu + 2 / u€v€¢2 . / u—vgz¢2 ,
2 Bl/z Bl/a Bl/a Bl/s Ve

(60)

2

where all the terms are bounded by combining the L' and L> bounds for v, proved in Lemma
2.2 With Lemmas 3.7 and 4.4. Therefore, a time integration of the constants allows us to bound

Hug 115qi>2||2 P ) obtaining boundedness for Hu8 v5|| e O

(0.1); W™ (By ) (0.1 Wikt (®))”

5 A bound for (815( 5211)5)> in Ll((O,T); (W3’2(R))*)

e€(0,1) loc

In a last step towards establishing a solution (u, v) to the original system (6) as a certain limit of
in L1((0,7); (W22 (R))*).

ptl
the regularized problems, we bound the time derivative (8t (ue? ve)) loe
S

(0,1)
In this way, an application of an Aubin-Lions type lemma will allow us to extract a convergent

subsequence that defines a the limit solution. We start by proving the following auxiliary result.

Lemma 5.1. Let K >0, ¢ € (0, 1) T > 0 and ¢? as in Definition 4.1. Then, if (7), (23), and
(36) are satisfied, there exists C(q,T) > 0 such that

/ / E Ususrqﬁz = C(qv )
Bl/s
for alle € (0,1).

Proof. For a fixed T > 0, integrating by parts we have

1d

1 _
T ug¢2 = 77/ qug ! {(usvsusm)m - (ugvsvsm)x + UE’UE} ¢2
qdt Jp,,, q4.Jp,,.

:/ (ug_l(bQ):c(usvsuem)_/ (ug_1¢2)z(ugvevez)_/ ugva¢2
Bl/a Bl/s Bl/s

<(qg- 1)/ T IRV 2/ ULV Uy PPy
Bl/s

Bl/s
—(q— 1)/ UV Uy Vg P — 2/ ul v v, 0., forall t € (0,7T),
By . By,

where we dropped the non-positive term — | By ulv.¢?. Next, rewriting the above expression
we obtain

1d _
T Ug¢2 + (1 - Q) / Ug 1”6“?;5(152 < (1 - Q)/ Ugveuamvax¢2
qdt Biye Bi/e Bie

(61)
+ 2/ UV Uy Oy — 2/ ul v v dg,, for all t € (0,T),
Bl/s Bl/s
where we now seek to bound the three terms on the right hand side.

First, by Young’s inequality, we obtain

1
(1- q)/ ugvgumvm¢2 < 7q/ ug_lvgugwqbz +(1- q)/ u‘“‘lvgv 2
Bl/g 4 Bl/s

Bl/s

1 _
<[ weaze v —q)||uo\|Lm(R)c§(T)/ Wt forall £ € (0,7),
Bl/a Bl/a

(62)

21



where we relied on Lemma 2.2 for the L* bound for v., Lemma 3.8 for obtaining a ¢;(T") > 0
such that [|voz|[L=(B,,.) < e1(T') and the fact that #? < 1 by Definition 4.1.

Similarly, for all ¢ € (0,7) we have

1—gq _ 4
2/ UV Uz Py < —— ul 1v5ugm¢2 + 7/ ug“vgqﬁ,
By 4 By l—g¢q By

1-— 2l|v oo 2|v oo
<los uz‘lvau§w¢2-+";#|L<R)U/‘ ug@+¢>4_gﬂgfﬁ§41@z s
Bl/s q Bl/s q Bl/a

as well as

_2/ ug+1ﬂsvam¢¢z S 2/
Bl/s Bl/a

S C1 (T)HUO||L°°(R) /B ug(‘”l) + C1(T)||’U0||Loo(]R) 5 ¢)2¢i, for all t € (O,T)
1/e 1/e

1
AR IRTRNGION

< 2e(0)unllie [ ol
Bl/z

(64)

Thus, combining the three estimates (62)-(64) and substituting into (61), we have

1d 1—
Cqdt ulg® + %/ ul'vou?, ¢® < ealq,T) / it +/ w2t L1
q By, Byje Bie Bl .
(65)

for a large enough c2(q,T') > 0. Notice that as 1 < ¢+ 1 < 2, a convex interpolation between
the L' and L? bounds for u. via Young’s inequality allows us to obtain c3(g,T) > 0 such that
S By, udtt < c3(q, T), while the same argument proves the existence of a c4(q, T) > 0 satisfying

S5, w2+ < ey(q, T), for all € € (0,1), ¢ € (0, 7).

Thus, a time integration of (65) reveals

_ T
;/Bl/s (UO + EC(x))q¢2 + (12@{)/0 /Bl/E ug_lvguéc(f < C’(q,T) + é/B ug(,7T)¢)27 (66)

1/e
for all € € (0,1), where C(q,T) := c2(q,T) - (03(q, T)+ cs(q,T) + 1) -T > 0.

The last step is to prove that indeed fBl/ ud(-,T)$? is bounded, which can be easily obtained

thanks to the presence of the cutoff function. In particular, using Young’s inequality with
exponents % and g + 1 yields

q 1 1 2(q+1)
wm%—J“Wm%— gHrth,
/Bl/s : q+1 Bl/s : q+1 Bl/s

where we have that both quantities are bounded independent of e, which finishes the proof. [

ptl
Once this is proved, we can obtain the desired bound for the time derivative (@ (ue? v5)> o
e€(0,1

in L' ((0,7); (W (R))*).

Lemma 5.2. Let p > 2, K > 0 and assume that ug and vy are such that (7), (23), (36) and
(38) hold. Then, for all T > 0 there exists C(p,T) > 0 such that

p+1

Oy (ue 2 vs)

<C(pT
L (0,1 (WE2®)*) ~ ®.T)

for all e € (0,1).

Proof. As in Lemma 4.5, given T > 0, we treat the local boundedness in space by considering
an arbitrary ball By /., as well as a cutoff ¢? as in Definition 4.1.
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ptl

Thus, for any € € (0,1) we bound the norm of 9; (uc* v¢?) in L*((0,T); (W32(By.))*) inde-
pendently of e. We have

ptl ) p+1
2

‘ ‘at (ue? v.9?)

T
= 0, Lt 1) d? H . dt.
L ((0.1):(W2(By.))") /o H (e (585 e 07) (wo2(B,,.))

To compute the norm in (W*2(B,.))", we consider an arbitrary 1) € W*?2(B ) that satisfies
[¥[lws.2(m,,.) < 1. In this way, proceed to bound the dual pairing integrating by parts as follows

P+l p+1 p—1
/ O (Us 2 Ua(bQ)'(/J = / Ue ? Ve ((uavauaz)w - (ugvsvaw)w + u£v€>¢2w
Bl/g Bl/a

2
pt1 1 p=1
+/ Ue ° (erz - uev5)¢2w = _Zi (UE 2 ’U€¢2¢) (ueveusa: - uivsvew)
Bl/a 2 Bl/s x
1 ptl ptl pt3
i us? vigtp — (u ¢>2¢) Vew — / us? v.¢p, forall t e (0,7),
2 Bl/a Bl/a x Bl/s

(67)

and computing all the derivatives, one obtains

ptl +1 -1 e +1 2
/ O (ue 2 U€¢2)w = 7277 . pT / Ue® 'Ugugx 21/) - pT / Ue ? Ususmvem¢2'¢)
By . By . By/e

Bl p+1 pil
- (p + 1)/ Ue ? Ugusz¢¢r¢ - Ue ® Ugusm¢27/}z
Bl/E

2 Bl/a

p+1 p—1 p1 p+1 pEs
+ T . T/ Ue * Uguexvex¢2w + T Ue U5U§x¢21/}
Bl/g Bl/s

p+3 +1 p+3
+ (p + 1)/ Ue® U§U8x¢¢x¢ + pr- / Ue ® Ugvax¢2¢x
Biy/e Bije

2
+1 p=1 ptl ptl
- pT Ue ® uaxvax¢2¢ - 2/ Ue ® U8x¢¢w¢ - Ue ? an¢2wz
Bl/s Bl/s 31/5
p+1 ptl pt3 13
+ = u-? 02 — u® v’y =y I, forallte(0,T).
Bie Biye i=1

(68)

To conclude the proof, we bound each of these terms individually. It is important to take
into account is that, for every fixed ¢ € (0,1), the embedding W*2(By,.) — Wh>(By,.)
is continuous, so there exists ¢1(R) > 0 such that |[¢)[|L~(s,,.) + |[VallLes,,.) < ca(l/e).
However, without extra decay properties, ¢1(1/¢) grows unboundedly as ¢ — 0. The key aspect
comes from employing the cutoff, ¢2. As both ¢ and ¢, are compactly supported in By /e, there
does exist ¢ > 0 independent of € such that

* Pl Lo (B, ) + 19002t (B, ) + 107 Vallioe (B, ) + Gatl (B, ,) < €20 (69)

for all € € (0,1). Moreover, up to a scaling constant, ¢?|¢)| behaves essentially as a cutoff func-
tion (not necessarily in C but at least in C®), which makes our previous results applicable to
the terms involving it.
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In this way, starting with 7, we have that for any ¢ € (0, 1)

2 2
pe—1 21 pe—1 _
= [ TRl <) P [ el
1/e Bi/e
p2—1 q—1,2,2 ;2 P2—1 p—1 2 2
—‘r—C(p, q) . 4 B U VlUgy |1P| < C(pv q)”v(]”LOO(R)' 4 Ug Velgy |¢|
1/e 1/

€

2_1 _
+elpllwllim T [ u Rl forall e (0.7),
1/e
(70)

where we used that, ¢ — 1 < 2= < p — 1 for any ¢ € (0, 1), soby convexity, Young’s inequality
1
provides ¢(p, g) > 0 such that uE < c(p,q) (ug_l +u§_1>. Notice that, as previously remarked,

®?|1| behaves as a cutoff function, and thus the time integral of |I;| can be bounded by Lemmas
4.4 and 5.1.

Next, for I, first by Lemma 3.8, there exists c3(7)) > 0 with [[vez||pe(s,,,) < c3(T) for all
€ (0,7). Hence, after applying Young’s inequality we obtain for all ¢t € (0,7

p_|_1 p+1l p+1 _
Bl <) P [ el < o) P [t
1/e 1/e

(71)
+1 _
tes(T) - [ et lul < p, T) ( [+ 1) ,
Bl/s Bl/s

thanks to the L> bound for v. from Lemma 2.2, (69) and the L? bound for u. provided by
Lemma 3.7.

We treat I5 in a similar way, having for all ¢ € (0,7)

p+1 -
|IS| < (p+ 1)/ 2‘uex‘¢|¢x”¢‘ < ||UO||L"°(R) D) uza) 1Ueu§x 2|1/)|
By, By .
p+1 (72)
T R Xy ( [wrta e+ 1) |
Bl/5 Bl/s
For I and I5, once again we obtain c¢(p, T), cz(p,T) > 0 such that for all ¢ € (0,T)
p+1 p+1 p+1 _
< 250 [ ] < loollimey 20 [ w62
By, By,
p+1
2L 2g, |2<c6<p,T></ o, 2+1)
Bl/s Bl/E
(73)

p*—1

15| < 2 9 20, < p*—1 p—1.. . 2 2
5| < Ue? Uz |Uer ||Ver |07 Y] < [vol|Loe (m) - 3 ul ™ vz, ¢ [
By,. Byje

-1
L[ et <o ([ ettt ).
Bl/a Bl/s

For Ig, a combination of Young’s inequality with the previous c3(7") bounding |[ve;|[r=(B, .)
and the LP bounds for u. yield cg(p,T) > 0 such that for all ¢t € (0,7

p+1

Bl/s

p+3 +1 _
[lg| < ~—— ue? 002,82 W] < ||vol| Lo m)c2cs(T) - pT </ ul~! +/ “?) < cs(p,T).
Byje By/e

(74)
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Next, for I7 and Is we have cg(p,T), c10(p,T) > 0 that satisfy for all t € (0,T)

p+3 p+3
124D [ u ol <crven(n) [ el
Bl/s Bl/s
cac3(T)|[vol|L=(r _
< ®) ub™ + ul | < co(p, 7).
2 Biye Biye (75)
p+1 pt3 p+1 p+3
|IS| < T Ug ® U?|U5m|¢2‘wz| <cy- 03(T) . ? Ue * Ug < 010(]77 T)
Bl/z Bl/a

Concerning Iy, again by Young’s inequality, and by the estimate provided by Lemma 4.4, we
have ¢11(p, T) > 0 such that

p+1 =1 p+1 _ p+1 v,
<P [T el < P [t gl 4 Pt [
Bl/s 1/e Bl/E €

(76)

€

<cu(p,T) (/Bl/

Lastly, from I1o to I;3, the analysis is standard again using that ||1/1||W3’2(Bl/5) < 1, for all
t € (0,T) we have

uP~to.ul, ¢ Y| + 1) , forallte (0,7).

p+1
|110| < 2/ U62 Uexﬁz)d)xw < C3(T)/ ’U,§+1¢2¢§ + ¢2 < ClQ(T)a
Bi/e 1/

Bi/e By/e

€

Pl c3(T
il [Pl < S ([ [ s < ),
Bl/ Bl/s Bl/a

+1 pi1 +1 +1
el < 25 ur® wigty < P2 / e [ [ /B 61? < era(p,T),
1/ 1/e

€

oo | ool e e
hol< [ wFogre sy [wn e O [ g <o),
By . By . Biye
(77)

for certain cy9,c15 > 0. Integrating these estimates, in view of the properties of Lemmas 4.4
and 5.1, we can conclude that there exists C(p,T) > 0 verifying

for all € € (0,1). O

p+1

8t(u52 ve) <C(p,T)

L1 ((0.1): (W2 (R)) )

loc

pt1
Lastly, before passing to the limit on our sequence (us> vc).e(0,1), We require one last result

that will grant the positivity of v, the limit of the sequence (v:).c(o,1), in order to adequately
define the limit u.

Lemma 5.3. Let K > 0 and assume (7), (23), (36) are satisfied. Then, for any T > 0 there

exists C(T') > 0 such that
lvollLe=(B,,.)
In (D2 By) ) g2 < o),
/;1/5 < UE(.7t)

for allt € (0,T), e € (0,1).
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llvollLoo (s, /)
va(':t)

U oo d
g n H O||L (B1/e) ¢2 __a lnvg(bQ _ _/ stx¢2 +/ Ua¢2
dt Byj. Ve dt By/e By/e Ve By/e

¢? 2 Ve vZ, 2 2
:/ R vm—l—/ U :2/ ””(bqﬁm—/ %(ﬁ —|—/ uc¢®, forall t € (0,T).
By, Ve - By, Byje Ve Byj. Vg Byje

Thus, rewriting the expression and using Young’s inequality, we obtain

d vol| L :
il In HOHLi(Bl/J ¢2_|_/ UL;¢2 :2/ Yee qﬁqu—i-/ u-¢*
dt /g, ,, Ve By Ve By, Ve Biye

1 2
s / e +/ u¢®, for all t € (0, 7).
Biye By, Bi.

Proof. We compute the derivative of [ By, In ( > ¢? and integrate by parts as follows

(78)
= 5 2

Hence, for all t € (0,T) one has

d V|| 00 1 2
a ln || 0||L (Bl/e) ¢2 + 7/ UL;¢2 S 2 ¢i_’_/ ugd)Q S 1,
dt Bl/z Ve 2 Bl/z ’UE Bl/s Bl/s

for a given ¢; independent of € € (0,1) obtained by the integrability of u. as proved in Lemma
2.2. A time integration directly provides the result. O

6 Passing to the limit ¢ \, 0

ptl
In this final section, thanks to the estimates obtained for the sequence (ue > v:).c(o,1) in Lemmas

4.5 and 5.2, as well as by Lemma 5.3, we prove the existence of a subsequence converging to the
global weak solution of the original problem (6) in the whole real line.

Lemma 6.1. Letp > 1, assume ug and vo satisfy (7) and (8). Then, there exists a subsequence
(€j)jen C (0,1) and functions

u € LS, ((0,00); LP(R)),

(79)
v € L*((0,00); LP(R)) N L™ (R x (0,00)) N LS, ((0, 00); WH(R)),
such that >0 in R x (0,00), v > 0 in R x (0,00) and g; \, 0 as j — oo satisfying
us —u ae inRx(0,00) and in L] (R x (0,00)) for all g € [1,p), (80)
ve = v a.e. in R x (0,00) and in L] (R x (0,00)) for all g € [1,00), (81)
Veg = Uy N L. ((0,00); L (R)), (82)

as € = g; \, 0. Moreover, the pair (u,v) is a global weak solution to system (6) in the sense of
Definition 2.1.

Proof. We start by the convergence of v.. By Lemma 2.2 we know that both HUEHLI(BUS) and
|[ve||Lo (B, ,.) are uniformly bounded for all ¢ > 0 and € € (0,1). Moreover, by Lemma 3.8 for
any T' > 0, |[vez||Lo~(B, .) is also uniformly bounded in ¢ for all ¢ € (0, 7).

Hence, this provides bounds for (v.)ce(o,1) in L*((0,00); LP(By,.)) for any given p > 1, as
well as in L (By /. % (0,00)) and in L>((0,T); W'*°(B .)) uniformly in € € (0,1). In particu-
lar, this implies that the sequence (v:)-¢(0,1y is bounded in L4 ((0, T); VV&)E(R)) for any ¢ € [1,0)
and any 7" > 0 uniformly in €.

Furthermore, it is direct to check that (vet)ec(0,1) is bounded in L?((0,T); (VVI})C2 (R))*). This
can be proved easily by taking into account that the non-linear term —u.v. appearing in v is
bounded in L120c (R x (0, oo))7 as well as a standard duality argument for ve,,.
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Thus, by means of an Aubin-Lions type lemma [16], we can obtain (g;,);,en C (0,1) with
€4, \v 0 as j; — oo such that there exists

v € L>®((0,00); LP(R)) N L™ (R x (0,00)) N L%, ((0,00); WH°(R)), for all p > 1,

satisfying v. — v for € = ¢;, almost everywhere in R x (0, 00) and in L{ (R x (0, 00)) for all ¢ €
[1,00). Moreover, the strict positivity of v follows from combining the fact that v < ||vg|| 1 (r),
Lemma 5.3 and Fatou’s lemma, ensuring that Inv € L] (R x (0, oo)) and indeed v is positive

almost everywhere in R x (0, 00).

The weak* convergence of v, follows from the Banach-Alaoglu theorem, as a consequence of
the boundedness of |[ves || (B, ,.) for all t € (0,T) for arbitrary T' > 0. The strong convergence
of ve guarantees that indeed the limit of v., coincides with v,, granting (82).

pt1
Next, we assess convergence of u. by means of the results derived for the sequence (us > ve).e(0,1)
gathered in Lemma 4.5 and Lemma 5.2. Specifically, for arbitrary p > 2 and T > 0, we have

(ue? ve)ee(o,1y  is bounded in L*((0,T); wl! (R)),
p+1
(0w 00)) o, 15 bounded in L1((0.7): (W2 (R))").
e€(0,1

loc
In particular, these bounds hold for the subsequence € = ¢;, previously extracted to ensure the
convergence of v.. Thus, a further application of the Aubin-Lions lemma provides a second
subsequence (&5, )j,en C (€j,)j,en C (0,1) with €5, \, 0 as jo — oo such that there exists

pt1
z € Li, (R x (0,00)), satisfying uc? v. — 2 a. e. in R x (0,00) and in L{, (R x (0,00)),

p+1
for € = €;,. In this way, thanks to the positivity of v, we can define the limit u := z
v
Moreover, by Lemma (10) and Lemma 3.7, (uc).e(0,1) is bounded in LfS, (0, 00); LP(By.)) for
all p > 1 uniformly in € € (0, 1), which together with the Vitali convergence theorem implies that
u € L§2 ((0,00); LP(R)) with u. — u almost everywhere in R x (0,00) and in L (R x (0, 00))
for all ¢ € [1,p).

The last step is to check that (u,v) indeed solve system (6) in the sense specified in Defini-
tion 2. 1 To this end, we consider a test function ¢ € C§°(R x [0,00)). As for all € € (0,1),
(ue, ve) classically solve the regularized system (13), in particular we have

/ / Ue Pt +/ UOSD - - 7/ / u eVexPax — / / UeVePry
By . By . By, Byj.
_/ / ugvsvez@z _/ / ua“s@u
0 Bl/a 0 Bl/a

/ / Vet + / UOQD / / Vex Pz + / / Ueg Ve P,
By. Byj. By . By,

Therefore, by passing to the limit with ¢ = €;, \, 0, given the convergence properties (80)-(82),
we deduce that the limit functions (u, v) satisfy the weak formulation of system (6) in the sense
of Definition 2.1, which concludes the proof. O

and

This allows us to lastly prove the main result.

Proof of Theorem 1.1. We only need to employ Lemma 5.3. Notice that hypotheses (23),
(36) and (38) assumed for the previous lemmas are a direct consequence of (7) and (8).
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