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A B S T R A C T

In the presence of groundwater flows, more compact and affordable geothermal heat exchangers can be
constructed thanks to the increased heat transfer capabilities of the ground. To correctly design them,
theoretical models for the thermal interaction of geothermal boreholes with aquifers are required. By using
matched asymptotic expansion techniques, a new theoretical model for the case of creeping groundwater flows
is developed in the present work. This new model improves by an order of magnitude the accuracy of the
state of the art, leading to absolute (relative) errors below 0.03 (2.3%). Additionally, the mathematically-
rigorous and physically-sound derivation of the proposed model allows, for the first time, the assessment of
the theoretical and conceptual merits and limits of the state of the art.
1. Introduction

Energy plays a fundamental role in almost every challenge mankind
faces nowadays, with the fight against climate change considered the
greatest one. Since heating and cooling of buildings is one of the
main contributors to world energy consumption, with a share of almost
23% [1], the development of energy-efficient heating, ventilation, and
air conditioning (HVAC) systems is considered a key action against
climate change.

One of the most attractive solutions is the harnessing of low en-
thalpy geothermal energy. A geothermal HVAC system consists in a
water-to-water heat pump connected to a geothermal heat exchanger
comprised of vertical boreholes. As shown in Fig. 1, each of these
boreholes is equipped with one or more coaxial or U-shaped probes
through which a heat carrying liquid flows to exchange heat with the
ground.

The correct sizing of a geothermal heat exchanger is crucial for the
successful harnessing of geothermal energy. A size too large leads to
high initial investment costs and unreasonable payback times. A size
too small implies that, in order to satisfy the heating and cooling needs
of the building, more extreme temperatures in the heat carrying liquid
are required. This unavoidably leads to a drop in the overall efficiency
of the HVAC system.

It is therefore crucial to accurately forecast the thermal response of a
geothermal heat exchanger over the whole lifespan of a building, of typ-
ically 100 years, in order to correctly design the installation. Detailed
numerical simulations of the whole problem, however, are unfeasible
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for engineering purposes [2–11]. Hence, simplified theoretical models
are used instead which are accurate, flexible, and fast.

All theoretical models take into account the conduction of heat in
the ground [12,13]. For unfractured igneous and metamorphic rocks
and for clayey soils it is the dominant heat transfer mechanism so
that the accuracy of predictions in such grounds is high. However,
the convective transport of heat due to groundwater flows is often
equally relevant, especially in fractured igneous and metamorphic rocks
and in gravelly soils [2,3,14–16]. For those grounds, only models that
incorporate this second heat transfer mechanism are able to correctly
forecast the thermal response of the geothermal heat exchanger.

Theoretical models that account for groundwater flows already
exist [17,18]. They are mostly based on the moving point-source of
heat theory extensively studied by Carslaw and Jaeger [19]. From
it, several models have been derived like the moving infinite line
source [14,20–25], the moving finite line source [24–36], the moving
infinite cylindrical heat source [4,37–40], or combinations of these
three [41–44]. These models work reasonably well but exploit assump-
tions and simplifications that lack proper mathematical justification
or are inconsistent with the physics of the problem. This affects the
confidence in their use for real-world engineering tasks. Therefore, the
mathematically rigorous derivation of a physically-sound theoretical
model would help to judge and clarify these issues and explain why,
after all, the existing models work well.

The aim of the present work is precisely the derivation of such a
theoretical model. Three objectives are sought thereby. First and
vailable online 21 September 2023
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Nomenclature

𝐴̃0𝑛, 𝐴̃1𝑛 Integration constants of the zeroth order
solution and first order correction to the
inner region, respectively [–]

𝐴0(±1) Integration constants of the zeroth order
solution to the inner region in the time
domain [–]

𝐴0𝑛𝑗 Weight of q̃𝑗∕(2𝜋𝜅) in 𝐴̃0𝑛 [–]
𝛼𝑏, 𝛼𝑔 Thermal diffusivity of grout and ground,

respectively [m2∕s]
𝐵̃0𝑛, 𝐵̃1𝑛 Integration constants of the zeroth order

solution and first order correction to the
inner region, respectively [–]

𝐶̃0𝑛, 𝐶̃1𝑛 Integration constants of the zeroth order
solution and first order correction to the
outer region, respectively [–]

𝑑𝑗 Thickness of the wall of pipe 𝑗 [m]
𝐸1 Exponential integral [–]
f , f̃ Non-dimensional fictitious heat injection

rate per unit borehole length [–] and its
Laplace-transformed counterpart [–]

𝛾 Euler’s constant [–]
HVAC Heating, Ventilation, and Air Conditioning
𝐻 Depth of the borehole [m]
ℎ𝑗 Convective heat transfer coefficient of pipe

𝑗 [W∕(m2 K)]
𝜄 Imaginary unit [–]
𝐾 Permeability of the ground [m2]
𝐾𝑛 Modified Bessel function of the second kind

of order 𝑛 [–]
𝐾𝑛 Mathematical function that tends to 𝐾𝑛 for

large times [–]
𝑘𝑏, 𝑘𝑔 , 𝑘𝑗 Thermal conductivity of grout, ground, and

the wall of pipe 𝑗, respectively [W∕(mK)]
𝜅 Ratio between the thermal conductivity

of grout and the thermal conductivity of
ground [–]

𝜆 Dummy integration variable [–]
 Non-dimensional Laplace operator [–]
𝜇 Dynamic viscosity of groundwater [Pa s]
𝑁𝑝 Number of pipes in the borehole [–]
𝜔 Non-dimensional angular frequency [–]
𝑝 Effective driving pressure [Pa]
Pe Peclet number of the groundwater flow [–]
𝑞 Heat injection rate per unit borehole length

[W∕m]
q, q̃, q̂ Non-dimensional heat injection rate per

unit borehole length [–], its Laplace-
transformed counterpart [–], and its
harmonic counterpart [–]

𝑞𝑐 Characteristic value for the heat injection
rates per unit pipe or borehole length
[W∕m]

𝑞𝑗 Heat injection rate per unit pipe length of
pipe 𝑗 [W∕m]

q𝑗 , q̃𝑗 , q̂𝑗 Non-dimensional heat injection rate per
unit pipe length of pipe 𝑗 [–], its Laplace-
transformed counterpart [–], and its har-
monic counterpart [–]
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𝑟, 𝜌 Radial coordinate of the polar coordinate
system centered at the borehole [m] and its
non-dimensional counterpart [–]

𝑟𝑏 Radius of the borehole [m]
𝑟𝑗 , 𝜌𝑗 Radial coordinate of the polar coordinate

system centered at pipe 𝑗 [m] and its
non-dimensional counterpart [–]

𝑟𝑝𝑗 , 𝜌𝑝𝑗 Radius of pipe 𝑗 [m] and its non-dimensional
counterpart [–]

𝑅𝑝𝑗 , R𝑝𝑗 Inner thermal resistance of pipe 𝑗 [(mK)∕W]
and its non-dimensional counterpart [–]

𝑠 Non-dimensional position in the complex-
valued Laplace plane [–]

𝑇 Grout/ground temperature [K]
Θ̃out Solution to the outer region [–]
Θ̃(0)
out , Θ̃

(1)
out Zeroth order solution and first order correc-

tion to outer region, respectively [–]
𝑡𝑏 Characteristic transversal diffusion time [s]
𝑡𝑐 Characteristic residence time of groundwa-

ter stream in the vicinity of the borehole
[s]

𝑡𝐻 Characteristic longitudinal diffusion time [s]
𝑡𝑞 Characteristic time of the heat

injection/extraction required by the HVAC
system [s]

𝑡𝑟 Characteristic residence time of the heat
carrying liquid in the pipes [s]

𝜃 Angular coordinate of the polar coordinate
system centered at the borehole [rad]

𝜃𝑗 Angular coordinate of the polar coordinate
system centered at pipe 𝑗 [rad]

Θ, Θ̃, Θ̂ Non-dimensional grout/ground
temperature [–], its Laplace-transformed
counterpart [–], and its harmonic
counterpart [–]

𝑡, 𝜏 Time [s] and its non-dimensional counter-
part [–]

𝑇∞ Unperturbed ground temperature [K]
𝑇𝑗 Bulk temperature of the fluid in pipe 𝑗 [K]
Θ𝑗 , Θ̃𝑗 , Θ̂𝑗 Non-dimensional bulk temperature of the

fluid in pipe 𝑗 [–], its Laplace-transformed
counterpart [–], and its harmonic counter-
part [–]

Θ̂𝑏 Non-dimensional harmonic of the mean
azimuthal borehole wall temperature [–]

Θ̃(0)
𝑗 , Θ̃(1)

𝑗 Zeroth order solution and first order correc-
tion to the bulk fluid temperature in pipe 𝑗,
respectively [–]

Θ̃in Solution to the inner region [–]
Θ̃(0)
in , Θ̃(1)

in Zeroth order solution and first order cor-
rection to the inner region, respectively
[–]

𝑈∞ Effective seepage velocity of the groundwa-
ter flow [m∕s]

𝑣𝑟, v𝑟 Radial component of the effective veloc-
ity of the groundwater flow [m∕s] and its
non-dimensional counterpart [–]

𝑣𝜃 , v𝜃 Azimuthal component of the effective veloc-
ity of the groundwater flow [m∕s] and its
non-dimensional counterpart [–]
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𝑉 Bulk velocity of the heat carrying liquid
[m∕s]

𝑤 Second argument of the function 𝐾𝑛 [–]
𝑥, 𝑦 Cartesian coordinates centered at the bore-

hole [m]
𝑧 First argument of the function 𝐾𝑛 [–]

foremost, to judge and clarify the aforementioned issues in the state
of the art. Second, improve the accuracy over the state of the art by
an order of magnitude. And third, develop a model that seamlessly
integrates into the coherent theoretical framework being pursued by
the second author since 2011 [45,46].

The present work is organized as follows. Section 2 formulates the
fluid-mechanical and heat transfer problems that describe the interac-
tion of slender geothermal boreholes with creeping groundwater flows.
Section 3 analyses then the asymptotic structure of the formulated
problem and obtains its solution using matched asymptotic expansion
techniques. Thereafter, Section 4 discusses the merits and limits of the
proposed model while Section 5 does the same with the state of the
art. Sections 6 and 7 focus then on the integration of the proposed
model into more complex models. Finally, some concluding remarks
are presented in Section 8.

2. Interaction of boreholes with aquifers

Fig. 1 shows the sketch of a typical geothermal borehole that
consists in a vertical borehole of depth 𝐻 and radius 𝑟𝑏 into which
several pipes are placed forming one or more coaxial or U-shaped
probes. The heat carrying liquid flows with a bulk velocity 𝑉 along
these pipes to exchange heat with the surrounding ground. The space
between pipes and ground is usually filled up with grout to promote the
aforementioned heat exchange and to avoid the cross-contamination of
aquifers.

Three characteristic times can be constructed out of the previous
parameters, namely, the characteristic residence time 𝑡𝑟 ∼ 𝐻∕𝑉 of the
heat carrying liquid in the pipes, the characteristic transversal diffusion
time 𝑡𝑏 ∼ 𝑟2𝑏∕𝛼𝑔 , where 𝛼𝑔 is the effective thermal diffusivity of the
ground, and the characteristic longitudinal diffusion time 𝑡𝐻 ∼ 𝐻2∕𝛼𝑔 .
Computing these characteristic times using real-world values for 𝐻 , 𝑟𝑏,
𝑉 , and 𝛼𝑔 reveals that 𝑡𝑟 is of order minutes, 𝑡𝑏 is of order hours, and
𝑡𝐻 is of order centuries [47].

The heat injection/extraction imposed by the HVAC system onto
the geothermal heat exchanger introduces a fourth characteristic time,
namely, 𝑡𝑞 . Since the heating and cooling needs of a building vary on
an hourly, daily, weekly, monthly, and yearly basis, the characteristic
time 𝑡𝑞 presents a large spectrum of values that go from minutes up to
decades [47]. The present work focuses on the most relevant operating
conditions for which 𝑡𝑞 is much larger than 𝑡𝑏 but much smaller than
𝑡𝐻 . This leads to the sequence of characteristic times

𝑡𝑟 ≪ 𝑡𝑏 ≪ 𝑡𝑞 ≪ 𝑡𝐻 .

This disparity in time scales has extensively been exploited by the
second author for the development of theoretical models for the ther-
mal response of geothermal heat exchangers in purely-conducting
grounds [47–53].

The aim of the present work is to incorporate the effect of ground-
water flows in the thermal response of geothermal boreholes. Hence, a
fifth characteristic time emerges, namely, the characteristic residence
time 𝑡𝑐 ∼ 𝑟𝑏∕𝑈∞ of the groundwater stream in the vicinity of the
borehole, where 𝑈∞ is the effective seepage velocity of the groundwater
flow [20,23,32]. The ratio of 𝑡𝑐 to the characteristic transversal diffu-
sion time 𝑡𝑏 is of the order of the Peclet number of the groundwater
flow:

Pe =
𝑟𝑏𝑈∞ ∼

𝑡𝑏 . (1)
3

𝛼𝑔 𝑡𝑐
The Peclet number measures the relative importance of convective
terms over diffusive terms in the energy conservation equation in the
ground [54]. Hence, in creeping groundwater flows, for which the con-
vective transport of heat is weak, the Peclet number is small compared
to unity. This fact will be exploited in the present work to derive
approximate, albeit accurate, solutions to the thermal interaction of
geothermal boreholes with creeping groundwater flows.

2.1. Fluid-mechanical problem

The thermal response of a geothermal borehole depends on the
groundwater’s velocity field as it flows around the borehole. Hence, its
governing equations, i.e. mass and momentum conservation, need to
be solved. To do so, the porous medium approach [55] is used to avoid
formulating and solving the governing equations in the small voids of
the soil.

Due to the extreme slenderness of real-world geothermal boreholes,
𝑟𝑏 ≪ 𝐻 , groundwater movement along the borehole is negligible com-
pared to the mainstream flow. Therefore, the groundwater motion can
be described through independent two-dimensional fluid-mechanical
problems formulated in planes perpendicular to the borehole. Fig. 1
shows one of those planes.

The mass conservation equation for a constant-density flow in a
porous medium is, for one of those two-dimensional planes perpendic-
ular to the borehole [55],

𝜕
𝜕𝑟

(𝑟𝑣𝑟) +
𝜕𝑣𝜃
𝜕𝜃

= 0,

where (𝑟, 𝜃) are the coordinates in the polar coordinate system centered
at the borehole, with 𝑣𝑟 and 𝑣𝜃 being the effective velocity components
in the radial and azimuthal directions, respectively.

In the porous medium approach, the momentum conservation equa-
tion is always replaced by an empirical law. Since groundwater flows
of interest are governed by viscous forces, Darcy’s law is employed in
the present work [55],

𝑣𝑟 = −𝐾
𝜇

𝜕𝑝
𝜕𝑟

and 𝑣𝜃 = −𝐾
𝜇

1
𝑟
𝜕𝑝
𝜕𝜃

,

being 𝑝 the effective driving pressure. The permeability 𝐾 of the ground
and the dynamic viscosity 𝜇 of the groundwater are both functions of
depth so that the values to use here correspond to the ones at the depth
of the considered plane.

Once the governing equations for the groundwater motion have
been established, conditions at each boundary of the problem must
be formulated. So, a slip condition is imposed at the borehole wall to
enforce there an impermeable behavior:

𝑟 = 𝑟𝑏 ∶ 𝑣𝑟 = 0.

And far from the borehole the velocity field must match the unper-
turbed effective seepage velocity 𝑈∞ of the aquifer at the depth of
the considered plane. This uniform stream condition translates into the
following boundary conditions for 𝑣𝑟 and 𝑣𝜃 :

𝑟 → ∞ ∶ 𝑣𝑟 → 𝑈∞ cos(𝜃), 𝑣𝜃 → −𝑈∞ sin(𝜃).

For constant values of permeability 𝐾 and dynamic viscosity 𝜇, the
just-formulated fluid-mechanical problem is analogous to the problem
of potential flow past a circular cylinder. This fact is relevant as the
latter problem can be solved exactly [56] leading to the following
expressions for the effective velocity components of the groundwater
flow:

𝑣𝑟 = 𝑈∞

(

1 −
𝑟2𝑏
𝑟2

)

cos(𝜃),

𝑣𝜃 = −𝑈∞

(

1 +
𝑟2𝑏
2

)

sin(𝜃).

𝑟
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Fig. 1. Sketch of a typical geothermal borehole.
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.2. Thermal problem

Also the heat transfer problem in the ground can be described
hrough independent two-dimensional problems formulated in planes
erpendicular to the borehole. The simplification is a consequence of
𝑞 ≪ 𝑡𝐻 which implies that heat conduction along the borehole is
egligible compared to heat conduction in the radial direction [47].
his simplification does not affect the possible dependence with depth
f the thermal properties of ground, aquifer, grout, etc., with their
alues at the depth of the considered plane being the ones to use
hroughout the present work.

As with the fluid-mechanical problem presented before, the porous
edium approach is used to avoid formulating and solving the afore-
entioned heat transfer problems in the intricate voids of the ground.
dditionally, local thermal equilibrium between soil and groundwa-

er is assumed as the motion of the latter is dominated by viscous
orces [55]. As a result, a single convection–diffusion energy conserva-
ion equation with an effective thermal diffusivity 𝛼𝑔 and the effective
roundwater velocity (𝑣𝑟, 𝑣𝜃) computed before governs the thermal
esponse of the ground [55]:

𝜕𝑇
𝜕𝑡

+ 𝑣𝑟
𝜕𝑇
𝜕𝑟

+
𝑣𝜃
𝑟
𝜕𝑇
𝜕𝜃

= 𝛼𝑔

[

1
𝑟
𝜕
𝜕𝑟

(

𝑟 𝜕𝑇
𝜕𝑟

)

+ 1
𝑟2

𝜕2𝑇
𝜕𝜃2

]

.

When writing this equation, constant thermal properties have been
ssumed for the ground. This simplification is justified by the small
emperature variations expected in the problem, at most of 10 ◦C-
0 ◦C, which lead to negligible variations in the involved thermal
haracteristics. The same assumption has also been used in the previous
ection for the permeability 𝐾 and for the dynamic viscosity 𝜇.

For the heat conduction taking place in the grout filling up the
orehole, the previously-described simplifications apply as well so that
he two-dimensional unsteady heat conduction equation to solve is

𝜕𝑇
𝜕𝑡

= 𝛼𝑏

[

1
𝑟
𝜕
𝜕𝑟

(

𝑟 𝜕𝑇
𝜕𝑟

)

+ 1
𝑟2

𝜕2𝑇
𝜕𝜃2

]

,

ith 𝛼𝑏 being the thermal diffusivity of grout.
The solution to the formulated governing equations must also satisfy

he following continuity conditions in temperature and normal heat
lux at the borehole wall:
|

|

|𝑟=𝑟−𝑏
= 𝑇 ||

|𝑟=𝑟+𝑏
and − 𝑘𝑏

𝜕𝑇
𝜕𝑟

|

|

|𝑟=𝑟−𝑏
= −𝑘𝑔

𝜕𝑇
𝜕𝑟

|

|

|𝑟=𝑟+𝑏
,

here 𝑘𝑔 is the effective thermal conductivity of ground and 𝑘𝑏 is the
4

hermal conductivity of grout. s
The solution must also obey boundary conditions at the 𝑁𝑝 pipes
forming the coaxial or U-shaped probes located inside the borehole.
These specify the normal heat flux at the outer wall of each pipe 𝑗 in
terms of the bulk temperature 𝑇𝑗 (𝑡) of the liquid inside the pipe and the
temperature attained by the grout at the pipe wall [47]:

− 𝑘𝑏𝑟𝑝𝑗
𝜕𝑇
𝜕𝑟𝑗

|

|

|

|𝑟𝑗=𝑟𝑝𝑗
=

𝑇𝑗 (𝑡) − 𝑇 ||
|𝑟𝑗=𝑟𝑝𝑗

𝑅𝑝𝑗
, (2)

where 𝑟𝑝𝑗 is the outer pipe radius and (𝑟𝑗 , 𝜃𝑗 ) are the coordinates of a
polar coordinate system centered at pipe 𝑗.

All heat transfer taking place inside pipe 𝑗 is represented in the
formulated boundary condition by the inner thermal resistance 𝑅𝑝𝑗 . It
encompasses the quasi-steady heat conduction inside the pipe’s wall, of
thickness 𝑑𝑗 and thermal conductivity 𝑘𝑗 , and the turbulent transport
of heat inside the heat carrying liquid, modeled through a convective
heat transfer coefficient ℎ𝑗 [47]:

𝑅𝑝𝑗 =
1

(

𝑟𝑝𝑗 − 𝑑𝑗
)

ℎ𝑗
+ 1

𝑘𝑗
ln
( 𝑟𝑝𝑗
𝑟𝑝𝑗 − 𝑑𝑗

)

.

Finally, the solution to the formulated problem must tend to the
unperturbed ground temperature 𝑇∞, at the depth of the considered
plane, far away from the borehole and at the beginning of the problem:

𝑟 → ∞ ∶ 𝑇 → 𝑇∞,

𝑡 = 0 ∶ 𝑇 = 𝑇∞.

Given the fluid temperatures 𝑇𝑗 (𝑡), the just-formulated problem
delivers the temperature distribution 𝑇 (𝑟, 𝜃, 𝑡) in grout and ground.
However, the known quantities are often not the fluid temperatures
but the heat injection rates per unit pipe length 𝑞𝑗 (𝑡) [50,53,57–59]:

𝑞𝑗 (𝑡) = ∫

𝜋

−𝜋
−𝑘𝑏

𝜕𝑇
𝜕𝑟𝑗

|

|

|

|𝑟𝑗=𝑟𝑝𝑗
𝑟𝑝𝑗 d𝜃𝑗 .

hese and the fluid temperatures 𝑇𝑗 in the pipes vary along the bore-
ole [47–49,52] as a result of the convective transport of heat along
he pipes and the dependence with depth of the thermal properties and
nperturbed state of grout and ground. These variations, however, play
secondary role in the thermal problem to solve here so that only their
alues at the depth of the considered plane are important.

When 𝑞𝑗 are the known quantities, the formulated heat transfer
roblem delivers not only the temperature distribution in grout and
round but also the fluid temperatures 𝑇𝑗 (𝑡) required to enforce the
pecified heat injection rates per unit pipe length. These result from
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solving Eq. (2) for the fluid temperature and averaging then the out-
come along the pipe wall:

𝑇𝑗 (𝑡) =
𝑅𝑝𝑗

2𝜋
𝑞𝑗 (𝑡) +

1
2𝜋 ∫

𝜋

−𝜋
𝑇
|

|

|

|𝑟𝑗=𝑟𝑝𝑗
d𝜃𝑗 .

In the present work this same modus operandi is adopted for which
he heat injection rate per unit borehole length 𝑞(𝑡) is defined as well
s it appears in the solution to obtain:

(𝑡) =
𝑁𝑝
∑

𝑗=1
𝑞𝑗 (𝑡).

.2.1. Non-dimensionalization
The formulated problem is non-dimensionalized to facilitate its

nalysis and solution. For that purpose, the radius of the borehole 𝑟𝑏
nd the characteristic transversal diffusion time 𝑟2𝑏∕𝛼𝑔 are chosen as
haracteristic length and time scales so that 𝜌 = 𝑟∕𝑟𝑏 and 𝜏 = 𝛼𝑔𝑡∕𝑟2𝑏 are

the resulting non-dimensional radial and time variables, respectively.
On the other hand, the effective seepage velocity 𝑈∞ is employed

for the non-dimensional velocity components:

v𝜌 =
(

1 − 1
𝜌2

)

cos(𝜃),

(3)
𝜃 = −

(

1 + 1
𝜌2

)

sin(𝜃).

Similarly, all heat injection rates per unit pipe length are non-
dimensionalized using a characteristic value 𝑞𝑐 , i.e. the maximum or
he mean, and all temperatures are non-dimensionalized using 𝑞𝑐∕𝑘𝑔 as

characteristic temperature difference. Hence,

q𝑗 =
𝑞𝑗
𝑞𝑐

, Θ =
𝑇 − 𝑇∞
𝑞𝑐∕𝑘𝑔

, and Θ𝑗 =
𝑇𝑗 − 𝑇∞
𝑞𝑐∕𝑘𝑔

.

With the proposed non-dimensionalization, the energy conservation
quation in the ground becomes

𝜕Θ
𝜕𝜏

+ Pe
[

v𝜌
𝜕Θ
𝜕𝜌

+
v𝜃
𝜌

𝜕Θ
𝜕𝜃

]

= 1
𝜌

𝜕
𝜕𝜌

(

𝜌 𝜕Θ
𝜕𝜌

)

+ 1
𝜌2

𝜕2Θ
𝜕𝜃2

,

hile the energy conservation equation in the grout is now
𝛼𝑔
𝛼𝑏

𝜕Θ
𝜕𝜏

= 1
𝜌

𝜕
𝜕𝜌

(

𝜌 𝜕Θ
𝜕𝜌

)

+ 1
𝜌2

𝜕2Θ
𝜕𝜃2

.

Regarding the continuity conditions in temperature and normal heat
lux at the borehole wall, they adopt the following non-dimensional
orm in which 𝜅 = 𝑘𝑏∕𝑘𝑔 :

|

|

|𝜌=1−
= Θ||

|𝜌=1+
, −𝜅 𝜕Θ

𝜕𝜌
|

|

|

|𝜌=1−
= − 𝜕Θ

𝜕𝜌
|

|

|

|𝜌=1+
. (4)

In the boundary conditions to enforce at the wall of each pipe 𝑗,
the non-dimensional inner thermal resistance of the pipe R𝑝𝑗 = 𝑘𝑔𝑅𝑝𝑗
emerges as a parameter to take into account,

− 𝜌𝑝𝑗𝜅
𝜕Θ
𝜕𝜌𝑗

|

|

|

|𝜌𝑗=𝜌𝑝𝑗
=

Θ𝑗 − Θ||
|𝜌𝑗=𝜌𝑝𝑗

R𝑝𝑗
, (5)

where 𝜌𝑗 = 𝑟𝑗∕𝑟𝑏 and 𝜌𝑝𝑗 = 𝑟𝑝𝑗∕𝑟𝑏. The same happens in the expression
hat delivers the fluid temperatures in the pipes:

𝑗 (𝜏) =
R𝑝𝑗

2𝜋
q𝑗 (𝜏) +

1
2𝜋 ∫

𝜋

−𝜋
Θ||
|𝜌𝑗=𝜌𝑝𝑗

d𝜃𝑗 . (6)

And the boundary condition far from the borehole as well as the
initial condition for the problem become homogeneous thanks to the
employed non-dimensionalization for the temperatures:

𝜌 → ∞ ∶ Θ → 0, (7)

𝜏 = 0 ∶ Θ = 0.

Finally, heat injection rates per unit pipe length and per unit bore-
ole length non-dimensionalize as follows:
5

h

q𝑗 (𝜏) =∫

𝜋

−𝜋
−𝜅 𝜕Θ

𝜕𝜌𝑗

|

|

|

|𝜌𝑗=𝜌𝑝𝑗
𝜌𝑝𝑗 d𝜃𝑗 ,

q(𝜏) =
𝑁𝑝
∑

𝑗=1
q𝑗 (𝜏).

2.2.2. Laplace transformation
Time dependence of the formulated heat transfer problem is ad-

dressed using the Laplace transform [60]. Most of the problem for-
mulated and non-dimensionalized in previous sections remains thereby
unaltered, with just temperatures and heat injection rates per unit pipe
or borehole length bearing now a tilde (∼) to denote their Laplace-
transformed character.

Only the two energy conservation equations change with the appli-
cation of the Laplace transform. So, the energy conservation equation
in the ground gets transformed into the following expression in which 𝑠
stands for the non-dimensional position in the complex-valued Laplace
plane:

𝑠 Θ̃ + Pe
[

v𝜌
𝜕Θ̃
𝜕𝜌

+
v𝜃
𝜌

𝜕Θ̃
𝜕𝜃

]

= 1
𝜌

𝜕
𝜕𝜌

(

𝜌 𝜕Θ̃
𝜕𝜌

)

+ 1
𝜌2

𝜕2Θ̃
𝜕𝜃2

. (8)

And the energy conservation equation in the grout becomes

𝑠
𝛼𝑔
𝛼𝑏

Θ̃ = 1
𝜌

𝜕
𝜕𝜌

(

𝜌 𝜕Θ̃
𝜕𝜌

)

+ 1
𝜌2

𝜕2Θ̃
𝜕𝜃2

. (9)

3. Asymptotic solution to thermal problem

The heat transfer problem to solve, summarized in Table 1, is
comprised of two governing equations, Eqs. (8) and (9), continuity
conditions at the borehole wall, Eq. (4), boundary conditions at the
pipe walls, Eqs. (5) and (6), and a boundary condition far from the
borehole, Eq. (7).

In the absence of an exact solution, the present work derives an
approximate, albeit accurate, one using matched asymptotic expansion
techniques [61]. These techniques exploit the presence of small pa-
rameters to decompose mathematically complex problems into simpler
ones. Hence, they are perfectly suited for the present problem in which
a small parameter exists, namely, the Peclet number of the groundwater
flow.

Consider the energy conservation equation in the ground, Eq. (8),
and estimate the order of magnitude of the three groups of terms
present in it [54]:

𝑠 Θ̃
⏟⏟
∼ |𝑠|

+Pe
[

v𝜌
𝜕Θ̃
𝜕𝜌

+
v𝜃
𝜌

𝜕Θ̃
𝜕𝜃

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
∼Pe∕𝜌

= 1
𝜌

𝜕
𝜕𝜌

(

𝜌 𝜕Θ̃
𝜕𝜌

)

+ 1
𝜌2

𝜕2Θ̃
𝜕𝜃2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
∼1∕𝜌2

.

.1. Two-region structure

Three factors influence the relative importance of these groups.
irst, the modulus of the position 𝑠 in the complex-valued Laplace
lane dictates the order of magnitude of the leftmost group, linked
o the thermal inertia of the ground. As explained in Rivero and
ermanns [53], |𝑠| ∼ 𝑡𝑏∕𝑡𝑞 so that in the present work |𝑠| ≪ 1. Second,

he Peclet number of the flow influences the order of magnitude of the
entral group of terms, linked to the convective transport of heat in
he ground. Since the present work focuses on creeping groundwater
lows, Pe ≪ 1. And third, the distance 𝜌 to the borehole affects the
rder of magnitude of the second and third groups of terms, with the
hird one representing heat conduction in the ground. All this allows
he identification of two distinct regions in the problem.

Close to the borehole, at radial distances comparable to the borehole
adius, 𝜌 ∼ 1. There, thermal inertia and convective transport of
eat are negligible compared to heat conduction as a consequence of
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Table 1
Formulation of the heat transfer problem to solve.

Energy conservation in ground:

𝑠 Θ̃ + Pe
[

v𝜌
𝜕Θ̃
𝜕𝜌

+
v𝜃
𝜌

𝜕Θ̃
𝜕𝜃

]

= 1
𝜌

𝜕
𝜕𝜌

(

𝜌 𝜕Θ̃
𝜕𝜌

)

+ 1
𝜌2

𝜕2Θ̃
𝜕𝜃2

with

v𝜌 =
(

1 − 1
𝜌2

)

cos(𝜃) and v𝜃 = −
(

1 + 1
𝜌2

)

sin(𝜃)

Energy conservation in grout:

𝑠
𝛼𝑔
𝛼𝑏

Θ̃ = 1
𝜌

𝜕
𝜕𝜌

(

𝜌 𝜕Θ̃
𝜕𝜌

)

+ 1
𝜌2

𝜕2Θ̃
𝜕𝜃2

Continuity conditions at borehole wall:

Θ̃||
|𝜌=1−

= Θ̃||
|𝜌=1+

and − 𝜅 𝜕Θ̃
𝜕𝜌

|

|

|

|𝜌=1−
= − 𝜕Θ̃

𝜕𝜌
|

|

|

|𝜌=1+

Boundary condition far from the borehole:

𝜌 → ∞ ∶ Θ̃ → 0

Boundary condition at the wall of pipe 𝑗

−𝜌𝑝𝑗𝜅
𝜕Θ̃
𝜕𝜌𝑗

|

|

|

|𝜌𝑗=𝜌𝑝𝑗
=

Θ̃𝑗 − Θ̃||
|𝜌𝑗=𝜌𝑝𝑗

R𝑝𝑗

with

Θ̃𝑗 =
R𝑝𝑗

2𝜋
q̃𝑗 +

1
2𝜋 ∫

𝜋

−𝜋
Θ̃||
|𝜌𝑗=𝜌𝑝𝑗

d𝜃𝑗

|𝑠| ≪ 1 and Pe ≪ 1, respectively. Hence, this inner region is, in first
pproximation, quasi-steady and solely governed by heat conduction.

Further away from the borehole, however, the described balance of
erms changes giving rise to a second region. So, at distances from the
orehole of order 𝜌 ∼ 1∕

√

|𝑠| ≫ 1, thermal inertia and heat conduction
ecome equally important in the governing equation. The relevance of
he convective transport of heat in this outer region depends then on
ow Pe∕𝜌 ∼ Pe

√

|𝑠| compares to the order of magnitude of the dominant
erms. That is, to |𝑠|.

The present work focuses on the richest and most general case pos-
ible for which all three phenomena (thermal inertia, heat convection,
nd heat conduction) are important in the outer region. This occurs for
he distinguished limit of Pe

√

|𝑠| ∼ |𝑠|. This condition combined with
Eq. (1) and with the fact that |𝑠| ∼ 𝑡𝑏∕𝑡𝑞 allows to properly incorporate
the characteristic residence time 𝑡𝑐 of the groundwater flow into the
sequence of characteristic times of Section 2:

𝑡𝑟 ≪ 𝑡𝑏 ≪ 𝑡𝑐 ∼ Pe 𝑡𝑞 ≪ 𝑡𝑞 ≪ 𝑡𝐻 .

3.2. Matched asymptotic expansion techniques

The two-region structure described before is exploited next using
matched asymptotic expansion techniques [61]. These mathematical
tools address the inner and outer regions separately to afterwards
match their solutions at an overlapping zone in which both solutions
are valid. To tackle each of the two regions, asymptotic expansion
techniques exploit the presence of small parameters in the problem
and express the solutions to the inner and outer regions, Θ̃in and Θ̃out
respectively, as polynomial expansions of that small parameter. In the
present work, Pe ∼

√

|𝑠| ≪ 1 acts as the small parameter and the
xpansions to use are

Θ̃in = Θ̃(0)
in + Pe Θ̃(1)

in + 
(

Pe2
)

,

(10)Θ̃out = Θ̃(0)
out + Pe Θ̃(1)

out + 
(

Pe2
)

.

Although logarithmic dependencies on the small parameter, of the
orm ln(Pe), do appear as well in the asymptotic solution of the problem,

these are treated as simple numbers instead and are incorporated as
6

such into the zeroth order solution and first order correction to obtain.
Since the formulated heat transfer problem also supplies the fluid
temperatures in the pipes, Θ̃𝑗 , these must be expanded as well in terms
of the small parameter so that

Θ̃𝑗 = Θ̃(0)
𝑗 + Pe Θ̃(1)

𝑗 + 
(

Pe2
)

. (11)

Substitution of all these expansions into the governing equations,
ontinuity conditions, and boundary conditions of the inner and outer
egions supplies a set of mathematical problems whose sequential
olution delivers the different terms of the expansions.

.3. Zeroth order solution

The zeroth order solution to the problem comprises Θ̃(0)
in , Θ̃(0)

out, and
̃ (0)
𝑗 . The corresponding mathematical problems result from substituting
qs. (10) and (11) into the heat transfer problem formulated in Sec-
ion 2 and neglecting all terms that are small compared to unity. When
oing so, special attention must be devoted to the order of magnitude
f 𝜌 as it changes from the inner to the outer region.

.3.1. Inner region
The borehole itself and the ground located at non-dimensional

istances of order unity, 𝜌 ∼ 1, define the inner region. Since |𝑠| ≪ 1
nd Pe ≪ 1, the left hand sides of Eqs. (8) and (9) are negligible so
hat the zeroth order solution to the inner region satisfies the following
quation in grout and ground:

= 1
𝜌

𝜕
𝜕𝜌

(

𝜌
𝜕Θ̃(0)

in
𝜕𝜌

)

+ 1
𝜌2

𝜕2Θ̃(0)
in

𝜕𝜃2
. (12)

This equation must be solved together with the continuity condi-
ions at the borehole wall,

̃ (0)
in
|

|

|𝜌=1−
= Θ̃(0)

in
|

|

|𝜌=1+
, −𝜅

𝜕Θ̃(0)
in

𝜕𝜌
|

|

|

|𝜌=1−
= −

𝜕Θ̃(0)
in

𝜕𝜌
|

|

|

|𝜌=1+
, (13)

he boundary conditions at the pipe walls,

− 𝜌𝑝𝑗𝜅
𝜕Θ̃(0)

in
𝜕𝜌𝑗

|

|

|

|𝜌𝑗=𝜌𝑝𝑗
=

Θ̃(0)
𝑗 − Θ̃(0)

in
|

|

|𝜌𝑗=𝜌𝑝𝑗

R𝑝𝑗
, (14)

and the prescribed heat injection rates per unit pipe length:

q̃𝑗 = ∫

𝜋

−𝜋
−𝜅

𝜕Θ̃(0)
in

𝜕𝜌𝑗

|

|

|

|𝜌𝑗=𝜌𝑝𝑗
𝜌𝑝𝑗 d𝜃𝑗 .

What cannot be enforced in the inner region is the boundary condition
at infinity due to the existence of the outer region. Consequently,
Eq. (7) is replaced by an asymptotic matching condition with the zeroth
order solution to the outer region.

An exact solution to the formulated problem is unknown. Fortu-
nately, it is not required for the theoretical work to perform as it is
enough to know the general behavior of the zeroth order solution in
the ground. This behavior is inferred from the general solution to the
partial differential equation valid in the ground. That is, Eq. (12):

Θ̃(0)
in
|

|

|𝜌≥1
= 𝐴̃00 + 𝐵̃00 ln(𝜌) +

∞
∑

𝑛=−∞
𝑛≠0

(

𝐴̃0𝑛

𝜌|𝑛|
+ 𝜌|𝑛|𝐵̃0𝑛

)

e𝜄𝑛𝜃 . (15)

In this expression 𝜄 =
√

−1 and the values of the integration constants
𝐴̃0𝑛 and 𝐵̃0𝑛 result either from the continuity conditions at the bore-
hole wall, assuming the solution in the grout is known, or from the
asymptotic matching with the zeroth order solution to the outer region.

For the time being, only 𝐵̃00 is obtained. In the absence of thermal
inertia, the heat injection rate per unit borehole length q̃ coincides with
the heat flux at the borehole wall integrated over the whole borehole
wall. The value of 𝐵̃00 results from the enforcement of this equality:

̃ =
𝜋
−
𝜕Θ̃(0)

in |

|

|

d𝜃 → 𝐵̃00 = −
q̃
.
∫−𝜋 𝜕𝜌

|𝜌=1 2𝜋
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Finally, substitution of Eqs. (10) and (11) into Eq. (6) delivers the
zeroth order approximation to the fluid temperatures in the pipes:

Θ̃(0)
𝑗 =

R𝑝𝑗

2𝜋
q̃𝑗 +

1
2𝜋 ∫

𝜋

−𝜋
Θ̃(0)

in
|

|

|

|𝜌𝑗=𝜌𝑝𝑗
d𝜃𝑗 . (16)

3.3.2. Outer region
Far from the borehole, at non-dimensional distances of order 𝜌 ∼

1∕
√

|𝑠| ∼ 1∕Pe ≫ 1, all terms in Eq. (8) are important. Nonetheless, the
overning equation becomes solvable in the outer region thanks to the
implifications experienced by the velocity field, Eq. (3), far from the
orehole:

v𝜌
|

|

|𝜌∼1∕Pe
= cos(𝜃) + 

(

Pe2
)

,
(17)

𝜃
|

|

|𝜌∼1∕Pe
= − sin(𝜃) + 

(

Pe2
)

.

Hence, the zeroth order solution to the outer region must satisfy
he boundary condition far from the borehole, Eq. (7), and the partial
ifferential equation

Θ̃(0)
out + Pe

[

cos(𝜃)
𝜕Θ̃(0)

out
𝜕𝜌

−
sin(𝜃)
𝜌

𝜕Θ̃(0)
out

𝜕𝜃

]

= 1
𝜌

𝜕
𝜕𝜌

(

𝜌
𝜕Θ̃(0)

out
𝜕𝜌

)

+ 1
𝜌2

𝜕2Θ̃(0)
out

𝜕𝜃2
.

The solution to the formulated problem is

̃ (0)
out = e

𝜌Pe
2 cos(𝜃)

∞
∑

𝑛=−∞
𝐶̃0𝑛 𝐾𝑛

(

𝜌Pe
2

√

1 + 4𝑠
Pe2

)

e𝜄𝑛𝜃 , (18)

where 𝐾𝑛(𝑧) stands for the modified Bessel function of the second
kind of order 𝑛 [62]. The yet-unspecified integration constants 𝐶̃0𝑛
result from the asymptotic matching of this expression with the zeroth
order solution to the inner region. This matching replaces all boundary
and continuity conditions specified at the borehole as these cannot be
enforced onto the outer region due to the existence of the inner region.

3.3.3. Matching of both regions
At an intermediate distance, located beyond the inner region (𝜌 ≫ 1)

ut closer to the borehole than the outer region (𝜌 ≪ 1∕Pe, or alterna-
ively 𝜌Pe ≪ 1), both inner and outer solutions must be equivalent.
ence, their difference must be negligible in this overlapping region, a
ondition that is expressed mathematically as

̃ (0)
in
|

|

|𝜌≫1
− Θ̃(0)

out
|

|

|𝜌Pe≪1
≪ 1.

To enforce it, the behavior of the inner solution far from the bore-
ole, given directly by Eq. (15), has to be compared against Eq. (18)
xpanded for small values of 𝜌Pe:

Θ̃(0)
out

|

|

|𝜌Pe≪1
= 𝐶̃00

[

− ln
(

𝜌Pe
4

√

1 + 4𝑠
Pe2

)

− 𝛾 + (Pe)
]

+
∞
∑

𝑛=−∞
𝑛≠0

𝐶̃0𝑛

⎡

⎢

⎢

⎢

⎢

⎣

2|𝑛|−1 (|𝑛| − 1)!
(

𝜌Pe
2

√

1 + 4𝑠
Pe2

)

|𝑛|
+ 

(

Pe1−|𝑛|
)

⎤

⎥

⎥

⎥

⎥

⎦

e𝜄𝑛𝜃 .

The comparison reveals that the integration constants 𝐶̃00 and 𝐴̃00
ust be as follows in order for the first two terms in Eq. (15) match

he corresponding terms in the zeroth order outer solution:

𝐶̃00 = −𝐵̃00 =
q̃
2𝜋

,

𝐴̃00 =
q̃
2𝜋

[

− ln
(

Pe
4

√

1 + 4𝑠
Pe2

)

− 𝛾
]

.

The comparison also reveals that all 𝐵̃0𝑛 must be zero as no positive
powers of 𝜌 exist among the leading terms of the expansion close to
the borehole of the zeroth order outer solution. Finally, also the values
of 𝐶̃0𝑛 with 𝑛 ≠ 0 must be zero despite the existence of terms with
7

egative powers of 𝜌 in the zeroth order inner solution. The reason is
that the matching of both expressions requires the integration constants
𝐶̃0𝑛 to be of order Pe|𝑛|. Hence, they do not belong to the zeroth order
level of the asymptotic expansion of the problem but to higher order
corrections.

In summary, the asymptotic matching of the zeroth order inner and
outer solutions leads to the following final expressions for the zeroth
order inner and outer solutions:

Θ̃(0)
in
|

|

|𝜌≥1
= 𝐴̃00 −

q̃
2𝜋

ln(𝜌) +
∞
∑

𝑛=−∞
𝑛≠0

𝐴̃0𝑛

𝜌|𝑛|
e𝜄𝑛𝜃 , (19)

Θ̃(0)
out =

q̃
2𝜋

e
𝜌Pe
2 cos(𝜃)𝐾0

(

𝜌Pe
2

√

1 + 4𝑠
Pe2

)

, (20)

where for the sake of compactness the expression for 𝐴̃00 has not been
substituted.

3.4. First order correction

The first order correction to the problem consists in Θ̃(1)
in , Θ̃(1)

out,
and Θ̃(1)

𝑗 . As before, the corresponding mathematical problems result
rom substituting Eqs. (10) and (11) into the heat transfer problem
ormulated in Section 2. Now, the terms of order Pe are retained so that
he next level of the asymptotic expansion of the problem is analyzed.
hus, only the terms smaller than Pe are discarded.

.4.1. Inner region
In the inner region, where 𝜌 ∼ 1, the partial differential equation

o solve in the ground includes now an additional term involving the
eroth order solution obtained before:

𝜌
𝜕Θ̃(0)

in
𝜕𝜌

+
v𝜃
𝜌

𝜕Θ̃(0)
in

𝜕𝜃
= 1

𝜌
𝜕
𝜕𝜌

(

𝜌
𝜕Θ̃(1)

in
𝜕𝜌

)

+ 1
𝜌2

𝜕2Θ̃(1)
in

𝜕𝜃2
. (21)

n the grout, however, the equation to solve is the same as before as
o convective heat transfer exists and thermal inertia is still negligible
t this level of the asymptotic expansion of the problem:

= 1
𝜌

𝜕
𝜕𝜌

(

𝜌
𝜕Θ̃(1)

in
𝜕𝜌

)

+ 1
𝜌2

𝜕2Θ̃(1)
in

𝜕𝜃2
. (22)

The two differential equations must be solved together with the
ontinuity conditions at the borehole wall

̃ (1)
in
|

|

|𝜌=1−
= Θ̃(1)

in
|

|

|𝜌=1+
, −𝜅

𝜕Θ̃(1)
in

𝜕𝜌
|

|

|

|𝜌=1−
= −

𝜕Θ̃(1)
in

𝜕𝜌
|

|

|

|𝜌=1+
(23)

and the boundary conditions at the pipe walls

− 𝜌𝑝𝑗𝜅
𝜕Θ̃(1)

in
𝜕𝜌𝑗

|

|

|𝜌𝑗=𝜌𝑝𝑗
=

Θ̃(1)
𝑗 − Θ̃(1)

in
|

|

|𝜌𝑗=𝜌𝑝𝑗

R𝑝𝑗
. (24)

Also the prescribed heat injection rates per unit pipe length must be
enforced onto the first order correction to the inner region. But their
values q̃𝑗 have already been imposed onto the zeroth order solution
obtained before. Consequently, the first order correction must have zero
heat injection rates per unit pipe length so that its combination with the
zeroth order solution still yields the prescribed values q̃𝑗 :

0 = ∫

𝜋

−𝜋
−𝜅

𝜕Θ̃(1)
in

𝜕𝜌𝑗

|

|

|

|𝜌𝑗=𝜌𝑝𝑗
𝜌𝑝𝑗 d𝜃𝑗 .

Again, no exact solution to the formulated problem is known which
does not pose a problem as only the general behavior of the first order
correction in the ground is required. In this case, the general solution
to the governing equation in the ground includes additional terms that

represent the particular solution to the partial differential equation:
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Θ̃(1)
in
|

|

|

𝜌≥1 = 𝐴̃10 + 𝐵̃10 ln(𝜌) +
∞
∑

𝑛=−∞
𝑛≠0

(

𝐴̃1𝑛

𝜌|𝑛|
+ 𝜌|𝑛|𝐵̃1𝑛

)

e𝜄𝑛𝜃

−
q̃
4𝜋

(

𝜌 + 1
𝜌

)

ln(𝜌) cos(𝜃)

+
∞
∑

𝑛=−∞
𝑛≠0

𝐴̃0𝑛
4

[

e𝜄
𝑛
|𝑛| (|𝑛|+1)𝜃

𝜌|𝑛|−1
+ e𝜄

𝑛
|𝑛| (|𝑛|−1)𝜃

𝜌|𝑛|+1

]

.

In the absence of thermal inertia, the heat injection rate per unit
orehole length q̃ coincides with the heat flux at the borehole wall
ntegrated over the whole borehole wall. Substituting Eq. (10) into this
ondition leads to

̃ = ∫

𝜋

−𝜋
−
𝜕Θ̃(0)

in
𝜕𝜌

|

|

|

|𝜌=1
d𝜃 + Pe∫

𝜋

−𝜋
−
𝜕Θ̃(1)

in
𝜕𝜌

|

|

|

|𝜌=1
d𝜃 + 

(

Pe2
)

.

Since the zeroth order solution already matches the value of q̃, the first
rder correction must not contribute to this condition, a requirement
hat leads to the value of 𝐵̃10:

= ∫

𝜋

−𝜋
−
𝜕Θ̃(1)

in
𝜕𝜌

|

|

|

|𝜌=1
d𝜃 → 𝐵̃10 =

𝐴̃0(+1) + 𝐴̃0(−1)

2
.

Finally, the first order correction to the fluid temperatures results
from substituting Eqs. (10) and (11) into Eq. (6) and grouping the terms
of order Pe:

Θ̃(1)
𝑗 = 1

2𝜋 ∫

𝜋

−𝜋
Θ̃(1)

in
|

|

|𝜌𝑗=𝜌𝑝𝑗
d𝜃𝑗 . (25)

3.4.2. Outer region
At distances from the borehole of order 𝜌 ∼ 1∕Pe, the velocity field

is given by Eq. (17) which represents the only simplification made
to the governing equation in the outer region. Since the terms being
neglected in the velocity field are of order Pe2, exactly the same partial
differential equation results for the first order correction than for the
zeroth order solution to the outer region:

𝑠 Θ̃(1)
out + Pe

[

cos(𝜃)
𝜕Θ̃(1)

out
𝜕𝜌

−
sin(𝜃)
𝜌

𝜕Θ̃(1)
out

𝜕𝜃

]

= 1
𝜌

𝜕
𝜕𝜌

(

𝜌
𝜕Θ̃(1)

out
𝜕𝜌

)

+ 1
𝜌2

𝜕2Θ̃(1)
out

𝜕𝜃2
.

Combined with the same homogeneous boundary condition at in-
inity, Eq. (7), the first order correction presents the same general
xpression as the zeroth order solution:

̃ (1)
out = e

𝜌Pe
2 cos(𝜃)

∞
∑

𝑛=−∞
𝐶̃1𝑛 𝐾𝑛

(

𝜌Pe
2

√

1 + 4𝑠
Pe2

)

e𝜄𝑛𝜃 .

3.4.3. Matching of both regions
The asymptotic matching between the inner and outer solutions is

carried out again at an overlapping region located beyond the inner
region but before the outer region. The differences between both so-
lutions must be negligible there, a condition mathematically expressed
as
(

Θ̃(0)
in + Pe Θ̃(1)

in

)

|

|

|𝜌
√

Pe≫1
−
(

Θ̃(0)
out + Pe Θ̃(1)

out

)

|

|

|𝜌Pe≪1
≪ Pe.

The zeroth order outer and inner solutions appear in the formulated
condition as they contribute terms that need to be picked up by the
first order corrections. So, the zeroth order outer solution, expanded
for small values of 𝜌Pe, introduces terms of order Pe:

Θ̃(0)
out

|

|

|𝜌Pe≪1
=

q̃
2𝜋

[

1 +
𝜌Pe
2

cos(𝜃)
][

− ln
(

𝜌Pe
4

√

1 + 4𝑠
Pe2

)

− 𝛾
]

+ 
(

Pe2
)

.

These are matched to terms of the first order correction to the inner
region. Some match without further intervention but others require
their integration constants to be properly fixed:

𝐵̃1(±1) =
q̃
[

− ln
(

Pe
√

1 + 4𝑠
)

− 𝛾
]

.

8

8𝜋 4 Pe2
All other integration constants 𝐵̃1𝑛 are zero as no further positive
powers of 𝜌 exist among the leading terms of the expansion of the outer
solution for small value of 𝜌Pe.

Also the zeroth order inner solution introduces terms, that go as
1∕𝜌|𝑛|, which need to be taken into account. In this case, by the first
order correction to the outer region whose expansion for small values
of 𝜌Pe is

Θ̃(1)
out

|

|

|𝜌Pe≪1
= 𝐶̃10

[

− ln
(

𝜌Pe
4

√

1 + 4𝑠
Pe2

)

− 𝛾 + (Pe)
]

+
∞
∑

𝑛=−∞
𝑛≠0

𝐶̃1𝑛

⎡

⎢

⎢

⎢

⎢

⎣

[

1 +
𝜌Pe
2

cos(𝜃)
]

2|𝑛|−1 (|𝑛| − 1)!
(

𝜌Pe
2

√

1 + 4𝑠
Pe2

)

|𝑛|
+ 

(

Pe2−|𝑛|
)

⎤

⎥

⎥

⎥

⎥

⎦

e𝜄𝑛𝜃 .

The outcome of the matching is

̃1(±1) =
𝐴̃0(±1)

2

√

1 + 4𝑠
Pe2

.

All other integration constants 𝐶̃1𝑛 are zero as the matching requires
them to be of order Pe|𝑛|. Consequently, they do not belong to the level
of approximation considered here. Nonetheless, setting 𝐶̃1(±2) = 0 has
some consequences for the performed matching process as it narrows
the overlapping region. Since the corresponding unmatched terms in
the zeroth order inner solution must be negligible in the overlapping
region, it is necessary to ensure they are small compared to Pe. This
leads to the following condition on 𝜌:

𝐴̃0(±2)

𝜌2
e±𝜄2𝜃 ≪ Pe → 𝜌 ≫ 1

√

Pe
↔ 𝜌

√

Pe ≫ 1.

Finally, expressions for two additional integration constants are
btained from matching terms between the outer and inner solutions:

𝐶̃10 = −
𝐴̃0(+1) + 𝐴̃0(−1)

2
,

̃10 =
𝐴̃0(+1) + 𝐴̃0(−1)

2

[

ln
(

Pe
4

√

1 + 4𝑠
Pe2

)

+ 𝛾 + 1
2

]

.

In summary, the asymptotic matching between first order correc-
tions to the inner and outer regions leads to the following final expres-
sions for the first order corrections:

Θ̃(1)
in
|

|

|𝜌≥1
= 𝐴̃10 + 𝐵̃10 ln(𝜌) +

∞
∑

𝑛=−∞
𝑛≠0

𝐴̃1𝑛

𝜌|𝑛|
e𝜄𝑛𝜃

+ 𝐵̃1(+1)𝜌 e+𝜄𝜃 + 𝐵̃1(−1)𝜌 e−𝜄𝜃

−
q̃
4𝜋

(

𝜌 + 1
𝜌

)

ln(𝜌) cos(𝜃)

+
∞
∑

𝑛=−∞
𝑛≠0

𝐴̃0𝑛
4

[

e𝜄
𝑛
|𝑛| (|𝑛|+1)𝜃

𝜌|𝑛|−1
+ e𝜄

𝑛
|𝑛| (|𝑛|−1)𝜃

𝜌|𝑛|+1

]

, (26)

Θ̃(1)
out = 𝐶̃10 e

𝜌Pe
2 cos(𝜃)𝐾0

(

𝜌Pe
2

√

1 + 4𝑠
Pe2

)

+ 𝐶̃1(+1) e
𝜌Pe
2 cos(𝜃)𝐾1

(

𝜌Pe
2

√

1 + 4𝑠
Pe2

)

e+𝜄𝜃

+ 𝐶̃1(−1) e
𝜌Pe
2 cos(𝜃)𝐾1

(

𝜌Pe
2

√

1 + 4𝑠
Pe2

)

e−𝜄𝜃 , (27)

where for the sake of compactness the expressions for the integration
constants have not been substituted.

4. Numerical examples

The capabilities and limitations of the developed model are demon-
strated next by comparing its results against detailed numerical simula-
tions of the unsteady heat transfer problem formulated in Section 2.2.
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Since no exact expressions are available for the zeroth order inner
solution and its first order correction, both are obtained numerically
as well. On the contrary, the asymptotic solution to the outer region is
known analytically, only requiring the values of 𝐴̃0(±1) to be obtained
numerically.

4.1. Simulation procedure

All required numerical simulations are performed using the com-
mercial software package COMSOL [63]. The convenience of COMSOL
is that mathematical problems can be specified in a very precise way
and without restrictions, even allowing the use of complex variables
and arithmetic in the formulation and solution of problems.

4.1.1. Reference solution
The benchmark solution is obtained by directly solving the unsteady

heat transfer problem formulated in Section 2.2. That is, Eqs. (8) and
(9) for the unsteady thermal response of ground and grout, respectively,
together with Eq. (7) for the boundary condition far from the borehole
and Eq. (5) for the boundary condition at the pipe walls. Since heat
injection rates per unit pipe length are enforced at each pipe, Eq. (6)
is used to compute the corresponding fluid temperatures that appear
in these boundary conditions at the pipe walls. Finally, the continuity
conditions at the borehole wall, Eq. (4), are enforced automatically by
COMSOL.

A sufficiently large computational domain, that spans till 𝜌 = 1000,
s defined in COMSOL so that truncation of the infinite ground has no
egative consequences for the accuracy of the reference solution. And a
ufficiently fine mesh, with the number of triangular elements ranging
rom 164,508 till 760,290 depending on the testcase, is used to ensure
rror levels below the threshold required by the present work.

.1.2. Zeroth order solution to inner region
The zeroth order solution to the inner region is obtained by directly

olving the mathematical problem formulated in Section 3.3.1. That is,
q. (12) for the quasi-steady thermal response of grout and ground,
he boundary condition at the pipe walls specified in Eq. (14), and the
xpression given in Eq. (16) for the fluid temperatures. As before, the
ontinuity conditions in temperature and normal heat flux, Eq. (13),
re enforced automatically by COMSOL.

Additionally, the asymptotic matching with the zeroth order solu-
ion to the outer region must be enforced as well in COMSOL. To do it,
he behavior of the zeroth order inner solution far from the borehole,
irectly inferred from Eq. (19), is imposed as Dirichlet condition at a
ufficiently large distance from the borehole:

̃ (0)
in
|

|

|𝜌≫1
=

q̃
2𝜋

[

− ln
(

𝜌Pe
4

√

1 + 4𝑠
Pe2

)

− 𝛾
]

+
∞
∑

𝑛=−∞
𝑛≠0

𝐴̃0𝑛

𝜌|𝑛|
e𝜄𝑛𝜃 .

The values of 𝐴̃0𝑛 with 𝑛 ≠ 0 need to be obtained from the numerical
simulation itself. This is achieved by computing the Fourier series
expansion of the numerical simulation at the borehole wall and then
realizing that the resulting Fourier coefficients coincide with 𝐴̃0𝑛:

𝐴̃0𝑛 =
1
2𝜋 ∫

𝜋

−𝜋
Θ̃(0)

in
|

|

|𝜌=1
e−𝜄𝑛𝜃 d𝜃.

Only the lowest harmonics are actually required for the computations
as their relevance decays rapidly with the size of the computational
domain. Thus, for an outer radius of 𝜌 = 100, as used here, the
coefficients 𝐴̃0(±1) and 𝐴̃0(±2) are enough to exceed the desired accuracy
level. Additionally, a fine mesh with a large number of triangular
elements, between 46,208 and 1,068,172 depending on the testcase, is
used as well to keep the discretization error below a certain threshold.

4.1.3. First order correction to inner region
The first order correction to the inner region is obtained by directly

solving the mathematical problem formulated in Section 3.4.1. That is,
9

Eq. (21) for the quasi-steady thermal response of the ground, for which
the numerically-obtained zeroth order solution is required for the left
hand side, Eq. (22) for the quasi-steady thermal response of the grout,
Eq. (24) for the boundary condition at the pipe walls, and Eq. (25) for
the fluid temperature in each pipe. Again, the enforcement of the con-
tinuity conditions at the borehole wall, Eq. (23), is done automatically
by COMSOL.

As before, the asymptotic matching far from the borehole must be
enforced as well in COMSOL. To do it, the behavior of the first order
correction far from the borehole, directly inferred from Eq. (26), is
imposed as Dirichlet condition at a sufficiently large distance from the
borehole:

Θ̃(1)
in
|

|

|𝜌≫1
=

𝐴̃0(+1) + 𝐴̃0(−1)

2

[

ln
(

𝜌Pe
4

√

1 + 4𝑠
Pe2

)

+ 𝛾 + 1
2

]

−
q̃
4𝜋

𝜌 cos(𝜃)
[

ln
(

𝜌Pe
4

√

1 + 4𝑠
Pe2

)

+ 𝛾
]

−
q̃
4𝜋

ln(𝜌)
𝜌

cos(𝜃) +
∞
∑

𝑛=−∞
𝑛≠0

𝐴̃1𝑛

𝜌|𝑛|
e𝜄𝑛𝜃

+
∞
∑

𝑛=−∞
𝑛≠0

𝐴̃0𝑛
4

[

e𝜄
𝑛
|𝑛| (|𝑛|+1)𝜃

𝜌|𝑛|−1
+ e𝜄

𝑛
|𝑛| (|𝑛|−1)𝜃

𝜌|𝑛|+1

]

.

Finally, the values of 𝐴̃1𝑛 are obtained in the same way as in the
zeroth order solution to the inner region. The resulting expressions,
however, are not that simple due to the particular solution to the
governing equation in the ground:

𝐴̃1(±1) =
1
2𝜋 ∫

𝜋

−𝜋
Θ̃(1)

in
|

|

|𝜌=1
e∓𝜄𝜃 d𝜃 −

𝐴̃0(±2)

4
+

q̃
8𝜋

[

ln
(

Pe
4

√

1 + 4𝑠
Pe2

)

+ 𝛾
]

and, for |𝑛| ≠ 1,

𝐴̃1𝑛 =
1
2𝜋 ∫

𝜋

−𝜋
Θ̃(1)

in
|

|

|𝜌=1
e−𝜄𝑛𝜃 d𝜃 −

𝐴̃0(𝑛+1) + 𝐴̃0(𝑛−1)

4
.

Again, inclusion of the coefficients 𝐴̃1(±1) and 𝐴̃1(±2) is enough to exceed
the desired accuracy level, and a large number of triangular elements,
between 46,208 and 1,068,172 depending on the testcase, is used to
keep the discretization error below a certain threshold.

4.1.4. Outer region
No numerical simulations are required to obtain the solution to the

outer region as analytical expressions have been derived in the present
work. Nonetheless, these expressions make use of the coefficients 𝐴̃0(±1)
which are not known analytically. Hence, their values still need to be
obtained from the numerical simulation performed in COMSOL for the
zeroth order solution to the inner region.

To numerically evaluate the zeroth order solution and first order
correction to the outer region, Eqs. (20) and (27) are implemented in
Fortran95 using the algorithms developed by Zhang and Jin [64] for
the computation of the modified Bessel functions of the second kind.

4.2. Borehole description

All presented comparisons use the borehole configuration depicted
in Fig. 2. Although additional borehole configurations, with different
geometrical and thermal characteristics as well as with coaxial and
double U-shaped probes, have been analyzed, they are not discussed
here as their results and conclusions are in line with the ones presented
next.

The chosen configuration, whose geometrical and thermal charac-
teristics are summarized in Table 2, consists in a borehole of diameter
2 𝑟𝑏 = 152mm with two heterogeneous pipes inside. Pipe 1 has an outer
diameter of 2 𝑟𝑝1 = 40mm and a wall thickness of 𝑑1 = 3.7mm. Pipe 2
presents an outer diameter of 2 𝑟𝑝2 = 50mm and a wall thickness of
𝑑 = 4.6mm. Both pipes are placed at 5mm from the borehole wall and
2
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Fig. 2. Borehole configuration for the numerical examples.

at ±45◦ from the rear stagnation point. Hence, the polar coordinates of
their centers are (51mm,+45◦) and (46mm,−45◦), respectively.

Both pipes are surrounded by a conventional grout of thermal
onductivity 𝑘𝑏 = 1.50W∕(mK) [65] and thermal diffusivity 𝛼𝑏 =
1.00 ⋅ 10−7 m2∕s. Its thermal properties differ from the effective ones for
the ground that are 𝑘𝑔 = 3.00W∕(mK) and 𝛼𝑔 = 2.24 ⋅ 10−7 m2∕s [3].

Pure water is used as heat carrying liquid. Its density, specific heat
capacity, thermal conductivity, and dynamic viscosity are 999 kg∕m3,
4184 J∕(kgK), 0.577W∕(mK), and 1.138 ⋅ 10−3 kg∕(m s), respectively. A
urbulent flow regime is ensured in both pipes by imposing a mass
low rate of 0.25 kg∕s. The corresponding convective heat transfer co-
fficients ℎ1 and ℎ2 are obtained using Gnielinski’s correlations [66]
hich combined with the thermal conductivities of the pipes 𝑘1 =
2 = 0.42W∕(mK) lead to the following values for the inner thermal
esistances of the pipes:

𝑝1 = 0.535 mK
W

, 𝑅𝑝2 = 0.544 mK
W

.

4.3. Solutions in the Laplace plane

The thermal interaction of the just-described borehole with a
groundwater stream still has two unspecified parameters, namely,
the Peclet number of the groundwater flow and the non-dimensional
position 𝑠 in the complex-valued Laplace plane. In the present section
two different sets of values for Pe and 𝑠 are considered. The first set
erves to showcase the capabilities of the proposed asymptotic model
hile the second set highlights its limitations.

Additionally to Pe and 𝑠, time laws for the heat injection rates per
nit pipe length are required as well. For the comparisons presented
ext, time-constant values are considered, namely, q1(𝜏) = 1 and q2(𝜏) =
. Their Laplace transforms are q̃1(𝑠) = 1∕𝑠 and q̃2(𝑠) = 3∕𝑠, respectively.

.3.1. Pe = 0.03 And 𝑠 = (1 + 𝜄)∕2000
Fig. 3 shows the grout/ground temperature for the favorable set

f values for Pe and 𝑠. Modulus and argument of Θ̃ are represented
n the left and right plots, respectively, and three different solutions
re compared in each plot. The reference solution is depicted using a
olid color map, with the borehole wall and the two pipes marked by
hite circles. The zeroth order solution is represented using dashed red

solines and the complete asymptotic solution is drawn using solid black
solines.

The inner region, located at non-dimensional radial distances from
he borehole of order unity, is shown at the top of Fig. 3. Since
he zeroth order solution to the inner region completely neglects the
onvective transport of heat, it is concentric with respect to the pipes
10
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Table 2
Geometrical and thermal characteristics of the borehole.

Variable Value

Borehole diameter 2𝑟𝑏 152 mm

Grout thermal conductivity 𝑘𝑏 1.50 W∕(m K)
Ground thermal conductivity 𝑘𝑔 3.00 W∕(m K)
Grout thermal diffusivity 𝛼𝑏 1.00 ⋅ 10−7m2∕s
Ground thermal diffusivity 𝛼𝑔 2.24 ⋅ 10−7m2∕s

Water density 999 kg∕m3

Water specific heat capacity 4184 J∕(kg K)
Water thermal conductivity 0.577 W∕(m K)
Water dynamic viscosity 1.138 ⋅ 10−3 kg∕(ms)

Pipe 1 outer diameter 2 𝑟𝑝1 40 mm
Pipe 1 wall thickness 𝑑1 3.7 mm
Pipe 1 wall thermal conductivity 𝑘1 0.42 W∕(m K)
Pipe 1 center radial coordinate 51 mm
Pipe 1 center angular coordinate +45◦

Pipe 1 mass flow rate 0.25 kg∕s
Pipe 1 inner thermal resistance 𝑅𝑝1 0.535 m K∕W

Pipe 2 outer diameter 2 𝑟𝑝2 50 mm
Pipe 2 wall thickness 𝑑2 4.6 mm
Pipe 2 wall thermal conductivity 𝑘2 0.42 W∕(m K)
Pipe 2 center radial coordinate 46 mm
Pipe 2 center angular coordinate −45◦

Pipe 2 mass flow rate 0.25 kg∕s
Pipe 2 inner thermal resistance 𝑅𝑝2 0.544 m K∕W

that act as heat sources in the problem. The first order correction,
on the contrary, accounts for the convective transport of heat and,
therefore, shifts the solution towards the right. Since the considered
Peclet number is small, the observed shift is small as well.

The performance of the proposed model is very good, closely fol-
lowing the isolines for the modulus of the reference solution. In this
sense, addition of the first order correction to the zeroth order solution
clearly improves the accuracy of the model, which is best close to the
borehole and inside the borehole.

The performance of the proposed model, however, is less good
for the argument of the grout/ground temperature. There, the lack
of thermal inertia in the mathematical problems defining the zeroth
order solution and first order correction leads to a faster-than-necessary
thermal response. Close to the borehole, as well as inside the borehole,
the discrepancies are minimal and the proposed model performs well.
But predicted values deviate significantly from the expected ones for
increasing radial distances to the borehole.

The outer region, located at non-dimensional radial distances from
the borehole of order 𝜌 ∼ 1∕

√

|𝑠| ∼ 40, is shown at the middle of
Fig. 3. In this case, the zeroth order solution and first order correction
to the outer region must be used in the comparison with the reference
solution.

While the zeroth order solution closely follows the modulus and
argument isolines of the reference solution, the complete asymptotic
solution directly overlaps them. The good performance of both ap-
proximation levels is explained by their mathematical problems. In
both cases the simplified governing equation differs from the full
equation only by terms in the velocity field that decay quadratically
with 𝜌. Hence, both approximation levels are good representations of
the full mathematical problem far from the borehole. Combined with
the condensed, albeit valuable, information provided by the asymptotic
matching with the inner region leads to the excellent results presented
in Fig. 3.

Although not shown here, the accuracy of the proposed model far
from the borehole is also outstanding for combinations of Pe and 𝑠 that
do not follow the distinguished limit Pe ∼

√

|𝑠|. This is so because the
implified governing equations defining the zeroth order solution and
irst order correction in the outer region include all three phenomena.
hat is, thermal inertia, heat convection, and heat conduction. Thus,
hen one phenomenon becomes dominant, the proposed model still

epresents it correctly.
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Fig. 3. (Top) inner solution, (middle) outer solution, and (bottom) outer solution close to the borehole for Pe = 0.03 and 𝑠 = (1 + 𝜄)∕2000.
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The solution to the outer region is meant to perform well at large
distances from the borehole, as demonstrated in Fig. 3. Hence, good ac-
curacy is not expected close to the borehole. Nonetheless, the solution
to the outer region also performs well there, as shown at the bottom of
Fig. 3. While the zeroth order solution to the outer region follows more
or less the modulus and argument isolines of the reference solution,
the complete asymptotic model follows them surprisingly good. In fact,
better that the solution to the inner region presented before.

This a-priori unexpected accuracy is a consequence again of the
presence of all three phenomena (thermal inertia, heat convection, and
heat conduction) in the governing equations for the outer region. Then,
the inner region can be seen as a simplified version of the outer region
in which heat conduction dominates.

Of course, the outer solution is unable to represent the heat transfer
taking place inside the borehole, reason why in the middle and bottom
plots in Fig. 3 the dashed red isolines and black isolines end at the bore-
hole wall. Additionally, the outer solution requires information from
the inner solution to correctly set the values of its integration constants
𝐶̃00, 𝐶̃10, and 𝐶̃1(±1). Hence, an inner region with its asymptotic solution
is always required regardless of the performance of the outer solution
close to the borehole.

4.3.2. Pe = 1.00 And 𝑠 = (1 + 𝜄)∕2000
When the Peclet number of the groundwater flow or the non-

dimensional position 𝑠 in the complex-valued Laplace place are not
mall compared to unity, the premise for the performed asymptotic
nalysis no longer exists. Then, the proposed model looses its validity
nd a sharp drop in its accuracy is expected.

Fig. 4 shows the grout/ground temperature for the unfavorable set
f values of Pe = 1.00 and 𝑠 = (1 + 𝜄)∕2000. Again, modulus and
rgument of 𝛩̃ are represented on the left and right plots, respectively,
nd three different solutions are compared in each plot using the same
epresentation convention as in the previous subsection.

As anticipated, the proposed model fails to correctly reproduce the
emperature distribution in grout and ground. In fact, only the modulus
f the grout temperature is predicted reasonably well. Everything else
resents unacceptable error levels. Also the addition of the first order
orrection to the zeroth order solution, which in the previous example
mproved the results, does not help in this case.

Despite the bad results close to the borehole, the proposed model
erforms surprisingly well further away from the borehole, at the outer
egion. As seen in Fig. 4, it correctly reproduces there the modulus
nd argument of the ground temperature. Again, this is a consequence
f two factors. First, that all three phenomena (thermal inertia, heat
onvection, and heat conduction) are present in the governing equa-
ions for the outer region. Second, that the solution to the inner region
s accurate enough at the borehole wall, where the values of 𝐴̃0𝑛
re defined, so that the integration constants 𝐶̃00, 𝐶̃10, and 𝐶̃1(±1) are
ccurate as well.

The solution to the outer region also performs well close to the
orehole, as observed at the bottom of Fig. 4. In fact, it clearly outper-
orms the solution to the inner region presented before. This casts again
oubts on the need and usefulness of the inner region. But as already
ointed out in the previous example, the inner region is integral part of
he asymptotic analysis leading to the proposed model so that it cannot
e obviated or circumvented.

Although not shown here, the same conclusions regarding the per-
ormance of the proposed model apply to other combinations of un-
avorable values for Pe and 𝑠. For instance, small Peclet numbers
ombined with order unity values of 𝑠. Or Peclet numbers and values
f 𝑠 that are both of order unity. In all these cases the proposed model
erforms well far from the borehole but fails to correctly reproduce the
12

emperature field inside the borehole and close to it. t
4.4. Solutions in the time domain

Known the grout/ground temperature in the complex-valued
Laplace plane, the time evolution of the problem is recovered by
applying the inverse Laplace transform. Due to the mathematical com-
plexity of the developed model, this step is done numerically [67]. The
algorithm to use requires the evaluation of the solution at a reduced set
of positions 𝑠 in the Laplace plane. The computation of these solutions
as well as the subsequent application of the inversion algorithm is
performed entirely within COMSOL.

The computational cost of the followed approach is lower than
the one of time-marching the governing equations till the time in-
stants of interest. For the two examples shown next, for which the
complete grout/ground temperatures are required, a threefold speedup
is achieved. Also overall grid independence is accomplished much
easier for this unsteady problem as temporal discretization errors are
nonexistent and the accuracy of the numerical inversion of the Laplace
transform is on par with machine precision [67].

4.4.1. Pe = 0.03
Fig. 5 shows the time evolution of the grout/ground temperature for

the favorable Peclet number of 0.03. Three different instants in time
are shown, namely, 𝜏 = 20 at the top, 𝜏 = 200 at the middle, and
𝜏 = 2000 at the bottom. The left and right plots represent, respectively,
the inner and outer solutions using the same representation convention
as in previous figures, with the reference solution included as well in
the plots.

One of the hypotheses underlying the asymptotic analysis of the
present work is that the characteristic heat injection time 𝑡𝑞 is large
compared to the characteristic transversal diffusion time 𝑡𝑏. This re-
quires the non-dimensional time 𝜏 to be large compared to unity for the
developed model to perform well. The results shown in Fig. 5 confirm
this. The shown results also reveal that the model performs well for the
not-so-large value of 𝜏 = 20, especially the asymptotic solution to the
outer region.

To quantitatively assess the accuracy of the proposed model, Fig. 6
represents, for 𝜏 = 2000, the different solutions along the green line
depicted in Fig. 5. This line starts at the rear stagnation point of the
borehole, located at (𝑟, 𝜃) = (𝑟𝑏, 0◦), and follows the groundwater flow
downstream of the borehole. The left plot in Fig. 6 represents the
temperatures attained by the reference solution and by the different
asymptotic solutions for the inner and outer regions. The right plot
represents the absolute errors of the different asymptotic solutions
when compared to the reference solution.

Close to the borehole, the zeroth order solution to the inner region
follows the reference solution with absolute (relative) errors in the
range of 0.03–0.20 (1.1%–15.4%). The accuracy improves an order of
magnitude by adding the first order correction to the inner region, lead-
ing to absolute (relative) errors in the range of 0.002–0.03 (0.1%–2.3%).

s expected, the obtained solutions for the inner region perform worse
ith increasing distances from the borehole, where the solutions to the
uter region must be used instead.

Far from the borehole, the zeroth order solution to the outer region
lready performs good, with absolute (relative) errors that start at 0.03
2.3%) and decay with increasing distances to the borehole. Inclusion
f the first order correction to the outer region improves again the
ccuracy by an order of magnitude, leading to absolute (relative) errors
elow 0.002 (0.2%). The complete asymptotic solution to the outer
egion also performs good at distances to the borehole belonging to
he inner region of the problem: The crossover between the outer and
nner solutions takes place at non-dimensional distances between 3 and
.

To ensure the correctness of the absolute errors shown in Fig. 6,
uccessive mesh refinements were performed in COMSOL till the plot-
ed curves stopped changing. Fig. 7 exemplifies this by showing the
volution of the reference temperature at the rear stagnation point of

◦
he borehole, located at (𝑟, 𝜃) = (𝑟𝑏, 0 ), with the number of mesh nodes.
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Fig. 4. (Top) inner solution, (middle) outer solution, and (bottom) outer solution close to the borehole for Pe = 1.00 and 𝑠 = (1 + 𝜄)∕2000.
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Fig. 5. (Left) inner solution and (right) outer solution for Pe = 0.03.
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Fig. 6. (Left) Temperature and (right) absolute errors for Pe = 0.03 and 𝜏 = 2000.
Fig. 7. Rear stagnation point temperature versus number of mesh nodes.

4.4.2. Pe = 1.00

Fig. 8 shows the time evolution of the grout/ground temperature
for the unfavorable Peclet number of 1.00 using the same representa-
tion convention as before. Three different instants in time are shown,
namely, 𝜏 = 20 at the top, 𝜏 = 50 at the middle, and 𝜏 = 200 at the
bottom.

Since the convective transport of heat is now stronger, the thermal
wake behind the borehole builds up faster so that the final steady-state
is already attained for 𝜏 = 200. The steady-state is reached even sooner
close to the borehole, where no relevant differences can be observed
between the grout/ground temperatures at 𝜏 = 50 and 𝜏 = 200.

Regarding the performance of the proposed model, all remarks
made so far also apply to this case so that its inclusion is more for the
sake of completeness than for the discussion of anything new.
15
4.5. Time-harmonic responses

So far, the problem has been addressed in the complex-valued
Laplace plane. This is of great practical interest as it allows arbitrarily-
varying heat injection rates per unit pipe length to be specified at
the pipes. More enlightening, however, is the analysis of the thermal
response to time-harmonic variations as then a sweep in angular fre-
quencies can be performed. This sweep allows to show and discuss the
rise and fall of thermal inertia with the aid of one single plot. As shown
next, the proposed model is also applicable, with a minor tweak, to this
case [53].

Consider the following time-harmonic variations for the grout/
ground temperature, for the fluid temperatures in the pipes, for the heat
injection rates per unit pipe length, and for the heat injection rate per
unit borehole length:

Θ = Θ̂ e𝜄𝜔𝜏 + Θ̂∗ e−𝜄𝜔𝜏 , Θ𝑗 = Θ̂𝑗 e𝜄𝜔𝜏 + Θ̂∗
𝑗 e

−𝜄𝜔𝜏 ,

q𝑗 = q̂𝑗 e𝜄𝜔𝜏 + q̂∗𝑗 e
−𝜄𝜔𝜏 , q = q̂ e𝜄𝜔𝜏 + q̂∗ e−𝜄𝜔𝜏 .

In these expressions 𝜔 is the non-dimensional angular frequency of
the time-harmonic variations, Θ̂, Θ̂𝑗 , q̂𝑗 , and q̂ are the corresponding
harmonics, and the superscript * denotes the complex conjugate of a
variable.

Substitution of these time-harmonic variations into the heat transfer
problem formulated in Section 2 leads to a mathematical problem for
the harmonics Θ̂ and Θ̂𝑗 that is almost identical to the one for the
Laplace-transformed functions Θ̃ and Θ̃𝑗 . Only the governing equations
in ground and grout change slightly, being now

𝜄𝜔 Θ̂ + Pe
[

v𝜌
𝜕Θ̂
𝜕𝜌

+
v𝜃
𝜌

𝜕Θ̂
𝜕𝜃

]

= 1
𝜌

𝜕
𝜕𝜌

(

𝜌 𝜕Θ̂
𝜕𝜌

)

+ 1
𝜌2

𝜕2Θ̂
𝜕𝜃2

and

𝜄𝜔
𝛼𝑔
𝛼𝑏

Θ̂ = 1
𝜌

𝜕
𝜕𝜌

(

𝜌 𝜕Θ̂
𝜕𝜌

)

+ 1
𝜌2

𝜕2Θ̂
𝜕𝜃2

.

Thus, all formulae derived in Section 3 is also applicable to time-
harmonic problems once position 𝑠 is replaced by 𝜄𝜔. The same applies
to the thermal influence of the borehole discussed later in Section 7.

The frequency response of the borehole and its surrounding ground
is presented in Fig. 9. The left and right plots show the modulus
and argument of the mean azimuthal borehole wall temperature Θ̂𝑏,
respectively, as returned by the reference solution, by the zeroth order
solution, and by the complete asymptotic solution.



Applied Thermal Engineering 236 (2024) 121626

16

J. Rico and M. Hermanns

Fig. 8. (Left) inner solution and (right) outer solution for Pe = 1.00.
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Fig. 9. Mean azimuthal borehole wall temperature Θ̂𝑏.
The represented temperature Θ̂𝑏, defined as

Θ̂𝑏 =
1
2𝜋 ∫

𝜋

−𝜋
Θ̂||
|𝜌=1

d𝜃,

is considered by most researchers as the temperature at which the bore-
hole perceives the surrounding ground [18]. This interpretation, how-
ever, is known to be flawed in the absence of groundwater flows [51,
53]. But the momentary lack of a better alternative, as explained later
in Section 6, renders it as the best available quantity to represent here.

For values of the Peclet number of order 0.01, the proposed model
accurately reproduces the mean azimuthal borehole wall tempera-
ture Θ̂𝑏, with the three curves for the reference solution, the zeroth
order solution, and the complete asymptotic solution being almost
indistinguishable in the plots.

The three curves become distinguishable for Peclet numbers an
order of magnitude larger. That is, for Pe ∼ 0.1. But the accuracy of
the proposed model remains high, with relative errors below 1% for
the modulus of Θ̂𝑏. It is not until Peclet numbers of order unity that
the relative errors reach unacceptable levels of almost 23%. This makes
sense as the performed asymptotic analysis is not valid for such large
values of the Peclet number and, consequently, the accuracy of the
proposed model cannot be assured.

The previous accuracy assessments and discussions hold as long
as the non-dimensional angular frequency 𝜔 is small compared to
unity. Then, the characteristic time 𝑡𝑞 of the harmonic oscillation,
closely related to its period, is large compared to the characteristic
transversal diffusion time 𝑡𝑏 and the performed asymptotic analysis is
valid. Therefore, it comes as no surprise that the proposed model fails
to correctly predict the mean azimuthal borehole wall temperature Θ̂𝑏
for non-dimensional angular frequencies of order unity.

In summary, the numerical examples presented and discussed show
that the proposed model performs well as long as the underlying
asymptotic analysis is valid. That is, as long as the Peclet number of
the groundwater flow is small compared to unity and the characteristic
heat injection time 𝑡𝑞 is large compared to the characteristic transversal
diffusion time 𝑡𝑏. If these conditions are not met, the proposed model
fails to correctly represent the grout/ground temperature in the vicinity
of the borehole, although it still succeeds in reproducing the ground
temperature further away from the borehole.

5. Existing models for the problem

Most models for the thermal response of geothermal boreholes do
not consider the presence of aquifers. For them, conduction is the solely
17
heat transfer mechanism in the ground. Although apparently unrelated
to the present work, these models are responsible for most of the
characteristics of the models to review. Therefore, the discussion that
follows next inevitably starts with them.

A common denominator to most models involving purely-
conducting grounds is that the characteristic heat injection time 𝑡𝑞 is
considered large compared to the characteristic transversal diffusion
time 𝑡𝑏 [29,41,47,53]. This assumption introduces a two-region struc-
ture into the problem that enables the development of efficient, albeit
accurate, theoretical models for the thermal response of geothermal
boreholes [13].

The inner region, located close to the borehole, is quasi-steady. In
the case of purely-conducting grounds, its solution leads to a highly
convenient network of thermal resistances that links the heat injec-
tion rates per unit pipe length of the pipes with certain temperature
differences [47,53,58,59].

One of the temperatures involved represents the thermal behavior of
the ground located further away from the borehole. To obtain its value,
the solution to the unsteady outer region, located beyond the inner
region, is required. That solution is usually obtained by superposition
of point sources of heat that represent the thermal influence of the
borehole onto the purely-conducting ground [19,29,68].

The average temperature of the outer solution at the borehole
wall, known as the mean azimuthal borehole wall temperature [47],
is considered by most researchers as the temperature representing
the thermal behavior of the ground located further away from the
borehole [13,29,59,69]. In the limit of slowly-varying heat injection
rates, for which 𝑡𝑞 ≫ 𝑡𝑏, this assumption is correct [47,51,53]. The same
does not hold, though, for other relationships between 𝑡𝑞 and 𝑡𝑏 [51,53].

Adding an aquifer to the ground significantly changes the heat trans-
fer problem to solve. Hence, ideas, concepts, and modeling approaches
meant for purely-conducting grounds do not necessarily extrapolate
to the thermal interaction of geothermal boreholes with groundwater
flows. Nonetheless, researchers have assumed they are applicable and
have developed successful models that present the very same fea-
tures [17,18]. A formal proof that this can be done, at least for creeping
groundwater flows, was not available until the present work and the
follow-up one [70].

So, models involving groundwater flows present two distinct re-
gions. The inner region, located close to the borehole, is quasi-steady
and heat conduction is the only heat transfer mechanism in it. The
outer region, located further away from the borehole, is unsteady
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and considers both heat transfer mechanisms in the ground, namely,
conduction and convection, with the latter one slightly simplified due
to the assumption of a uniform velocity for the groundwater stream.
Finally, both regions are interweaved through the mean azimuthal
borehole wall temperature.

By comparing the described model structure with the present work
it becomes evident that the state of the art corresponds to the zeroth
order solution of the proposed model, with the integration constant 𝐴̃00
mbodying the mean azimuthal borehole wall temperature.

Most reviewed models obtain the solution to the outer region by
uperposing moving point-sources of heat that represent the thermal
nfluence of the borehole onto a ground moving at the effective seep-
ge velocity 𝑈∞ [19]. If the borehole is assumed infinitely long, the
o-called moving infinite line source models result [14,20–25]. On the
ontrary, the moving finite line source models take into account the finite

length of the borehole [24–36].
Moving infinite line source models are meant, just as the model pro-

posed in the present work, for operating conditions of the borehole in
which the characteristic heat injection time 𝑡𝑞 is small compared to the
characteristic longitudinal diffusion time 𝑡𝐻 . Then, three-dimensional
effects at the borehole endings are not important and the finite length
of the borehole plays a secondary role in the thermal response of the
ground [45,47].

Moving finite line source models, on the contrary, take into ac-
count the finite length of the borehole and the aforementioned three-
dimensional effects at the borehole endings. Consequently, they are also
valid for operating conditions in which 𝑡𝑞 and 𝑡𝐻 are comparable in
order. A downside of these models, however, is the significant increase
in mathematical complexity and computational cost. To partially mit-
igate this, all moving finite line source models assume a uniform heat
injection rate per unit borehole length 𝑞 along the borehole. For purely-
conducting grounds, however, it is known that this simplification is not
correct [48,49,52]. Nonetheless, good results for the thermal response
of geothermal boreholes are obtained with it [46].

Another simplification made by most moving finite line source
models is to assume groundwater flows with the same effective seepage
velocity 𝑈∞ at all depths. This hypothesis oversimplifies the strata
structure of the ground in which aquifers are confined to certain depth
ranges and are surrounded by purely-conducting layers of rock or soil.
Only the models developed by Hu [31] and by Erol and François [27]
take into account the layered structure of aquifers, although they do it
a clumsy way.

A different approach to the thermal response of the ground is
offered by infinite cylindrical source models. These take into account the
finite radius of the borehole when solving the heat transfer problem
in the ground, a task accomplished either numerically [4,39,40] or
analytically [37,38]. Inclusion of the borehole radius is considered an
improvement over models based on point-sources of heat. However,
the present work shows that the improvement must be rather small
as neither the zeroth order solution nor the first order correction to
the outer region depend explicitly on the borehole radius (𝜌Pe and
𝑠∕Pe2 do not depend on 𝑟𝑏). Consequently, its effect is relegated to the
integration constants 𝐴̃0(±1), present in 𝐶̃10 and 𝐶̃1(±1), and to higher
order terms of the asymptotic expansion of the problem. Additionally,
infinite cylindrical source models introduce important simplifications
in order to account for the borehole radius. So, all reviewed models
replace the interior of the borehole by a uniform Dirichlet or Neu-
mann boundary condition at the borehole wall [4,37–40]. And some
assume as well the groundwater flow to be uniform everywhere, a
simplification incompatible with the very presence of the borehole in
the ground [37,38].

Finally, hybrid models do exist as well that use all described mod-
eling approaches [41–44]. They choose one approach or the other
depending on the value attained by the characteristic heat injection
time 𝑡𝑞 . This renders them more complex but also more efficient from
18

a computational point of view.
6. Apparent temperature of the ground

The grout/ground temperature derived in Section 3, although es-
sential, is not the quantity of interest for the analysis of the thermal
response of geothermal boreholes. What is relevant instead is how the
perturbed grout/ground temperature appears in the governing equa-
tions for the convective transport of heat along the pipes, and whose
solution represents the sought thermal response of the borehole.

In the absence of groundwater flows everything is well understood.
All effects of the perturbed grout/ground temperature condense into
one single quantity called the apparent temperature of the ground [47,
53]. This temperature differs from the unperturbed one, 𝑇∞, in the
thermal influence the borehole exerts onto itself as a consequence
of the continuous exchange of heat with the ground. Therefore, it
represents the temperature at which the borehole perceives the sur-
rounding ground and is, as such, the same for all pipes. The derivation
of mathematical expressions for it represents an essential aspect of the
modeling of the thermal response of geothermal boreholes [47–49,52].

In the presence of groundwater flows, through, the applicability
of the aforementioned concept is not assured. First and foremost,
the enhanced multipole method used for the rigorous solution of the
heat conduction problem in grout and ground does not account for
groundwater flows [53]. Hence, the resulting mathematical proof and
physical interpretation of the apparent temperature of the ground do
not necessarily extend to boreholes interacting with groundwater flows.
Second, the moving groundwater introduces an asymmetry into the
problem. This casts doubts on the spatial uniformity of the apparent
temperature of the ground meaning that different pipes in a borehole
could perceive the surrounding ground in different ways.

The answer to all these doubts is beyond the scope of the present
work as the exact solution to the formulated heat transfer problem is re-
quired for that. Only so is it possible to correctly identify what precisely
is the apparent temperature of the ground. The authors have addressed
this challenge by modifying the enhanced multipole method [70].
However, not the full heat transfer problem formulated in Section 2
has been considered for that but the asymptotic approach presented in
Section 3. The outcome of their work is that an apparent temperature of
the ground can still be defined in the presence of creeping groundwater
flows, but different values result for each pipe in the borehole.

7. Thermal influence of a borehole

The thermal interaction between adjacent boreholes has negative
consequences for the performance of geothermal HVAC systems. Hence,
the thermal influence exerted by a geothermal borehole onto its sur-
rounding ground is of utmost importance for the accurate forecasting
of the thermal response of geothermal heat exchangers composed of
multiple boreholes.

The typical distance between adjacent boreholes, of a few meters,
is significantly larger than the borehole radius so that 𝜌 ≫ 1. Conse-
quently, the solution to the outer region is employed to describe the
thermal influence a certain borehole exerts onto adjacent boreholes.
By truncating the asymptotic expansion for the outer solution, Eq. (10),
and substituting thereafter the derived expressions for the zeroth order
solution and first order correction:

Θ̃out =
[

q̃
2𝜋

+ Pe 𝐶̃10

]

e
𝜌Pe
2 cos(𝜃)𝐾0

(

𝜌Pe
2

√

1 + 4𝑠
Pe2

)

+ Pe 𝐶̃1(+1) e
𝜌Pe
2 cos(𝜃)𝐾1

(

𝜌Pe
2

√

1 + 4𝑠
Pe2

)

e+𝜄𝜃

+ Pe 𝐶̃1(−1) e
𝜌Pe
2 cos(𝜃)𝐾1

(

𝜌Pe
2

√

1 + 4𝑠
Pe2

)

e−𝜄𝜃 .

Replacing the integration constants 𝐶̃10 and 𝐶̃1(±1) by their expres-
sions leads, after some rearrangement, to

Θ̃out =
f̃ e

𝜌Pe
2 cos(𝜃)𝐾0

(

𝜌

√

𝑠 + Pe2
)

2𝜋 4
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+ 𝐴̃0(+1) e
𝜌Pe
2 cos(𝜃)

√

𝑠 + Pe2

4
𝐾1

(

𝜌

√

𝑠 + Pe2

4

)

e+𝜄𝜃

+ 𝐴̃0(−1) e
𝜌Pe
2 cos(𝜃)

√

𝑠 + Pe2

4
𝐾1

(

𝜌

√

𝑠 + Pe2

4

)

e−𝜄𝜃 . (28)

A non-dimensional fictitious heat injection rate per unit borehole length
f̃ is identified in the previous expression. It subtracts from the true
value q̃ the contributions of the azimuthal corrections:

f̃ (𝑠) = q̃(𝑠) − Pe𝜋
(

𝐴̃0(+1)(𝑠) + 𝐴̃0(−1)(𝑠)
)

.

To complete the formulae for the thermal influence of a bore-
hole, expressions for 𝐴̃0(±1) are required. As shown in Hermanns and
Rivero [51] and Rico and Hermanns [70], they are linear combinations
of the heat injection rates per unit pipe length q̃𝑗 , with the weights not
depending on the position 𝑠 in the complex-valued Laplace plane:

𝐴̃0𝑛(𝑠) =
𝑁𝑝
∑

𝑗=1
𝐴0𝑛𝑗

q̃𝑗 (𝑠)
2𝜋𝜅

.

In the absence of an exact expression for the zeroth order solution to
the inner region, as happens in the present work, the coefficients 𝐴̃0(±1)
re obtained numerically following the same procedure as in Section 4:

̃0(±1)(𝑠) =
1
2𝜋 ∫

𝜋

−𝜋
Θ̃(0)

in
|

|

|𝜌=1
e∓𝜄𝜃 d𝜃.

.1. Time-domain recovery

The formulae presented so far is best suited for theoretical mod-
ls that describe and solve the thermal response of geothermal heat
xchangers in the complex-valued Laplace plane. To obtain the cor-
esponding time evolution, the inverse Laplace transform is applied
umerically to their outcomes [67].

Models that obtain the thermal response directly in the time domain
o also exist. For them it is necessary to first obtain the inverse Laplace
ransform of Eq. (28) so that the outcome is incorporated into them.
ortunately, this can be accomplished analytically by combining three
roperties of the Laplace transform theory, namely, a shift in 𝑠 of
agnitude Pe2∕4, the Laplace transform

⎡

⎢

⎢

⎣

(𝜌
2

)

|𝑛| 𝑒−
𝜌2
4𝜏

2𝜏|𝑛|+1

⎤

⎥

⎥

⎦

=
(

√

𝑠
)

|𝑛|
𝐾𝑛

(

𝜌
√

𝑠
)

,

nd the convolution theorem [60]. The result is the thermal influ-
nce exerted by a geothermal borehole onto its surrounding ground
xpressed directly in the time domain:

out = e
𝜌Pe
2 cos(𝜃)

∫

𝜏

0

f (𝜆)
4𝜋

e−
𝜌2

4(𝜏−𝜆)−
Pe2
4 (𝜏−𝜆)

(𝜏 − 𝜆)
d𝜆

+ e
𝜌Pe
2 cos(𝜃)𝜌e+𝜄𝜃∫

𝜏

0
𝐴0(+1)(𝜆)

e−
𝜌2

4(𝜏−𝜆)−
Pe2
4 (𝜏−𝜆)

4 (𝜏 − 𝜆)2
d𝜆

+ e
𝜌Pe
2 cos(𝜃)𝜌e−𝜄𝜃∫

𝜏

0
𝐴0(−1)(𝜆)

e−
𝜌2

4(𝜏−𝜆)−
Pe2
4 (𝜏−𝜆)

4 (𝜏 − 𝜆)2
d𝜆, (29)

where

f (𝜏) =
𝑁𝑝
∑

𝑗=1

[

1 − Pe𝜋
(

𝐴0(+1)𝑗 + 𝐴0(−1)𝑗
)]

q𝑗 (𝜏)

and

𝐴0(±1)(𝜏) =
𝑁𝑝
∑

𝑗=1
𝐴0(±1)𝑗

q𝑗 (𝜏)
2𝜋𝜅

.

The first term in Eq. (29) is well known from the state of art [19].
t represents the thermal influence exerted by a moving infinite line
ource of heat. The novelty of the present work resides in its math-
matically rigorous derivation, using matched asymptotic expansion
19

i

techniques, and in the presence of a fictitious heat injection rate per
unit borehole length f (𝜏) replacing the real one q(𝜏).

Completely nonexistent in the prevailing literature are the second
and third terms in Eq. (29). They represent higher order corrections that
can only be envisioned and derived through mathematically rigorous
approaches. These novel terms account for the spatial position of the
pipes inside the borehole and their relevance seems a-priori high, based
on the absence of a multiplying Peclet number in Eq. (29). But it was
shown in Section 4 that this is not the case, with these terms indeed
representing small corrections to the thermal influence of a borehole.

7.2. Constant heat injection rates

When heat injection rates per unit pipe length q𝑗 (𝜏) are constant in
time, f and 𝐴0(±1) are constants as well. Then, Eq. (29) can be written
in a more compact and enlightening way now that f and 𝐴0(±1) can be
taken out of their respective integrals:

Θout =
f
2𝜋

e
𝜌Pe
2 cos(𝜃)𝐾0

(

𝜌Pe
2

, Pe
2

4
𝜏
)

+ 𝐴0(+1)e+𝜄𝜃
Pe
2

e
𝜌Pe
2 cos(𝜃)𝐾1

(

𝜌Pe
2

, Pe
2

4
𝜏
)

+ 𝐴0(−1)e−𝜄𝜃
Pe
2

e
𝜌Pe
2 cos(𝜃)𝐾1

(

𝜌Pe
2

, Pe
2

4
𝜏
)

. (30)

The functions 𝐾𝑛(𝑧,𝑤), defined as

𝑛(𝑧,𝑤) = 1
2

( 𝑧
2

)𝑛

∫

𝑤

0

𝑒−
𝑧2
4𝜆 −𝜆

𝜆𝑛+1
d𝜆,

hide now all the mathematical complexity of Eq. (30). Their nomencla-
ture is chosen on purpose as they are closely related to the modified
Bessel functions of the second kind 𝐾𝑛(𝑧) to which they converge when
heir second argument tends to infinity [62]:

lim
→∞

𝐾𝑛(𝑧,𝑤) = 𝐾𝑛(𝑧).

owever, they should not be called incomplete modified Bessel func-
ions of the second kind as better candidates for that name already exist
n the literature [71].

Regarding the computation of 𝐾𝑛(𝑧,𝑤), these functions can handily
be expressed in terms of generalized incomplete gamma functions
whose evaluation has thoroughly been studied in the literature, both
analytically [72–75] and numerically [76,77]. Since the present appli-
cation leads to very demanding values for the arguments of 𝐾𝑛(𝑧,𝑤),
he authors have developed their own expansions for the generalized
ncomplete gamma functions which outperform the existing ones [78].

Fig. 10 shows, for the borehole configuration considered in Sec-
ion 4, the time evolution of the ground temperature on a circle located
t a distance 𝜌 = 50 from the borehole. Left and right plots represent
he evolution for two different values of the Peclet number, namely,
.01 and 0.1 respectively, obtained from implementing in Fortran95
q. (30) and the expansions for 𝐾𝑛(𝑧, 𝑥) [78].

First and foremost, the complete asymptotic solution as well as
he zeroth order solution perform very good, with deviations from the
eference solution that are negligible from an engineering point of view.
he shown results also evidence the little impact the Peclet number of
he groundwater flow has on the accuracy of the model, a conclusion
n line with the observations made in Section 4.

The Peclet number of the groundwater flow has, however, a strong
mpact on the thermal influence of the borehole, as seen in Fig. 10. On
ne hand, the intensity of the thermal influence grows with decreasing
eclet numbers. This is a consequence of the inherent inefficiency of
eat conduction that leads to a build up of heat around the borehole.
his build up takes place in all spatial directions, not only downwards
f the borehole, leading to the shift in temperatures observed on the left
lot. On the other hand, the final steady-state of the thermal influence
s reached sooner for increasing Peclet numbers of the groundwater
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Fig. 10. Unsteady thermal influence of the borehole.
flow. This makes sense as the convective transport of heat is then more
intense, washing away faster the intermediate temperature states.

The previous two statements regarding the influence of the Peclet
number can also be inferred from Eq. (30). The aforementioned build
up in temperatures is the result of 𝜌Pe becoming smaller in the argu-
ment of the exponential function. And the product Pe2𝜏 becoming larger
in the second argument of the functions 𝐾𝑛(𝑧,𝑤) is the reason for the
faster transition towards the final steady-state.

7.3. Steady-state solution

The final steady state reached by the thermal influence of a geother-
mal borehole, with constant heat injection rates per unit pipe length,
can be obtained in two different ways. The first one consists in letting 𝜏
tend to infinity in Eq. (30). This approach exploits that 𝐾𝑛(𝑧,𝑤) tends
to the modified Bessel function of the second kind 𝐾𝑛(𝑧) under that
limit. The second one consists in using the Final Value Theorem applied
to Eq. (28) [60]. Both approaches obviously lead to the same result:

Θout
|

|

|𝜏→∞
= f

2𝜋
e
𝜌Pe
2 cos(𝜃)𝐾0

(

𝜌Pe
2

)

+ 𝐴0(+1)e+𝜄𝜃
Pe
2

e
𝜌Pe
2 cos(𝜃)𝐾1

(

𝜌Pe
2

)

+ 𝐴0(−1)e−𝜄𝜃
Pe
2

e
𝜌Pe
2 cos(𝜃)𝐾1

(

𝜌Pe
2

)

.

Fig. 11 shows, for the borehole configuration considered in Sec-
tion 4, the steady-state ground temperature on a circle located at the
distance 𝜌 = 50 from the borehole center. The plotted results, obtained
from implementing in Fortran95 the previous equation, evidence once
again the capability of the proposed model to correctly predict the
thermal influence of a borehole, regardless of the Peclet number of
the groundwater flow. Also the build up of heat around the borehole,
pointed out in the previous section, and its dependence on the Peclet
number are perfectly identifiable in Fig. 11 in which results for Peclet
numbers up to 10 are represented.

7.4. Purely-conducting limit

Whenever an existing model is improved by the addition of a new
physical phenomenon, it is desirable that the resulting model reverts
to the existing one whenever the new phenomenon becomes negligible.
For the present work it means the developed formulae should revert to
the purely-conducting case for vanishing groundwater velocities.
20
Fig. 11. Steady-state thermal influence of the borehole.

The purely-conducting limit of the thermal influence exerted by a
borehole onto its surrounding ground is obtained by letting the Peclet
number tend to zero in any of the expressions presented in Section 7.
The best suited expression for that is Eq. (29) which simplifies to

Θout = ∫

𝜏

0

f (𝜆)
4𝜋

e−
𝜌2

4(𝜏−𝜆)

(𝜏 − 𝜆)
d𝜆

+ 𝜌e+𝜄𝜃∫

𝜏

0
𝐴0(+1)(𝜆)

e−
𝜌2

4(𝜏−𝜆)

4 (𝜏 − 𝜆)2
d𝜆

+ 𝜌e−𝜄𝜃∫

𝜏

0
𝐴0(−1)(𝜆)

e−
𝜌2

4(𝜏−𝜆)

4 (𝜏 − 𝜆)2
d𝜆 (31)

with

f (𝜏) =
𝑁𝑝
∑

𝑗=1
q𝑗 (𝜏) = q(𝜏).

The first term in Eq. (31) is again well known from the state of the
art [19]. It represents the thermal influence exerted by an infinite line
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source of heat. Again, the novelty of the present work resides in the
followed derivation procedure and not in the term itself. The remaining
two terms are again the higher order corrections introduced here for the
first time.

Finally, and for the sake of completeness, for constant heat injection
rates per unit pipe length a simpler and more convenient expression for
the thermal influence of a borehole is obtained, namely,

Θout =
q
4𝜋

𝐸1

(

𝜌2

4𝜏

)

+
(

𝐴0(+1)e+𝜄𝜃 + 𝐴0(−1)e−𝜄𝜃
) e−

𝜌2
4𝜏

𝜌
,

in which 𝐸1(𝑧) represents the exponential integral [62]. As well known
for two-dimensional heat conduction problems, no steady state solution
exists in this case [19].

8. Conclusions

The performance of geothermal heat exchangers relies heavily on
the thermal characteristics of the ground, being the slowness of heat
conduction the main limiting factor. When aquifers are present, though,
the thermal capabilities of the ground improve a lot, enabling the con-
struction of more compact and affordable heat exchangers. Of course,
theoretical models for the interaction of geothermal boreholes with
groundwater flows are required for the design of such geothermal heat
exchangers.

The present work has developed one such model for the case of
creeping groundwater flows. In them, the convective transport of heat
is weak enough that the Peclet number of the flow is small compared
to unity. Additionally, heating and cooling needs of the building are
assumed to vary slowly, a simplification that matches most operating
conditions of real-world geothermal HVAC systems.

Scale analysis of the considered heat transfer problem has revealed
the existence of two distinct regions. The inner region encompasses
the borehole and the ground located close to the borehole. In it, heat
conduction dominates, with heat convection and thermal inertia being
second and third ranked, respectively. The relevance of the different
phenomena changes, though, further away from the borehole giving
rise to the outer region. In the distinguished limit considered in the
present work, all three physical phenomena are equally important in
the outer region.

The developed model for the interaction of geothermal boreholes
with groundwater flows is the result of exploiting the aforementioned
two-region structure using matched asymptotic expansion techniques.
For the solution to the outer region, closed-form expressions have
been obtained. For the solution to the inner region, though, only
semi-analytical results have been presented, with the derivation of
closed-form expressions postponed to a follow-up work by the authors.

Comparisons with detailed numerical simulations of the complete
heat transfer problem have shown that the proposed model exceeds
by an order of magnitude the accuracy of the state of the art, leading
to absolute (relative) errors below 0.03 (2.3%). This is accomplished
by incorporating, for the first time, azimuthal corrections which can
only be envisioned and derived following rigorous mathematical ap-
proaches, something the state of the art was lacking. The performed
comparisons have also highlighted the limitations of the proposed
model as its accuracy worsens when the assumptions underlying the
performed asymptotic analysis are not met. That is, when the Peclet
number becomes of order unity or the heating and cooling needs
change too fast.

The proposed model has also served to assess, for the first time,
the theoretical and conceptual merits and limits of the state of the
art. Thanks to its underlying asymptotic analysis it is now proven that
ideas, concepts, and modeling approaches meant for purely-conducting
grounds are also applicable to grounds with creeping groundwater
flows. It has also been shown that the state of the art coincides with
the zeroth order solution derived in the present work and that some of
the improvements proposed in the literature, like the infinite cylindrical
21
source models, have in reality a limited impact onto the accuracy of the
results.

The next step in the roadmap of the authors is the development of
a model valid for stronger groundwater flows with Peclet numbers of
order unity. The interest in such a model is threefold. First, geothermal
piles, with their larger borehole radii, lead to larger Peclet numbers
for the groundwater flow. Second, analysis of geothermal boreholes in
fracturated igneous and metamorphic grounds becomes feasible. And
third, it represents the next logical step in the development of a single
theoretical model valid for all Peclet numbers.
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