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Abstract

Causal graphs are powerful instruments for structuring information and analyzing the
extent to which an observed effect can be attributed to a given cause. In this work, we
demonstrate how edge-weighted causal graphs can be used to quantify whether a sentence
acts as a direct or indirect cause. We introduce methods to identify the causal path with the
highest total strength between two concepts and, given a specific context, to determine the
pair of concepts with the strongest causal connection. In addition, we propose centrality
measures that incorporate causality scores and graph weights, enabling the ranking of
sentences by causal importance and identifying the most relevant ones.

Keywords: weighted causal graphs; causality; causal model; causal representation;
centrality measures

MSC: 05C20; 05C22

1. Introduction

Causality is a fundamental concept in scientific research, as well as in any philosophical
discourse, playing a key role in establishing explanations or predictions. Aristotle classified
causality in Posterior Analytics (APost. 71 b 9-11; cf. APost. 94 a 20) into four distinct
types: material, formal, efficient, and final [1,2]. The academic debate on causality has
been conducted from two central viewpoints: Hume, in his Treatise [3], suggested that
causality is a psychological construct derived from the consistent temporal sequencing of
events rather than an empirical reality. Kant and Mill defended causality as a fundamental
epistemological pillar for scientific study. In particular, Kant argued in [4] that the link
between cause and effect constitutes an a priori synthetic judgment, which is vital for
ensuring the objective integrity of empirical data. Mill highlighted its importance within
experimental science [5], claiming that the principle of universal causation ensures the
presence of overarching laws that can be identified via inductive reasoning.

According to the perspectives of Kant and Mill, we understand causality as a funda-
mental requirement for objective scientific knowledge. However, since this study employs
an empirical framework for analyzing causal links, we also incorporate Mach'’s interpreta-
tion of causality [6]. From this viewpoint, causality serves as a descriptive tool rather than
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an explanatory one: it functions as a mechanism to relate a cause to its effect, rather than
seeking to explain the effect through the cause.

Causal statements follow the “A causes B” framework, in which A represents the
cause, B denotes the effect, and “causes” acts as the causal connector. In general, any
relationship of a causal nature follows established principles where temporality ensures
that causes generally precede their effects, contiguity implies that causes are immediate to
their effects, and evidence suggests that causes and effects provide mutual evidence for
one another [7]. Causality is defined as a specific bond between two entities: the cause
and the effect. While the cause triggers the effect, the effect emerges as a consequence of
that cause. This process can manifest as direct causality, where A influences B and B is a
primary consequence of A, or as an indirect mechanism, where A influences C through
an intermediate node B, making C a secondary effect of A. The representation of causality
is expressed as “A causes B,” while the classical structure of conditionality follows the
“If A, then B” format. However, neither causality nor conditionality is limited to these
specific templates, as various synonyms for cause and effect can also signify a causal link.
Statements such as “B is due to A” or “A produces B” serve as alternative methods for
articulating causality, just as conditionality can be expressed through forms such as “B if A”
or “A if only B”. Consequently, a comprehensive study of causality must incorporate these
diverse linguistic variations to ensure a thorough analysis. If all the causes and effects are
known for a particular domain, and all the causal links connecting them are identified, a
causal theory can be provided. However, in many fields of knowledge it is not possible to
establish a closed universe of causes and effects or to determine with precision the causal
links among them. In such cases, it is convenient to replace ‘causal theories” with ‘causal
mechanisms’, ‘systems’, or ‘structures’, which are significantly weaker notions than the
previous one. While a theory is a logical and deductive matter, mechanisms associated
with systems or structures show gradation: sometimes, frequently, almost always a cause
determines, to a degree, an effect. Fuzziness in causality may arise when taking into
consideration that (i) causes can be imprecise or vaguely qualified by semantic hedges (e.g.,
severe heart attack); (ii) the causal links may be affected by approximate quantifiers (e.g.,
frequently causes); (iii) effects can also be imprecise (e.g., acute pain)—a severe heart attack
frequently causes acute pain [8].

The use of causal graphs as a method for information representation is quite popular,
as demonstrated by the work of Pearl [9], Spirtes [10], and Sobrino et al. [11]. Typically,
these models use qualitative labels on the edges to denote causal intensity, employing

” o

terms such as “always,” “can,” or “sometimes”. Some models have introduced numerical
weighting for edges, marking a significant advancement in how causal relationships are
quantified and analyzed.

In the field of causality representation, Kosko’s fuzzy cognitive map (FCM) [12] is
a traditional tool for representing and managing vague causality. Originally, cognitive
maps were introduced by Axelrod [13] as a framework for analyzing political decision-
making processes. However, their application has been expanded across a wide array of
fields, including manufacturing systems, business management, data warehousing, and
the sustainability of ecosystems [14]. Carvalho & Tomé [15] extended FCM through Rule-
Based Fuzzy Cognitive Maps, a formalism for representing relations other than monotonic
causality. Beyond the fuzzy field, causality has received attention in the field of Artificial
Intelligence. Benferhat et al. provided in [16] a comparison of several formal models of
causal ascription, determining which elements can be causally related in a sequence of
cause—effect relations based on some knowledge about the world. In [17], Boutouhami and
Mokhtari suggested possibilistic logic as the most appropriate tool for grasping the notion
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of partial explanation by Halpern and Pearl, providing a stratification of all possible partial
explanations for a given agent request.

Kosko was the first to label arcs in a causal relation with fuzzy quantifiers. In [12],
he includes a FCM (see Figure 1), illustrating causal relationships affecting a bridge as
a tactical target in military science, exemplifying that if ‘interdiction action’ increases,
‘bridge damage’ also increases significantly, or that if ‘bridge damage’ increases, ‘bridge
use’ decreases significantly.
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Figure 1. Kosko’s causal map regarding bridge’s tactical target.

Kosko’s approach to fuzzy causality representation involves identifying nodes labeled
by fuzzy concepts (including quantity or non-quantity fuzzy sets and fuzzy modifiers), and
arcs weighted by fuzzy quantifiers. Although valuable, examples from real scenarios such
as the one previously mentioned should be extended to other domains. This extension will
permit proper testing as to what extent the usual expressions of causality are formulated
using vague language.

To represent information, traditional graph theory metrics, such as PageRank or
standard Betweenness Centrality, often fail to capture the nuances of causal dynamics.
While PageRank identifies importance based on link frequency and Betweenness highlights
nodes that lie on many paths, our model provides a more realistic weighting of causal
intensity between nodes by incorporating negative weights, which aligns more closely
with real-world interpretations. Consequently, we are able to calculate the specific strength
of each causal path within the system, as a product of causal weights, allowing for the
identification of the most potent causal chain rather than just the shortest path or the one
with more links.

Taking as initial point the research by Lépez et al. [18], which established methods for
determining the causal intensity of various paths between nodes, this paper introduces a
novel application of weighted causal graphs: the identification of new, causality-driven
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centrality measures. These metrics are designed to quantify vertex importance by analyzing
the structural influence of a node, such as the cumulative strength of the paths originating
from it. By utilizing a graph weighted through causal scores, we can adapt these values to
highlight the most influential vertices and, consequently, predict the most potent sequence
of effects triggered by a specific cause.

In Section 2, we detail these newly developed centrality measures applied to a causal
graph, providing a comprehensive explanation of their mathematical foundations alongside
a practical case study to illustrate their use. In addition to this, as the principal novelty of
this work, we deal with negative weights in the causal graphs to model more realistic cases,
and we systematize the process with an algorithm that calculates the proposed centrality
measures. The choice of negative weights in some of the edges of a causal graph represents
an advance with respect to previous works by the authors, since it models cases in which a
vertex causes a negative effect on another one.

2. Weighted Centrality Measures

In this paper, we propose a modification of the centrality measures for vertices in
causal graphs introduced in [18], by incorporating the weights of their incoming edges.
This leads to the concept of a dynamic graph, where edge weights are not fixed but are
instead computed based on their degree of causality. As a result, centrality is evaluated
from a causal perspective.

To expand the scope of the measures defined in [18], we will allow negative weights to
represent the idea of a concept that causes a negative effect (the opposite effect) on another
concept.

With these premises, we establish the following definitions (see [18]):

Definition 1. We define a causal graph associated with a set of concepts as a weighted, directed
graph G = (V, E), where the vertices of V represent the selected concepts and (a, b) € E exists if
vertex a directly causes the effect on vertex b (without any intermediate vertex). The weight of an
edge (a, b), denoted as w(a, b), is a number in the interval [—1, 1] indicating the degree to which
vertex a directly causes the effect on vertex b for positive weights and the degree on which the vertex
a directly causes the opposite effect on vertex b for negative weights.

As an example, for the graph in Figure 2, if the vertex b represents sleep quality,
the vertex c represents a high level of stress and the vertex e represents mental health;
w(b, ) = 0.6 indicates that sleep quality causes mental health at a degree of 0.6, and
w(b, c) = —0.5 indicates that sleep quality causes a low level of stress at a degree of 0.5.

Remark 1. If the causal graph G has edges with negative weights, then we can associate a new
graph G' to G by duplicating the end vertices of the edges with negative weights, associating the
opposite concepts to the duplicated vertices and giving the opposite weights to the corresponding
edges. For example, due to the negative weight w(b, ¢) = —0.5, the associated graph will have a
vertex ¢’ that represents a low level of stress and an edge (b, ¢') withw(b, ¢') = 0.5. The associated
graph will not have the edge (b, c). This allows us to apply the techniques of [18].

Remark 2. In this section we will assume that the causal graph G has n vertices with n > 2 and
that it is an acyclic graph (a cycle would mean that a vertex indirectly causes itself, which does not
make sense in a graph intended to model causality).
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Figure 2. Causal graph G related to the example.

Definition 2. Given a causal graph with vertices set V.= {v1, ..., vy}, its weighting matrix is
M = (ai]‘) W with:

nx
b w(v;, v;) if (v;, v;) € E
7] 0if (v, v) ¢ E

Definition 3. Given a causal graph with set of vertices, V.= {v1, ..., vy}, we define the matrix
A= (”if)nxn’ where:

b w(v;, v;) vj if (vj, vj) € E
V) 0if (v, v) ¢ E

Definition 4. Given a causal graph with n vertices, G = (V = {vy, ..., vy}, E), we define
recursively the matrix Ay, k=1, ..., n—1as:
. w(v; v;) v; v if (v;, vj) € E
Ay = (a; , with a; = / / ] L A= A Ak =
1 ( ll)nxn wi ] { Olf(vi/ U]') ¢E k k-1
2, ..., n—1
The (symbolic) product of matrices is calculated without commuting factors.

Definition 5. Given a causal graph of n vertices, the weighted out-degree of a vertex is the sum of
all weights that originate from the vertex, and the weighted in-degree of a vertex is the sum of all the
weights of the edges incident to the vertex.

Definition 6. Given a causal graph of n vertices, the weighted centrality in the out-degree of a
vertex is the weighted out-degree of such vertex divided by n — 1, and the weighted centrality in the
in-degree of a vertex is the weighted in-degree of such vertex divided by n — 1.
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Remark 3. To calculate the weighted centrality out-degree of a vertex i, we just have to calculate the
sum of the elements of the row i of the weighting matrix divided by the order of such matrix minus 1.

Remark 4. To calculate the weighted centrality in-degree of a vertex i, we just have to calculate
the sum of the elements of the column i of the weighting matrix divided by the order of such matrix
minus 1.

We have a clear interpretation of these measures: the higher the value of the weighted
centrality out-degree of a vertex i, the greater direct influence of this vertex on its neighbors.
In a similar way, a high value of the weighted centrality in-degree for a vertex means a
high influence of the neighbors on this vertex. The factor in the denominator serves only
to normalize.

Definition 7. Given a causal graph of n vertices, the weighted proximity centrality for the out-
degree of a vertex is the sum of the degrees of all causal paths going from that vertex to the rest,
divided by n, where the degree of a path is the product of the weights of the edges contained in the
path, and a causal path is a path in a causal graph.

Definition 8. Given a causal graph of n vertices, the weighted proximity centrality for the in-degree
of a vertex v is the sum of the degrees of all causal paths going from all vertices to v, divided by n.

Remark 5. To calculate the weighted proximity centrality out-degree of a vertex i, we just have
to calculate the sum of the coefficients of the element (i, j) of the matrix A1 + ...+ A, —1 and add
these sums from j = 1 to n, dividing the result by n.

Remark 6. To calculate the weighted proximity centrality in-degree of a vertex j, we just have to
calculate the sum of the coefficients of the element (i, j) of the matrix Ay + ...+ A,—_1 and add these
sums from i = 1 to n, dividing the result by n.

We can motivate these definitions in the following way: a high value of the weighted
proximity centrality out-degree for a vertex indicates a high influence of this vertex on the
rest of the vertices, taking into account the direct influence (direct edge) and the indirect
influence (through intermediate vertices). Reciprocally, a high value of the weighted
proximity centrality in-degree points out to a vertex that is highly influenced by the others,
either in a direct or an indirect way.

In all cases we are looking for the vertex or vertices with the highest centrality measure.

Thus, we are going to establish an algorithm to calculate the weighted proximity
centrality for the output degree of a vertex v;. A similar algorithm would calculate the
weighted proximity centrality for the in-degree of a vertex v;, changing rows to columns.

Remark 7. Steps 1-3 calculate the matrices Ay, k =1, ..., n — 1. Step 4 calculates the matrix
A1+ ...+ Ay_1. Step 5 calculates the weighted proximity centrality for the output degree of the
vertex v;.

Remark 8. Since the algorithm involves sums and products of n matrices of order n, it has a
polynomial complexity.

Therefore, we are checking that the algorithm is correct and gives the desired centrali-
ties. We need a previous result:

Lemma 1. The element (i, j) of Ay gives the paths from v; to v; of length k with their degrees for
everyk=1,..., n—1
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Proof. We prove this by induction on k. For k = 1, we have two cases:

(1) If the element (i, j) of Ay is zero, then there is no direct path from v; to v;.

(2) If the element (i, j) of Ay is w(v; v]-) v; vj, then we have the edge (vi, vj) in G,
with weight w(v; v;), so we have the path of length 1 v; — v}, with the degree w(v; v;),
as desired.

Assume that the result is true for k — 1, so the element (i, j) of Ax_; gives the paths
from v; to v; of length k — 1 with their degrees.

Now, to obtain the element (i, j) of Ay, we have to multiply the element (i, s) of A; 1
with the element (s, j) of A and add the results fors =1, ..., n. We have three cases:

(1) If the element (i, s) of Ag_1 is 0, then there are no paths in the graph from v; to vs
of length k — 1, so there are no paths in the graph from v; to v; of length k containing v; as
the penultimate vertex. Consequently, the product is 0.

(2) If the element (s, j) of A is 0, then there is no edge (vs, ;) in the graph, so there
are no paths in the graph from v; to v; of length k containing vs as the penultimate vertex.
Consequently, the product is 0.

(3) If the element (i, s) of A;_71 and the element (s, j) of A are nonzero, then the
element (7, s) of Ay_7 gives all the paths from v; to vs of length k — 1 by the induction
hypothesis. Then, the product of the two elements adds the edge (v, v;) at the end of the
paths, so it gives all the paths from v; to v; of length k containing vs as the penultimate
vertex. If we add these products fors =1, ..., n, we obtain all the paths from v; to 0; of
length k.

On the other hand, the coefficients in the element (i, s) of A;_; are the degrees of
the corresponding paths from v; to vs of length k — 1 by the induction hypothesis. These
degrees are the products of the labels of the edges in the path according to Definition 7.
Therefore, the product with the coefficient in the element (s, j) of A yields the product
of the weights of the edges in the path from v; to v; of length k (the degree of the path),
as desired. [

Proposition 1. Let G be a causal graph and v; a vertex of G. Algorithm 1 gives the weighted
proximity centrality for the output degree of v;.

Algorithm 1: Weighted proximity centrality for the output degree

Input: a causal graph G with n vertices given by its weighting matrix M.

Output: the weighted proximity centrality for the out-degree of a given vertex v;.

Step 1: define k = 1.

Step 2: compute the product Ay A, where matrix A is defined in Definition 3. Store
the result as Ay, 1 according to Definition 4.

Step 3: redefine k = k + 1. If k < n — 1, then return to step 2. If k = n — 1, then go to
step 4.

Step 4: Add the stored matrices Ay fork=1, ..., n —1.

Step 5: Add the coefficients of the elements of the row i of the matrix obtained in
step 4. Divide the result by 7.

Proof. The element (i, j) of A gives the paths from v; to v; of length k with their degrees
by Lemma 1. The matrices Ay, k =1, ..., n — 1 are calculated and stored in the steps 1-3 of
the algorithm when k = n — 1. Now, the element (i, j) of A; + ...+ A,_; gives the paths
from v; to v; of length < n — 1. Since G is acyclic, these are all the paths from v; to v;. The
matrix Ay + ...+ A,_1 is calculated in step 4 of the algorithm. [J
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Consequently, the sum of the elements of the row i of Ay + ...+ A,_; gives all the
paths from v; to the rest of the vertices with their degrees, so the sum of the coefficients of
the elements of the row i gives the total degree of said paths. By Definition 7, dividing by
n, we obtain the weighted proximity centrality of the output degree of v;. This is done by
step 5 of the algorithm.

With these definitions and results, we propose a practical example based on Kosko’s
causal map in Figure 3 and calculate the weighted centrality of its vertices. The map
represents the causal linkages involved in a student’s time-planning problem.

a

c
© Can likely cause

likely causes

Figure 3. Kosko's causal map of student time planning.
We have seven vertices, 4, . . ., g. The concepts behind the vertices are shown in Table 1.

Table 1. The vertices in the example.

Vertex Concept Represented by the Vertex
a Hours of study
b Sleep quality
c High level of stress
d Diet
Mental health
f Motivation
g Good academic results

We also have the following edges and weights: (a, g), (b, ¢), (¢, e), (¢, §), (d, b),

(d, e), (e f),
w(a, §) = 0.8, w(b, e) = 0.6, w(b, ¢c) = —05,w(c, g) =—0.7,

https:/ /doi.org/10.3390/math14111887
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w(d, b) =05, w(d, e) =04, w(e, f) =07 w(f, a)=0.6

To avoid negative weights, we add a vertex ¢’ associated to the concept “low level of
stress”, and a vertex g’ associated to the concept “bad academic results”, establishing the
edges (b, ), with weight 0.5 and (¢, g’), with weight 0.7. We also remove the edges (b, ¢),
(¢, ) to obtain the associated graph G’ that we are going to use (see Figure 4).

a

Figure 4. The associated graph G’ related to the example.

Therefore, the weighting matrix of G’ is (with the vertices arranged as g, ..., g, ¢/, ¢'):

o 0 00 O O 08 0 O
0 0 0006 0 0 05 O
o 0 00 0O O O 0 07
0O 050004 0 0 0 O
M=]10 0 0O 0 07 0 0 O
06 0 00 O O O 0 O
o 0 00 O O O 0 O
o 0 00 O O O 0 O
o 0 00 O O O 0 O

If we apply the first observation of Definition 6, we obtain the following weighted
centralities for the out-degree:

a: £ 0.8 =01,b: § (0.6+05) = 0.1375, c: § 0.7 = 0.0875, d: § (0.5+0.4) = 0.1125,
e: £ 0.7 =0.0875,f: 1 0.6 = 0.075,8: 0,¢": 0, g': 0.

Therefore, b (sleep quality) is the vertex with the highest weighted output
centrality degree.

Applying Remark 2 of Definition 6, we obtain the following weighted centralities for
the in-degree:

https://doi.org/10.3390/math14111887
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0
0.252befa
0
0.168defa + 0.126debfa
0.42¢efa
0.6fa
0
0
0

0.

ooooogooo
S5

a: § 0.6 =0.075,b:0,¢: 0,d: § 0.5=0.0625,e: § (0.6+0.4) = 0.125, f: £ 0.7 = 0.0875,
g 50.8=0.1,c":§05=0.0625g": §0.7 = 0.0875.

Therefore, e (mental health) is the vertex with highest weighted input centrality degree.

The matrix Ay + ... + A, _ of this graph is:

00 0 0 0.8ag 0 0
0 0 0.6be 0.42bef 0.2016befag 0.5b¢’ 0
0 0 0 0 0 0 0.7¢g’
0 0 0.4de+03dbe 0.28def +0.21debf 0.1344defag +0.1008debfag 0.25dbc’ 0
00 0 0.7ef 0.336efag 0 0
00 0 0 0.48fag 0 0
00 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

Applying observation 1 of Definitions 7 and 8 (Algorithm 1), we obtain the following
weighted proximity centralities for the out-degree (rounded to the second decimal):

a: § 08 = 009, b: § (02524 0.6+ 0.42+0.2016+0.5) = 0.22, c: § 0.7 = 0.08,
d: § (0.16840.126 + 0.5+ 0.4+ 0.3+ 0.28 + 0.21 + 0.1344 4+ 0.1008 + 0.25) = 0.27, e
5 (0.4240.7+0.336) = 0.16, f: § (0.6+0.48) = 0.12,¢, ¢’ and g": 0.

Therefore, d (diet) is the vertex with the highest weighted proximity centrality for the
out-degree.

The paths from d to the rest of the vertices and their weights are contained in the

fourth row of A1 4 ...+ A,,_1. We summarize them in the table below (Table 2).

Table 2. Paths from d to the rest of vertices and their weights.

Path Weight
defa 0.168
debfa 0.126
db 0.5
de 0.4
dbe 0.3
def 0.28
debf 0.21
defag 0.1344
debfag 0.1008
dbc’ 0.25

Applying observation 2 of Definitions 7 and 8, we obtain the following weighted
proximity centralities for the in-degree (rounded to the second decimal):

a: § (0.252+0.168+0.126+042+0.6) = 017, b: § 05 = 0.06, ¢ and
d 0, ¢ & (06+04+03) = 014, f: § (042+028+021+07) = 0.18,
g & (0.8+0.2016 4 0.1344 + 0.1008 + 0.336 + 0.48) = 0.23, ¢: & (0.5+0.25) = 0.08,
¢+ $0.7 =0.08.

Therefore, g (good academic results) is the vertex with the highest weighted proximity
centrality in the in-degree.

The paths from the other vertices to g and their weights are contained in the seventh
column of A + ...+ A,,_1. We summarize them in the table below (Table 3).

https://doi.org/10.3390/math14111887
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Table 3. Paths from the remaining vertices to g and their weights.

Path Weight
ag 0.8
befag 0.2016
defag 0.1344
debfag 0.1008
efag 0.336
fag 0.48

Finally, we summarize the procedure carried out in this section.

- From Kosko’s causal map, define a causal graph G with positive weights for the
positive effects and negative weights for the negative ones.

- If G has edges with negative weights, associate a new graph G’ to G by duplicating
vertices, inserting new edges and removing the old edges with negative weights. This
new graph G’ can be processed since all its edges have positive weights.

- Calculate the centrality measures of the vertices by means of Algorithm 1. Identify the
most relevant vertices according to these measures.

- Find the causal paths from the relevant vertices to the remaining ones.

3. Conclusions

Causal graphs are used as knowledge structures in both scientific research and compu-
tational modeling. However, a persistent challenge in these representations is determining
the optimal or ‘most” causal path between two nodes [19], together with the central nodes.

In this paper we have improved several aspects regarding the representation and
weighting of causal graphs. First, our model successfully identifies key central concepts
based on their causal influence; as shown in the student planning example, the frame-
work identifies “Diet” as a significant causal driver and “Academic Results” as a primary
cumulative effect.

The main contribution of the paper is the consideration of negative weights on the
edges of the causal graphs to model the fact that one concept may produce a contrary
effect on another. With this new perspective, in order to process and manage the causal
graph, we associate it with a new graph with positive weights, which allows us to generate
an algorithm that identifies the key central concepts according to the centrality measures
defined. We have also proven the correctness and efficiency of the algorithm.

Moreover, we have demonstrated that this model evaluates the “most causal path”
between concepts, allowing for a formal mathematical definition of a route from origin
to destination that accurately reflects the intensity of the causal influence distributed
throughout the network.

Thus, by moving beyond qualitative weightings such as “always” or “sometimes,”
we provide a framework that ranks nodes according to their empirical causal impor-
tance. This transition from static connectivity to dynamic causal weighting enables re-
searchers to predict the strongest set of effects triggered by a specific cause. The resulting
causal ranking provides a superior basis for complex applications compared to static
graphs. Specifically, this framework improves accuracy in fields such as automatic text
summarization [20] and question-answering systems [21] by prioritizing the nodes with
the highest causal relevance.
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