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Director: Gutiérrez Wing, Enrique Simón. 

Entidad Colaboradora: Boston University. 

 

RESUMEN DEL PROYECTO 

 

El proyecto a realizar surge de la necesidad y la búsqueda de implementar 

procesos de aprendizaje que se ajusten más a la realidad y que sirva de utilidad a los 

futuros ingenieros. Esta nueva metodología busca implementarse en la asignatura Senior 

Design I, la cual sirve de introducción para la realización del proyecto final de grado.   

El objetivo principal de esta iniciativa es introducir el uso de softwares de diseño 

y desarrollo que permita a los estudiantes observar los comportamientos de distintos 

sistemas mecánicos y que, a su vez, este les permita realizar cambios con relativa facilidad 

para estudiar los efectos que estos tienen en el sistema.  

 

Por este motivo, el estudio propuesto se realiza como un ejemplo que podría 

implementarse en esta futura metodología. Este es el caso del estudio de estrategias de 

control para un péndulo invertido utilizando herramientas de simulación numérica en el 

programa de SolidWorks, a través de la herramienta de SolidWorks Motion.  

Los objetivos de este estudio, de forma resumida, son los siguientes:  

- Realizar distintas simulaciones en un sistema de péndulo invertido con un 

control de lazo cerrado que mantenga la estabilidad vertical del péndulo. 

-  Realizar un estudio numérico estableciendo una estrategia de control. 

- Realizar un diseño del sistema. 

- Proponer y construir dicho sistema. 

 

 

 

 

 

 

 



  

En primer lugar, se realizó un análisis de las ecuaciones que rigen el 

comportamiento de un péndulo invertido con el objetivo de comprender el sistema a 

estudiar. Posteriormente, mediante sencillos modelos de péndulos invertidos, se 

estuvieron realizando diferentes simulaciones con las que llegar a resultados cercanos a 

los pretendidos. Tras esto, se llegó a una estrategia de control compuesta por cinco 

variables: 

 

𝑎 = 𝐼𝐹(𝐴𝐵𝑆({𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡4}) − 60: 

(−2000 ∗ {𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡4} − {𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦3} ∗ 200 + {𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦2} ∗ 20 +

20 ∗ ({𝐿𝑖𝑛𝑒𝑎𝑟 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡2} + 200)), (−2000 ∗ {𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡4} −

{𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦3} ∗ 200 + {𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦2} ∗ 20 + 20 ∗ ({𝐿𝑖𝑛𝑒𝑎𝑟 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡2} +

200)), 3000 ∗ 𝑠𝑖𝑛(2 ∗ 𝑃𝐼 ∗ 0.833 ∗ 𝑇𝑖𝑚𝑒))  

 

La fórmula de control rige la aceleración otorgada a la base 

a través de un motor lineal con el objetivo de mantener el 

péndulo en la posición vertical deseada. 

Cabe destacar que en dicha fórmula podemos encontrar un 

comando IF, así como cinco variables distintas usadas para 

controlar el comportamiento del sistema. 

 

El comando IF se utiliza para diferenciar distintos casos que podemos encontrar 

en el movimiento del péndulo. En primer lugar, se necesita una fórmula que busque mover 

el péndulo desde la posición inferior a una posición que se acerque a la vertical superior 

deseada. Esta fórmula es:  

3000 ∗ 𝑠𝑖𝑛(2 ∗ 𝑃𝐼 ∗ 0.833 ∗ 𝑇𝑖𝑚𝑒) 

En la que podemos encontrar una constante (3000) que busca potenciar el efecto 

del resto de la ecuación, la cual usa la frecuencia natural del péndulo para comenzar el 

movimiento, cuya amplitud se ve aumentada a medida que pasa el tiempo.  

Una vez que hemos conseguido establecer un movimiento en el péndulo, es 

necesario establecer el límite a partir del cual entrará en vigor la ecuación de control para 

establecer el péndulo en equilibrio. Esta ecuación es: 

𝐴𝐵𝑆({𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡4}) − 60 

Dicha ecuación limita la primera ecuación hasta que el péndulo alcanza 60º 

respecto la vertical. En este momento, la ecuación de control diseñada es capaz de corregir 

el movimiento y alcanzar la posición deseada. Esta ecuación es: 

(−2000 ∗ {𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡4} − {𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦3} ∗ 200 + {𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦2} ∗ 20

+ 20 ∗ ({𝐿𝑖𝑛𝑒𝑎𝑟 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡2} + 200)) 

 



  

En esta, se utilizan cinco variables distintas para establecer el control de lazo 

cerrado. Estas variables son la del desplazamiento lineal y angular, velocidad angular y 

línea, y la del tiempo. Manejando estas variables, el control es capaz de establecer los 

valores finales de los desplazamientos y velocidades a un valor nulo, consiguiendo pues 

la posición de equilibrio del péndulo invertido. Un ejemplo del resultado se puede 

observar en la siguiente gráfica, que muestra el desplazamiento angular del péndulo.  

 

Una vez que este objetivo principal se cumplió, la siguiente propuesta era la de 

construir un modelo al cual poder implementar un sistema de control que garantizase el 

mismo resultado que el obtenido mediante el software de diseño.  

Para ello, se tuvieron en cuenta distintas limitaciones del sistema, siendo el más 

representativo y crítico el del tamaño del péndulo, el cual limitaba el recorrido que podía 

realizar la deslizadera. Una vez estudiados estos casos, con el fin de poder tener una 

mayor libertad de diseño, se decidió ampliar el rango de deslizamiento que podía realizar 

la base deslizadora mediante el uso de unas estructuras denominadas “frames”. Tras esto, 

se realizó el diseño y se construyeron distintas partes, tanto con impresión 3D como 

mecanizándolas manualmente. Otras partes también fueron compradas. Al final, se 

obtuvo el siguiente diseño, y, por tanto, el siguiente resultado. 

Para el movimiento, se instaló un stepper que a través de un cinturón (timing belt) 

estableciera el movimiento necesario. Para el control de las variables mencionadas, se 

instaló en el eje de giro del péndulo un acelerómetro, el cual es capaz de medir en los 3 

ejes dimensionales. 
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PROJECT SUMMARY 

 

The project surges of the necessity and the search to implement learning processes 

that fit more to the reality and that are useful to the future engineers. This new 

methodology seeks to be implemented in the subject Senior Design I, which serves as an 

introduction to the completion of the capstone project.   

The main objective of this initiative is to introduce the use of design and 

development software that allows students to observe the behaviors of different 

mechanical systems and that, in turn, allows them to make changes with relative ease to 

study the effects they have on the system. 

 

For this reason, the proposed study is carried out as an example that could be 

implemented in this future methodology. This is the case of the study of control strategies 

for an inverted pendulum using numerical simulation tools in the SolidWorks software, 

through the SolidWorks Motion tool. 

The objectives of this study, summarized, are as follows:  

- Perform different simulations in an inverted pendulum system with a closed 

loop control that maintains the vertical stability of the pendulum. 

- To carry out a numerical study establishing a control strategy. 

- Perform a system design. 

- Proposing and building such system. 

 

 

 

 

 

 

 



  

First, an analysis of the equations that govern the behavior of an inverted 

pendulum was carried out in order to understand the system to study. Afterwards, using 

simple models of inverted pendulums, different simulations were carried out to reach 

similar results to the desired ones. Following this, a control strategy consisting of five 

variables was reached: 

 

𝑎 = 𝐼𝐹(𝐴𝐵𝑆({𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡4}) − 60: 

(−2000 ∗ {𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡4} − {𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦3} ∗ 200 + {𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦2} ∗ 20 +

20 ∗ ({𝐿𝑖𝑛𝑒𝑎𝑟 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡2} + 200)), (−2000 ∗ {𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡4} −

{𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦3} ∗ 200 + {𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦2} ∗ 20 + 20 ∗ ({𝐿𝑖𝑛𝑒𝑎𝑟 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡2} +

200)), 3000 ∗ 𝑠𝑖𝑛(2 ∗ 𝑃𝐼 ∗ 0.833 ∗ 𝑇𝑖𝑚𝑒))  

The control formula governs the acceleration granted to the 

base through a linear motor with the aim of keeping the 

pendulum in the desired upright vertical position. 

It should be noted that in this formula we can find an IF 

command, as well as five different variables used to 

control the behavior of the system. 

 

The IF command is used to differentiate different cases that we can find in the 

pendulum movement. First, a formula is needed to seek the movement of the pendulum 

from the lower position to a position that approaches the desired top vertical. This formula 

is: 

3000 ∗ 𝑠𝑖𝑛(2 ∗ 𝑃𝐼 ∗ 0.833 ∗ 𝑇𝑖𝑚𝑒) 

In which we can find a constant (3000) that seeks to enhance the effect of the rest 

of the equation, which uses the natural frequency of the pendulum to begin the movement, 

whose amplitude increases as time passes. 

Once we have managed to establish a movement in the pendulum, it is necessary 

to establish the boundary from which the control equation will enter into force to establish 

the pendulum in equilibrium. This equation is: 

𝐴𝐵𝑆({𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡4}) − 60 

This equation limits the first equation until the pendulum reaches 60 º with 

respect to the vertical axis. At this time, the designed control equation is able to correct 

the movement and reach the desired position. This equation is: 
 

(−2000 ∗ {𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡4} − {𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦3} ∗ 200 + {𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦2} ∗ 20

+ 20 ∗ ({𝐿𝑖𝑛𝑒𝑎𝑟 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡2} + 200)) 

 

In this, five different variables are used to establish the closed loop control. These 

variables are linear and angular displacement, angular velocity and line, and time. 



  

Handling these variables, the control is able to set the final values of the displacement 

and velocities to a null value, thus obtaining the equilibrium position of the inverted 

pendulum. An example of the result can be seen in the following graph, which shows the 

angular displacement of the pendulum. 

 

Once this main objective was fulfilled, the following proposal was to build a 

model to be able to implement a control system that would guarantee the same result as 

the one obtained through the design software. 

To this end, we took into account different limitations of the system, being the 

most representative and critical of the size of the pendulum, which limited the route that 

could make the slide. Once these cases were studied, in order to be able to have a greater 

freedom of design, it was decided to extend the sliding range that could make the sliding 

base, by using frames as the rails. After this, the design was made and different parts were 

built, both with 3D printing and machining them manually. Other parts were also 

purchased. In the end, the following design was obtained, and therefore the following 

result. 

 

For the movement, a stepper was installed, and through a timing belt, it established 

the necessary movement. For the control of the mentioned variables, an accelerometer 

was installed in the rotation axis of the pendulum, which is able to measure in the 3 

dimensional axes. 
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1. Introduction and the approach of project. 
 

The project to be carried out is directed by Professor Gutiérrez, from Boston University. It 
is a project that seeks to be applied in one of the current subjects offered by the institution. This 
subject is Senior Design I, which offers engineering students the opportunity to undertake a final 
project, based on continuous work guided by a university professor.  

The proposal of the project seeks to increase the contribution of the subject to the training 
of future engineers. In this way, it seeks to provide support for the Electromechanical control 
module with the aim of using different tools to learn control concepts, simulate, design and 
predict the operation of a system with closed loop control. 

That is why the suggested project is based on the concept of an inverted pendulum, from 
which it will show the relative speed with which the behavior of the system can be evaluated 
taking into account its geometry and distribution of mass, architecture and control system. 
Models with idealized components are currently used (mass-free bars, point concentrated 
masses, rigid components, straight trajectories, etc.). For this purpose, a simulation tool will be 
used to study the effect of real geometries; include effects such as friction, change in trajectory 
or other irregularities; quickly assess the effects of changes in design; and to corroborate the 
analytical results obtained for idealized systems and to evaluate the ability of analytical methods 
to predict the behavior of non-real or unidealized systems. 

Finally, as a brief introduction to the concept of inverted pendulum, an inverted pendulum 
is a pendulum that has its center of mass above its point of support. This is an unstable system, 
to which a control system can be applied to monitor the angle of the bar and in turn, be able to 
move the point of support of the pendulum. Also, a certain torque could be applied to the bar 
that kept the pendulum in a vertical position, implying that there are many ways to achieve the 
same goal. This is a problem of dynamics and control theory. [1] 

1.1. Motivation. 
 

Given the situation described, a change to the current system of analysis is proposed, to 
convert it to a more practical use through the use of a design software available at the College 
of Engineering of BU, in order to provide a teaching through numerical simulation of models that 
serves as a link between theory and practice during teaching. a way to teach students to use 
their knowledge of CAD, mechanics, and electromechanical systems design is needed.  

The main motivation of applying this new form of teaching is that students can apply 
the theory of real system design; being able to build mechanical systems with closed loop control 
in a virtual environment; being able to predict their behavior; being able to alter their designs 
to work properly; allowing them to design with real non-idealized components; and allowing 
them to quickly evaluate the effects of mechanical changes (geometry, architecture, material) 
and control (coefficients, control schemes). 

In this way, future students will have the possibility to access a more visual software, 
more real and close to the working world, that allows a deeper and more interactive analysis of 
the various cases under study. Not only that, but also this new methodology will allow the 
possibility of presenting new systems very different from the previous ones, also being able to 
increase the complexity. 
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2. Description of technologies. 
 

The Senior Subject Design I is a course for mechanical engineers that is based on the 
teaching of a control module on an electromechanical system. The module consists of three 
sessions in which the theory and application of control modules are explained. This is made up 
of different objectives throughout the semester, including planning and executing a project that 
represents the culmination of the mechanical engineering program. To this end, different 
themes, works and simulations are presented that allow the student to gain experience in 
systems and components design, project planning and communication in engineering. [2] 

For most of the students, this is the first contact with control systems, to which, added 
to the large number of students there is per class, it is very difficult to illustrate different control 
concepts using only physical models.  

In order to provide a more practical and visual learning to the student, the course 
presents an exercise that is based on the analysis of a system and its behavior in different stimuli. 
Currently, for this type of exercise, the Excel program is used through which a series of data is 
obtained from the system to be analyzed and its behavior is studied through them.  

Due to this type of analysis, the complexity of the systems to be studied is limited by the 
difficulty that this form of study implies. There is currently no connection between simulation 
and design. There is no way to check if the calculations are correct. A physical prototype is 
needed, and at a more fundamental level that incorporates a method for designing physical 
prototypes and testing or predicting their behavior. 

2.1. Introduction to the object of study. 
 

The aim of the study will be to stabilize an inverted pendulum over a carriage (IPC). This 
concept will be explained in detail, as well as the different parts that took place during the 
development of the project, from the software simulations carried on to the construction of a 
prototype. 

2.1.1.  Inverted Pendulum System. 
 

Trying to balance a broom-stick on your index finger or devices such as the Segway or 
the hoverboard are some examples of applications of the concept of an inverted pendulum. In 
the broom-stick example, when trying to balance it, a constant movement of the hand is needed 
to keep the stick in a vertical position. An inverted pendulum system is based on the same idea, 
but its movement is limited to one dimension, unlike the movement of the hand.  

An Inverted Pendulum (IP) could be analyzed as a body or multi-body system whose 
center of mass is above its pivot point. It is based on the use of a feedback control system to 
stabilize an open-loop unstable system. [3] In order to balance the IP, an external force must be 
applied to keep the system in an equilibrium state. 

Several models and ways to balance the inverted pendulum are possible: from using a 
servo motor or stepper to apply a certain torque to the pendulum, to the use of a carriage that 
will move to keep the inverted pendulum in a vertical position. For the purpose of this study, 
the analyzed system will be formed by an inverted pendulum hinged to a moving platform, 
which resembles to an inverted pendulum over a carriage. In order to abbreviate, the term IPC 
(Inverted Pendulum on a Carriage) will be used. 
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2.1.2. Applications. 
 

It is also important to know why the study of an inverted pendulum system is important 
to engineering. This kind of system is considered to be “one of the fundamental engineering 
problems” [IOAN17]. The importance of this system arises both from the theorical and practical 
applications.  

On the first side, the theorical value of this system comes from its nature as a nonlinear 
system, meaning that the equations of motion are nonlinear differential equations. This makes 
it a difficult task to compute an appropriate control to the system. In addition, in some 
circumstances, this model can be simplified into a linear system around the equilibrium located 
on the upright vertical position, being able to apply linear system methods. This variety makes 
it a great example for teaching and studying these two kinds of nonlinear and linear methods. 

On the other side, the practical one, the numerous practical applications makes this 
study even more important. For example, in robotics, where balancing systems are developed 
based on this inverted pendulum system, as well as in object transport using drones. As another 
example, in bioengineering, it is the base of the systems that support walking for patients. Not 
only that but also large scale constructions such as buildings are modeled as inverted 
pendulums. As a clear example of a direct application of this system is the Segway, a transport 
device [IOAN17]. 
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3. Description of the developed model. 

3.1. Objective of the project. 
 

The objective of the project consists of different components. 

• Make different numerical simulations on a multi-body dynamic model of an inverted 
pendulum with closed-loop control to maintain vertical stability. 

• To carry out a numerical study of strategies of control of an inverted pendulum.  

• Perform a design of the control system. 

• Propose and build a design of the system. 

 

 

3.1.1. Methodology of work. 
 

In order to carry out the project, the following work methodology was proposed. 

- Theoretical study: Analysis and understanding of the equations that govern the behavior 
of an inverted pendulum. 

- Introduction to the software: Making contact with the software to be used (SolidWorks) 
and initiation with the Module of work Motion Analysis. 

- Inverted pendulum design: Design of the mechanical system with the different 
components that will be made up.  

- Control system: Based on the characteristics of the dynamic system, devise a pendulum 
control system. 

- Calibrating: Optimizing and calibrating the created design. 
- Prototype: Build a prototype and apply the design control to a real system. 
- More real systems: Based on the acquired base, study the effects of different 

geometries, control schemes and materials. 
- Simulations: Applying and calibrating the new module control to the new mechanical 

system. 
- Analysis of results: Study of the behavior of the system from the results obtained. 
- Memory Writing. 

 

Table 1: GANT table of the planned schedule 

W1 W2 W3 W4 W1 W2 W3 W4 W1 W2 W3 W4 W1 W2 W3 W4 W1 W2 W3 W4

Theorical study

Introduction to software

Inverted pendulum design

Control system

Calibrating

Prototype

Simulations

Analysis of results

Memory writing

May
Planning

January February March April
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3.1.2. Resources to use. 
 

For the development of the project, the following resources will be available: 

- SolidWorks design software. 
- Construction workshop: Epic. 
- 3D printers to perform parts of the system. 
- Materials of control for a linear system. 

 

3.2. Equations analysis of an Inverted Pendulum System. 
 

The first step of the project was to understand the concept of an inverted pendulum 
and to be familiar with the equations that govern its behavior. As it was mentioned before, this 
study will be focused on an inverted pendulum hinged to a moving platform (IPC), which can 
move the pendulum in the same plane as the carriage. See Figure 1. 

This section will explain the result of applying 
of the laws of Newtonian dynamics to the proposed 
model.  

The equations for the coordinate system are: 

𝑥𝑐𝑔 = 𝑥 + 𝑙 𝑠𝑖𝑛 𝜃     Eq.  1 

𝑦𝑐𝑔 = 𝑙 𝑐𝑜𝑠 𝜃      Eq.  2 

For the equation related to the movement of the system in the horizontal axis: 

𝑀𝑥̈ + 𝐹𝑥 = 𝑢(𝑡)     Eq.  3 

Where 𝐹𝑥 represents the movement in the horizontal axis and 𝑢(𝑡) represents the input force. 

 

For the equation related to the rotational movement referred to the center of gravity 𝐶𝑐𝑔: 

𝐼𝜃̈ = 𝐹𝑦 𝑙 sin 𝜃 − 𝐹𝑥 𝑙 cos 𝜃    Eq.  4 

Where 𝐼 is the moment of inertia of the system referred to 𝐶𝑐𝑔, 𝐹𝑥 the movement in 

the horizontal axis and 𝐹𝑦 the movement in the vertical axis. 

Symbology Description 

M Mas of the car. 

m Mass of the center of gravity. 

𝓵 Bar length. 

I Inertia of the pendulum. 

u Force applied to the car. 

x Car position. 

𝜽 Pendulum angle from the 
 vertical top. 

g Gravitational constant. 

P Pivot point. 

Table 2: Symbology and brief description of the 
 variables of the IPC system. [GARC16] 

Figure 1: Inverted Pendulum hinged to a cart (IPC). [GARC16] 



  

7 
 

 

The movement 𝐹𝑥 is: 

𝐹𝑥 = 𝑚 𝑥𝑐𝑔      Eq.  5 

Combining Eq. 1 and Eq. 5,  

𝐹𝑥 = 𝑚𝑥̈ + 𝑚𝑎̈      Eq.  6 

Where 𝑎̈ =
𝑑2

𝑑𝑡2 sin 𝜃, which leads to 

𝑎 = (cos 𝜃) 𝜃̈ − (sin 𝜃) 𝜃̇2   Eq.  7 

→  𝐹𝑥 = 𝑚𝑥̈ + 𝑚 𝑙 (𝑐𝑜𝑠 𝜃) 𝜃̈ − 𝑚 𝑙 (𝑠𝑖𝑛 𝜃) 𝜃̇2   Eq.  8 

 

The movement 𝐹𝑦: 

𝐹𝑦 = 𝑚𝑦̈𝑐𝑔 + 𝑚𝑔     Eq.  9 

Combining Eq. 2 and Eq. 9,  

𝐹𝑦 = 𝑚 𝑙 𝑏̈ + 𝑚𝑔     Eq.  10 

Where 𝑏̈ =
𝑑2

𝑑𝑡2 cos 𝜃, which leads to: 

𝑎 = (−sin 𝜃) 𝜃̈ − (cos 𝜃) 𝜃̇2   Eq.  11 

→  𝐹𝑦 = 𝑚𝑔 − 𝑚 𝑙 (𝑠𝑖𝑛 𝜃) 𝜃̈ − 𝑚 𝑙 (𝑐𝑜𝑠 𝜃) 𝜃̇2   Eq.  12 

 

Combining Eq. 4, Eq. 8 and Eq. 12, we can represent the rotational movement of the pendulum: 

𝐼𝜃̈ = [𝑚𝑔 − 𝑚 𝑙 (𝑠𝑖𝑛 𝜃) 𝜃̈ − 𝑚 𝑙 (𝑐𝑜𝑠 𝜃) 𝜃̇2]𝑙 sin 𝜃 − 

[𝑚𝑥̈ + 𝑚 𝑙 (𝑐𝑜𝑠 𝜃) 𝜃̈ − 𝑚 𝑙 (𝑠𝑖𝑛 𝜃) 𝜃̇2] 𝑙 cos 𝜃     Eq.  13 

 

As the mass 𝑚 is placed on the end of the pendulum, the equation can be simplified by 

assuming 𝐼𝜃̈ = 0, leading to: 

𝑚𝑔𝑙 sin 𝜃 = 𝑚 𝑙2𝜃̈ + 𝑙 sin 𝜃 − 𝑚𝑔𝑥̈ cos 𝜃   Eq.  14 

The Eq. 14 represents the rotational movement of the pendulum. In order to get the 
translational movement of the IPC, Eq. 3 and Eq. 8 will be combined:  

(𝑀 + 𝑚)𝑥̈ − 𝑚 𝑙 (𝑠𝑖𝑛 𝜃) 𝜃̇2 + 𝑚 𝑙 𝜃̈ cos 𝜃 = 𝑢(𝑡)  Eq.  15 

The movement of the system has two degrees of freedom. The Eq. 16 represents Eq. 
14 and Eq. 15 in matrix form:  

 [
𝑚𝑙 𝑚𝑔 cos 𝜃

𝑚𝑙 cos 𝜃 (𝑀 + 𝑚)
] [𝜃̈

𝑥̈
] = [

𝑚𝑔 sin 𝜃

𝑢(𝑡) + 𝑚 𝑙 (𝑠𝑖𝑛 𝜃) 𝜃̇2] Eq.  16 

 



  

8 
 

The main purpose of the control loop is to keep the pendulum in a vertical position 

where, assuming 𝜃 and 𝜃̇ to be small, we can simplify by sin 𝜃 = 𝜃 and cos 𝜃 = 1, and 

neglecting 𝜃𝜃̇2 from Eq. 15, the next equations were obtained: 

𝑚𝑔𝜃 = 𝑚 𝑙𝜃̈ + 𝑚𝑥̈     Eq.  17 

(𝑀 + 𝑚)𝑥̈ + 𝑚 𝑙𝜃̈ = 𝑢(𝑡)    Eq.  18 

Finally, we get 𝑥̈ and 𝜃̈: 

𝑥̈ = −
𝑚

𝑀
𝑔𝜃 +

1

𝑀
𝑢(𝑡)     Eq.  19 

𝜃̈ =
𝑀−𝑚

𝑀𝑙
𝑔𝜃 −

1

𝑀𝑙
𝑢(𝑡)     Eq.  20 

 

3.3.  Algorithms developed for the study. 
 

The well-known design software used for the purpose of this study was SolidWorks. The 
software was not only used because of the wide variety of tools and functions that it offers, but 
also because of the Motion Analysis that it is provided with, which is very convenient for the 
purpose of this project. 

 

This function is an Add-In that we can find in the software, shown in Figure 2. This is a 
way created to accurately simulate and analyze the motion of an assembly, in this case, the IPC, 
while incorporating different effects of the Motion Study elements, which includes gravity, 
different forces, springs, dampers and friction. Consequently, motion constraints, material 
properties, mass and component contact can be included in the SOLIDWORKS Motion kinematic 
solver calculations. [3]. 

  

Figure 2: SolidWorks Motion Analysis location in the software. 
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3.4. Numerical implantation. 
 

Once the understanding of the software and the different applications of the mentioned 
function, the next step followed was to create a first design with which some ideas and feedback 
could be obtained as a start.  

 

This first model shown in Figure 3 was created to test the different parameters and 
forces that could be applied to an IPC, at the same time as reaching a better understanding on 
how the system behaves.  

The first approach to achieve the desired result was to simulate the movement of the 
base of the inverted pendulum. In order to do this, the tool “Linear Motor” was chose, being 
applied to the base in the X direction, as it can be seen in Figure 4. 

 

 

Once chosen, the next step is to select the correct kind of motion. As the movement of 
the base would be related to the movement of the pendulum, the trajectory of this base would 
move as a response to different variables of the system. Therefore, the option “Expression”, 
shown in Figure 5, is the motion that would suit the best the desired movement.  

Figure 3: Initial design of an IPC. 

Figure 4: Motion options 
Figure 5: Application of the Linear Motor 



  

10 
 

This section includes a wide variety of options and mathematical expressions that could 
be applied. Firs of all, the value (y) to be applied in the linear motor. In our case, acceleration 
was chosen to control de movement of the system, as it can be seen in Figure 6. In terms of the 
expression itself, there are several functions that can be applied, as it can be seen in the section 
“Mathematical Functions” in Figure 7. Not only that, but also, some variables and constants such 
us time or PI can be applied. However, the most useful section for this project was “Motion 
Study Results”, where different variables measured in the system itself could be created, such 
as Linear and Angular Displacement, Angular Velocity, and Linear Acceleration. 

The first part of the analysis and motion study was to introduce a function that could 
keep the inverted pendulum in a vertical position from a position close to this point. See Figure 
8 for more details. For that, after some iterations and some tryouts, the testing equation will be 
based on four main variables: 

- Linear displacement: with the purpose that at the end, the variable has the value of the 
final desired position. 

- Angular displacement: with this variable, the main goal is to reach the zero value, so the 
pendulum stays in the upright vertical position.  

- Angular velocity: aiming to reduce this velocity to zero, or at least, to the smallest value 
possible to keep the mentioned position in equilibrium.  

- Linear velocity: once the inverted pendulum is in the upright vertical position, the 
carriage should stop so the whole system rests in this new point of equilibrium. 

Figure 6: Expression options 1 

Figure 7:  Expression options 2 
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The proposed expression would follow the same idea as a PID control, following a 
formula as follows: 

𝑎 = 𝐾1 ({Linear displacement} − x0)  + 𝐾2 {Angular displacement} +
𝐾3 {Angular velocity} + 𝐾4 {Linear velocity}     Eq.  21 

 

Where 𝑎 is the acceleration applied by the linear motor, measured in 𝑚𝑚/𝑠2; 

𝐾1 [𝑠−2], 𝐾2 [𝑚𝑚/𝑠2], 𝐾3 [𝑚𝑚/𝑠], 𝐾4 [𝑠−1] are the constants applied to the different variables 
with which the IPC will be controlled; and 𝑥0 is the desired final position of the pendulum, which 
depends on the reference system in the model, measured in 𝑚𝑚. 

 

  

Figure 8:  Detail of the first approach and variables created 
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The signs correspond, not only to the coordinate system, but also to the movement that 
the carriage needs to follow in response to the movement of the inverted pendulum. See Figure 
9 and Figure 10. 

 

In this case, {Angular displacement} < 0 and {Angular velocity} > 0 when the 
pendulum is getting closer to the desired position. The expected movement of the base will be 
to move to the right, in order to help the system reach that position. As we can see, the Angular 
displacement and Linear velocity will have the opposite sign. 

Figure 9:  Situation 1 of the motion of the system 
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In this case, {Angular displacement} < 0 and {Angular velocity} < 0 when the 
pendulum rotates away from the desired position. The expected movement of the base will be 
to move to the right, in order to help the system go back to that position. As we can see, the 
Angular displacement and Linear velocity will have the opposite sign. 

 

What we can conclude from these two situations is that the variables Angular 
displacement and Linear velocity have always opposite signs. 

 As for the sign of the constant of Angular velocity, it is directly related to the 
acceleration needed to be applied. In Figure 9, the angular velocity is greater than zero, which 
means that it is already moving to the desired position, meaning that the acceleration applied 
to the carriage will not be as large as in Figure 10, where the angular velocity is less than zero 
and therefore, rotating away from the upright vertical position. For this purpose,  𝐾3 in Eq. 21 
will need to be negative. In other words, following the situation in Figure 10, when the angular 
velocity is negative, the acceleration due to this variable will be positive, being the overall 
acceleration applied greater than in the situation in Figure 9, as it can be seen in Eq. 22 and 
Eq.23. Physically, this makes sense, as the expected acceleration of the carriage is higher in 
Figure 10 than in Figure 9. 

- In Figure 9: 𝑎 (𝑑𝑢𝑒 𝑡𝑜 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦) = −|𝐾3| {Angular velocity(> 0)} < 0   Eq.  22 

- In Figure 10: 𝑎 (𝑑𝑢𝑒 𝑡𝑜 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦) = −|𝐾3| {Angular velocity(< 0)} > 0 Eq. 23 

In the opposite way it will happen for the situations in which the inverted pendulum is 
on the left side of the line shown in Figure 8, but the motion will still aim to balance the 
pendulum to the upright vertical position.  

For the variable Linear displacement, when the value of Linear velocity is positive, the 
Linear displacement must have the same sign, as it will move in the same direction, providing 
more acceleration to the carriage and obtaining a quicker response. 

Figure 10:  Situation 2 of the motion of the system 
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After doing some tests, the following conclusions were obtained: 

- The variables Angular displacement and Angular velocity were the ones that would have 
the most control over the system, being Angular displacement on top, as the main 
purpose of the whole system is to set the angle to zero, as detailed in Figure 8. 

- The larger these two variables were, the quicker the system would respond and would 
try to stabilize the IPC. 

- Due to the differences in the constants, the system would establish the equilibrium 
position of the pendulum first, and afterwards, it would reduce the velocity of the 
carriage to zero at the same time it moves the platform to the desired x0 position. 

 

With these considerations, the final expression that would be able to keep the desired 
equilibrium position of  the system from the initial position showed in Figure 8 was the following: 

𝑎 = 20 ({Linear displacement} + 20) − 2000 {Angular displacement} −
200 {Angular velocity} + 20 {Linear velocity}      Eq.  24 

 

To show how it works, the next example represents the motion of the system when the 
initial angle is -30º: 

 

Figure 11:  Angular Displacement of the IPC 

Figure 12:  Angular Velocity of the IPC 
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As it can be appreciated, the control takes not more than 4 seconds to balance the 

inverted pendulum and return it to the desired position x0. This case is relatively fast due to 

the small initial variation in the angular displacement.  

 

Figure 14:  Linear Velocity of the IPC 

Figure 13:  Linear Displacement of the IPC 

Figure 15:  Initial position Figure 16:  Position at t = 0.1 s 

 

Figure 17:  Position at t = 0.15 s 

 

Figure 18:  Position at t = 0.2 s 
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However, this formula would be useful only for those cases where the Angular 
displacement were relatively small. In the simulation, no absolute angles larger than 65º would 
be able to be corrected with the formula, due to the gigantic acceleration required by the linear 
motor, making SolidWorks to fail in the simulation for these cases. Therefore, another process 
was required.  

 

After some research, SolidWorks Motion Study offers the possibility to apply several 
programing commands to the expressions of motion. One of these was the command IF, which 
is extremely helpful in this case [4]. This command works as shown below: 

 

𝐼𝐹(𝑒1: 𝑒2, 𝑒3, 𝑒4)      Eq.  25 

 

This command analyzes the expression 1 (e1) and proceeds in the following way: 

- If the value for 𝑒1 < 0, it returns e2. 
- If the value for 𝑒1 = 0, it returns e3. 
- If the value for 𝑒1 > 0, it returns e4. 

 

 

The expression 1 would need to be such an expression that would identify the initial 
angle and estimate if the acceleration required was possible or not. For this, the expression 
chosen for e1 was: 

𝑒1 → 𝐴𝐵𝑆({Angular displacement}) − 60    Eq.  26 

Figure 19:  Position at t = 0.4 s Figure 20:  Position at t = 0.5 s 

 

Figure 21:  Position at t = 1 s 

 

Figure 22:  Position at t = 0.2 s 
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Where 𝐴𝐵𝑆(𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛) is a command to get the absolute value of the expression; 
and 60 is the angle chosen to be the limit where the Eq. 24 can be applied. A margin of 5º was 
chosen to prevent possible failures in the simulation. Therefore, the expected expression for e2 
and e3 will be the one shown in Eq.24, however, the expression for e4 was still unknown.  

When designing and choosing the formula expression for e4, the main purpose of the 
project was taken into consideration. To create a successful system that balances an IPC, the 
worst case scenario is when the pendulum is in equilibrium in the position showed in Figure 11. 

From this position, the best and smoothest way to start the movement of the pendulum 
consists on starting the motion slowly, increasing the amplitude of the pendulum (which will be 
controlled by the amplitude of the displacement of the carriage) and the velocities, both linear 
and angular velocities. For this purpose, the expression will have the following structure: 

𝑒4 → 𝐾5 sin (2𝜋𝜔𝑛 𝑡)      Eq.  27 

Where 𝐾5 [𝑚𝑚/𝑠2] is the constant that will represent the magnitude and velocity with 
which the IPC will move in its first steps; 𝜔𝑛[𝑟𝑎𝑑/𝑠] is the natural frequency of the system; 𝑡[s] 
is the time.  

 

For the system created in first place, the 𝜔𝑛 was close to 0.833 𝑟𝑎𝑑/𝑠. The value for 𝐾5 
was choosing after doing some testing, selecting the one that fitted best the design. The final 
expression applied in the motion analysis was: 

𝑒4 → 3000 ∗ 𝑠𝑖𝑛(2 ∗ 𝑃𝐼 ∗ 0.833 ∗ 𝑇𝑖𝑚𝑒))     Eq.  28 

 

Figure 23:  Worst case scenario to start the movement of the IPC. 
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Figure 26:  Angular Displacement of the IPC 

Figure 27:  Angular Velocity of the IPC 

Figure 25:  Linear Velocity of the IPC 

Figure 24:  Linear Displacement of the IPC 
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At the last point, the pendulum has surpassed the limit of 60º mentioned before, where 
the previous formula in Eq. 24 would take place and would balance the IPC. With this, the final 
formula was completed, having the following expression: 

 

𝑎 = 𝐼𝐹(𝐴𝐵𝑆({𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡4}) − 60: 

(−2000 ∗ {𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡4} − {𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦3} ∗ 200 + {𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦2} ∗ 20 +

20 ∗ ({𝐿𝑖𝑛𝑒𝑎𝑟 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡2} + 200)), (−2000 ∗ {𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡4} −
{𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦3} ∗ 200 + {𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦2} ∗ 20 + 20 ∗ ({𝐿𝑖𝑛𝑒𝑎𝑟 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡2} +

200)), 3000 ∗ 𝑠𝑖𝑛(2 ∗ 𝑃𝐼 ∗ 0.833 ∗ 𝑇𝑖𝑚𝑒))      Eq.  29 

 

 

  

Figure 28:  Initial position 
Figure 29:  Time at t = 0.1 s.  

Figure 30:  Time at t = 0.5 s.  

Figure 31:  t = 1s. *At the same time 
it’s moving to the right. Problem: the 

rails end at a certain point  

Figure 32:  Time at t = 0.1 s.  
Figure 33:  Time at t = 3 s. At this 
point, the desired position for the 
angular displacement is satisfied. 
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4. Results analysis. 

4.1. Initial case results. 
 

Applying this complete equation, the results were the following: 

 

 

Figure 36:  Angular Displacement of the IPC 

Figure 37:  Angular Velocity of the IPC 

Figure 35:  Linear Velocity of the IPC 

Figure 34:  Linear Displacement of the IPC 
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 As it can be seen in the Figure 36, the pendulum reached the angle 0 and stays in that 
position, meaning that the equilibrium point has been reached. Once proved this expression 
(Eq.29) works, the next step was to create and design the real system for the IPC. 

 

 

Figure 41:  Time at t = 1.7 s 

Figure 39:  Time at t = 0.6 s.  
Figure 40:  Time at t = 1 s.  

Figure 38:  t = 1s. *At the same time 
it’s moving to the right. Problem: the 

rails end at a certain point  

Figure 42:  Time at t = 2.15 s.  

Figure 43:  Time at t = 2.6 s.  
Figure 44:  Time at t = 3 s. At this point, the 

correcting equation takes action. 

 

Figure 45:  Time at t = 3.3 s.  Figure 46:  Time at t = 3.6 s. At this point, the 
correcting equation takes action. 

 

Figure 47:  Time at t = 4.35 s.  Figure 48:  Time at t = 6.65 s. At this point, the 
correcting equation has stabilized the system. 
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4.2. Analysis of potential final design. 
 

Once the testing was complete, the next step was to create a definitive and realistic 
design of what the system would look like. For that purpose, and after analyzing the available 
materials and parts that could be used in one of these systems, the next design was created: 

 

Figure 49:  Final design, ISO view. 

Figure 50:  Final design, TOP view. 

Figure 51:  Final design, FRONT view. 

Figure 52:  Final design, SIDE view. 

Figure 53:  Final design, BACK view. 
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4.3. Sensitivity analysis. 

 
Although the design was feasible, after some testing on the new design, one problem 

and inconvenient was found: The size of the pendulum directly affected the distance covered by 
the whole system, needing larger rails for large pendulums. As the available bars used as rails 
were 16 inches long, we needed to test if this distance was large enough to stabilize the 
pendulum before reaching the limit of the rail.  

These tests were carried out by doing some modifications on the dimensions of the 
pendulum, specifically on the length from the center of the curve feature to the end of the 
pendulum, as shown in Figure 54; and simulating it with its correspondent natural frequency to 
test if the rail constraints were satisfied. The width and thickness remained constant.  

 

4.3.1. Effect of pendulum dimensions in the IPC. 
 

Testing the initial design, shown in Figure 49, whose dimensions are shown in 
the Figure 54, the purpose was to get an estimation on the length traveled by the IPC, 
from its initial position to the final position where the IPC is balanced.  

 

 

 

 

 

 

 

 

For these dimensions, the natural frequency for the pendulum was 1.8 Hz. With 
this, the distance travel was close to 17.4 inches, as shown in Figure 55. 

 

 

 

 

 

Figure 54:  Initial size of IP. 

Figure 55:  Displacement of IPC for initial size. 
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When changing the dimensions (the dimension of 3 inches is reduced to 2.5 
inches, Figure 56), not only the new covered distance changes, but also the natural 
frequency.  

Once again, obtaining the natural frequency, with a value of 1.95 Hz, the result 
was a total distance of 14.8 inches, as shown in Figure 57. 

 

When changing the dimensions (the dimension of 2.5 inches is reduced to 2 
inches, Figure 58), not only the new covered distance changes, but also the natural 
frequency.  

After obtaining the natural frequency, with a value of 2.3 Hz, the result was a 
total distance of 12.5 inches, as shown in Figure 59. 

Figure 56:  Size of 2.5 inches. 

Figure 57:  Displacement of IPC for 2.5 inches. 

Figure 58:  Size of 2 inches. 
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After these few tests, it seemed to be an inverse relationship between the 
natural frequency and the travelled distanced. At the same time, it seems that the larger 
the pendulum is, the smaller the natural frequency is, which leads to a clear statement. 
In order to reduce the distance travelled by the IPC, the size of the pendulum must be 
reduced. In this case, to optimize the design, the pendulum will be preferably smaller 
than the initial design, so the rail constraints are satisfied. 

 

The best ratio size – distance travelled will be chosen. Although the design for 
the dimension of 2 inches in Figure 58 was good enough, this pendulum may be too 
short for the beauty of the design. Another test was carried out by changing the 
dimension to 2.25 inches.  

Once again, obtaining the natural frequency, with a value of 2.4 Hz, the result 
was a total distance of 10 inches, as shown in Figure 61. 

Figure 59:  Displacement of IPC for 2 inches. 

Figure 60:  Size of 2 inches. 

Figure 61:  Displacement of IPC for 2.5 inches. 
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The conclusion and solution to the problem of the design was solved after these 
tests. However, no final size was chosen, as it was decided that the real size would be 
specifically chosen according to the definitive design and the characteristics of the 
motor of the whole system, which would determine which natural frequencies would 
be possible. 

The design of these components of the system (final pendulum, motor, 
where to place the motor, how to move the system, etc.) was postponed until the first 
two phases of the building process was completed. 
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5. Description of the built model. 
 

5.1. Building process. 
 

The building process could be divided in three main phases, as showed in Table 3. 

 

Phases Concept Description Processes  

Phase I 
Rail system 

Support of the 
system 

Create the main 
structure of the 

system, including the 
rails and the 

supporting system 

Assembling 

Phase II 
Inverted 

Pendulum 

Create the inverted 
pendulum, as well as 

the carriage that 
slides along the rails 

3D printing 
Milling 
Cutting 

Drilling and 
taping 

Phase III  Control System 

Add the element that 
will control the 

motion of the system 
such as the motor, 
the timing belt, etc. 

3D printing 
ASsemble 

 

 

5.1.1. Phase I. 
 

For Phase I there was a drastic change in terms of the main structure. As described in 
the Section 4.3.1, there was still a solution to take in terms of design, as the available rails would 
be too short for the initial designs of the IPC. This is why, when starting the first building phase, 
a new idea of structure came on the scene: instead of creating a system of rails, it would be 
better to create a structure that would already have incorporated a railing system.  For this 
purpose, the structure proposed was to use the frames in Figure 62, which were already 
available in the lab.  

  

Table 3: Building phase description. 
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 The main concept of the system remained the same. However, the new rail system was 
changed to a sliding system through the T-Slotted profile frame. The final main structure was, 
as shown in Figure 63, built with different sizes of this frame and put together by inside corner 
brackets, as it can be seen in the next figures.  

 

 

 

Figure 62:  T-Slotted Profile Frame [5] 

Figure 63:  Structure with frames, ISOMETRIC view 

- Total length: 26 inches 

- Total width: 8 inches 

- Total height: 11 inches 

Figure 65:  Structure with frames, FRONTAL view 

Figure 64:  Structure with frames, 
TOP view 

Figure 66:  Structure with frames, SIDE view 
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5.1.2. Phase II. 
 

For the Phase II, the next step was to add the inverted pendulum system in the structure. 
The pendulum would be formed by several parts: 

- The base of the pendulum, the one that was attached to the sliders, was made out of 
HDPE, with a shape of 4x4 inches and with several holes to attach other parts, as shown 
in Figure 67. 

 

 

 

 

 

 

 

- The sliders, 4 in total, were attached to the base and could slide through the frames. 

 
 
 
 
 

- The flange bearings were the ones that would hold the shaft of the pendulum and let it 
rotate. Two of these were used, one at each face of the base. 
 
 

 
 
 
 
 
 

Figure 67:  Base of the IPC 

Figure 68:  Slider 

Figure 69:  Flange Bearing “KFL 08” [6] 
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- The belt holders were parts designed to retain the timing belt that would move the base. 
There was a first design, that once attached, didn’t have enough strength to hold the 
timing belt. Therefore, a new and simpler design was made. In the final design, two of 
these (Figure 71) were used. 
 

 
 
 
 
 
 
 
 
 

 
- The shaft was an 8 mm aluminum solid rod. 

 

- The part that attached the pendulum to the shaft was the linear rail shaft guide support 
bracket. 

 

 

 

 

 

 

 

- The pendulum was a rectangular part made out of an HDPE sheet. 

 

 

 

 

Figure 70:  Initial design with the shape of the  
timing belt to hold it when moving.  

Figure 71:  Second design that would be attached  
against the surface of the base to gold the belt.  

Figure 72:  Linear Rail Shaft Guide Support Bracket, SK8, 8 mm Diameter 
 

Figure 73:  Pendulum 
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The results of these parts attached together are shown in the next Figures: 

 

 

  

Figure 74:  IPC, ISOMETRIC view Figure 75:  IPC, TOP view 

Figure 77:  IPC, SIDE view 

Figure 76:  IPC, FRONTAL view 
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At this point, the structure would look like the following: 

 

 

5.1.3. Phase III. 
 

The final phase of the construction consisted on adding to the system those parts that 
would provide the movement and control to the inverted pendulum. For this, the next parts 
were included: 

- A stepper motor 17hs16-2004s1 as responsible for the movement of the carriage (the 
one called “Base”, Figure 67).  

 
Figure 79:  Stepper [7] 

Figure 78:  IPC after Phase II 
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- A pulley for the stepper motor that could be attached to a timing belt.  

 
- A 3D printed part to attach the motor to the frame. 

 

 

- A pulley to attach to the opposite site of the structure. 

 
 

- A pulley holder made by a 3D printer. 

Figure 81:  Motor holder 

Figure 83:  Pulley holder 

Figure 80:  Pulley for the stepper [8] 

Figure 82:  Second pulley 
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- A timing belt that would be attached to the base by the belt holders and would pass by 
the pulley and the motor, providing the movement required. 
 

 

 
- An accelerometer “Adafruit triple-axis accelerometer - ±2/4/8g @ 14-bit - mma8451” 

that would measure the movement in the axis X and Y, which would let the system to 
obtain the required variables to apply the control system.  

 

 

- A 3D printed part that holds the accelerometer to the shaft.  

 

 

 

Figure 86:  Accelerometer holder 

Figure 85:  Accelerometer [10] 

Figure 84:  Timing belt [9] 
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The results of these parts attached together is shown in the next Figures: 

 

 

 

 

 

 

 

 

 

 

 

  

Figure 87:  Final Design, ISOMETRIC view 

Figure 89:  Final Design, FRONTAL view 

Figure 88:  Final Design, TOP view 

Figure 90:  Final Design, SIDE view 
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5.1. Drawings for the system 
 

Once again,  

 

Index of drawings 

Drawing 1 - Structure ................................................................................................................................................... 39 
Drawing 2 – Base pendulum ........................................................................................................................................ 40 
Drawing 3 – Slider ........................................................................................................................................................ 42 
Drawing 4 – Belt holder ............................................................................................................................................... 44 
Drawing 5 – Pendulum ................................................................................................................................................ 46 
Drawing 6 – Motor holder ........................................................................................................................................... 48 
Drawing 7 – Pulley holder ............................................................................................................................................ 50 
Drawing 8 – Accelerometer holder .............................................................................................................................. 52 
Drawing 9 – Frame profile ........................................................................................................................................... 65 
Drawing 10 – Flange bearing KFL 08 ............................................................................................................................ 65 
Drawing 11 – Linear rail shaft guide support ............................................................................................................... 65 
 

 

The first 8 drawings shown in the next pages correspond to those parts created and 

designed specifically for the purpose of this project. The rest of the parts correspond to 

commercial parts whose drawings can be easily found online. For the purpose of this project, 

in order to save space, some commercial drawings will be shown in the appendix and for the 

rest of them, a link to the online drawing will be provided.

 

file:///C:/Users/migue/Google%20Drive%20(miguel97rg@gmail.com)/BU/TFG/Memoria/TFG.docx%23_Toc10710690
file:///C:/Users/migue/Google%20Drive%20(miguel97rg@gmail.com)/BU/TFG/Memoria/TFG.docx%23_Toc10710691
file:///C:/Users/migue/Google%20Drive%20(miguel97rg@gmail.com)/BU/TFG/Memoria/TFG.docx%23_Toc10710692
file:///C:/Users/migue/Google%20Drive%20(miguel97rg@gmail.com)/BU/TFG/Memoria/TFG.docx%23_Toc10710693
file:///C:/Users/migue/Google%20Drive%20(miguel97rg@gmail.com)/BU/TFG/Memoria/TFG.docx%23_Toc10710694
file:///C:/Users/migue/Google%20Drive%20(miguel97rg@gmail.com)/BU/TFG/Memoria/TFG.docx%23_Toc10710695
file:///C:/Users/migue/Google%20Drive%20(miguel97rg@gmail.com)/BU/TFG/Memoria/TFG.docx%23_Toc10710696
file:///C:/Users/migue/Google%20Drive%20(miguel97rg@gmail.com)/BU/TFG/Memoria/TFG.docx%23_Toc10710697
file:///C:/Users/migue/Google%20Drive%20(miguel97rg@gmail.com)/BU/TFG/Memoria/TFG.docx%23_Toc10710698
file:///C:/Users/migue/Google%20Drive%20(miguel97rg@gmail.com)/BU/TFG/Memoria/TFG.docx%23_Toc10710699
file:///C:/Users/migue/Google%20Drive%20(miguel97rg@gmail.com)/BU/TFG/Memoria/TFG.docx%23_Toc10710700
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Drawing 1 - 
Structure 
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Drawing 2 – Base 
pendulum 
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Drawing 3 – Slider 
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Drawing 4 – Belt 
holder 
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Drawing 5 – 
Pendulum 
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Drawing 6 – Motor 
holder 
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Drawing 7 – Pulley 
holder 
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Drawing 8 – 
Accelerometer 
holder  
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After a few weeks, the result was the following: 

 

  

Figure 91:  IPC, ISOMETRIC view 

Figure 93:  IPC, FRONTAL view 

Figure 92:  IPC, TOP view 

Figure 94:  IPC, SIDE view 
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5.2. Economic analysis. 
 

In this section, a simple analysis of the economic part will be described. It is important to 

clarify that in this case, the whole project was created with materials that the university already 

had, using their 3D printers and their laboratories. However, when analyzing the costs, the initial 

hypothesis will be that they will only include the price of the different parts, no workforce will 

be taken into consideration.  

Following the same structure as the building process, the costs of creating this system could 

be divided in three parts.  

- Phase I:  

o Structure: 

Supplier: 
80/20.net 

Length of 
frame 

Units 
Cost per 
frame ($) 

Cost ($) 

7,5 inches 2 3,68 7,36 

11 inches 2 4,48 8,96 

24 inches 2 7,47 14,94 

Total cost in $ = $31,26 
Table 4: Costs table for the structure. 

 

o Corner brackets: 

Supplier: 
80/20.net 

Holes in 
bracket 

Units 
Cost per 
corner 

bracket ($) 
Cost ($) 

1 per side 4 2,75 11 

2 per side 2 5,65 11,3 

Total cost in $ = $22,3 
Table 5: Costs table for corner brackets. 

 

- Phase II:  

In this phase, the costs were divided between crafted parts and commercial parts. 

o Crafted parts:  

Supplier: 
University 

BU  
Source of 
prices is 

BU. 

Part Units 
Cost per 
part ($) 

Cost ($) 

Base of pendulum (HDPE) 1 3 3 

Slider (PLA, 3D printed) 4 0,8 3,2 

Pendulum (HDPE) 1 3 3 

Total cost in $ = $9,2 
Table 6: Costs table for crafted parts in Phase II 

 



  

57 
 

o Commercial parts:  

Supplier: 
Different 
for each 

part 

Part Units 
Cost per 
part ($) 

Cost ($) 

Flange bearing [6] 2 2,9 5,8 

Shaft * [11] 1 0,54 0,54 

Linear rail shaft guide [12] 1 3,95 3,95 

Total cost in $ = $10,29 
Table 7: Costs table for commercial parts in Phase II 

 

- Phase III:  

Once again, the costs can be divided in crafted parts and commercial parts: 

o Crafted parts:  

Supplier: 
University 

BU  
Source of 
prices is 

BU. 

Part Units 
Cost per 
part ($) 

Cost ($) 

Motor holder (ABS, 3D printed) 1 4,7 4,7 

Pulley holder (ABS, 3D printed) 1 4,2 4,2 

Accelerometer holder (PLA, 3D printed) 1 4 4 

Total cost in $ = $12,9 
Table 8: Costs table for crafted parts in Phase III 

 

o Commercial parts:  

Supplier: 
Different 
for each 

part 

Part Units 
Cost per 
part ($) 

Cost ($) 

Stepper [7] 1 9,32 9,32 

Timing belt and pulleys [13] 1 6,75 6,75 

Accelerometer [10] 1 7,95 7,95 

Total cost in $ = $24,02 
Table 9: Costs table for commercial parts in Phase III 

  



  

58 
 

Cost of screws and related parts: 

Supplier: 
McMaster 

[14] 

Screw 
Units per 

bag 
Cost per 
bag ($) 

Cost per 
screw ($) 

Units 
needed 

Cost ($) 

S.Allen 1/4" x 20 x 1/4"  * 50 10,18 0,20 25 5,09 

S.Allen 5/40" x 20 x 1/4" * 100 10,51 0,11 4 0,42 

M6 1 3,33 3,33 2 6,66 

Total cost in $ = $12,17 
Table 10: Costs table of screws 

 

The total cost of the system was: 

 

Phase Kind of part Cost 

Phase I 
Structure 31,26 

Coirner brackets 22,3 

Total Phase I ($) 53,56 

Phase II 
Crafted parts 9,2 

Commercial parts 10,29 

Total Phase II ($) 19,49 

Phase III 
Crafted parts 12,9 

Commercial parts 24,02 

Total Phase III ($) 36,92 

Screws ($) 12,17 

Total cost $122,14 
Table 11: Total costs 

 

*  The parts marked with “*” means that they are sold in packages with more than one 

unit, which is why, for the purpose of this study, the cost of the package was divided 

between each part to get the unit price of each part.   
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6. Conclusions.   

6.1. Conclusions on the methodology. 
 

In this section, the methodology for the new desired system of teaching in Senior Design I 

will be analyzed.  

First of all, after the complete study of the pendulum system, it can be concluded that using 

this kind of software seems to be very useful. Not only it is a very intuitive tool to work with, but 

it also provides very fast results compared to some other methodologies. This methodology has 

introduced new ways of learning, being able to test different ideas and simulations in no more 

than a few minutes, not only saving time but also giving quick feedback in what would work and 

what would not. 

As it is explained in the introduction of this essay, the subject Senior Design I is an 

introduction to the subject Senior Design II, which is where the students will prepare their 

capstone projects. For this matter, this kind of methodology could be very helpful for future 

students, as designing and building devices will be two of the main phases for these capstone 

projects, and ultimately, for their career.  

Once it can be concluded that the methodology could have a great impact in the education 

of the senior students, the study itself will be analyzed.  

 

6.2. Conclusions on the results. 
 

After testing different simulations, different designs, different ideas of how this system 

could work, a formula and an understanding of the system was developed. As it has been 

explained throughout the study, the final simulation has produced great results in achieving the 

main objective of the system, to set the pendulum in the equilibrium point thanks to the 

movement of the carriage.  

Not only that, but it has also been seen how different variations in some components could 

change drastically the final results. This is why, after some thinking, it could be concluded that 

the results are efficient and are good enough for the matter of this project. However, as it will 

be explained in the next section, future changes could be done in order to get an optimum result.  

As for the construction part, although the whole project followed a reasonable structure of 

how to build it, due to the restrictions of budget, some parts lack of the required efficiency that 

would improve the overall efficiency of the whole project. Future changes will be suggested 

afterwards. Despite this, the efficiency achieved was good enough for the purpose of this 

project. 
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6.3. Recommendations for future studies. 
 

In future studies following a similar pattern as this one, some recommendations would be 
suggested.  

In first place, when designing and simulating a specific system, it is very helpful to 
understand and comprehend how the different dimensions of the components of the system 
work and affect the behavior of the system. It would be recommended to test different 
dimensions of the different components before trying to get the final simulation of the device. 
Following this, it would allow us to obtain an optimum simulation of the system and a better 
understanding of the studied device. 

 As for the construction part, some changes would be recommended. The first one would 

be regarding the accelerometer. Not only because the way it is attached to the system creates 

some doubts on how it will measure the displacements, but also because the precision that this 

device offers is not good enough when trying to set the pendulum into its equilibrium point. For 

this matter, the recommended device to implement would be an encoder, which may be more 

expensive, but it would offer greater data about how the system behaves. 

Some other changes suggested would be in the motion system. It was checked that the 

designed system worked, however, in some parts of the motion, greater accuracy was needed, 

not only in terms of the power required (related to the stepper) but also with the sensitivity of 

the movement (related to the timing belt system). This is why, another kind of motion system 

would be suggested, possibly a smoother and more sophisticated one, although this would mean 

higher costs. 
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8. Appendix. 
 

As for the commercial parts used, here are some of the drawings of these parts. In some 
cases, due to the length of these, a link will be provided. 

The drawing shown correspond to the structure, flange bearing and the linear rail shaft 
guide.  

For the stepper, visit the following link: 

https://www.omc-stepperonline.com/nema-17-bipolar-45ncm-64ozin-2a-42x40mm-4wires-w-
1m-cable-and-connector-17hs16-2004s1.html 

For the accelerometer, visit the following link: 

https://learn.adafruit.com/adafruit-mma8451-accelerometer-breakout/downloads 

 

For more specification, see the index of drawings. 

  

https://www.omc-stepperonline.com/nema-17-bipolar-45ncm-64ozin-2a-42x40mm-4wires-w-1m-cable-and-connector-17hs16-2004s1.html
https://www.omc-stepperonline.com/nema-17-bipolar-45ncm-64ozin-2a-42x40mm-4wires-w-1m-cable-and-connector-17hs16-2004s1.html
https://learn.adafruit.com/adafruit-mma8451-accelerometer-breakout/downloads
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Drawing 9 – Frame 
profile 
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1010-11-CL 
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Technical drawings 

 



  

67 
 

Drawing 10 – Flange 
bearing KFL 08 

Drawing 11 – 
Linear rail shaft 
guide support 
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Linear rail shaft guide.  

 


