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Abstract
Financial experts seek to predict the variability offinancialmarkets to ensure investors’ successful
investments. However, there has been a big trend infinance in the last few years, which are the ESG
(Economic, Social andGovernance) criteria, due to the growing importance of investments being
socially responsible, and because of the financial impact companies suffer when not complyingwith
them.Consequently, creating a stock portfolio should consider not only its financial performance but
compliance with ESG criteria. Portfolio optimization (PO) techniques previously applied to ESG
portfolios, are all closed-form analytical ones. But the real world is rather a black boxwith unknown
analytical expressions. Thus, in this paper we use Bayesian optimization (BO), a sequential state-of-
the-art design strategy to optimize black-boxes with unknown analytical and costly-to-compute
expressions, tomaximize the performance of a stock portfolio under the presence of ESG criteria soft
constraints incorporated into the objective function. Andwe compare it to two other black-box
techniqueswidely applied for the optimization of ‘conventional portfolios’ (non-ESGones): the
metaheuristics Genetic algorithm (GA) and Simulated Annealing (SA). Although BOhasmany
theoretical advantages overGA and SA, it has never been applied to PO. Thus, this paper investigates
whether BO can be used in the ESGPO framework as an alternative and compares it withGA and SA.
This is the research gap towhich this paper responds. To show the empirical performance of BO,we
carry out four illustrative experiments andfind evidence of BOoutperforming the baselines. Thuswe
add another different optimization approach to theworld of ESG investing: a black-box non-heuristic
optimization approach throughBO.Our study is thefirst paper that leverages BO and ESG scores into
a PO technique. This paper opens the door tomany new research lines in (ESG) portfolio
optimization.

1. Introduction

In the past 15 years, ESG criteria have increasingly become integrated intomainstreamportfoliomanagement.
ESG investment -also called socially responsible investment (SRI)- has attractedmuch attention fromboth
institutional and individual investors in capitalmarkets [1–8].Many long-term institutions such as pension
funds, insurance companies, sovereignwealth funds, foundations and endowments have signed up to theUN
Principles for Responsible Investment (PRI). The six PRI offer amenu of possible actions for incorporating ESG
issues into investment practice. The PRIwere developed in 2006 by an international group of institutional
investors reflecting the increasing relevance of environmental, social and corporate governance (ESG) issues to
investment practices. The process was convened by theUnitedNations Secretary-General. As ofDecember
2022, the PRI has 5,179 signatories, representingUS$121 trillion of assets undermanagement (AUM) -a huge
increase fromUS$6.5 trillion in 2006- [9]. In addition, individual investors show increasingly strong activism
claiming for theirmoney being invested in ESG assets and PRI signatories rely on shareholder activism to pursue
responsible investing [10].
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In addition, the latest UnitedNationsGlobal Compact-Accenture CEOStudy on Sustainability [11]
provides insights and a resolute call to action from a record fromover 2,600CEOs across 128 countries and 18
industries. Sustainability has emerged as the core of resilience. Compared to the 2013CEOStudy, CEOs now
unequivocally feel it is their role tomake their businessmore sustainable (98%agree versus 83% in the 2013
edition). Sustainability is the only path to building a truly resilient company.Wemust accelerate ourwork in
sustainability to build amore resilient future if we are to rescue theUNSustainableDevelopmentGoals (SDGs)
by 2030 [11]. The 2021CEOStudy found that business leaders were severely off track to delivering on their
sustainability and climate goals. Today, the situation is evenmore tenuous. Facing continued fallout from the
pandemic, coupledwith the effects of Russia’s war inUkraine, broader geopolitical uncertainty, inequality, and
climate change, CEOs report heightened frustration and uncertainty in preparing forwhat will happen next. As a
result, CEOs are nowmaking sustainability a top priority in their agendas, re-evaluating their investment criteria
and developing innovative businessmodels enabled by technology to drive change [11].

Thus, ESG criteria have becomemore significant due to the growing importance of investments being
socially responsible, and because of thefinancial impact companies suffer whennot complyingwith ESG
criteria. The E of Environmental takes into account the direct and indirect environmental impact of the
company’s activities, the S of Social considers the impact of the company in society and its community, and the
GofGovernance takes into account the corporate governance of the company.

The interest of investors towards ESG funds and assets has grown lately.Morningstar highlights in its U.S.
Sustainable Funds Landscape Report how there are 5 times asmany sustainable funds in theU.S. today than a
decade ago, and 3 timesmore than five years ago [12, 13]. Additionally, it is strongly believed bymany investors
that integrating ESG criteria when investing increases returns and profitability. The global assetmanagement
firmmacquarie AM states in its report ‘ESG survey’ that three out of four institutional investors consider that
taking into account ESG criteria in its investments increases financial returns. Empirical evidence in this respect
ismixed as several studies show the existence of a negative relationship between the environmental andfinancial
performance of portfolios while others argue in favor of a positive effect. For this, we refer to themost recent
studies andmeta-analysis conducted on this area [14, 15].

An investor’s fundamental goal is optimally allocating his investments between different assets. This is called
an ‘asset allocation’ or ‘portfolio optimization’ problem. An investor has to choose (a) in which assets to invest
and (b) howmuch in each of these assets. In other words, how can (s)he get the optimal portfolio?What an
optimal portfolio ismust be defined. The pioneerMarkowitz’smodel [16] assumes that investors only care
about the portfolio’s return and risk, not about ESG criteria ormore variables other than the portfolio’s risk and
return). Thus, the optimal portfolio hasminimum risk ormaximum return in thismodel. In order to
incorporate the ESG constraints, a few variants have been proposed from the originalMarkowitz’s approach, as
will be shown in section 2.

As a result of the situation described above, the relevance of ESG investing involves the need formore
research on alternative portfolio optimization techniques within the ESG framework. Despite the voluminous
literature that analyzes the financial performance of ESGportfolios compared to ‘conventional’ -or non-ESG-
ones, we believe that the literature on comparing portfolio optimization frameworks used to determine the asset
weights in ESGportfolios is underdeveloped.

Moreover, Oikonomou et al (2018) proved that different optimization techniques lead to different ESG
portfolio performance [5]. Hence, apart from the ESG screening criteria, investors and portfoliomanagers also
need to carefully consider the choice of asset allocationmethod. So, it is claimed to consider and investigate
alternative optimization techniqueswithin the ESG framework. A fewdifferent techniques for portfolio
optimization have been applied to ESGportfolios, all closed-form analytical ones. But the real world is rather a
black box. For this reason, we propose a different approach, BayesianOptimization, which presents a highly
flexible framework for optimizing ESGportfoliomanagement criteria due to its adaptability in handling black-
box functions. Themain advantage of our approach is that it is ‘expression-agnostic’. Theflexibility of BO stems
from its ability to adapt to different ESG criteria without requiring problem-specific adjustments, being capable
of optimizing any function of any investor profile with anyway of combining ESG and risk-return. Prior in the
literature, other black-box techniques -includingmetaheuristics such asGenetic algorithm (GA) [17] or
Simulated Annealing (SA) [18]- have also been proposed as alternative portfolio optimization techniques.
Bayesian optimization (BO) is a state-of-the-art class ofmethods that optimize black-boxes. AlthoughBOhas
many theoretical advantages over traditional black-box techniques, such asGA and SA, it has never been applied
to portfolio optimization (and therefore not to ESGportfolio optimization). This is the research gap towhich the
present paper responds. This paper aims to analyzewhether BO can be appliedwithin the ESGportfolio
optimization framework as an alternative technique and compare it with other traditional black-box techniques
used in portfoliomanagement: GA and SA. To show the empirical performance of BO,we carry out four
illustrative experiments. The present study is thefirst paper (to the best of our knowledge) that leverages
Bayesian optimization and ESG scores into a portfolio optimization technique. Our goal is to add another
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different optimization approach to theworld of ESG investing: a black-box non-heuristic optimization
approach through BO.Ourmain contribution is to show that BO can be appliedwithin the ESGportfolio
optimization framework. In particular, this paper seeks to contribute to the literature on optimization
techniques for ESGportfolios with an alternative approach by investigating whether BO can be used in theworld
of ESG investing, opening a further research line in portfolio allocation.

This paper is organized as follows. First, we beginwith a state-of-the-art description of ESGportfolio
optimization andBayesian optimizationmethods. Then, we describe the components of the objective function
thatwewill use in the illustrative experiment. In the following section, we describe Bayesian optimization in
detail in order to understand the illustrative experiment section, that comes afterward. Finally, we close the
manuscript with the conclusions and furtherwork section.

2. State of the art in portfolio optimizationwith ESG andBayesian optimization

Different traditional andwidely knownmodels for portfolio optimization have been applied to ESGportfolios
[5] such as theMarkowitzmean-variance portfolio optimization approach [16], or the Black and Litterman
asset allocationmodel [19]. Likewise,more recent portfolio optimizationmethods orwith a less solid
mathematical basis have been used for the construction of ESGportfolios (the naïve diversification approach - or
1/Nportfolio strategy- [5], the risk-parity portfolio framework [10, 20] and the reward-to-risk timing portfolio
strategy [21]).

Markowitzmean-variance portfolio optimizationmodel only considers risk and return and does not allow
for additional criteria. The need for portfolio selection to be able to include criteria beyondmean and variance is
solvedwithmulti-criteria portfolio selection.Manymultiple criteriamethods have already been applied in the
field of portfolio selection since Lee and Lerro [22]; we refer to Aouni et al (2018) for a review [23]. Concerning
studies that applymulti-criteriamethods to optimize ESGportfolios we can cite, among others, the following:
managing ESGportfolios from a linearmulticriteria approach [24]. Amulticriteria approach but in a classical
utility theory under uncertainty framework, instead of a linear one [25]. A two-stagemulti-objective framework
for the selection of ESG portfolios by applying a ‘Hedonic PriceMethod’, selecting ESGportfolios using goal
programmingmodels and fuzzy technology [26]. Amodel that combines goal programmingwith ‘goal games’
against nature [27]. A tri-criterion framework for inverse optimization of ESGportfolios [28]. An integration of
the ESGportfolio selection problem into aDecision Support System [29]. Amulticriteria portfolio selection
model formutual funds based on the Reference PointMethod [30]. Similarly, aMarkowitz’modelmodification
through a new tri-criterionmodel enabling investors to custom-tailor their asset allocations and incorporate all
personal preferences regarding return, risk and social responsibility [31]. Additionally, a formulation of the
portfolio optimization problem as amultiple-objective problem,where the third objective corresponds to
corporate social responsibility [32]. Analogously, three adaptations ofmultiobjective evolutionary algorithms to
include a social screening preceding the optimization process [33]. Finally, a hybrid ESGportfolio selection
model withmulti-criteria decisionmaking (MCDM) andmulti-objective optimization problem (MOOP)
techniques [34].

Other authors propose ESG-adjusted capital asset pricingmodels: the Sustainable CAPMmodel (S-CAPM)
[35, 36]. This leads us to ESG factormodels or the ESG factor investing strand of literature which considers ESG
criteria as a traditional systematic risk factor, either as a standalone factor or as a subcomponent of factor
strategies [1, 6, 37–43]. Additionally, a data envelopment analysis (DEA)model with quadratic and cubic terms
to enhance the evidence of two ormore aspects, as well as the interaction between the environmental, social, and
governance attributes has been proposed [3]. They then combined the ESG scores withfinancial indicators to
select assets based on a cross-efficiency analysis.

All these asset allocationmethods listed above are closed-form analytical techniques. But the real world is
rather a black box. For this reason, we propose a different approach, BayesianOptimization, which presents a
highlyflexible framework for optimizing ESGportfoliomanagement criteria due to its adaptability in handling
black-box functions. Themain advantage of our approach is that it is ‘expression-agnostic’. Theflexibility of BO
stems from its ability to adapt to different ESG criteria without requiring problem-specific adjustments, being
capable of optimizing any function of any investor profile with anyway of combining ESG and risk-return. As
will be explained in section 3.4, BO is capable of learning the underlying structure and uncertainty of the
objective function, enabling efficient exploration and exploitation in the search space. This feature, combined
with the L-Lipschitz continuity of ESG risk-performance functions, allows Bayesian optimization to optimize
various ESG criteria withminimal prior knowledge andminimal assumptions about the function’s structure,
making it a highly adaptable and flexible approach for ESGportfoliomanagement. Prior in the literature, other
black-boxmodels -includingmetaheuristics such asGenetic algorithm (GA) [17] or Simulated Annealing (SA)
[18]- have also been proposed as alternative portfolio optimization techniques [44–53]. Bayesian optimization
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(BO) is a state-of-the-art class ofmethods that optimize black-boxes. AlthoughBOhasmany theoretical
advantages over traditional black-box techniques, such asGA and SA, it has never been applied to portfolio
optimization (and therefore not to ESG portfolio optimization). Thus, this paper investigates whether BO can be
used in the ESGportfolio optimization framework as an alternative and compares it with other traditional black-
box techniques applied in portfolio optimization: GA and SA. This is the research gap towhich the present paper
responds. Our goal is to add another different optimization approach to theworld of ESG investing: a black-box
non-heuristic optimization approach through BO.Whilemetaheuristics (such asGA and SA) andBO share that
both do not require a closed analytic expression (they can deal with black boxes), four theoretical advantages of
BOoverGA and SA can be highlighted: •Metaheuristics are usedwhen finding the certified optimum solution in
a reasonable amount of time is impossible, but they only find near-optimal solutions [54]. In contrast, BO is not
a heuristic but amethod based on probability theory -and furthermore Bayesian-, which uses a surrogate
probabilisticmodel (in our case aGaussian process, which is a preciousmodel since it is non-parametric and
analytically closed) that for each possible portfolio (combination of weights) is giving us a predictive distribution
of the value of the black box (in our case the Sharpe ratiomodifiedwith ESG values). •When applying BO it is
fulfilled that in the event of slight variations in the portfolio weights, our cost function (our ESG-constrained
Sharpe ratio) is smooth. •Whereas BO can be applied even in the case that the evaluation is very costly (in terms
of computing time), which occursmost often in the real world (for example, if our risk estimationwas not a
standard deviation but some very expensivemonte carlo simulationmethod, or if we estimated the risk by
training a deep neural network, or in the casewe assess the ESG from social networks), GA and SA could not be
applied in thesemore realistic situations as they need a very high number of observations for the objective
function and thus require huge computing time. •While BOmakes it possible tomodel the latent function
contaminated by noise (with the same portfolio each time different results are obtained), GA and SA can not
model it. These theoretical advantages lead us to expect BO to performbetter thanGA and SA empirically. Thus,
we carry out four illustrative experiments to show the empirical performance of BO compared toGA and SA.
The present study is thefirst paper (to the best of our knowledge) that leverages Bayesian optimization and ESG
scores into a portfolio optimization technique. Ourmain contribution is to show that BO can be appliedwithin
the ESGportfolio optimization framework. In particular, this paper seeks to contribute to the underdeveloped
strand of literature on optimization techniques for ESG portfolios with an alternative approach by investigating
whether BO can be used in theworld of ESG investing, opening a further research line in portfolio optimization.

Recently, another alternative approach to ESGportfolio optimization has been suggested that applies deep
reinforcement learning (DRL) [55]. In particular, they proposed a deep reinforcement learningmodel-that
contains aMultivariate Bidirectional Long Short-TermMemory (LSTM)neural network-to predict stock
returns for constructing an ESGportfolio. They called their newmodel DeepResponsible Investment Portfolio
(DRIP).We are willing to explore deep reinforcement learning approaches to ESGportfolio optimization as a
further line of research, as stated in section 6.

3. The objective function: Sharpe Ratio subject to ESGCriteria

In this sectionwewill describe andmotivate our objective function. In particular, wewillminimize the Sharpe
ratio of a portfolio under the presence of soft constraints consisting of ESG criteria. Aswewill further see, we
include the ESG soft constraints in the objective function, acting as penalization criteria for the objective
function. Interestingly, it is useful tomodel the optimization problem like this as these constraints are not hard,
in the sense that they penalize the possible solutions but do notmake themunfeasible. The following subsections
describe the two components of the objective function: the ESG criteria and the Sharpe ratio. After describing
them,we explain howdowe integrate them in the objective function.

3.1. Fundamentals of ESGCriteria
ESG criteria are a framework for analyzing and assessing an organization’s performance in environmental,
social, and governancematters in comparisonwith its competitors [56].

The sixmost prominent ESG rating agencies are Sustainalytics ESGRisk Rating,MSCI ESGRatings,
Moodyʼs ESG (formerly Vigeo-Eiris), Refinitiv (formerly Asset4), Bloomberg ESGDisclosures Scores, and S&P
Global ESG Scores (formerly RobecoSAM). These agencies belong to some of the largestfinancial groups, such
asMorningstar,MSCI or Bloomberg. The scores given to the different companies are industry oriented, which
means theymust be comparedwith their industry competitors in order to evaluate their compliancewith ESG
criteria. Some rating agencies, such as Sustainalytics ESGRisk Rating, divide the risk of notmeeting ESG criteria
intomanageable and unmanageable risks.Manageable risks are then divided intomanaged risks and
management gap.Management gap represents the potential improvement in compliance with ESG criteria
companies have.
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Rating agencies lookmainly at different aspects or categories in each of the three key ESG areas when
evaluating a company’s ESGperformance, such as the ones shown in table 1.

Rating agencies give scores in differentmetrics to represent a company’s overall ESG risk. Just as an
illustrative example,MSCI gives a score betweenCCC andAAA, as it can be seen infigure 1.

However, other agencies as Bloomberg give a [1–100] scale or Sustainalytics uses a 5 risk level range
according to a [0–40] score from10 to 10. This is because there is no benchmark towhich comparing the
accomplishment of the different criteria. Therefore, a company’s ESG score doesn’t providemuch information
about afirm’s environmental, social and governance performance unless it is comparedwith the scores of other
companies in the same sector or industry. Additionally, it is important to compare ESG scores offirms in the
same sector, not across sectors, as there are industry related factors that affect a firms ESGperformance. For
example, a company in an industry which requires high amounts of energy resources, such as a chemical
company, is not comparable with a service company, such as a consultancy firm.

One of the criticismsmade to ESG criteria derives from the fact that they fall short in taking into
consideration the overallmission of corporations. Additionally, some of the criteriamay be considered to be
subjective, as analysts will have to score the companies according to their views and opinions on the performance
on those particular areas. Therefore, in order to provide an ESGmetric that encodes all, or themajority, of the

Figure 1.MSCI ESG Score.

Table 1.Different aspects or categories in each of the 3 key ESG areas, evaluated by ESG rating agencies.(*) In the EuropeanUnion (EU) the
Non-Financial ReportingDirective (NFRD) regulates and establishes the extent towhich companies in the EUmust complywith corporate
transparency [57].
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mentioned criteria, it is important to consider different ESG scores and approaches when assessing a firm’s
performance in the three areas. For ourwork, as an illustrative example, we used the following ESG score, but we
emphasize that ourmethodology is compatible with any subjective or objective ESG score, as we use Bayesian
optimization that is able to deal with black-box functionswhose gradients are unknown andwhose values can be
subjective.

Infigure 2 the ESG Score of Endesa can be seen. Endesa received a score of 8,7, and had no category classified
as ‘low’. The categorywhere Endesa performs best according to ESG criteria is Product Liability, followed by
HumanCapital.Meanwhile, the categories where it performedworst are Carbon Emissions and Product’s
Carbon Footprint. This is because, Endesa still has thermal plants operating, which are very pollutant, as they
consume carbon. Additionally, it has combined cycles, which also emit greenhouse gases, although less than
thermal plants, as they consume natural gas. Endesa’s ESG score is expected to improve in the following years, as
it plans to close all its carbon businesses by 2027 and its combined cycles in 2040.

3.2. Sharpe ratio
The Sharpe ratio takes into consideration an asset’s return and its variance [58]. Therefore, it balances the trade-
off betweenmaximizing returns andminimizing the risk or volatility. Equation (1) shows the Sharpe Ratio used
in the present research. The Sharpe ratio takes into consideration in the numerator the return andweight of the
different assets in the portfolio and the risk-free rate. In the denominator it considers the covariancematrix of
the portfolio and theweight of the different assets. The diagonal of the covariancematrix is the variance of the
different assets. The covariancematrix is symmetric about the diagonal.

å
ås

=
-

==

=

  ( )f

w r r

s t w w. . 1, 0 1, 1x
i

N

i i f

p i

N

i i
1

1

whereN is the number of different assets,wi is theweight of each asset i in the portfolio, ri is the return of asset i, rf
is the risk-free rate andσp is the standard deviation of the excess return of the portfolio.

3.3. ESG-constrained Sharpe Ratio
Wecombine the previous two concepts—ESG criteria and Sharpe ratio- in a single objective function thatwe
will optimize with themethod that will be illustrated in the following section, the bayesian approach.Most
critically, we emphasize that this is only an illustrative example of howboth criteria (risk and performance
measured by Sharpe andESGmeasured by the processmentioned in the previous section) can be combined. In
practice, the critical added value of BO is that both ESG and Sharpe values can be obtained as expensive black-
box processes. For example, social network analysis for ESG andMonte Carlo processes to estimate credit or
market risks. For our illustrative case, in particular, the objective function tries to optimize the Sharpe ratio being
penalized by the ESG criteria. The optimization of the objective function, being analytical or a potential black-
box, will return theweights of the optimal portfolio in terms of performance and ESG compliance asfigure 3
illustrates.

First, we assume that themoney is fully invested and alsowithout debts, sowe ensure that theweights of the
portfolio sumone å == w 1i

N
1 , where n is the number of titles in our portfolio, by performing a softmax

Figure 2.Example of the proposed ESG score in the Endesa company.
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function on theweights vectorw. Geometrically, we are performing a bijection, transforming the hypercube [0,
1]n into a simplex space n :

=
å +=

( )
( )

( )w
w

w

exp

exp
2s

i
N

1 

where ò is a near-zero value to ensure computational robustness. Then, we compute the Sharpe ratio of the
portfolio with respect to a risk-free asset. Combining both factors requires them to have the samemagnitude in
the objective function. For this purpose, they are normalized. The ESG score is normalized taking into
consideration itsmaximumandminimumvalues which are 0 and 10. Analogously, the Sharpe ratio is also
normalized using itsmaximumandminimumvalues. The ESG score e is simply obtained as a linear
combination of the ESG scores of every single asset:

å=
=

( )e w e . 3
i

N

i i
1

In particular, themaximumandminimumvalues are estimated by their sample values on the dataset
commented on in the illustrative experiment. Then, we simply add both factors.However, a logarithm factor
can be added to the ESG factor and normalized again if we have lowESG scores to highly penalize the objective
function and higher ESG scores formaking the objective only slightly worse.More generally, due to the
flexibility of BO,we could include any transformation of bothmetrics as our objective function, concretely, iff
(x) is any transformation of x (followingmachine learning notation), like a logarithmor a cubic function, then, if
o is the objective function, we could combine both factors as:

f f f=( ) ( ( ( )) ( ( ))) ( )o r ew e w e, , , 4

where r is the Sharpe ratio of the portfolio, e is the ESG function and e are the ESG scores. Recall that both the
ESG and Sharpe factors could be added,multiplied, or combined as the investor decides. As the ESG score
normalized and the Sharpe ratio normalized take values in the interval between 0 and 1, the fitness function takes
values in the interval between 0 and 2.

3.4. Adaptability of the Bayesian optimization framework for any ESG criteria
Aswe have seen, Bayesian optimizationwithGaussian Processes presents a highlyflexible framework for
optimizing ESGportfoliomanagement criteria due to its adaptability in handling black-box functions. In
particular,more formally and given a sufficiently complex family of covariance functions for theGaussian
processmodel, Bayesian optimization can optimize any L-Lipschitz continuous function. Concretely, in the
context of ESGportfoliomanagement, let f (x) denote a risk-performance function, like the Sharpe ratio, that
takes into account ESG factors, and assume that f (x) is L-Lipschitz continuous. Thismeans that there exists a
constant L� 0 such that for any x1 and x2 in the input domain, |f (x1)− f (x2)|� L||x1− x2||. In otherwords, the
Lipschitz continuity property ensures that f (x) exhibits a controlled rate of change, which is advantageouswhen
optimizing over diverse ESG criteria.

More informally, theflexibility of Bayesian optimization stems from its ability to adapt to different ESG
criteria without requiring problem-specific adjustments. By constructing surrogatemodels of the unknown
risk-performance function f (x) usingGaussian Processes, Bayesian optimization is capable of learning the
underlying structure and uncertainty of the objective function, enabling efficient exploration and exploitation in
the search space [59]. This feature, combinedwith the L-Lipschitz continuity of ESG risk-performance
functions, allows Bayesian optimization to optimize various ESG criteria withminimal prior knowledge and

Figure 3.ESG objective function of the ESGPortfolio optimization.
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minimal assumptions about the function’s structure,making it a highly adaptable and flexible approach for ESG
portfoliomanagement.

4. Fundamentals of Bayesian optimization

Bayesian optimization is a state-of-the-art class ofmethods that optimize black-boxes, that is, unknownnoisy
analytical functions that are very expensive to evaluatewhether in time or computational resources [60]. For
example, the estimation of the generalization error ofmachine learning algorithmswith respect to their hyper-
parameters is considered to be a black-box function and thefirst successful application of Bayesian optimization
(BO) [61]. In order to solve such a scenario, we need amethod copingwith the optimization of a black-box
without using gradients, in a small number of steps, and considering noise in the evaluations.More formally, the
purpose of BO is to retrieve the optimum xå of a black-box function f (x)where Îx  and is the input space
where f (x) can be observed. In otherwords, wewant to retrieve xå such that,

=
Î

( ) ( )fx xarg min , 5
x





assumingminimization.We can define a BOmethod by the following tuple

a= ( (·) ( ( )∣ )) ( )p f x, , , 6  

where f (x) is the black-box that wewant to optimize, is a probabilistic surrogatemodel,α( · ) is an
acquisition, or decision, function, ( ( )∣ )p f x  is a predictive distribution of the observation of x and

= = ¼{( )∣ }y i tx , 1, ,i i is the dataset of previous observations at iteration t.
To successfully solve this task, BOuses a probabilistic surrogatemodel, being a commonoption the

Gaussian process (GP), of the target function. Concretely, aGP is a set of randomvariables (of potentially infinite
size), any finite number of which have (consistent) joint Gaussian distributions [62].More formally, aGP is fully
defined by a zeromean and a covariance function or kernel ¢( )k x x, , that is, ~ ¢( ) ( ( ))f kx 0 x x, , .More
concretely, the covariance function of theGP receives two points as an input, x and ¢x . Given a set of observed
data = = ¼{( )∣ }y i Nx , 1, ,i i , where yi= f (xi)+ òiwith òi some additive Gaussian noise, aGP builds a
Gaussian predictive distribution ( ( )∣ )p f x  for the potential values of f (xå) at a new input point xå. Concretely,

m=( ( )∣ ) ( ( )∣ ( ) ( ))p f f vx x x x,     . Lastly, themeanμ(xå) and variance v(xå) of the predictive distribution
( ( )∣ )p f x  are respectively given by:

m s= + -( ) ( ) ( )x k K I y, 7T 2 1


s= - + -( ) ( ) ( ) ( )v kx x x k K I k, , 8T 2 1
   

where = ¼( )y yy , , N1
T are the observations collected so far;σ2 is the variance of the additive Gaussian noise

òi; kå= k(x*) is aN-dimensional vector with the prior covariances between the test point f (xå) and each of the
training points f (xi); andK is aN×Nmatrix with the prior covariances among each f (xi), for i=1,K,N. Each
elementKij= k(xi, xj) of thematrixK is given by the covariance function between each of the training points xi
and xjwhere i, j= 1, K, N andN is the total number of training points.

Using thismodel, we can estimate a predictive distribution of the unknown function in areas of the space
where it has not been evaluated yet. Using this distribution, BO computes, iteratively, an acquisition functionα
(x) that estimates, for every input space point x, the expected utility of evaluating the objective. In particular, the
point whose valuemaximizes the acquisition function is suggested for evaluation in an iterative fashion.Most
critically, that pointmaximizes the compromise between exploration of unknown areas and exploitation of
promising solutions evaluated before. The acquisition functionα(x) is generally not difficult tomaximize. In
particular, we can compute the gradient∇xα(x) of the acquisition function and use it for its optimization.We
can compute the gradient∇xα(x) because the acquisition functionα(x) is cheap to evaluate, as it is only based on
theGPpredictive distribution ( ( )∣ ))p f x  . An example of acquisition function is the expected improvement

(EI). Let c = m k
s
- -( ) ( )
( )

x x

x

 , EI is given by:

m k c s c f c= - - F +( ) ( ( ) ) ( ( )) ( ( )) ( ( )) ( )x x x x xEI , 9

whereΦ( · ) is theGaussianCDF andf( · ) is theGaussian PDF. Concretely, it is a heavily based exploitative
criterion.

Afterwards, theGP is updatedwith the suggestion and conditioned there, obtaining a newpredictive
distribution andmaking the BOmethod repeat the described instructions iteratively, until a number of
evaluations is consumed, where BO gives the final recommendation. In particular, this point can be the one
whose evaluation has the best observed value or the point that optimizes theGP predictivemean.We summarize
the steps of the basic Bayesian optimizationmethod in algorithm 1.
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Algorithm1.BOof a black-box function ( )f x .

Input:Maximumnumber of evaluations (budget)T.
for = ¼ Tt 1, 2, 3, , do

1: ifN = 1:

Choose xt randomly from  .

else:

Find xt by optimizing the acquisition function: a=
Î

( )x xargmaxt t
x 

.

2: Evaluate the black-box function (·)f at xt : = +( )y f xt tt  .

3: Augment the dataset with the observed value: = - ⋃{ }yx ,t t t t1: 1: 1  .

4: Fit again theGPmodel using the augmented dataset t1: .

end

5: Obtain the recommendation x (best observed value).
Result:Recommended point x

We illustrate the described process onfigure 4. In particular, this figure is divided into 3 plots, that are 3
iterations of the BO algorithm. Plotted on dotted black is the unknown objective function that wewant to
optimize.We also plot in black the predictivemean of the conditionedGaussian process on the previous
observations of the objective (black dots). The blue clouds are the uncertainty coming from theGPpredictive
distribution. Please observe how the uncertainty grows in unexplored areas of the space. Additionally, we plot as
a red dot the suggestion of the Bayesian optimization algorithm. This observation comes at the exact point of the
previousmaximization of the acquisition function, that is represented as a green area. Recall that the acquisition
function is easy tomaximize, for example by a quasi-Newton second ordermethod as the L-BFGS algorithm, as
we have gradients. The represented process continues in an iterative fashion until a budget of operations is
consumed, where the recommended solution comes from theminimization of the predictivemean of the
Gaussian process.

Concretely, different acquisition functions, like the expected improvement or the upper confidence bound
can be used.However, they are all trade-offs between exploration and exploitation. Analogously, different
probabilistic surrogatemodels, like random forests or Bayesian neural networks can also be used. Formore
information about Bayesian optimization and its applications we conclude giving a reference to study this class
ofmethods inmore detail [59].

5. Illustrative experiments

Weuse the the Bayesian optimizationmethod described in section 4 to optimize the ESG constrained Sharpe
ratio objective function presented in section 3.3.However, for illustrative purposes, we use a functionwhose
expression is known in this illustrative experiment. In a real-world scenario the expression for the performance
of the stock portfoliomay be only obtained by aMonte Carlo simulation of some events whose expression is
unknown and the ESG scoremay be obtained by awebcrawler of the different companies at the current day of
the simulation, which is also an unknown expression.Hence, only Bayesian optimization could be used in the
described setting as a solution, as the analytical expression is unknown and costly. The illustrative experiment
performed in this research consists of the optimization of a portfolio containing three companies from the
Spanish electric utility and energy sector. These companies are: Endesa, Repsol and Iberdrola. The three
companies compete on the electric utility sector, although there are some key differences between them,which
will be analyzed. Repsol has a strong presence in the oil and gas sector, therefore it should have a lower ESG score,
and the optimization should penalize Repsol with respect to the other two companies. The optimization
algorithm considers two factors: the current ESG score of the three companies and their return in the last 12
months, fromMarch 15th, 2021 toMarch 14th, 2022.We begin the section by analyzing its ESG score.We
emphasize the notice already pointed out above: that the ESG scores cannot be computed using an analytical-
form expression in other scenarios.

5.1. ESG analysis of the companies
Endesa, as seen infigure 2 and described in section 3.1, had an ESG score of 8,7. As it can be seen infigure 5,
Repsol received an ESG score of 7,3, having theworst score out of the three companies. Repsol has three
categories that were classified as having a ‘low’ESG score, whichwere Carbon Emissions, Product’s Carbon
Footprint and Pollution andWaste. Thismakes sense, as Repsol’smain business is the extraction, refinement
and commercialization of hydrocarbons. The category inwhich Repsol performed best was Product Liability.
Nevertheless, Repsol had some categories classified as ‘Medium’ in Social and inGovernance. These
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Figure 4.Bayesian optimization algorithmused to obtain an optimal solution of an unknown target function [60]. In this example, the
x axis represents a one-dimensionalmanifold of all the possible combinations of a portfolio. The dotted black line represents the true,
but unknown, ESG constrained Sharpe ratio functionwhose regret wewant tominimize. The solid black line is themean of the
predictive distribution of theGaussian process for every portfolio and the blue cloud represents the uncertainty for every portfolio
conditioned on the previous observations represented as black dots. The green function is the acquisition function, the utility function
that represents a trade-off between exploration and exploitationwhosemaximum is the next portfolio suggestion recommended by
the Bayesian optimization algorithm. Please observe how, for every iteration, the entropy of the predictive distribution about the best
portfolio isminimized, and how in the last iterationwe have almost perfect knowledge about all the portfolios. Best seen in color.

Figure 5.Example of the chosen criteria of the proposed ESG score in the Repsol company.
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classifications have nothing to dowith operating in the oil and gas sector, therefore it has a considerablemargin
of improvement in these categories. Repsol’s ESG score is also expected to improve in the coming years, as it
plans to become carbon neutral in 2050.

Infigure 6 the ESG score of Iberdrola can be seen. Iberdrola received a score of 8,97, being the companywith
the highest score. It had no category classified as ‘low’ and only three categories classified as ‘medium’. The
categories inwhich Iberdrola performed best are Environmental Opportunities, Product Liability and Business
Ethics. Iberdrola received an excellent score in Environmental Opportunities as it is the companywhich is
planning to become carbon neutral earlier, in 2030, and is the one investing heavier in renewable energy. The
categories inwhich Iberdrola performedworst are Carbon Emissions and Product’s Carbon Footprint, as
Iberdrola still has combined cycles operating and commercializes electricity produced fromall types of
technologies, including thermal plants. Iberdrola performed better than Endesa in these categories, as it has a
larger proportion of renewable energy resources and because it has no thermal plant operating. Iberdrola’s ESG
score is expected to improve in the following years as it becomes carbon neutral.

5.2. ESG constrained optimization of the Sharpe Ratio
Having computed the ESG scores, we now combine the companies and optimize the Sharpe ratio of the stock
portfolio with respect to the participation of every company in the portfolio but constrained to the ESG scores.
Concretely, the risk-free rate chosen for this experiment is 1.2%whichwas the average yield of the Spanish 10-
year treasury bond duringMarch 2022.

To normalize the Sharpe ratio, themaximumandminimumvalues need to be calculated. The formula used
for the Sharpe ratio is represented and explained in section 3.3. Tofind themaximumandminimumvalue for
the Sharpe ratio, the average returns and covariances for the three companies in the selected time period need to
be computed. For Endesawe had an average return of−0.051%, for Repsol we had an average return of 0.036%
and for Iberdrola we had an average return of−0.022%.

Themaximumvalue of the Sharpe ratio is 3 and theminimum−60.We use this information to normalize
the Sharpe ratio. The ESG score is normalized considering itsmaximumandminimumvalues, which are 10 and
0. In order to analyze the effectiveness of the Bayesian optimization algorithm,we compare the results of the
optimizationwith the best score achievedwhen running 100 different random variables for each of the three
weights. Both the optimization and the random search are run for a budget of 25 iterations.We use the upper
confidence bound acquisition function. For the Bayesian optimization to be effective, the average value, which is
the expected value, of thefitness function has to be higher than for the random search.

We propose two experiments with the same setting. In particular, we runBayesian optimization and, as
baselines that are able to adapt to any subjective analytical expression or a functionwithout analytical
expression, we run aGenetic algorithm and the Simulated Annealing technique that have both been previously
used for portfolio optimization. Finally, we also run aRandom search as another baseline. Each experiment is
executed 5 timeswith different random seeds. Every repetition of the experiments runs 50 iterations of all the
methods.We hope that the expected value, approximated by the empiricalmean, of Bayesian optimization is
higher than the one of theGenetic Algorithm, the Simulated Annealing, and the RandomSearchmethods. Also,
we hope that the standard deviation is lower in the case of Bayesian optimization, being a signal of a robust
method.

Figure 6.Example of the chosen criteria of the proposed ESG score in the Iberdrola company.
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In the case of Bayesian optimizationwe use the upper confidence bound acquisition function, in the genetic
algorithm casewe use a population of 5 individuals and 10 iterations, for a fair comparisonwith respect to
Bayesian optimization. Critically, all themethods are only able to observe the objective function the same
number of times. The simulated annealing technique has an inner loop of 5 iterations and an outer loop of 10
iterations. Finally, 50 points are retrieved randomly in a random search.

Thefirst experiment involves the following ESG scores, for Endesa, 8.7, for Iberdrola, 8.97 and for Repsol,
7.32. In particular, we can see that the variability of these scores is not high according to its range. Figure 7 shows
themean performance of the best observed result in every iteration by BayesianOptimization, in green,
compared to the performance displayed by RandomSearch, in red, Genetic algorithms in blue and simulated
annealing in yellow.

As can be seen, Bayesian optimization outperforms the baselines andRandomSearch, not only in
performance but also in robustness,measured by the standard deviation on themean performance. In
particular, the best observedmean performance of BayesianOptimization has been 1.662, themean
performance of theGenetic algorithmhas been 1.597, themean performance of Simulated Annealing has been
1.565 and the performance of RandomSearch has been 1.538.Moreover, we can observe howBayesian
optimization repetitions all converge into an optimal portfolio.

In particular, the optimumportfolio where all the repetitions of Bayesian optimization converge will be
composed of 57,6% shares of Endesa, 21,2% shares of Iberdrola and 21,2% shares of Repsol.

We now give the details of a second experiment, wherewe set ESG scoreswith high variability. In particular,
the newESG scores are the following ones: [9,5,2].We also execute this second experiment 5 executionswhere
every different execution includes 50 iterations of BayesianOptimization, a Genetic Algorithm, Simulated
Annealing andRandomSearch. Figure 8 summarizes the obtained results:

We can see how, independently of the variability of the ESG scores, BayesianOptimization outperforms
Genetic Algorithm, Simulated Annealing andRandomSearch, in that order, both in performance (mean of the
ESGTransformed Sharpe Ratio) and robustness. Again, BayesianOptimization repetitions converge into an
optimal portfolio, whose ESGTransformed Sharpe Ratio is lower than in the case of the previous portfolio as a
result of considering a lower sumof ESG scores, which penalizes the ESGTransformed Sharpe Ratio fitness
function.

Consequently, given the empirical evidence shown by the previous illustrative experiments, we can conclude
that, for the ESG constrained portfolio optimization thatmakes any possible objective function be able to use,
Bayesian optimization could be used to design an optimal portfolio.

In a third experiment, we run 5more executionswith thefirst configuration of ESG score but this timewe let
themetaheuristic techniques have a budget of 100 evaluations to seewhether they achieve better results than BO
ifmore observations of the objective function are considered. Figure 9 shows themean performance of the best
observed result in every iteration byBayesianOptimization, in green, compared to the performance displayed by
RandomSearch, in red andGenetic algorithms in blue.We skip simulated annealing as it delivers worst results
than genetic algorithms in previous experiments.

Figure 7.Mean performance per iteration of Bayesian optimization (green)with respect to aGenetic algorithm (blue), a simulated
annealing technique (yellow) andRandom search (red)with respect to 5 different executions of 50 iterations each. The standard
deviation of the performance (ESG transformed Sharpe Ratio) is shown in grey for allmethods.
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Finally, we carried out another synthetic experiment wherewe simulated the returns of 5 companies and
randomly sampled their ESG scores to seewhether, on the 5-dimensional case, BO still outperforms the genetic
algorithm and random search. Interestingly, BO is still able to outperform genetic algorithms and random
search as shown infigure 10.

Critically, we have only used the upper confidence bound vanilla Bayesian optimizationmethod, but several
enhancements like predictive entropy searchmay be used to enhance the performance of Bayesian optimization.
In particular, the vanilla Bayesian optimizationmethod has great empirical evidence for amaximumof 7, or 8
dimensions [60], formore dimensions,meaningmore entities in the portfolio, wewill explore the possibility of
high-dimensional BO and compare it to the performance of genetic algorithms in further work. In particular,
while our study has primarily focused on portfolio optimization involving a small number of assets (3 to 5
companies), we acknowledge that in practical scenarios, investors often need to allocate resources across amuch
larger number of assets. To address this, several high-dimensional Bayesian optimization (BO)methods have
been developed that can effectively handle problemswith dimensions beyond the empirical limit of 7
dimensions, or in this case, assets, which is the common threshold for vanilla Gaussian process BO and that we
describe in the following paragraph.

Figure 8.Mean performance per iteration of Bayesian optimization (green)with respect to aGenetic algorithm (blue), a simulated
annealing technique (yellow) andRandom search (red)with respect to 5 different executions of 50 iterationswith ESG scores of high
variability. The standard deviation of the performance (ESG transformed Sharpe Ratio) is shown in grey for allmethods.

Figure 9.Mean performance per iteration of Bayesian optimization (green)with respect to aGenetic algorithm (blue) andRandom
search (red)with respect to 5 different executions of 100 iterationswith ESG scores of high variability. The standard deviation of the
performance (ESG transformed Sharpe Ratio) is shown in grey for allmethods.
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Concretely, one such approach is known as Bayesian optimization in high dimensions via random
embeddings [63].More formally, in thismethod, the high-dimensional optimization problem is transformed
into a series of lower-dimensional problems through randomprojections, which can then be efficiently solved
using standard BO techniques.Mathematically, given a high-dimensional function f (x), where Î x D andD is
the number of dimensions, random embeddings define a lower-dimensional function g(z)= f (Φz), where
Î  d Dz ,d , andΦ is aD*d randommatrix. Then, BO is performed on g(z) in the lower-dimensional space,

yieldingmore efficient optimizationwhilemaintaining the overall structure of the original problem. Another
approach to tackle high-dimensional optimization is the use of additive Gaussian process (GP)models [64]. The
main idea is to decompose the objective function into additive components, allowing theGPmodel to learn the
structure of each component separately. Formally, the objective function f (x) is approximated as f (x)=∑ifi(xi),
where fi(xi) are lower-dimensional functions. This decomposition allows the BOalgorithm to focus on
optimizing one component at a time, significantly reducing the computational complexity andmaking it
suitable for high-dimensional problems.

Further approaches include the use of sparse GPs [65] and deepGPs [66] approximated by variational
inference, which enable scalable BOby introducing structured approximations to the standardGPmodels. By
leveraging these advanced techniques, high-dimensional BOmethods can be effectively utilized for optimizing
portfolios with a large number of assets, providing amore comprehensive solution to real-world portfolio
management problems.We believe that the comparison and adaptation of thesemethods for portfolio
optimization of a high number of assets is a great further line of research.

6. Conclusions and furtherwork

This paper has applied Bayesian optimization to an ESG constrained stock portfolio scenario. The
optimization’s effectiveness has been proved in four illustrative experiments. The proposedmethod can be used
to penalize the behavior of a portfolio according to any criteria, such asCorporate Social Responsibility (CSR)
criteria or afirm’s exposure to a certain country. For example, these penalizations could be used to take into
account the consequences of being present in theRussian andUkrainianmarkets during the current war for
multinational firms

Another interesting line of further research consists of decoupling the ESG constraints from themain
objective and considering them as black-box constraints. Then, wewill be able to avoid choosing at all costs
different stock portfolio configurations using constrainedmulti-objective Bayesian optimization [67].We
would also like to compare the performance of BayesianOptimizationwith respect to other black-box
optimizationmethods such as Tree Parzen Estimator andmore complex BayesianOptimizationmethodologies.
Additionally, a great further line of research consisting of applying and adapting several high-dimensional BO
methods for optimizing portfolios with a high number of assets, comparing their performance and also
comparing them to the performance of genetic algorithms in further work. Finally, we arewilling to explore

Figure 10.Mean performance per iteration of Bayesian optimization (green)with respect to aGenetic algorithm (blue) andRandom
search (red)with respect to 5 different executions of 50 iterationswith 5 ESG scores of high variability. The standard deviation of the
performance (ESG transformed Sharpe Ratio) is shown in grey for allmethods.
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more complex BayesianOptimization strategies and deep reinforcement learning approaches to ESGportfolio
optimization as a further line of research.
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