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ABSTRACT. In this paper we study several PDE problems where certain linear
or nonlinear termsin the equation concentrate in the domain, typically (but
not exclusively) near the boundary. We analyze some linear and nonlinear
elliptic models, linear and nonlinear parabolic ones as well as some damped
wave equations. We show that in all these singularly perturbed problems,
the concentrating terms give rise in the limit to a modification in the original
boundary condition of the problem. Hence we describe in each case which is
the singular limit problem and analyze the convergence of solutions.

1. Introduction. In this paper we consider several types of PDE problems in
which certain terms in the equations concentrate, as a parameter ¢ — 0. Typically,
near the boundary of the domain. This implies that the problem under consideration
are subjected to singular perturbations that drastically change the nature of the
problem, when passing to the limit.

In all the problems considered the goal is then to identify the form of the limit
problem and to describe the process of convergence of solutions, as ¢ — 0.

To make the notations apparent, we will consider €2, an open bounded smooth
set in IRN with a C? boundary 9. Let I' = 99 and consider the subset of

we ={z e : dist(z,T) < ¢}

for sufficiently small ¢, say 0 < & < gy. Notice that this set has measure |w| ~ £|T|
for small values of €. For sufficiently small ¢ > 0 we can define the “parallel”
interior boundary I', = {y —o7i(y), y € I'} where 7i(z) denotes the outward normal
vector. Note that I'g = I" and that for small €, the set w. is a neighborhood of T" in

Q, that collapses to the boundary when the parameter ¢ goes to zero.
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FiGURE 1. The set w.

Then, assuming regularity of I', we can describe w, as

we={z=y—on(y), yel, o€ (0,6)} = U T, (1.1)
0<o<e
for sufficiently small ¢, say 0 < € < €.
To illustrate the type of concentrated terms we will consider, assume we have a
family of functions {j.}. such that

1 .
7L/1|]£V <C,
e Jo.

for some 1 < 7 < oo (for r = oo we assume ||jc||z(w.) is bounded uniformly in
). Then we prove that, taking subsequences if necessary, there exists a function
jo € L™(T") (or a bounded Radon measure on T', jo € M(T) if » = 1) such that for
any smooth function ¢, we have
1 ) )
lim — Jsso:/yocp. (1.2)
. r

e=0¢ J,

Thus say that we have a “L"—concentrated convergent subsequence” and write
1
g.)(wsjg —jo cc—L" (1.3)

and say {j:}. is an “L"—concentrated (sequentially) compact family”. See Section
2.1.

We will consider several types of PDEs with concentrating terms as in (1.2),
(1.3). These terms could be non-homogeneous data, linear potentials or even linear
or nonlinear terms depending on the unknowns themselves. For example, in Section
2.2, we will consider general elliptic problems in divergence form of the type

{ —div(a(z)Vu®) + c(z)u® + Muf + 1X, Vo(z)u® = 1X, f- + 9. inQ,

a(e) 2% 4 p(a)u = he onT, (1.4)

where A € IR. Observe that here a non-homogeneous data, f. and a linear potential,
Ve, concentrate as in (1.3).

We will find conditions on the concentrating terms to prove that assuming that
the terms g. and h. converge in certain weak sense to go and hg, respectively, then
the solutions of (1.4) converge to the unique solution of

{ —div(a(z)Vu) + c(z)u + Au = go in Q,

a(z) 2% + (b(z) + Vo(z))u = fo+ho onT. (1.5)
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Notice that the singular concentrating terms in (1.4) transfer to boundary terms in
the limit problem (1.5).

Similar type of singular, concentrating, terms will be considered in further sec-
tions. For example, in Section 2.3 we will considers some elliptic nonlinear eigen-
value problems related to optimal constants in Sobolev embeddings. In Section 3
we will analyze the natural linear parabolic problems associated to (1.4) and (1.5).
For these problems we will prove strong results on the convergence of the associ-
ated linear semigroups, in optimal families of Bessel-type spaces. In Section 4 we
will consider nonlinear parabolic problems in which the concentrating term is the
nonlinear one. Hence in this case the limit problem is a parabolic problem with
nonlinear boundary conditions. Under natural dissipativity assumptions we show
that the asymptotic behavior of solutions are close as € — 0, by showing the upper
semicontinuity of the family of global attractors. Then, in Section 5 we turn back
to linear parabolic problems with now concentrating linear potentials and where
the time derivative of the unknown also concentrates. This implies that the ap-
proximating problem is a coupled elliptic—parabolic transmission problem while the
limit one has dynamic boundary conditions; that is, an evolution problem on the
boundary I'" which has a nonlocal coupling with an elliptic equation in 2. Our goal
is then to give sufficient conditions on the data to prove convergence and to describe
the limit process. The last two sections are devoted to damped type wave equa-
tions. As we lose the parabolic structure that implies regularization of solutions,
we are bound then to rely on energy estimates and compactness arguments. First,
in Section 6, the main feature is that the damping is concentrated and, therefore,
the limit problem is a wave equation with boundary feedback boundary condition;
in particular, the damping acts only on the boundary in the limit. In such a situ-
ation the type of approximating problems we consider, appear naturally in control
theory /stabilization of waves, see [15, 44, 59, 47, 48], or in homogenization of vibra-
tion problems with inclusions near the boundary, see [51, 28, 29, 17] and references
therein. On the other hand, the limit problem appears in the boundary control
theory, see [40, 41, 39, 67, 50, 19] and references therein. Second, in Section 7 we
explore the situation in which the damping and linear potential concentrate around
a smooth, compact orientable hypersurface without boundary, M, contained in €2,
that is not touching the boundary I'. In that case we show that the limit problem
is then a wave—wave transmission problem on both sides of M coupled with an evo-
lution problem on M. The limit problem can also be considered as a wave equation
in Q with damping concentrated only on M, see [32] for a two dimensional case.
The results in this section appear for the first time in print.

Problems with concentrating terms near the boundary have been considered in
the literature, some of which we are reporting about in this paper. For example
linear elliptic problems have been studied in [10]. Nonlinear elliptic problems, some
including oscillations in the boundary, have been considered in [12], [7], [4], [11];
see also [42]. Linear parabolic problems can be found in [55] while nonlinear ones
where considered in [34], [53], [5]. Delay nonlinear parabolic problems can be found
in [6], while parabolic dynamic boundary conditions can be found in [35]. Also,
asymptotic behavior of non-autonomous damped wave equations have been studied
in [3].

In all these examples a common feature is that concentrating terms near the
boundary give rise, in the limit, to a boundary term. The form of the boundary
term depends on the problem under consideration. Also, this influences the way
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the solutions of the approximate problem converge to those of the limit one. Notice
that one source of difficulties is that in (1.2) one term is defined in w. C Q while
the limit one is defined on I' = 02 so that convergence has to be seen in a dual
space of regular test functions.

2. Stationary problems. In this section we present the basic results and tools
for stationary problems before approaching evolution ones.

2.1. Concentrating integrals. In this section we prove several results that de-
scribe how different concentrated integrals converge to surface integrals. Most of
the results are taken from [10] where full details can be found.

We will extensively use the scale of Bessel Potential spaces H*%(Q2), which are
obtained via complex interpolation procedure of the usual Sobolev spaces W*4(£2)
with & = 0,1, ..., see for instance [1, 64, 2]. Recall that Bessel spaces have the sharp
continuous embeddings, see [1],

LT(Q),S—%Z—%,1ST<OO, ifs—%<0
H(Q) C S L"(Q), 1<r< oo, ifs—% =0
C"(Q) if s — & >1>0.

Moreover, we have the dual spaces H=2%4(Q) = (H2*%'(Q))’, see [2] for details,
which implies

L (Q), 787%§7¥,1<7‘§O®, ifsf%<0
H™*1(Q) D> L"(Q), 1<7r<o0, ifs— % =0

M(Q) if s =5 >0.

Also, the regularity of 2 and standard trace theory, see [1], imply that for s > %,
the trace operator, v, is well defined on H*9(2) and

(1), 5—%2—]\[;1, 1<r < oo, ifs—%<0

H*(Q) L L"), 1<r< oo, if s — & =0
cn(T) ifs—%>17>0.

The value ¢ in (1.1) will be chosen small enough so that, for all 0 < € < ¢, the
strip w. can be parametrized in a C? way by I' x [0,¢), that is, the map

T.:T'x[0,e) — we
(x,0) — x—oii(x)

is a C? diffeomorphism. Notice that if we define Q5 = Q \ @5&)r 0 < § < gg, then
we can construct the following C? diffeomorphism 75 : @ — Qs defined by

N if dist(z,T') > eq
) = { e =Us(0)ii(z) iz =z~ 07i(2), 0 € [0, 0)

where the function s : [0,e0] — [0,€0] is a C? function such that vs(eg) = eo,
P5(eo) = 1, ¥ (e0) = 0, 1¥5(0) = 4, it is strictly increasing, |[¢s(o) — o] + |[¢5(0) —
1|+ [¢{(o)| — 0 uniformly in o € [0,£0] as § — 0 and the map § — 15 € C?([0,&0])
is continuous.
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Observe that 75 is a C? diffeomorphism between €2 and Qs which satisfies || 75| 2,
|75 lc2 < C with C independent of § € (0,0), the map § — 75 € C%(Q) is
continuous for ¢ € [0, g¢]

||7'5—I||Cz(§)—>0, as 6 — 0,

and also 75 is a C? diffeomorphism between I' and I's and 75(z) = x — &7i(x) for
x € T'; see [12, 10].

This diffeomorphism induce isomorphisms 73 : H®?(Q)5) — H*(Q) for all
0<s<2and 1 < q < oo, which are defined by Tg(u) = woT1s. The C?-bounds
obtained above for 75 and 7; ' and the fact that |75 — I[|c2@) — 0 as 6 — 0
imply that the isomorphisms 7} and (7)~! are uniformly bounded in § € (0,¢0).
Moreover, we also have that for v € H*%(Qs), we get |75 (u) — ul|gs.a¢,) — 0.
They also induce the isomorphisms 75 : L"(T's) — L"(T), for 1 < r < oo, defined
by 75(v) = v o 75. Similarly, as we have argued for 7§ we will have that 75 and 75 1
are also uniformly bounded. It is not difficult to prove now that if we denote by s
the trace operator from H*9(f2) to L"(T's) and « the trace operator from H*%(Q)
to L™(T') then

7250’}/5%’)/, asd — 0

-1
T

and this convergence is pointwise from H*?(Q2) to L"™(T") if s > 1/q, s — ﬂ > —
and in the operator norm if s > 1/q, s — % > —N;l
#5075 =707

In particular, for any H defined on w. and for ¢ < g, we have

€
/Hmz/ HdS; b,
we 0 JT's

ﬂﬁm&zﬁﬂm@wm@m&m7

where dSs is the surface measure associated to I's and J(75(x)) := J(x,0) is the
surface Jacobian of the transformation 75. Note that in particular there exists
constants 0 < J; < Jy such that for all x € T and for all § € [0,¢¢]

J1 < J(x,0) <Jo and  |[J5 —1f|peery — 0 as d — 0.

With these tools we can show the following lemma.

. Notice also that we have

and

(N 1)

Lemma 2.1. Assume that v € H%1(Q) wzth =< s<2ands— E > — or

ve HY(Q), de,s=1=qandr =1 below Then for suﬂ?czently small €0, wWe
have

i) The map [0,&0] 3 0 — / [v|" is continuous.

Is
it) There exist a positive constant C' independent of € and v such that for any e < &g,

we have
€
Loy < Clollareacey. @r:A(l:Mjw

o

SUPse[0,e) ||’U|

In particular

and hm / lv|" = /|v|r

1 s T
2 [l < Clelno 2.
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We can now analyze how concentrating integrals converge for certain families of
functions which vary with ¢ and have weak regularity properties.

Lemma 2.2. Assume that a given family f. defined on w. is an “L"—concentrated
bounded family” near I, that is, for some 1 < r < 0o and a constant C' independent

of e,
1
! / LI <c,
E we

or sup,e,,_|fe(x)] < C for the case r = oo. Then,

i) For any s > é and s — % > —NTTI, 1X,,_f. is bounded in H—4(Q).

ii) For every sequence converging to zero (that we still denote € — 0) there exist a
subsequence (that we still denote the same) and a function fo € L"(T') (or a bounded
Radon measure on T, fo € M(T) if r = 1) such that

a) For any smooth function o, defined in Q, we have

Ehgég/ fep = /focp

b) If u® — u® weakly in H*9(Q) with s > 1/q and
N N-—-1

§—— > —

q r

or strongly in case of equal sign in (2.2), then

gg%g/ fout —/fou

In other words leEfs — fo in H54 Q)

(2.2)

/ )

Also the following consequence will be used further below.

Corollary 1. i) Assume ¢ € H?(Q) with o > 3 , and denote g the trace of p on
I'. Then

1

EXWEQO — o nH Q) ase—0 (2.3)
for any s such that s > % and

N N

(5—3)_+(U—5)_ >—N+1, (2.4)
where x_ denotes the negative part of x. Finally if ¢ € C(Q), (2.3) holds for any
5> 1.
i) Assume

[u§lfr o) < C-

Then, by taking subsequences if necessary, there exists ug € H'(Q) such that, as
e —0,

1
us —ug  weakly in H(Q), — X, u§ — ugr  weakly in H™'(Q)
€

1 2 2
tim 2 [ = [ ol

and

We can also prove,
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Proposition 1. Assume we have a family of functions V., 0 < e < gq, satisfying the
hypotheses of Lemma 2.2. Moreover, assume that (taking subsequences if necessary)
there exits a function Vo € L™(T') (or a bounded Radon measure on I', Vo € M(T)
if r = 1) such that for any smooth function , we have

1
lim — VE@Z/Vo%
T

e—=0 ¢ We

Then, for s > %, o> % and (s — %)_ + (o — %)_ > — 821 if we define the

operators, P. : H*P(Q}) = H-79(Q) for 0 <e <egg by

1
< P.(u), o >= g/ VeuS oS, < Po(u),p >= / Voue,
I

We

then P. — Py in L(H>?(Q), H=79()).

2.2. Elliptic problems and resolvent estimates. In this section we analyze the
behavior, as € — 0, of the solutions of the elliptic problem

—div(a(z)Vue) + M = me(z)u® + L X, Vo(a)u® + 1X, he + 9. inQ
a(x)aa—‘;: + b(x)u® = mg uf + je onT
(2.5)
where I' = 9 with smooth coefficients a € C1(Q2), b € C1(T'), with suitable non-
homogeneous given terms g., j- and concentrating potentials V. and concentrating
non-homogeneous terms h.. We present here results from [10] and [55].
We show below that the corresponding limit problem is the elliptic problem

{ —div(a(z)Vu) + Au = mou + go in Q,

a(x)% + b(aj‘)u = Mo, + VO(.T)U + hO +.]O onT (26)

where the concentrating terms in (2.5) turn into boundary terms in (2.6).
For the setting of problems (2.5) and (2.6) we define the elliptic operator Ay by

Agu = —div(a(z)Vu)
regarded as an unbounded operator in L%(f2), for 1 < ¢ < oo, with domain given by
D(Ag) = HZ'(Q) :={ue W21(Q): a(z)d% + b(z)u=0onT}.

Using the complex interpolation—extrapolation procedure in [2], for which the
reader is referred for further details, one can construct the scale of Banach spaces
associated to this operator, which will be denoted cha’q(ﬂ) for € [—1, 1], which
are closed subspaces of H2%9(2) incorporating some boundary conditions. In
particular, we have H.:(Q) = L9(Q), and H%(Q) = H (). Note that the
scale with negative exponents satisfies H, **9(Q) = (cho"q,(Q))’, for 0 < a<1
H2%9(Q) — H, >*9(Q). See [2] for details.

Therefore we consider now nonsmooth perturbations of the operator Ag. More
precisely we consider a nonsmooth potential m(z) in 2, a nonsmooth perturbation,
mo(z) of the boundary coefficient b(z) in I' as well as a family of concentrated
perturbations near I'.

In order to treat all perturbations in a unified form, we define for 0 < ¢ < &g,

1
< PEU7 p >= g VeWP, < Qoua p>= / muey, < Roua p >= / mouy
Q T

We

for suitable v and .
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Theorem 2.3. Assume that m lies in a bounded set in LP(QQ), with p > N/2,
mq lies in a bounded set in L"(I") and also that the family of potentials V. is a
L" —concentrated bounded family, for r > N — 1, that is

1
g |‘/5|T§C, r>N—1.

We

Then, for any 1 < q < oo, there exists some wg > 0 independent of m, mg and

g, and some interval J = (0g,01) C (%,2 — é), with
N N 1 N—-1 N-1
o =max{(— — —)4,— + — 2.7
0 {(p q)+ 7 (— . )+} (2.7)
N N 1 N-1 N-1
=min{2— (&= - S) 1+ — — (—— — 2.8
memin- (- Dyl B0 ey

such that for any Re(\) > wo and any o € J the elliptic operator Ag + A\ — (P- +
Qo + Ro), between HZ- Q) and H,,"9(Q), is invertible and

—1 C
1(Ao + AT = (Pe+ Qo+ Ro)) lleqayroon, mmncen < jyp - eld) 2 wo

and
(Ao + M = (P- 4+ Qo+ Fo)) " llggraqaymz-maay SO Red) 2 o
where C' is independent of m, mg, € and .
We have then the following consequences.

Corollary 2.
i) Assume

N
me —»m in LP(Q), p> 5

moe —mo i L'(T), r>N-1, (2.9)
1
X Ve = Wo, cc—L" for somer >N —1.
€
Assume moreover that

1
X, he = ho cc— LT for some g > 1.
€

and g. — go weakly in L*(Q), j- — jo weakly in L*(T) for some z > Nq/(N —1+q)
andt > q.
Then, there exists some wg > 0 independent of €, such that for Re(\) > wq there
ezists a unique solution, u®, of
—div(a(z)VuF) + Muf = me(x)u® + 12X, Vo(z)u® + 21X, he + 9. in Q,
a(x) %Tj; + b(x)uf = moc(x)us + je on T,

which converges

u® —u in H>(Q)
for any s < 2—og, with og as in (2.7), where u is the unique solution of the limiting
problem

—div(a(x)Vu) + Au = m(x)u + go in Q,
a(m)% + b(z)u = (mo(x) + Vb(m))u +ho+jo onT.
In particular, if ¢ > N —1, 2> N/2 and t > N — 1, then
ut —u in CP(Q),



PDE PROBLEMS WITH CONCENTRATING TERMS NEAR THE BOUNDARY 2155

for some B > 0.

i) If m € LP(Q), with p > & and mg € L™(T) with r > N — 1 then for any

1 < g < 00, the operator Ag—(Qo+Ro) in Theorem 2.3 is resolvent positive. That is,
there exists some wy > 0, such that for any X > wo and o € J = (09,01) C (%, 2—%)

if 0<geH, Q) then 0< (Ag+A —(Qo+Ro)) 'ge HE Q).

The constant wy can be taken uniform for m lying in a bounded set in LP(§2), with
p > N/2 and mg lying in a bounded set in L™(T'), with r > N — 1.

The convergence above implies also that the spectrum of the operators are close.
See Corollary 4.2 and Remark 4.3 in [10] or [37] for a precise statement. In partic-
ular, we have the following

Corollary 3. Assume (2.9) and denote by A5 the first eigenvalue of the eigenvalue
problem

{ —div(a(z)Ve®) = m.(x)p° + éXwEVE(x)gps + At inQ
a(z) % + b(x)p° = mo,(z)¢°

Then, as € — 0,

on I

A = A
which is the first eigenvalue of the limit eigenvalue problem
—div(a(x)Vy) = m(x)e + Ap in Q,
{ a(2)22 + b(x)p = (mo(z) + Vo(z))p onT.

2.3. Sharp embeddings and nonlinear eigenvalue problems. The existence
of a trace H!(Q) < L4(T) for 1 < ¢ <2, = 2(N —1)/(N —2), implies that we have
the Sobolev trace inequality: there exists a constant C such that

2/q
c(/ u|qu> S/(|Vv|2+v2)dx,
r Q

for all v € H'(Q). The best Sobolev trace constant is the largest C' such that the
above inequality holds, that is,

Jo IVU]? + v da

g T e (@\H©) 2/a ”
’ 0 (fr |U|qu)

(2.10)
For subcritical exponents, 1 < g < 2,, the embedding is compact, so we have exis-
tence of extremals, i.e. functioni where the infimum is attained. These extremals
can be taken strictly positive in {2 and smooth up to the boundary. If we normalize
the extremals with

/ luf7ds = 1, (2.11)
T

it follows that they are weak solutions of the following problem

{—Au—i—uzO in €,

2.12
94 = T, ful?2u onT. (2:12)

In the special case ¢ = 2 (2.12) is a linear eigenvalue problem of Steklov type, see
[62]. In the rest of this section we will assume that the extremals are normalized
according to (2.11).
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Let us consider the usual Sobolev embedding associated to the set w,, that is,
d
HY(Q) < L1 <w€, :) .

which is continuous for exponents ¢ such that 1 < ¢ < 2* = 2N/(N —2), see Lemma
2.1. Note that 2* = 2N/(N — 2) is larger than 2, = 2(N — 1)/(N — 2). The best
constant associated to this embedding is given by

Vol? 2d
SQ(a): gllf(ﬁ) fQ| U| = 2J/Uq
IS
(% wa |v]g dx)

and for ¢ < 2%, by compactness, the infimum is attained. The extremals, normalized
by

(2.13)

1
s | lulfdz=1, (2.14)
are weak solutions of
—Au+u= SQT@X% (z)|u]?2u in €,
) (2.15)
4 0 on I,

on
where x,,. denotes the characteristic function.
Therefore we are bound to study the convergence of the solutions of (2.15), (2.14)
to those of (2.12), (2.11) and so the convergence of the optimal constant (2.10) to
(2.13). This was analyzed in [12].

Theorem 2.4. Let Q be a bounded, C* domain and let T, and S,(g) be the best
Sobolev constants given by (2.10) and (2.13).
(1) For critical or subcritical g, 1 < ¢ <2, =2(N —1)/(N — 2), we have

lim Sq(e) =Ty

Moreover, for subcritical ¢, 1 < ¢ < 2, =2(N —1)/(N — 2), the extremals of Sq(e)
normalized according to (2.14) converge strongly (along subsequences) in H'(Q) and
in CP(Q), for some 3> 0, to an extremal of (2.10),

lim u. = uy, strongly in H*() and in CP(Q).

e—0

In the critical case, ¢ = 2, = 2(N — 1)/(N — 2), the extremals of Sqy(e) converge
weakly (along subsequences) in H(Q) to a limit, ug, that is a weak solution of
(2.12). This convergence is strong in H* () if and only if the limit verifies [ ul =1
and in this case ug is an extremal for Ty, .

(2) For supercritical q, 2, =2(N —1)/(N —2) < ¢ < 2* =2N/(N — 2), we have

lim S =0.
ey 4(€)
Remark 1. Observe that in the critical case, using a sequence of minimizers and

subsequences if necessary we have u. — ug weakly in H'(Q) and S.(¢q) — T,. Also,
we have

HUOH%P(Q) < lim inf ||u5||%11(9) < lim sup ||u5||?{1(9) = limsup S, (e) =T,
=0 e—0 e—0

and
Jo |Vug|? + uddx

(fr |U0|qu)2/q .

T, <
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Hence if ug is a minimizer, then [} Juo|?dS < 1. Conversely, if [i. |uol?dS > 1
then the argument above shows that this integral is actually equal to 1 and wug is
a minimizer. Moreover in such a case, we get the convergence of the H*(£2) norms
and hence the strong convergence in this space.

Thus, ug is a minimizer if and only if fr |uo|?dS = 1 which in turn is equivalent
to the strong convergence.

Also, in the critical case it may happen then that one has (2.14) and [ |ug|?dS <
1.

In [12] the question of radial symmetry of minimizers was also discussed and the
following result was proved.

Theorem 2.5. Let Sy(g) be the best Sobolev constant given by (2.13) with Q =
B(0, R).
(1) For 1 < q <2 and for every R,e > 0, the extremals of (2.13) in a ball are radial
functions that do not change sign. In particular, there exists a unique non negative
extremal of (2.13) satisfying (2.14).
(2) For2 < q<2,=2(N—1)/(N —2), there exist 0 < Ry < Ry < 0o such that:
(2.1) for 0 < R < Ry and e small (possibly depending on R) the extremals of
(2.13) are radial.
(2.2) for R > Ry and e small (possibly depending on R) the extremals of (2.13)
are not radial.

Remark 2. As a consequence of our results we get that extremals for the Sobolev
trace embedding in small balls are radial. For symmetry results of extremals of
Sobolev inequalities see for example, [22], [38] and references therein.

3. Linear parabolic problems. In this section we are interested in the behavior,
for small e, of the solutions of the linear parabolic problem

uf — div(a(z)Vus) = m(z)u® + L2, Vo(z)u® + f(z) + 1X, he(z) inQ
a(x)%iﬁi + b(x)u® = mp(x)u® onT
u®(0) = uo in Q

where a € C1(Q) with a(z) > ag > 0 in Q, and b(z) a C1(0Q) function, with
m € LP(Q), p > N/2and mg € L"(T"), r > N —1 and &,,_ denotes the characteristic
function of the set w,.

Following [55], we will show in this section that the “limit problem” for the
singularly perturbed problem above is given by

up — div(a(z)Vu) = m(x)u + f(z) in Q
a(z) %% + b(x)u = (mo(x) + Vo(z))u + ho(z) onT
u(0) = ug in Q

where hg, Vy are obtained as the limits of the concentrating terms
1 1
=X, he = ho, Xy Ve = Vo, cc—L" for somer >N —1. (3.1)
€ €

Since from the results in Section 2, the solutions of the elliptic problems (2.5)
converge to the unique solution of the elliptic limit problem (2.6), see Corollary 2,
then it is enough to consider here the linear homogeneous problems

uf — div(a(z)Vus) = m(z)u® + 1X, Vo(z)u®  in Q
a(x)%—’g + b(z)u® = mo(x)u® onT (3.2)
u®(0) = ug in Q
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and
ug — div(a(x)Vu) = m(z)u in Q
a() %% + b(z)u = (mo(z) + Vo(z))u onT (3.3)
u(0) = ug in Q

with m € LP(Q), p > N/2 and mg € L"(T'), r > N — 1.

Theorem 3.1. Assume that m lies in a bounded set in LP(Q), with p > N/2,
mq lies in a bounded set in L"(I") and also that the family of potentials V; is a
L™ —concentrated bounded family, for r > N — 1, that is

1
g |‘/5|T§C, r>N—1.

We
Then, for any 1 < g < 0o, the problem (3.2) defines a strongly continuous, order
preserving, analytic semigroup, Sm me.(t) in the space Hfg’q(Q) for any

1 1
el(q) =(—-14—,1——).
Vel@)= (14 51— 5)
Moreover the semigroup satisfies the smoothing estimates
M., eut 9
||Sm7m0,5(t)u0||H§:f/w<1(ﬂ) S %HUOHHEJ"’(Q)a t> 0) Uy € Hbg7q(Q)

for every v, € I(q), with~" > =, for some My, and i € IR independent of m,mg
and 0 < e <egg and v,v" € I(q). In particular, one has

M, et .
[[Smma,e (ol L () < WHUOHLP(Q)’ t>0, wup€L(Q)
it
for 1 < p <71 < oo with M, . and p independent of m,mg and 0 < e < &p.
Finally, for every ug € Hgg’q(Q), with v € 1(q), the function u®(t;ug) :=
Simmo.e(t)ug is in CY(Q) for any 0 < v < 1 and is a weak solution of (5.2) in
the sense that
1
[wiv+ [ a@vuvor [ (b - mo@uo = [ Vit s [ mayce
Q Q r we Q

€
for all sufficiently smooth .

Note that if Vo € L"(T"), for r > N — 1, with the choice V. = 0 and mg + V}
replacing my, the result above allows to define the semigroup Sy, mo+v; (t) such that
for every ug € HyJ*(Q), with  as above, the function u(t;ug) := Sy mo-+ve ()uo is
a weak solution of (3.3) in the sense that

/SZUt@+/Sza(x)V“V¢+A(b($)_mo(x))uwz/rvo(ﬂf)wp—i- m(z)up

Q
for all sufficiently smooth ¢. With these notations we have

Theorem 3.2. Assume that as € — 0, (2.9) holds true and for any 1 < q < o0,
consider the semigroups Sm. mq ..e(t) and Sp mo+v, (t) as above.

Then for every v,y € I(q) := (—1+ 2%1, 1- 2%1,) , v >, and T > 0 there ewists
C(e) = 0 as e — 0, such that

C(e)
||Sms7m0,575(t) - Sm,mo-i-Vo (t)||£(H§c%q(ﬂ)’H:Z,=q(Q)) S t’Yl*Af’ fO?" all 0 <t S T.

In particular, for any 0 < v <1 the solutions u®(t;ug) := Sm m,...c(t)uo of (3.2)
converge to solutions u(t;ug) := Sm.me+ve(t)uo of (3.3) in C*(Q) uniformly on
bounded time intervals away from t = 0.
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Remark 3. i) The constant C(g) in Theorem 3.2 can be estimated in terms of
1
Ime = m| o) + llmo.e = mollormy + 11 - ¥, Ve = Vol

where the last norm is a suitable norm in a space L(H®*9(2), H~>9()) for suitable
s, 0 see e.g. Proposition 1.

ii) From Theorem 3.2 and Corollary 3 we have that for sufficiently small ¢, in
Theorem 3.1 we can take any u > —\{.

4. Nonlinear parabolic problems. We analyze now the behavior, for small €,
of the solutions of the nonlinear parabolic problem

uf — div(a(z) V) = f(z,u®) + 21X, g-(z,u°) inQ
a(x)%—qj; +b(x)u=0 onT (4.1)
u®(0) = ug in Q

where a € C1(Q) with a(z) > ag > 0 in Q and b(z) a C*(9N) function and X,
denotes the characteristic function of the set w.. Note that without loss of generality
we can assume that g. is defined on Q x IR.
We will show below that the “limit problem” for the singularly perturbed problem
(4.1) is given by
up — div(a(z)Vu) = f(r,u) inQ

a(z)5% + b(x)u = go(x,u)  onT (4.2)
u(0) = ug
where gg is obtained as the limit of the concentrating terms
1

EXNEQE(VU) — gO('vu)

as we now explain. To be more precise, observe that the nonlinear terms in (4.1)
may contain zero and first order terms in u, so they can be written as

fz,u) = h(x) + m(z)u + folz,u) with fo(z,0) =0, (,%fo(x,O) =0 (4.3)

and ) )
gé\,’wggg(w, u) = EX% (hs(x) + Ve(2)u + ¢2(x, u)) (4.4)
with ¢2(z,0) = 0, £¢%(x,0) = 0, with certain regularity properties that will be
made precise below.

Analogously for (4.2) we will assume

go(w,u) = ho(z) + Vo(2)u + g§(z,u), €T (4.5)
where hg, Vo and gJ(z,u) are obtained as the limits of the concentrating terms
1 1
—Xo he = ho, X, V. > Vo, cc—L" forsomer >N —1. (4.6)
€ €
while

g%(x,u) = g§(x,u) uniformly in z € T, for u in bounded sets of IR. (4.7

Our goal is to prove that under assumptions (4.7) and (4.6), plus some growth
and dissipativity conditions on the nonlinear terms, problems (4.1) and (4.2) have
globally defined solutions for certain classes of initial data. Moreover, we are going
to show that the solutions of both problems have enough compactness so that they
are attracted to the global attractors, A., 0 < & < gg respectively. The global
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attractor for each problem contains all information about the asymptotic behavior
of all solutions.

Furthermore, we are going to show that the asymptotic dynamics of (4.1) and
(4.2) are close in the sense that the family of attractors A, is upper semicontinuous
at € = 0. That is,

dist(Ac, Ag) := sup inf {|Ju® —u°||} =0, ase — 0,
uceA, u%eAg
in a suitable and strong norm which here implies, among others, uniform conver-
gence in € for the functions and convergence of the derivatives in Lebesgue spaces.
The results in this section are taken from [33, 34].

Observe that the approach for upper semicontinuity has grounds in, e.g. Section
2.5. in [30], see also [61], and requires the following ingredients. First, we must
prove that all problems have attractors and that they are uniformly bounded with
respect to the parameter 0 < ¢ < ¢9. Then we must prove that the nonlinear
semigroups defined by (4.1) converge as € — 0 to the one defined by (4.2). This
in turn, will be obtained from the convergence of solutions for the corresponding
linear equations, see [55].

4.1. Well posedness for nonlinear problems. In this section we give some
results on the well posedness for both problems (4.1) and (4.2). For these we use
the results in [8] adapted to the particularities of problems (4.1) and (4.2) mentioned
above. Also note that we will make use of the semigroups described in Section 3
with boundary potential mg = 0.

Hence we consider (4.1) and (4.2) in the space X = L(Q) or X = H Q) =
HY4(Q), for 1 < g < co. For either choice of X there exist suitable growth restric-
tions on the nonlinearities, such that problems (4.1) and (4.2) are locally well posed
in X. For this we consider the following class of nonlinear terms Nx

Definition 4.1. The class Nx is formed up with functions j(z,u) such that
i) j(x,-) : IR — IR is locally Lipschitz, uniformly on z € Q or # € T
ii) If X = L9(Q)), assume that

(@, u) — (2, )] < clu—v|(jul’ ™"+ [T+ 1), (4.8)
iii) If X = H,%(Q) and
a) if 1 < ¢ < N, assume (4.8)
b) if ¢ = N assume that for every n > 0, there exists ¢, > 0 such that

N N
|7(z,u) — jx,v)| < c,7(e’7‘“| VT el N )|u — v, (4.9)

¢) if ¢ > N, no further conditions are assumed.

Then the techniques from [8] applied here give the following result.

Theorem 4.2. Assume the nonlinear terms f(x,u), ge(x,u) and go(z,u) satisfy
(4.3), (4.4) and (].5) respectively such that for every fized 0 < e < gy we have
h, %X%h6 € L*(Q), m, %)c'%vE € LP(Q) for some p > N/2, and fore =0, hy €
L>(T') and Vo € L™(T"), for somer > N — 1.

Also, assume X = L4(Q) or X = Hblciq(Q), with fo, 90,98 € Nx and either:
i) For (4.1), with fixred 0 < € < &,

a) if X = LU(Q) the exponents ps, and pyo in (4.8), are such that

2q

PfosPgl <pa:=1+ Na
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. _ 1’q .
b)if X = H,)*(2) exponents py, and pgo in (4.8), are such that

2q

PforPgo < poi=1+ N_q

i1) For (4.2)
a) if X = L9(Q) the exponents pys, and pgo in (4.8), are such that with N > 2
(respectively N =1)

2q

q .
Pro S pa =1+ N and Pgo <pr:=1+ N (respectively, Pgy < pr = 1+ q),

b)if X = Hblc’q(Q) exponents pg, and pgo in (4.8), are such that

2q q
pfoSpQ:1+N7_q and pgggprzl+m

Then for any ug € X there exists a unique (in certain sense) mild solution
u(+,up) € C([0,7),X), of problems (4.1) or (4.2), respectively, satisfying u(0,ug) =
ug i X. This solution depends continuously on the initial data ug € X.

In order to ensure that the local solutions constructed above are globally defined,
following [9], we will assume the following sign conditions on the nonlinear terms

Sign conditions (S) Assume in addition that the there exist C' € LP(Q2),0< D €
LP(Q) with p > &

uf(z,u) < C(x)u® + D(x)ul, z€Q, wuclR, (4.10)

and either
i) for (4.1), with fixed 0 < ¢ < ¢, there exist E. € LP(Q), 0 < F, € LP(Q),
p > % such that

ug. (z,u) < E.(z)u® + F.(x)lu|, =€w., ué€ IR, (4.11)
ii) for (4.2), there exist Ey € L™(T"), 0 < Fy € L"(T"), » > N — 1 such that
ugo(z,u) < Eo(x)u® + Fo(z)|u|, €T, uc iR (4.12)

Remark 4. Observe that comparing (4.3) with (4.10), (4.4) with (4.11) and (4.5)
with (4.12), we get

()] < D(x),  [he(z)| < Fe(x),  [ho(z)] < Fo(x).
Then we have, see [9, Theorem 2.2] and also [56, Theorems 2.5 and 2.6].

Theorem 4.3. Under the sign assumptions (S) above, the local solutions in The-
orem 4.2 are defined for all t > 0 and each solution is bounded in L>°(Q2) and in
X on bounded time intervals away from t = 0. In particular (4.1) and (4.2) define
nonlinear semigroups

T.(t)ug = u(t; up), 0<e<ey, wuye€lX,

for either X = L9(Q) or X = HLY(Q).
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4.2. Existence of attractors and uniform bounds. In this section we give
conditions that allow to prove that the nonlinear semigroups defined by problems
(4.1) and (4.2) in Theorem 4.3 have global attractors A, and A respectively and
to obtain suitable uniform bounds on A, independent of . For this, by Lemma 2.2,
we will assume that in (4.11)

1 1
- |E.|"<C, -X,,BE.—FE cc—L", r>N-1, (4.13)
€ Jo. €

and . )
f/ |F."<C, =Xy F.—F cc—L", r>N-1 (4.14)
€ Jo. €

Therefore we will also assume the following dissipativity condition.

Dissipative condition (D) There exists 6 > 0 such that the first eigenvalue, A,
of the following problem

—div(a(x)Ve) = C(z)p+ Ap in Q
{ a(m)% +b(z)p = E(z)p onT
satisfies
A>0>0 (4.15)
for E = F asin (4.13) and E = Ep in (4.12).

Lemma 4.4. Assume the sign conditions (4.10), (4.11) and (4.12), the concen-
trated bounds (4.13), (4.14) and the dissipativity condition (4.15).

Then there exist a constant Ko, and a function R (M,t), for M,t > 0, inde-
pendent of e such that for each fized M > 0, R (M,t), is monotonically decreasing
and converges to zero, ast — oo and such that for sufficiently small 0 < e < g¢, the
global solutions of problems (4.1) and (4.2) in Theorem 4.3, satisfy that for initial
data such that ||uol|La() < M

sup sup llu®(t, s u0)|| Lo (@) < Koo + Roo(M,t).
0<e<eo [luollracy<M

In particular, for any M > 0,

limsup sup sup llu®(t, s u0)|| Lo (@) < Koo
t—oo 0<e<eo [luollra(ay<M

With this and the smoothing effect of the equations we get

Lemma 4.5. Under the assumptions in Lemma 4.4 assume moreover that
1

sup |he(2)] < C,

TEWe

/ V.r<c,  r>N-1

and {g2(z,u)}e is uniformly bounded in Q on bounded sets of IR, i.e. for any R >0
there exists a positive constant C(R) independent of € such that

192(z,u)] < C(R), forall 2€Q, and |ul <R.

Then, for any 1 < p < 0o and v < % + ﬁ there exists a constant K, and a
function R, . (M,t), for M,t > 0, independent of € such that for each fixed M > 0,
R, (M,t), is monotonically decreasing and converges to zero, ast — oo and such
that for sufficiently small 0 < & < gq, the global solutions of problems (4.1) and
(4.2) in Theorem 4.5, satisfy that for initial data such that ||uol|paq) < M

sup sup [lu® (¢, -; uo)Hszz,p(Q) < K,y + R, (M,1).
0<e<eo ||uollpao)<M be
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In particular,

. el
limsup sup  supul(t5u0) | ey < Koo
t—oo  0<e<eo |luollLa(o) <M be

Therefore, the global semigroups defined by problems (4.1) and (4.2) in Theorem
4.3, have global attractors A. in X which satisfy

sup sup [[v]|
0<e<egveA.

e S Koo
In particular the attractors are uniformly bounded in Hblc’p(ﬂ) and C”(Q) for any
1< p<ooand for any 0 <v < 1.

Remark 5. From here on we can assume that the nonlinear terms are globally
Lipschitz and the semigroups T.(t) and Ty(t) are defined on L? () for any 1 < p <
oo. In particular, the attractors A, attract solutions in the norm of Hf;’l’p (Q) for
anyl<p<ooand7’<%+ﬁ.

Now since the nonlinear semigroups T, (t) and Ty(t) are order preserving and the
estimates above, from Theorem 3.2 in [56], see also [18], we get the existence of
extremal equilibria for problems (4.1) and (4.2) which are the caps of the attractors

Proposition 2. Under the above notations and hypotheses, for each 0 < e < g,
there exists two ordered extremal equilibria @5, < @5, such that Ac C [¢5,, ©5]
05, Y5 € Ae and

oy, <liminf u®(¢, z;u0) < limsupu® (¢, z;uo) < Y5y
t—ro0 t—o00

uniformly in x € Q and for initial data ug such that ||ug||Le)y < M.
4.3. Concentrated nonlinear terms. In this section, we prove two technical
results that will allow to pass to the limit in nonlinear terms which are concentrating

near the boundary as ¢ — 0.
For this, we consider a family of functions

g2 QxR — IR,
for 0 < e < g9, satisfying the following conditions

i) {g%(x, u)} is uniformly bounded in Q on bounded sets of IR, i.e. for any R > 0
there exists a positive constant C'(R) independent of € such that

19%(z,u)] < C(R), forall z€Q, and |u|<R. (4.16)

ii) {g%(z,u)}. is uniformly continuous in Q, uniformly on bounded sets of IR and
also uniformly Lipschitz on bounded sets of IR, i.e. for any R > 0 there exists a
positive constant L(R) independent of £ such that

|92(z,u) — g2(z,v)| < L(R)|u—v|, forall z€Q, |u/<R, [v]<R. (4.17)

iii) g%(z,u) converges to gJ(z,u) uniformly on I and on bounded sets of IR, i.e.
for any R >0
@2z, u) = g§(x,u) as e—0, uniformly onz €T and |u| <R (4.18)

Then we have the following result. Note that here p and ¢ are not meant to be
the same as in previous sections. Also, the result below applies in the case ¢° = g,
that is, when the family does not depend on e.
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Lemma 4.6. Consider a family of functions
@ OxR— R

for 0 < e < gg. Also, consider a family of functions, C, in €0 such that, for some
l<p<ooand R>0

||UHH1,p(Q)ﬁLoo(Q) <R forallveC. (419)

i) If {90} satisfies (4.16), then there exists a positive constant, M (R), independent
of € such that for every 1 < q < oo and any ¢ € H“”’q,(Q) with s > % and every
v € C we have

1
2 [ 2600l < Ml

In particular sup,cc || 2 X, g2, v) || gr-sa(0) < M(R).
ii) If {g°}e satisfies (4.16), (4.17) and (4.18), then there exists M (e, R) — 0 as
e — 0 such that for every ¢ € H“'(Q) and v € C

1
1z [ stele= [ 8006l < MRl o

provided
g(N—-1)

¥ (4.20)

P>
In particular £ X,,_g2(-,v) = g8 (-,v) in H=19(Q), uniformly in v € C.

In particular, we get

Corollary 4. Assume (4.16), (4.17), (4.18) and

1
- Xy he = hg, cc— L™
€

and consider the nonlinear terms
1 1
H.(u) =h+ fo(,u) + du+ ngEhE + ngEgg(~,u)

and
Ho(u) = (h+ fo(-;u) + M), + (ho + g9 (- u)) -

Finally, consider a family C as in Lemma 4.6, that is satisfying (4.19). Then we
havethatforany1<q<ooand%<s§1
i) There exists C > 0 independent of € > 0 such that

SUD{IHe (W) 1y 00 I HO @) gm0} < €

it) If (4.20) holds, that is p > w, there exists M () — 0 as € — 0 such that

Sup | (v) — Ho(0)] 0y < M (E).
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4.4. Upper semicontinuity of attractors. With all the above we can then ob-
tain the convergence of the nonlinear semigroups. Note that although the nonlinear
problems (4.1) and (4.2) are set in the space X = L9(Q2) or X = H;gq(Q) as in
Section 4.1, depending on the growth of the nonlinear term, the convergence results
below always take place in H,”(Q) for any 1 < p < oo.

Lemma 4.7. Fiz any M > 0 and ty > 0 and consider any initial data such that
uollLa() < M and denote ue = Te(to)uo-

Then, for any 1 < p < oo and any T > 0, there exists a constant C(M,T,e) — 0
if e = 0, such that for e € (0,¢0),

ITe(t)ue — To(t)u€||Hb1,p(Q) <C(M,T,e) =0, ase—0, forte0,T].
In particular

sup ||T:(t)ve — TO(t)'UEHH;,p(Q) <CO(M,T,e) =0, ase—0, forte]0,T].
v €A €
We are now in a position to prove the upper semicontinuity of the family of
attractors.

Theorem 4.8. Under the above assumptions, for any 1 < p < oo, the family
of global attractors of (4.1) and (4.2), Ac, is upper semicontinuous at € = 0 in
HP(Q), that is

dZStHblc'p(Q)(AE“AO) — O, ZfE —0
where

; — Q : e_ .0
Botaip@ Ao Aol = 2ip gl U = e )

In particular, we get the upper semicontinuity of equilibria

Corollary 5.

i) For every sequence €, with e — 0 as k — oo and for every sequence of equilibria
Ok € A, there exists a subsequence (that we denote the same) and a equilibrium
point ©° € Ag such that

o =% k= oo z'nglc’p(Q)

for any 1 < p < oc0.
i1) In particular, considering the extremal equilibria in Proposition 2, we obtain that
¢ < liminf o° < limsup p° < Y,
e—0 e—0

5. Dynamic boundary conditions. Dynamic boundary conditions have the main
characteristic of involving the time derivative of the unknown. They have been used,
among others, as a model of “boundary feedback” in stabilization and control prob-
lems of membranes and plates, [15, 40, 41, 39, 44, 66], in phase transition problems,
[65, 24, 25, 26, 49, 16], in some hydrodynamic problems, [27, 63] or in population
dynamics, [21]. They have also been considered in the context of elliptic—parabolic
problems, [20, 57]. Also several of so called “transmission problems” have been de-
scribed and analyzed in [60], some of which lead, under some singular perturbation
limits, to problems with dynamical boundary conditions.

In this section our goal is to prove that dynamic boundary conditions can be
obtained as the singular limit of elliptic/parabolic problems in which the time de-
rivative concentrates in a narrow region close to the boundary.
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Hence we consider the following family of parabolic problems

é/’l:wguf — Au® + \uf + %XMEVE(m‘)uE =f+ éXwegE in Q
Qu =0 onT (5.1)
u®(0,z) = uf(x) in Q

where X, is the characteristic function of the set w. and A € IR. Then, following
[35], we show that the limit problem is the following parabolic problem with dynamic
boundary conditions

—Aud + 2l = f in
uf + 8(%) +V(@u’=g onT (5.2)
u%(0,z) = vo(x) onTl

where vy, V and g are obtained as the limits of the concentrating terms
1 R 1 1
EXWSUO — o, gst‘/s -V, ngsge — g.

Notice that all concentrating terms in (5.1) are transferred, in the limit, to the
boundary condition in (5.2).
Note that (5.1) is formally equivalent to solving

—Auf+ X uf = f in 2\ &

%fjj —Aut M+ LVou = f+lg. inw. (5.3)
o =0 on !

W (0,7) = uj(2) i Q2

and that in (5.3) boundary conditions are missing on I'c = dw, \T' = (2 \ @.).
Since there would be several ways of connecting the solutions of the elliptic and
the parabolic equations in (5.3) along that boundary, we consider the boundary
conditions on I'. that ensure maximal smoothness of solutions. This is achieved by
imposing the classical transmissions conditions on I';, that is, no jump of the u®
and its normal derivate across T, see [58],

wlr, = (5, =0, (5.4

Hence, (5.3) and (5.4) is a formulation of an elliptic—parabolic transmission problem,
see [46], Chapter 1, Section 9, for related problems.

On the other hand, (5.2) must be understood as an evolution problem on the
boundary I'; such that, for each time ¢ > 0, the solution must be lifted to the interior
of 2 by means of the elliptic equation in (5.2). In this way the term %—7%0, which is
the so called Dirichlet Neumann operator, becomes a linear nonlocal operator for
functions defined on T'.

Here and below H*(Q) denote, for s > 0, the standard Sobolev spaces and for
s > 0 we denote

H™(Q) = (H*(Q)"
Also Hy () will denote the dual space of H{(Q).

Finally, we will consider below traces on I' of functions defined in 2. Hence, we
will denote by ~(u) the trace of a function u and denote by ~y the trace operator on
H*(Q) — H5~2(T) for s > 1, and H~Y/2(T') will denote the dual space of H'/?(T').
We will also use the embeddings

H*(T)c L*T) c H (') c H1(Q)
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in the sense that for every f € HY(Q), v(f) € H~2(I') € H1(Q) is defined as

(e) = [t sem@.

—1,1
We will often find below some elements in H~1({) for which we will employ the
notation
h=fa+gr
where f and g are functions defined in 2 and on I' respectively. This will denote

the functional defined by
(ho) = [ 1o+ [0
—1,1 Q T

for all sufficiently smooth function ¢ in .

5.1. The approximating parabolic problems. Note that in [58] a very similar
problem to (5.1) was considered. In fact in [58] Dirichlet boundary conditions were
assumed on I' instead as Neumann ones and also V. = 0. Therefore, we modify
the arguments in [58] to apply them to (5.1). See Theorem 1.1, Theorem 4.9 and
Proposition 4.10 in [58]. Also, temporarily, we remove the dependence on e.

Hence, we identify L?()) with its dual and denote by H~1(Q) the dual space of
H'(Q) and then H'(Q) C L?(Q2) ¢ H~*(Q). Also, we assume

Vel (w), p>N/2 (5.5)

and define the bilinear symmetric form in H*(Q)

/V¢V¢+/Vg0¢+>\/<ﬂ¢

for every o, ¢ € H*(§2), which defines an linear mapping, L, between H!(Q) and its
dual H~1(), given by

(L), o) =alp,0).

~1,1

Now we write (5.1) as

Xour — Au+ X, Vu+ du=h(t) inQ,t>0,

gu =0 onT (5.6)

a0, 2) = uo () in ©,
with h = f + X,g.
Then in a similar fashion as in Theorems 1.1 and 4.9 in [58], we have the following

result that states the well-posedness of (5.6).

Theorem 5.1. Denote Aq\g the first eigenvalue of the Laplacian operator with
Dirichlet boundary conditions in Q\ @. Assume X > —Ag\o, h € L*((0,T), L*(£2))
and up € L*(w).
i) Then there exists a unique solution of (5.6), which satisfies
u € C([0,T), L*(w)) N L2((0,T), H'(Q)), u(0) =ug inw
and satisfies (5.6) in the sense that
Xoug+ L(u)=h in HYQ), ae tec(0,T).

i1) Assume moreover that either

a) h € Wh1((0,T), L*(Q)) or

b) h € L*((0,T), L*(w)) = L*((0,T) x w) and h € WHL((0,T), L*(2\ @))
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and ug € H'(Q) satisfies

— Aug + Aug = h(0) in Q\@. (5.7)
Then
u e C([0,T), H (Q)) N L*((0,T), H*(Q)) u(0) = ug in Q
and u(t) satisfies (5.6) a.e. t € (0,T).

Also, as in Proposition 4.10 in [58], we get

Proposition 3. Assume, as above, that X > —Aq\g and ug € HY(Q) satisfying
(5.7) and h(t) € L*(Q) a.e. t € (0,T), are given.
i) If h € WHL((0,T), L3(2)), then

t
IVt oy + [ Vel? + A ey +2 | [ ot
w w

t
= Vol + / Vuc2)+/\||uo||2L2(Q)+2< /Q h(tyu(t)— /Q h(O)uo— / /Q htu).

Therefore, the mapping (ug, h) — (u,us) is Lipschitz from
HY(Q) x WHi((0,T), L3(2)) into C([0,T], HY(Q)) x L?((0,T) x w).
ii) If h € L*((0,T) x w) and h € WHL((0,T), L*(2\ w)), then

t
IVl riy + [ ViR + Al +2 [ [ ot = 1Vwliae + | Vil

t t
0 Jw Q\w Q\w 0 JOQ\w

Therefore, the mapping (uo, hw, honz) — (u,u) is Lipschitz from HY(Q) x
L?((0,T) x w) x WHE((0,T), L3(Q\ @)) into C([0,T], H(Q)) x L?((0,T) x w).

5.2. The limit problem with dynamic BC. We consider the parabolic problem
(5.2), that is

—Au® + 2l = f in Q
ud + %—“; +Vo(zx)u’ =g onT (5.8)
u®(0,z) = vo(x) onT

for which we adapt the results in [57] for which the reader is referred for full details.
Hence, in this case we assume

VoeLP(T), p>N-—1

and define the bilinear symmetric form in H*()

C‘“(*”’“’):/QWV“/FVW“/QW

for every o, ¢ € H(Q2), which defines a linear mapping, Lo, between H'(Q) and its
dual H=1(Q).

Now as in Corollary 3.3 in [57] we have the following result that states the well—
posedness of (5.8).

Proposition 4. Denote by \q the first eigenvalue of the Laplace operator in  with
Dirichlet boundary conditions and assume A > —Aq.

Assume A > —Xq, f € L*((0,T),L*(2)), g € L*((0,T) xT') and vy € L*(T") are
given.
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i) Then there exists a unique solution of (5.8) which satisfies
u’ € L*((0,T), H' (), ~(u®); € L*((0,T) x I)
and satisfies (5.8) in the sense that

Y(W®)s + Lo(u®) = fo +gr
as an equality in H=*(Q), a.e. t € (0,T). In particular v(u®) € C([0,T], L*(T))
and v(u®)(0) = v.
ii) Moreover, if f € C([0,T),L*(Q)) and ug € H*(Q)) satisfies
—Aug + Aug = f(0), inQ
then with vy = y(ug) we have u® € C([0,T), H*(£2)), u°(0) = uo.

5.3. Time dependent concentrating integrals. In this section we show sev-
eral results that describe how different concentrated integrals converge to surface
integrals. Hereafter we denote by C' > 0 any positive constant such that C is
independent of € and ¢t. This constant may change from line to line.

The results in Section 2.1 can now be extended to handle concentrating integrals
including a time dependence.

Lemma 5.2. A) Consider v € L"((0,T), H*(Q)) with 1 < r < oo, s > % and
H*(Q) € LYT), that is, s — % > =1 Then,

r 1 q r/q r r r
LG )™ < [ ottt = ol
o €Jo. 0
T T
1 r/q r/q
i [ ()= [ ()" -
0 ‘¢ Jw. 0 r

B) Consider a family g. defined on (0,T) X we, such that for some 1 < g < o0,
1 <r < oo and a positive constant C' independent of €,

/OT (% o |ga(t,$)|rd$)%dt <C

or fOT SUPzew, |9 (t, 2)|2dt < C for the case r = 00.

Then, for every s satisfying s — & > — 771, and for every sequence converging
to zero (that we still denote € — 0) there exists a subsequence (that we still denote
the same) and a function g € L((0,T),L"(T")) (or a bounded Radon measure on

Iyg e LY(0,T), M(T)) if r = 1) such that

()

and

)-

1
—X,.9: > g in LY(0,T), H°(Q)), weakly as ¢ — 0,
€

where X, is the characteristic function of the set w.. In particular, for any smooth
function ¢, defined in [0, T] x Q, we have

lim — //gesﬁ //gsﬁ
e—0 ¢ we

Also, if u= — u° strongly in LY ((0,T), H*()) then

lim — / / geu’ —/ /gu
e—=0 ¢ We
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C) Consider a family g. defined on (0,T) X we, and assume that for some 1 <
r,q < 00, there exist h € L9(0,T), and g € L((0,T),L"(T")) such that

([ laeor) v, ae. vepo

éstgs(t, )= g(t,:) in H3(Q) ae. te(0,T)

with s — & > =821 Then 1 X, g. — g in L9((0,T), H*(9Q)).

In particular, if ¢ € L1((0,T),H°(Q)), with o > L, we consider ¢.(t) =
%Xwigo(t) and po(t) = @|r(t). Then

1
ngicp — o in LY(0,T),H%()) ase — 0 (5.9)
foro,s asin (2.4). If ¢ € C([0,T] x Q), (5.9) holds for any ¢ > 1 and s > 3.

Now we prove the following result that will be used below in the analysis of (5.1)
and (5.2). Note that the assumption on the potentials below is, not only uniform in
g, but more restrictive in p than the one needed for fixed €, as in (5.5), i.e. p > N/2.

Lemma 5.3. Assume that the potentials V. satisfy, for p > N — 1

1 1
€ we e-0¢€ We r

for any smooth function ¢ defined in Q and for some function V. € LP(T'), see
Lemma 2.2. Then

i) There exists some A\g € IR, independent of € > 0, such that for A > Ao the elliptic
operator, associated to the parabolic problems (5.1) and (5.2), are positive.

i) If s is such that%—i—NT;l <s<1 and
u® — u® weakly in L*((0,T), H*(Q)),
then for any function p € L?((0,T), H*(Q)) we have

1 /T T
L[ e [ [
€Jo Ju. o Jr

We also have the following result.

Lemma 5.4. We consider a family of functions u® : [0, T] — H'(Q) such that for
some positive constant C independent of € and t, we have

lu(t, M) <C, te]0,T] (5.10)

and u§ € L*((0,T) x w.) with
i |2
g/o /wa lui | < C. (5.11)
Then, there exists a subsequence (that we still denote the same) and a function
u® € L>((0,T), H () with u?r € H'((0,T),L3(T")) such that as e — 0,
ut —u® w—x in L=((0,T), HY(Q))
and )
ngaua = in H'((0,T), H ().
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In particular, for every ¢ € L*((0,T), H'(Q)) we have

1 T T
o €., — 0
R N E T R A

Finally 1 X, u® — “\r in C(]0, T] “1(Q)) ase — 0 and

T
hm luf|? = / /|u0|2.
e—0 ¢ We 0 T

We will finally make use of the following result.

Lemma 5.5. Assume the family of potentials V. is as in Lemma 5.5. Also, assume
u® is as in Lemma 5./, that is, satisfies (5.10) and (5.11), and let u® be as in the
conclusion of Lemma 5.4.

Then if s is such that % 5+ T < s, we have

ngEVEuE = Vaulp in C([0,T], H*(2)).

1 /7T T
If, additionally, p > 2(N — 1) then f/ / Ve|us? —>/ /V|u0\2.
€Jo Ju. o Jr

5.4. Passing to the limit. We analyze the limit of the solutions of the parabolic
problems (5.1), with 0 < & < gy. For this we will assume that the data of the
problem satisfy, for each € > 0 the assumptions in the first part of Theorem 5.1

with h. = f. + %stgg and the following uniform bounds in € > 0:
1

[V.|? <C, somep>N-—1, (5.12)
€ 1 1 €12
ug € H(2) and - lugl* < C (5.13)
ET
f. € L(0,7), L(%)), and / 1fley < C (5.14)
and
1 T

*/ 9> < C (5.15)

€Jo [

for some constant C' independent of .

Observe that in Theorem 5.1 we require A > —Aqg\;. and since A\, > Aq and
Aovw. — A as € — 0. Thus, if A > —Aq, then for sufficently small ¢ we have
A > —Ag\w.- Hence we will also assume hereafter that

A > —Ag. (5.16)

Then, by Lemma 2.2 and 5.2, by taking subsequences if necessary, we can assume
that there exists functions V' € LP(T), vo € L*(T'), f € L?((0,T),L?*()) and
g € L?((0,T), L*(T)) such that, as ¢ — 0

1 N N -1
—X,. Ve = V weakly in H°(Q) with s — ) > —
€ p

(5.17)

/ )

1 1
ngsug — vg weakly in H°(Q) with s > 3 (5.18)
fe — f weakly in L?((0,T), L*(Q)) (5.19)



2172 ANGELA JIMENEZ-CASAS AND ANIBAL RODRIGUEZ-BERNAL

1 1
“oge g weakly in L2((0,T), H *()) with s > 3 (5.20)

Also, observe that by (5.16), using the first part of Proposition 4, the problem
(5.2) with initial data vo € L?(T), potential V' € LP(I") and nonhomogeneous terms
f € L*(0,T),L*(Q)) and g € L?((0,T), L*(T)) is well posed.

Then we have

Theorem 5.6. Under the above notation, assume (5.17), (5.18), (5.19) and (5.20)
and consider u® the solutions of (5.1) as in the first part of Theorem 5.1. Moreover
assume X > —\q. Also, let u® be the solution of (5.2) as in the first part of Propo-
sition J with initial data vy € L*(T'), potential V. € LP(T') and nonhomogeneous
terms f € L?((0,T),L*(Q)) and g € L*((0,T), L*(T")).
Then, as e — 0,
u® — u® weakly in L*((0,T), H(Q))
and )
ngEuE — U‘Ol—\ in L?((0,T), H 1 (Q)) weakly,

1 . -
g/'\,’ws‘/;u6 — Vu?F in L*((0,T), H 1 (Q)) weakly.
In particular, for any p € L*((0,T), H'(Q2))

1 (T T 1 (T T
7/ / usgoﬂ/ /uoga, 7/ / Vsuacpﬁ/ /Vuogaﬂ
€Jo Ju. o Jr €Jo Juw. o Jr

Now we impose stronger assumptions than (5.12)—(5.15) on the data and obtain
stronger convergence of solutions than in Theorem 5.6. More precisely, we assume
now the initial conditions satisfy

4§10y < C (5.21)

and also the compatibility conditions on the initial data, (5.7) with h = f. + %XE Jes
i.e.
— Aug + Auf = f-(0) in Q\ @.. (5.22)
We also assume
fe € HY((0,T), L*()), and || fellm (0,20 < C (5.23)

and (5.15), where C is a positive constant independent of ¢.

Hence using (2.1) in Lemma 2.2 we have that éfwg lus|? < CHuﬁH%l(Q) and
therefore (5.21) and (5.23) imply (5.13), (5.14) respectively.

Then by taking subsequences if necessary, we can assume (5.17), (5.18), (5.19)
and (5.20). Moreover from Corollary 1 we have that in this case

1
u§ — ug weakly in H'(Q) and gXeug — ug|r weakly in H™1(9). (5.24)
In particular vg = ud|r in (5.18). Also, in (5.19) we have f € H'((0,T), L*(2)) and
fe — f weakly in H'((0,T), L*(Q)). (5.25)
Then we first make the following remark.

Lemma 5.7. Under the above assumptions, we have

— Aug + Aug = f(0) in Q. (5.26)
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Therefore, for each € > 0 we are under the assumptions in the second part of
Theorem 5.1 with he = f. + %st ge. Also, for the limit problem (5.2) we are under
the assumptions of the second part of Proposition 4, with initial data vy = ud|r €
L?(T'), potential V € LP(T") and nonhomogeneous terms f € C([0,7], L?(2)) and
g € L((0,T), L*(D)).

Hence, we have the following result that improves the convergence in Theorem
5.6.

Theorem 5.8. Under the above notation, assume (5.15), (5.21),(5.22) and (5.23).
Moreover assume A > —A\q. By taking subsequences if necessary, we can assume
that the data satisfies (5.17), (5.18), (5.19) and (5.20) and moreover (5.24), (5.25)
and (5.26).

Then if u¢ and u° are as in Theorem 5.6, we have that in addition to the con-

vergence in Theorem 5.6 we have now that u® converges to u®, weak* in
L>((0,T), HY(Q)) and

1
gstuf — ujp € H'((0,T), L*(T))
weakly in H'((0,T), H=*(Q)) and strongly in C([0,T], H~1(Q)). Also
1 ) _s
gxwgvguf = Vaujp in C([0,T], H*(Q))

for % + % < s. If additionally p > 2(N — 1) then u® converges to u® also in

L2((0,T), HY(Q)).

6. Damped wave equations. Now we consider some singular perturbation of a
forced wave equation where the damping region to be concentrated in a neighbor-
hood of the boundary that shrinks to the boundary as € — 0. To be more precise,
we consider the following family of damped wave equations
uft—i-%XwEuf—AuE—F)\us = fs"’lxwgga in 2 X (O7T)

€

g — onT' x (0,7T) (6.1)
u(0,2) = uj(x), ui (0, x) = vj(z) in O

for A > 0 and T" > 0 fixed. Then, we are going to show that the limit problem is
the following damped wave equation with boundary feedback damping
ud — Au + 0 = f in Q x (0,7)
ud + 22 = g on T x (0,T) (6.2)
u?(0,2) = ug(x),u?(0,2) = vo(x) in N

where ug,vo, f are obtained as the weak limits of initial data ug, v§ and f., while g
is obtained as the limit of the concentrating terms

1
ngsgff — g|F

Notice that again all concentrating terms in (6.1) are transferred, in the limit, to
the boundary condition in (6.2). The results here are taken from [36].
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6.1. The approximating damped wave equations. Here we consider (6.1) for
0 < & < g9 which we write as

ug, + éXwauf — Auf + Muf = h, in Qx (0,7)
u_ — on T x (0,7T) (6.3)

on
u®(0,2) = uf(x),ui (0,2) = v§(z) inQ

with he(t,z) = fe(t,z) + %Xwags(t, x). This, in turn, can be written as
U+ AU = H.(t), (6.4)
with U = (u,us)*, H.(t) = (0, ho(t))*, U(0) = Uy = (up,vo)* and the operator

0 -1
A= ( AN lx,, )
acting on F = H'(Q) x L*(Q) with domain given by D(A.) = H% () x H'(Q)

where 5
H2/(Q) = {u € HX(Q), ai_‘, —0onT}.
7
Note that in [58] a very similar problem to (6.1) was considered but with Dirichlet
boundary conditions on I' instead of Neumann ones as in this section. Then in a
similar fashion as in Theorem 5.1, Theorem 5.2 in [58], we have the following result

that states the well-posedness of (6.4).

Theorem 6.1.

i) (Exzistence of solutions). If h € L*((0,T),L*(Q)) and Uy = (ug,vo)" € E =
HY(Q) x L?(Q2) then there exists a unique mild solution, U(t) = (u,v)* of (6.4)
satisfying U(0) = Uy, which is given by the variation of constants formula

U(t) = Ut,Ug, h) = S-()Us + /t S.(t—s)H(s)ds 0<t<T  (6.5)
0

where Se(t) is a Cy semigroup of contractions generated by the operator —A¢ in E
and H(t) = (0, h(t))*. In this case, U € C([0,T], E) and U(0) = Uy or equivalently

u e C([0,T], H (), v € C([0,T], L*(R)), u(0) = ug, v(0) = vo.

Moreover, the mapping (Uy, h) — U is Lipschitz between E x L'((0,T), L?(£2))
and C([0,T], E).

ii) (Further regularity). If h € WH1((0,T), L*(Q)) or h € C([0,T], H (R?)), and
Up € D(A:). Then the mild solution of (6.4) given in (6.5) is a strict solution,
that is, U € C([0,T), D(A.))NCY([0,T], E) and satisfies (6.4) point-wise. Therefore
v(t) = u(t) and u is a solution of (6.3) such that

u € C([O’T]’HJQV(Q))v Uy € C([OvT]le(Q))7 Uty € C([OvT]vLQ(Q))'

Moreover, in the first case for h, Uy = (ug,us)= with uz(0) = vg and uyu(0) =
f%XwEvo + Aug — Aug + h(0), is a mild solution of (6.4) in E, with right hand side
H;, that is

U(t) = Se(t)U(0) + /Ot Sc(t—s)Hi(s)ds 0<t<T.

Observe that in case ii) of Theorem 6.1, u satisfies the PDE (6.3) in £ and the
boundary condition in I' in a point-wise sense.

Also, the mild solutions of (6.4) in part i) of Theorem 6.1 possess the following
properties.
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Proposition 5. Assume, as above, h € L*((0,T), L*(Q)) and Uy = (ug,v9)* €
E = HY(Q) x L3(Q) and consider U = (u,v)* be the mild solution of (6.4) given
by (6.5), with H = (0, h(t))*.

i) Then, U is characterized by U € C([0,T], E), v = u; as a weak derivative in
L2(Q) (that is, for every ¢ € L2(), & [qup = [,ve in distribution sense in
(0,7)) and for every ¢ € H'(Q), [, us¢ is absolutely continuous with

a4 Qut¢+i/%utw/ﬂwva/Qw:/ﬂhﬂﬁ

a.e. t € (0,T). In particular, vy = uy as a weak derivative in H=1(Q) and uy €
LY(0,T), H~Y(Q)), that is

1
w + —Xpug+ L(w) = hin H™'(Q) a.e. t €(0,7)

where L is the isometric isomorphism between H'(Q) and its dual H=1(S2), given

by
(Le.o) | :/Qwv(;sﬂ/gm (6.6)

for every u, ¢ € HY(Q). In particular, the mild solution of (6.4) given by (6.5) is a
weak solution of (6.3).
ii) U = (u,us)* satisfies the energy equality
2 T T
f/ lug|? 4+ Eo(u(t), us (1)) = Eo(uo,v0) + 2/ / huy (6.7)
0 We 0 Q

€

for 0 <1 < T, where Ey is the energy functional given by

Eo(u,v):/gvg—&-/ﬂ|Vu|2+/\/Qu2. (6.8)

6.2. The limit problem with boundary feedback. Now we consider the prob-
lem (6.2), that is

udy — Au® + Al = f in Q x (0,7)
ud + %77;:) =g onT x (0,7T) (6.9)
u?(0,2) = ug(x)ud(0,2) = vo(x) in Q.

Note that a very similar problem was considered [57] where the boundary I' was
assumed to be split into two regular subsets I' = I'y UT'y. Then Dirichlet boundary
conditions were assumed on I'g and dynamic boundary conditions on I';. Therefore
we adapt here the results in [57] to our setting. Thus, we define the normal derivative
operator as follows: for u € Yy := {z € H}(Q), Az € L?(Q)} the normal derivative
% € H—2(I) is defined as

<8—1_L,,7(v)> z/Auv+/VuVU, ve HY(Q)
9 53 Jo Q

n —3:%

which, using L in (6.6), can be recast as

Qo) = (b)) o+ [ (udwe, weo, ve HYQ).
on -1,1 Q

272
We consider now E = H(Q) x L?*(Q) and E' = L*(Q) x H~1() its dual space
with duality pairing

(o) @.9)), = (o) |+ [ v

)
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In what follows we will denote by U = (u,v) a generic element of E, while U* =
(u, w) will denote a generic element in F’.
Then if g = 0 problem (6.9) can be written as

U+ AU = F(t),
where U = (u,u) %, F(t) = (0, f(¢))* and U(0) = Uy = (ug,vo)* with
0 I ou
A= ( “ASA 0 > and D(A) = {(u,v),u € Yy, v e H(Q), v+%:0 onI'}

such that —A generates a Cjy semigroup S(t) in E = H'(Q) x L?(Q).

To handle the case g # 0, following [57], we proceed as follows. By transposition,
—A* generates in E’ the Cy semigroup S*(t), i.e. the transposed semigroup of S(¢),
and is given by

A* = < 7 0—1 > with D(A*) = {(u,w) € H'(Q) x H1(Q), y(u) —w € L*(Q)},

see Lemma 2.1 in [57]. In this way the solution of the limit problem (6.9) are given
by the following result which relates them with the mild solutions in E’ of the dual
equation

U+ A*U* = H(t), in E'=L*Q) x H'(Q) (6.10)
with H(t) = (0,h(t))* and h(t) := fo(t) + gr(t). Observe that a strict solution
U* = (u,w)* of this equation satisfies

ug =w —y(u) in L*(Q), wi + L(u) = fo(t) +gr(t) in H Q)
which can be written as
(ue +v(u)e+ L(u) =h = fo+gr in H '(Q)

and is a weak formulation of (6.9) in the sense that for every ¢ € H*() and a.e.
te(0,7T),

G Lwo+ [2n@)+ [ vavor [wo= [ jo+ [ g0

Indeed, as in Theorem 2.3 in [57] we get the following.

Theorem 6.2. Let, f € L*((0,T), L*(Q2)), g € L*((0,T), L*(T")) and Uy = (ug, vo) €
E = HYQ) x L*(Q). Let U*(t) = (u,w)" be the mild solution of the dual equation
(6.10) in E' = L*(Q) x H-1(Q)

U*(t):S*(t)Ug—i—/OtS*(t—s)H(s)ds 0<t<T (6.11)

where Uf = (ug,wo), wo = vo + y(ug) € H1(Q), H(t) = (0,h(t))* and h =
fa+gr € LY((0,T), H ().

Then U* € C([0,T), E"), w = us +y(u), and U(t) = (u,u;)" satisfies
i) (Regularity). U € C([0,T), E), y(u) € C([0,T], Hz(I')) N H*((0,T), L*(")) and
Ut € Ll((07T), H_I(Q))
ii) (Energy estimate). U satisfies the energy equality

Eou(rhum)+2 [ [ 0k = Batwocon)+2 [ [ ni2 [ [ e 612

for 0 <7 < T, where Ey is the energy functional given by (6.8).
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i1i) (The equation). The function u(t) satisfies the equation
(ue +7(u)e + L(u) = h = fa +gr
a.e. [0,T], as an equality in H=(Q).

Observe that Theorem 6.2 suggest that when going from F into E’ we employ the
following linear injective (not onto) “change of variables”, see [57] for more details,

E>U = (u,v) — U* = (u,w) € F, w=v+~vy(u) € H Q).
From the above theorem we can make the following definition.

Definition 6.3. Let f € L'((0,7),L*(Q)), g € L*((0,T), L*(T)) and Uy = (ug,vo) €
E = HY(Q) x L*(Q).

A function u € C([0,T7], L?(2)) N L'((0,T), H'(£2)) such that
ug € C([0,T], H~Y(Q)) and ~y(u) € C([0,T], H~1(2)) is a mild solution of (6.9) if
ug + y(u) has a weak derivative in H—1(2) and satisfies a.e. t € [0, 7]

(ug +y(u))e + L(u) =h = fo+gr in H1(Q)
and u(0) = ug, ut(0) = vp.

Now, we will show that mild solutions as in Definition 6.3 are given by Theorem
6.2.

Proposition 6. For given f € L'((0,T),L*(Q)), g € L?((0,T), L*(T")) and Uy =
(ug,v9) € E = H*(Q) x L*(Q), a function u is a mild solution of (6.9) as Def-
inition 6.3 if and only if U*(t) = (u,us + y(u))* is given by (6.11) in Theorem
6.2.
In particular, this mild solution is unique and satisfies the energy equality (6.12).
Concerning further regularity, as in Theorem 2.4 in [57] we have the following
result that allows to construct strict solutions of (6.9).

Proposition 7. Under the assumptions of Theorem 6.1 above, assume moreover
(ug,v0) € HY(Q) x HY(Q), f € WHL((0,T),L*(Q)) and g € H'((0,T), L*(T)) are
such that

(o) + L(uo) — g(0) € L*(Q),
that is,
8u0

Y(vo) + 5= = 9(0) in H-Y2(T). (6.13)

Let U = (u,us)* be constructed as in Theorem 6.2. Then U = (u,u;)* satisfies
U e CY[0,T),E) and v(u); € C([0,T], L*(T))

Moreover, u; is a mild solution of (6.9) in E, with right hand sides f; and g¢ in
Q and T, respectively.

In particular,
i) (Further regularity). Uy = (ug, ug)®~ € C([0,T], E), v(us) € C([0,T],Hz (L)) N
H'(0,T), IA(T)).
it) (Energy estimate for Uy). U, satisfies the energy equality

Eo(u(r).un(r)+2 | [ w0 = Ealun, ua(0)+2 / [t / [ g

for 0 < 7 < T where Ey is the energy functional given by (6.8) and uyu(0) =
—7(vo) — L(uo) + £(0) + 9(0) € L*(Q).

iii) (The equation for U;). Moreover, u€ C([0,T],Yy), where Yo = {z€ H*(Q), Az €
L*(Q)}, and a.e. t€[0,T)
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w9 (u) + D) = (0) = fol®) +gr(t) in H (@)
o =g —(u) € *(1) € HH(T),

(utt + ’Y(Ut))t + L(Ut) = ht(t) m Hﬁl(Q)
Remark 6. i) Note that (6.13) is a weak formulation, in H~1(£2), of the condition
—Aug + Aug € L*(Q)
vo+ 2% =g(0) onT.
ii) Under the hypotheses of Proposition 7 we have u(t) € Yy and uy(t) € L?(Q)
then u satisfies (6.9) in the sense that
Uy — Au+ du = f in Qx(0,7T)
'y(ut)—i—%:g on I' x (0,7).
6.3. Passing to the limit. We analyze here the limit of the solutions of the hy-
perbolic problems (6.1), with 0 < & < &.

6.3.1. Convergence of mild solutions. For this we will assume that the data of the
problem satisfy the following uniform bounds in 0 < € < g¢:

[ugll o) < C, lvgll2) < C (6.14)

T T
/0 I fell 2y < C, /0 ||f€||’;1_1(9) < C forsomel<p<2, (6.15)
and

1 (T
[ ersc (6.16)
eJo Ju.
for some constant C' independent of .
Then, we can assume, by taking subsequences if necessary, the following conver-
gences as € — 0:
(i)
u§ — u)  weakly in H'(Q), w5 —v] weakly in L?(Q)
and strongly in L?(Q2) and H () respectively,
éXwEuf) — y(ud)  weakly in H~1() (6.17)
and )
=l [
€ Jo. r
see Corollary 1.
(i) f € LY((0,T), L3(2)) N L?((0,T), H~1(Q)) and

fe — f weakly in L*((0,7),L*(Q)), f. — f weakly in LP((o,T),H—l((E)). |
6.18
(iii) g € L2((0,T), L*(T")) and

1 1
~Xo.ge =g weakly in L((0,T), H*()) with s > 3 (6.19)

see Lemma 5.2 ii).

With these assumptions consider the mild solutions, u®(¢) and u°(¢) of (6.1) and
(6.2), respectively, constructed in Sections 6.1 and 6.2. Then we have the following
result concerning convergence of mild solutions of (6.1) to mild solutions of (6.2).
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Theorem 6.4. With the notations above, as € — 0, we have
ut —u®  w-*in L=((0,T), H () and strongly in C([0,T], L*(Q)), (6.20)
uf —ud  w-*in L°°((0,T), L%(Q))  and strongly in C([0,T], H~*(Q)), (6.21)
u$, — ud,  weakly in LP((0,T), H1(Q)), (6.22)
with 1 <p <2 asin (6.15) and

1
nggus—Wy(uo) in H*((0,T), H1()). (6.23)
Additionally
1 T T
SN RGN ETR (6.21)
€Jo Juw. o Jr
In particular,
T T
/Eo(uo,u?)ghminf/ Eo(uf,uf) (6.25)
0 e—0 0

with Eg the energy functional defined by (6.8).

6.3.2. Convergence of strict solutions. Now we impose stronger assumptions than
(6.14)—(6.16) on the data and obtain stronger convergence of solutions than in
Theorem 6.4. In particular, we obtain convergence of strict solutions.

With the notations in Theorem 6.4, we consider the initial data uf € H% (),
v§ € H(Q) satisfying the following uniform bounds

[ugllm o) < C, |5l 1) < C.
We also assume that the nonhomogenous terms satisfy
[ fellwrao,my,z2) <C  and | fellwreor),m-12) < C,
where 1 < p <2 and g. € H'((0,T), L*(w.)) with

1 (T 1 (T
S [ ekze aa 2 [ @z
€Jo we €Jo we

where C' is a positive constant independent of ¢.
We will also assume the compatibility condition of the initial data

1 1
—ngEvS — Aug — Aug + f:(0) + ngng(O) € LQ(Q)7

and
1 1
| = 2 e0f — A — M+ 12(0) + XKoo (0) 12y < €
Then by taking subsequences if necessary, we can assume (6.17) and moreover
uy — uh, v5—v)  weakly in H'(Q)
strongly in L?(Q) and
1 € 0 1 £ 0 : -1
EXLUEUO - 7(u0)7 ngEUO - V(UO) Wea'kly in H (Q)7

see Corollary 1.
On the other hand, on f. and g. by taking subsequences if necessary, we can
assume (6.18) and (6.19) and moreover the convergence given in the following result.
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Lemma 6.5. i) f € WH1((0,7), L*(Q)) n Wh2((0,T), H~*(Q)) and
fe = [ weakly in WH((0,7), L*() N WHP((0,T), H™H(Q)
and strongly in C([0,T], H~*(Q)).
i) g € H((0,T), L*(")) and for any 3 < s <1
éXwags —g  weakly in H'((0,T), H %(Q))

and strongly in C([0,T], H*(Q)).

The following result shows that the mild solutions u®(t) and u°(¢) of (6.1) and
(6.2), respectively, constructed in Sections 6.1 and 6.2, are actually strict solutions.

Lemma 6.6. With the assumptions above, the function u®(t) in Theorem 6./ is a
strict solution of (6.1) as in part @) in Theorem 6.1.

Also, the function u®(t) in Theorem 6./ is a strict solution of (6.2) as in Propo-
sition 7.

Hence, we have the following result that improves the convergence in Theorem
6.4.

Theorem 6.7. With the notations above, as € — 0,
ut =’ w-*in L=((0,T), H(Q)),
and strongly in C([0,T], H*(2)), s < 1,
u —ud  w-*in L°((0,T), HY(Q)),
and strongly in C([0,T], L*()),
us, — ud,  w-*in L°((0,T), L*(Q)),  weakly in W P((0,T), H1(Q)),

with 1 < p <2 as in (6.15) and strongly in C([0,T], H*(£)).
Also

SAE (), S () i O T), )

1 /T T 1 (T T
= A B A AT A A Iy (O
€Jo Ju. o Jr €Jo Ju. o Jr

In particular,

T T
/ FEo(u?, u?) < lim inf Eo(ug,us,)
0 e—0 0

with Ey the energy functional defined by (6.8).

Now we show that strong convergence of the initial data in the energy space,
E = H'(Q) x L?(Q) implies convergence of the solution (uf,u) — (u®,u?) in
L?*((0,T),E). From the convergence in Theorem 6.7, it is enough to show the

convergence u¢ — u’ in L2((0,7), H*(Q)).

Proposition 8. Under the notation and hypothesis of Theorem 6.7, we also assume
the initial data satisfies u§ — ug strongly in H'(Q), v5 — vo strongly in L*(Q).
Then u® — u® in L?((0,T), H'(2)).
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7. Concentrating terms away from the boundary. In this section we explore
the potential use of the techniques in previous sections to analyze problems with
singular terms concentrating away from the boundary. These cases will reflect a
different nature in the limit problem which does not influence the boundary condi-
tions.

For this we will consider in an open bounded smooth set in IRV, Q, with a C?
boundary, I' = 012, an embedded smooth, compact, orientable hypersurface M C
such that ©Q \ M has two components, an interior one §; that does not touch I'
and 021 = M and an exterior one )y such that 0Qy =T"U M.

Next, we define, for sufficiently small ¢ > 0, 0 < € < g¢, a neighborhood of M

we ={z —ofi(z), r€M, 0 €(—¢,6)} CQ

where 7i(z) denotes the normal vector at a point z € M outwards from ;. As
before X,,_ denotes the characteristic function of the set w,.

We will also denote by v(u) the trace on M of a regular enough function defined
in either Q; or 5.

Hence, we consider the following family of damped wave equations

Uy + 5 X uf + oo X u — Auf + M = fo+ 5 X, 9. inQx(0,7)
u® =0 onI'x (0,7)
u®(0,2) = uf(x), us (0, z) = v§(x) in Q
(7.1)
with A > 0 and 7" > 0 fixed.
We will show that the corresponding limit problem, as ¢ — 0 is now given by the
wave equation with damping on M

ufy — Au® + Xl = f in (Q\ M) x(0,7)
u® = on T x (0,7T) (7.2)
u?—[%}—i—uozg, [u]=0 on M x(0,T) '

u?(0,2) = ug(x),u?(0,2) = vo(x) in Q

where [F] denotes the jump of the function F' across M, ug,vg, [ are obtained as
the weak limits of initial data u§, v and f., while g is obtained as the limit of the
concentrating terms
1
2—?('% ge = gIm-
€
This last convergence will be achieved in a similar manner as in Sections 2.1 and
5.3.
We start with the following technical lemma that will be used below. Recall that

we assume A > 0.

Lemma 7.1. In the space E = H}(Q) x L*(Q) the following two expressions,

(Eg)l/2 and Eol/2 define Hilbertian norms, equivalent to the usual one, where

1
%W@=AWW+{Aﬁ+£/Mﬁ+LM? (7.3)

Eolu,v) = / Vul? + A / uf? + / )+ [ ol (7.4)
Q Q M Q

Proof. For (7.3) just note that from Lemma 2.1 we have, for some positive constant

C independent of €, 5= [ [ul? < C|lul

and

2
Hi ()"
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For (7.4) just note that from trace theory and regularity of M we have
fM h/( ‘2 < CHUHHI(Q O

7.1. Analysis of the approximating damped hyperbolic problems. Here we
consider (7.1) for 0 < e < gg

Uy + 5 X uf + =X u® — Auf + Muf =he in Qx (0,T)
u® =0 on T x (0,7T) (7.5)
u®(0,2) = uf(x), v (0,2) = v§(x) in

with he(t,2) = f.(t,x) + 2 X,_g(t,x) which we write as
U, + AU = H.(1), (7.6)
with U = (u,u¢)*, H.(t) = (0, he(t))*, U(0) = Uy = (uo,vo)* and the operator

A 0 -1
N A+ AN+ X, X
acting on E = H}(Q2) x L*(Q) with domain given by
D(A.) = (H3(@) 1 HY (@) x HY(©).

Notice the similarities with the operator considered in Section 6.1.
Our first result now concerns the homogeneous problem (7.6) with h. = 0.

Proposition 9. The operator —A. generates a Cy semigroup in E, denoted Sc(t)
which is a semigroup of contractions with respect to the norm in E given in (7.3).
Therefore, if Uy € E, then U(t) = S.(t)Uy = (u(t),v(t))! is a mild solution of
(7.6), with he = 0, and satisfies U € C([0,00); E) or equivalently

u € C([0,00); Hé(Q)); v € C([0, 00); L2(Q))'

If moreover, Uy € D(A.), then U(t) = S:(t)Uy = (u(t),v(t))* is a strict solu-
tion of (7.6), with he = 0, and satisfies U € C(]|0,00); D(A:)) N C1([0,00); E) and
satisfies (7.6), with he = 0, pointwise. Therefore v(t) = u; and u is a solution of
(7.5) with he = 0,such that

u € C([0,00); Hy(2) N Hy(Q)), us € C([0,00); Hy(2)), ug € C([0,00); L*(Q)).
Proof. Observe that for U = (u,v)t € D(A.) using the scalar product associated
to the norm (7.3), we have

1 1 1
A (U)-U = (—v,(—A+/\I)u+ — X, u+ 2—62\,’%1)) (u,v) = 2—/ v > 0.

2e 3
so A, is dissipative.

Since D(A.) is clearly dense in E then to conclude the proof it is enough to show
that R(A.+1) = E. For this A.U+U = (j,k)* € E is equivalent to u —v = j and

—Au+ Au+ Q—Xweu + Q—Xwgv +v==k.
Hence —Au+ (A + 1u+ X, u = k+ j — 5= X,,_j which has a unique solution
u € H?(Q) N HE(Q)). Hence v € HL(Q) and we get the result. O

On the other hand if h. # 0 using general results on semigroups as in [52] we
obtain the following result.
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Theorem 7.2.

i) (Existence of solutions). If he € L*((0,T),L*(Q)) and Uy = (ug,v9)* € E =
H} () x L%(Q) then there exists a unique mild solution, U(t) = (u,v)* of (7.6)
satisfying U(0) = Uy, which is given by the variation of constants formula

U(t) = U(t,Up, h) = Sc(t)Uo + /t S.(t—s)H.(s)ds 0<t<T. (7.7)
0

In this case, U € C([0,T], E), or equivalently u € C([0,T)], H}()),
v e C([0,T], L3(Q)), u(0) = ug, v(0) = v.

Moreover, the mapping (Uy, h) — U is Lipschitz between E x L*((0,T), L*(f2))
and C([0,T], E).

ii) (Further reqularity). If he € WH((0,T), L*(Q)) or h. € C([0,T], H}(2)), and
Uy € D(A.). Then the mild solution of (7.6) given in (7.7) is a strict solution,
that is, U € C([0,T], D(A.))NCL([0,T], E) and satisfies (7.6) point-wise. Therefore
v(t) = u(t) and w is a solution of (7.5) such that

ue C([0,T], H*(Q) N H (), w € C([0,T), Hy(2)), u € C([0,T], L*()).

Observe that in case ii) of Theorem 7.2, u satisfies the PDE (7.5) in 2 and the
boundary condition in I' in a point-wise sense.

We also get the following characterization of the mild solutions of (7.6) in part
i) of Theorem 7.2. This results uses the characterization of the functions given by
the variations of constant formula (7.7) in [14] and is similar to Proposition 5.3 in
[58].

Proposition 10 (Characterization of mild solutions). Assume, as above, h €
LY((0,T),L*(Q)) and Uy = (ug,v9)™ € E = HY(Q) x L3(Q) and consider U =
(u,v)* be the mild solution of (7.6) given by (7.7), with H = (0, h(t))*.

Then, U is characterized by U € C([0,T],E), v = u; as a weak derivative in
L%(Q) (that is, for every ¢ € L*(Q), %fg up = [, vp in distribution sense in
(0,7)) and for every ¢ € H (), Jo ued is absolutely continuous with

i/ﬂut‘b“L215/%“““215/UJ€“¢+/QVW¢+A/QU¢_/Q}L¢ (7.8)

a.e. t € (0,T). In particular, vy = uy as a weak derivative in H_I(Q) and uy €
LY((0,T), H*()), that is

1 1
Q—EXwEut + 2—€Xw5u +Lw)=h in HYQ) a.e te(0,T) (7.9)

where L is the isometric isomorphism between H}(Q) and its dual H=1(S2), given
by (6.6).

Observe that (7.8) or equivalently, (7.9) and (7.5), implies that the mild solution
of (7.6) given by (7.7) is a weak solution of (7.5).

We now show that mild solutions in Theorem 7.2 also satisfy a natural energy
equality.

Ut +

Proposition 11 (Energy equality). Assume, as above, h € L*((0,T), L3(Q)), Uy =
(up,v0)t € E = H}(Q) x L2(Q) and let U = (u,v)* be the mild solution of (7.6)
given by (7.7), with H = (0, h(t))*.
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Then U = (u,u;)* satisfies the energy equality

: /OT ” |ue|* + E§ (u(r), us(1)) = Eg(uo,v0) + 2/OT/Qhut (7.10)

€
for 0 <7 < T, where E§ is given by (7.3).

Proof. As usual, we argue by density. First, assume the solution is smooth enough
such that uw € H?*(Q) N HY(Q) and u; € HE(Q). Part ii) in Theorem 7.2 gives
sufficient conditions on the data for this assumption to hold true.

Then multlplymg in (7.5) by u; in L?(Q) and 1ntegrat1ng by parts we have

2 2y 2 2 2 2\ _
25/ g |2 + th / g |2 + /\Vu| +)\/|u| / |u|) /Qhut (7.11)

and integrating (7.11) in (0, 7—) with 7 € [0,T] we get (7.10).

Now for h € Ll((() T),L*(Q)), Uy = (uo,v0)* € E = HZ(Q) x L3(2) consider
a sequence of data such that U} € D(A.) C E, h, € C%((0,7),L?(f)), such
that Uy — Up in E, h,, — h in L'((0,7T),L?(Q)). From part ii) in Theorem 7.2,
Ur = (u™,u) € C([0,T],D(A:)) N CH([0,T), E), in particular U = (u},u},) €
C(]0,T], E) and, as above U™ satisfies (7.10) for every n.

By the Lipschitz dependence of mild solutions in part i) of Theorem 7.2 we have

U™ — U =U(-,Up,h) in C([0,T),E)

which implies in particular |U™(¢)||g — ||U(t)||g, and taking into account that
E§(u,v) is an equivalent norm in E, see Lemma 7.1, we get

E§(u™, uy)(t) — Eg(u,u)(t) as n — oo.
Also, =X, uf — =X, u, in C([0,T],L?()) as n — oo and

L[ [t [ e

Finally, since u?? — u; in C([0,7T], L*(2)) and h,, — h in L((0,T), L*(R)) we

[ fpoi= [ o

and passing to the limit as n — oo in (7.10) we obtain the energy equality for the
mild solution U(-, Uy, h). O

7.2. Convergence of mild solutions. We analyze here the limit of the solutions
of the hyperbolic problems (7.1), with 0 < & < gg. For this we will obtain uniform
energy estimates and, by compactness, study the limt as € — 0.

For this we will assume that the data of the problem satisfy the following as-
sumptions:

(i)

lugll i) <€, lvglle@) < C (7.12)
and, by taking subsequences if necessary, as € — 0,
u§ — uy  weakly in H'(Q), w5 —v] weakly in L?()

and strongly in L?(Q) and H~1(Q) respectively,

1 1
L¥us 5yl weaklyin HTI(R),  — / g2 / I d)P.
€ 2e J,. M
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(ii)
T T
/0 Il fell 2y < C, /0 ||f5||’;1,1(9) < C forsomel<p<2, (7.13)

and, by taking subsequences if necessary, as € — 0,
f- — f weakly in L'((0,T), L*(2)), fo — f weakly in LP((0,T), H*(Q)).

(7.14)
(iii)
I )
— < 1
i | [ ersc (7.15)
and, by taking subsequences if necessary, as € — 0,
1 1
5z Ve.ge =g weakly in L*((0,T), H*(Q)) with s > 3 (7.16)

In particular, for every ¢ smooth defined in [0, 7] x  we have

[ Lwo= [ Lo

With these assumptions consider the mild solutions, u®(t) of (7.1) constructed
in Section 7.1. That is, u®(¢) is as in Theorem 7.2 and Proposition 10 with with
(ug,v§) € E, he = fo + 1 X, g. € L'((0,T), L*(Q2)).

Then we have the following result concerning convergence of mild solutions of
(7.1). As we will show, the limit is naturally a mild solutions of (7.2).

Theorem 7.3. With the notations above, as € — 0, we have, by taking sequences
if necessary, that there exists u® € L>((0,T), H} () with uf € L>((0,T), L?(2))
such that

ut —u®  w-*in L=((0,T), Hy () and strongly in C([0,T], L*(Q)), (7.17)
uf —u?  w-*in L=((0,T), L*(R))  and strongly in C([0,T], H*(Q)), (7.18)

us, — ud,  weakly in LP((0,T), H*(Q)), (7.19)
with 1 <p <2 asin (7.13) and
1
%stug -y’ in HY((0,T), H*(Q)). (7.20)
Additionally
1 (T T
o [ [ e [ paoe (r:2)
0 We 0 M
In particular
T T
/ Eo(u®,u?) < hmlnf/ EG(u®,uy) (7.22)
0 e—0 0

where E§ and Eq are given by (7.3) and (7.4) respectively.

Proof. We proceed in several steps. Below we will use K or C a generic constant
that does not depend on .
Step 1. We will prove that for any 7 € [0, 7]

1 (7 | _ _ .
2;/0 5 i + o . P+ g (M) 172 () + 10" (D2 S K (7:23)

with K > 0 independent of e.
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For this note from Proposition 11, with 7 € [0,T], the solutions (u®(t),u(t))
satisfy the energy equality (7.10), i.e

1 T T
! / S 2 + B (u (), u§ (7)) = B 05) + 2 / / hoesf,  (7.24)
0 We 0 Q

5
i >4 i € 1 i >4
2 heu; = 2 feus + - geus.
0o Ja o Ja €Jo Jwe

with
Now we obtain some upper bounds to the terms in the right hand side of (7.24).
First, using the hypotheses on the initial data (7.12) we get

E§ (ug, v5) < |I(ug, v9) 1% + Clluglty ) < K,

since from Lemma 2.1, there exits C' > 0 independent of ¢, such that 2—15 fw lul? <

OllullZy .
Next applying Young’s inequality, we obtain

’%/ gst’_( A'ge)l(;&/ws ug|

Thus, taking into account (7.15) we obtain

,
€12
K.
[ el [ e

Now, for every 7 € [0,T] we have that, using (7.13),

\2/0T/Qf€u§

where y(7) = SUPg<i<r l|ug || 2 ()
Then, from the energy equality (7.24) we get

1 T ) 1 ) E 6
76\/0 /w |Ut|2 -+ 276/“, |U |2 + Hut (7')”%2(9) —+ ||7.L (7-)”?_1&(9) S K(y(T) + 1)
In particular for every 0 < t < 7 we have that

5 () 0y < K sp 1y +1) < K (u(r) + 1)

< 2/ [ fell2 o luglizz) < 20l fellzro,1),2 @) y(T) < Ky(T)
0

and then y?(7) < K(y(r) + 1) from where y?(7) < K, which gives (7.23).
Step 2. As a consequence we obtain the following uniform estimates

s o(t = |[uf|| e <K, 7.25
oS I Wl ) = 1l o.m), (o) < (7.25)
S [ui (D20 = luillz=(0.1).L2(0)) < K, (7.26)
= / W OF = It~ omazan <K (720
O<t<T €
1 /T

*/ lu|* < K, (7.28)

€ Jo we

1 1>

||5stut 20,1y, 51 () < K, (7.29)
llugell e 0,1y, 5-1(02)) < K (7.30)

with 1 <p < 2asin (7.13).
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First, note that we get (7.25), (7.26), (7.27) and (7.28) straight from (7.23). To
prove (7.29) observe that for every ¢ € Hi (), using again Lemma 2.1, there exits
C > 0 independent of ¢, such that we have o= [ \¢|2 < CH¢||H1(Q Then,

‘<2—1€Xw€u§,¢)>7171‘ - ‘%/ 9] = (25/ fu )1(25/ 4] )%
<c(yz [ 16P) 1o

1. . 1 oo\ 3
ool o < €(5 [ iP)" <&

and thus (7.29) follows.
Finally, we prove (7.30). In effect, since u® satisfies a.e. t € [0,T]

1 1

and then

uy, = he — L(u®) — 2—€Xw6u5 - %Xwauf, in H71(Q) (7.31)
with h. = f. + stgs, we get
gl -1 () <||fe||H 1) + H UJEQEHH @) + [1L(u) |a-1(0)

+1l5; Xwgu ez + Il XwﬁHHﬂ(ﬂ)v

and from (7.13) and (7.15), (7.25) and (7.29), we get (7.30).

In the remaining steps, we will pass to the limit as ¢ — 0.
Step 3. Here we will study the convergence of u® to u°.
i) From (7.25), (7.28), (7.27) and Lemma 5.4 (replacing I' with M) there exists a
subsequence (that we still denote the same) and a function u° € L*°((0,T), H}())
with v(u®) € H*((0,T), L*(M)) N L*>((0,T), L>(M)) such that as € — 0

ut —u®  w-*in L((0,T), Hi(Q)),

insua — 'y(uo) in Hl((O7T),H_1(Q));

2e
. €12
i [ [ b= [ beor

Thus, we get the weak* convergence in (7.17), (7.20) and (7.21).
ii) Now we prove

u® — u” in C([0,T], L*(Q))

which ends the proof of (7.17). For this, note that from (7.26) then u® : [0,7] —
L?(Q) is equicontinuous. Also, for every ¢ € [0,7T] fixed, from (7.25) we have
u®(t,-) is uniformly bounded in H{(Q) C L*(Q2) with compact embedding. Hence,
using Ascoli-Arzela’s Theorem we have a new subsequence such that v — «° in
C([0,T],L?(2)). In particular, for t = 0, u§ = u¢(0,-) — u°(0,-) in L*(Q) and then
u®(0) = uf.

Step 4. In this part, we study the convergence of u$ to u) and prove (7.18).

i) Now, we will prove

uf — ud  w-*in L°((0,T), L*(Q)) as € — 0. (7.32)
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First, from (7.26) and taking another subsequence if necessary, there exists v* €
L>((0,T),L?(£2)) such that

uf — v* w-*in L((0,T), L*(R)) as & — 0.

Second, we will prove that v* = uf, and we get (7.32). In effect, for every ¢(t,)
smooth such that ¢(T,-) = ¢+(T,-) = 0 and integrating by parts we have

/OT [ io == [ w00 / [ o (7.33)

From the convergence of ug, u® and u; we get

/OT/QQ)*(;S:—/QUOMO)dx—/OT/QuO

Thus, we have v* = u? € L>((0,7), L?(2)) and we conclude (7.32).
ii) In what follows we will prove

ui —u?  in C([0,T], H (), as € — 0.
First, from (7.30), we obtain that for ¢; € [0, T

to
uE (12) — S (2) 52y < / A -
t1

to L
<( [ Wil ago) e = 1l < Cl - 1l
t1

and we get {uf}. is equicontinuous with values in H~1().

Next, we also note that for every ¢t € [0,T] fixed, we have u(t,-) is uniformly
bounded in L?(2) ¢ H~(2) with compact embedding. Therefore from Ascoli-
Arzela’s Theorem there exists a subsequence which converge to a limit function in
C([0,T), H=1(2)). Finally, we note that this limit function must be u? and we
conclude (7.18).

In particular, for ¢ = 0, we have v§ = u5(0,-) — ut( -). Thus uf(0) = v.

Step 5. Now we study the convergence of u, to uf, and prove (7.19).

In fact from (7.30) we obtain a subsequence that

u$, — v* weakly in LP((0,T), H (),

with 1 < p < 2 as in (7.14). Analogously to (7.33) we have v* = u,,
Step 6. Now we prove (7.22). For this observe that from the weak convergence of
(uf,uf) — (u®ud) in L2((0,T), E) we get

I, D 0. < B 1 Dl s .1

which we can write, from (7.3), (7.4) as

T
/Eou u) // <hm1nf / E§(uf, ug) —/ / \uE\Q].
0 We

Now, using account that (7.21) we conclude (7.22). O

Now we identify the limit function above as a weak solution of (7.2). First we
obtain the following.
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Proposition 12. The limit function u®(t) in Theorem 7.5 satisfies

d 0 0 0 0 04 _
G [utor [ aa0)+ [ awyor [vuvoen [ ¢—/Qf¢+{%i¢)ﬁ
for every ¢ € HY(Q). In particular it is a weak solution of (7.2). '

Proof. First, we note from (7.17), (7.18), (7.19) and (7.20) we have v(u®) € L?*(M)
and

u® € L=((0,T), H' () N C([0,T),L*(R)), ~(u’) € H'([0,T], H ()

) € L=((0,7), L7(2)) 0 C([0,T), H(Q)) and up, € L7((0,T), H™H(Q)).
Now since u®(t) is a mild solution of (7.5) as in Proposition 10, then from (7.31)
if o(t,x) is a smooth function such that ¢ € L? ((0,T), H}(£2)), we have

/ <Ug, P >-11 +/ /*Xwgusw—l—/ /*stufgo—i-/ /VUEVL,O
0 0 9] 2e 0 Q 2¢e 0 Q
T T T
+A/ /ufsoz/ /feso+/ /—Xwagsw. (7.35)
0o Ja o Ja 0o Ja2¢

Then passing to the limit as ¢ — 0 in (7.35), from (7.19), (7.20) and (7.17),
together with (7.14) and (7.16) respectively, we get

/OT <u?tvso>1,1+/oj/ﬂ(uo)w /OTT/Mfy(uo)tsoT ]
+/0 /Qwowﬂ”/o /Q“O“p:/o /Qf(ﬁ/o /Mg((::%)

Now, if we consider ¢(t, ) = &(t)¢(x) € LV ((0,T), HL(Q)) with ¢ € H}(Q) and
€€ LP(0,T) in (7.36), then we get

[ eouino)  +
+A/OT5<t>/Qu°¢>:/OTﬁ(t>/Qf¢+/OT5(t>/Mg¢.

for every £(t) € L¥' (0,T)) and we obtain that

(o) + [ 06 ro+ [ Vv [wo= [ for [ 4o

a.e. t € [0,7] and for every ¢ € Hi (). Thus we get (7.34).
Finally observe that if we take a test function ¢ € D(Q2) in (7.2), integrate by
parts in both sides of M and use Lemma 7.4 then we get (7.34) as well. O

T

(1) /M<w<u°>+v<u°>t>¢>+ / (1) / VuOVot

Now we prove the result used above.

Lemma 7.4. Foru € H*(Q\ M)N H}(Q) and ¢ € HE(Q), we have

/Q(—Au)¢= /ﬂ VuVe — /M [%}gﬁ.
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Proof. Notice that for u, ¢ as above

/Ql —Au)g = /lequ /aﬁ(p

since 71 is the outer normal, while

/92 —Au)p = /92 VuVe¢ — / / ¢ o, VquZ)-i-/ %¢~

So, adding up, we get the result. O

7.3. Analysis of the limit problem. In this section we prove that the limit
problem (7.2) is well posed. Indeed from Proposition 12 we are going to study the
problem

(u?+7(u0))t+7(u°)+Lu0:h:f+gM in Q% (0,7)
w0 =0 on T x (0,T) (7.37)
u?(0, ) = ug(2)ud (0, ) = vo(x) in Q

where f € L*(Q), g € L*(M) and h = fo + gm € H1(R) in the sense that

(o) = [ 1o+ [ g0 ocmo.

Observe that when h = 0 problem (7.37) can be formally written as
Ui+ AU =0, U(0)= Uy = (ug,vo)"

where U = (u,u;)t € E
0 —I
A:
( L+vy v )

D(A) ={U = (u,v)" € B, v € Hy(Q), L(u) +(u) +7(v) € L*(Q)}
where L is defined as in (6.6).

with

Proposition 13. The operator —A generates a Cy semigroup in E = H'(Q) x
L2(2), denoted S(t), which is a semigroup of contractions for the norm Ey in E
given in (7.4).

Therefore, if Uy = (uo,vo)t € E, then the initial and boundary value prob-
lem (7.37), with h = 0, admits a unique mild solution, S(t)Uy = (u,u;)* €
C([0,); E).

Moreover, Uy = (ug,v0)*+ € D(A) , the initial and boundary value problem (7.57)
with h = 0, admits a unique strict solution, S(t)Uy = (u,us)= € C([0,00); D(A)).

Proof. First, we prove D(A) is dense in E since D(A) contains
v = {(u,0) € AR\ M) N HY() x HH®), A(0) = —[ 22

For this, observe that if (u,v) € V and we denote D(u,v) = L(u
H~1(Q), then Lemma 7.4 implies that for ¢ € HE(Q) we have

< D(u,v), ¢ >= /(—Au + \u)¢
Q

hence D(u,v) € L*(Q) and then V C D(A).
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Now we prove V is dense in E. For this we use the scalar product associated to
the norm Ejy in (7.4). Hence, if (¢, ) is orthogonal to V' we have, for all (u,v) € V,

0—/Vuv¢+)\/u¢+/ /Qm/).

Then Lemma 7.4 implies

= [=aur o= [ a@n@)+ [ oo

for all (u,v) € V. If, in particular we take f € L?(Q) and u € H?(Q) N H () the
solution of —Au + Au = f, then (u,0) € V and we get fQ fé =0 and hence ¢ = 0.
This in turn, implies [, v¢» = 0 for all (u,v) € V, which easily implies ¢ = 0.

Now we show that A is dissipative for the norm Ey in (7.4). In fact, for U =
(u,v)t € D(A), using the associated scalar product, we get

AV)-U = (= (L) - @) = [ 307 =0,
To finish the proof, it remains to show that R(I+A) = E. In effect, let (j,k) € E
and consider the equation (I + A)((u,v)*) = (j, k)* which can be written as
u—v=jand v+ Lu+y(u) +v(v) = k. (7.38)
Hence u =v+ 7 and
v+ L) +y(v) =k — (L+7v)j € H Q). (7.39)

Taking into account that the properties of operator L and v we get the operator
I+ L+~ is onto from H{(Q) into H=1() and the equation (7.39) has a unique
solutions v € H}(Q). Thus, with u = v+ j € H}(Q) from (7.38) we get L(u) +
y(u) +y(v) =k —v € L3() so (u,v)*+ € D(A). O

For the nonhomogeneous problem, i.e. g # 0, we proceed by transposition as
in Section 6.2. For this first note that —A* generates in E’ the Cy semigroup
S*(t), that is, the dual semigroup of S(¢t). Now if we consider U* = (u,w) € E' =
L?(Q) x H7Y(Q) a solution in E’ of

Uy + A*U* = H(t), (7.40)
where H(t) = (0,h(t))* with h(t) = fo(t) + gm(t) and A* is given by A* =

0% —I .
(L—i—’y 0 )Wlth

D(A") = {(u,w)™ € H'(Q) x H™1(Q), 7(u) —w € L*(Q)},
then w = u; +~v(u) in L?(Q) and
(ue +y(u)e + L(u) +v(w) = h = fo +gm  in HTH(Q).

Hence the mild solutions of the limit problem (7.37) are given by the strict solutions
in B’ of the dual equation.

Then we have the following result.

Theorem 7.5. Let, f € L'((0,T),L*(Q)), g € L?((0,T),L*(M)) and Uy =
(ug,v0) € E = HY(Q) x L3(Q). Let U*(t) = (u,w)* be the mild solution of the dual
equation (7.40) in E' = L*(Q) x H=1()

U*(t) = S*()Us +/Ot S*(t—s)H(s)ds 0<t<T
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where Uf = (uo,wo)J‘ € Ejie. up € L*(Q) and wo = vy + v(uo) € H (),
H(O) = (0.00)" and = o + gy € 11(0.1), H-(@)

Then U* = (u,w)t € C([0,T), E"), w =uy +(u), and U(t) = (u,u;)" satisfies
i) (Regularity). U = (u,us)t € C([O,T],E),

y(u) € C(0,T], H2 (M) N H((0,T), L*(M)) N L>=((0,T), L*(M))

and uy € LY((0,T), H~1(Q)).
it) (Energy equality). U satisfies the energy equality

Eofu(r).w(r)) +2 [ [ 202 = Botu, ) +2 | ' | ez | [ g

for 0 <7 < T, where Eqy is given in (7.4).
1) (The equation). The function u(t) satisfies the equation

(ue +7(w)e + L(u) +v(u) = h = fo + gm
e. [0,T), as an equality in H=1(Q).

8. Some further research. The problems presented here suggest some further
research along the following lines. First, rates of convergence of solutions have been
obtained for the resolvent estimates and the linear semigroups in Sections 2 and 3.
It seems plausible to use some general techniques to derive rates of convergence for
nonlinear problems and their attractors, see e.g. [13]. Also lower semicontinuity of
attractors of parabolic problems, under generic hyperbolicity conditions of equilibria
seem within reach; see [31] for an approach that has been successfully applied in
different instances.

For problems in Sections 5, 6 and 7 it is interesting to study the spectral con-
tinuity (or stability) as e — 0. Observe that in the case of Section 5, the limit
eigenvalues are given by the Steklov eigenvalue problem, see [62, 42]. In case of
Section 6 a related important problem is that of the uniform stabilization of waves
by the localized /boundary damping, see [32] and references therein. For Section 7
stronger convergence of solutions needs to be explored. Also, the convergence for
the associated nonlinear problems seems relevant. Finally, problems in which also
the second order time derivative concentrates may deserve some attention.
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